arXiv:hep-th/0202168 v3 22 Apr 2002

hep-th/0202168

Type II Theories Compactified on Calabi-Yau Threefolds in the Presence of Background Fluxes^1

Jan Louis and Andrei Micu^2

Fachbereich Physik, Martin-Luther-Universität Halle-Wittenberg, Friedemann-Bach-Platz 6, D-06099 Halle, Germany

ABSTRACT

Compactifications of type II theories on Calabi-Yau threefolds including electric and magnetic background fluxes are discussed. We derive the bosonic part of the four-dimensional low energy effective action and show that it is a non-canonical N = 2 supergravity which includes a massive two-form. The symplectic invariance of the theory is maintained as long as the flux parameters transform as a symplectic vector and a massive two-form which couples to both electric and magnetic field strengths is present. The mirror symmetry between type IIA and type IIB compactified on mirror manifolds is shown to hold for R-R fluxes at the level of the effective action. We also compactify type IIA in the presence of NS three-form flux but the mirror symmetry in this case remains unclear.

February 2002

1Work supported by: DFG – The German Science Foundation, GIF – the German–Israeli Foundation for Scientific Research, European RTN Program HPRN-CT-2000-00148 and the DAAD – the German Academic Exchange Service.

2email: j.louis@physik.uni-halle.de, micu@physik.uni-halle.de

1 Introduction

Calabi-Yau compactifications of heterotic and type II theories have been studied intensively in the past since they lead to consistent string theories below the critical dimension d = 10. In particular compactifications on Calabi-Yau threefolds Y_3 result in four flat Minkowskian space-time dimensions (d = 4) and a low number of unbroken supersymmetries. Their effective theories are supergravities coupled to a set of vector- and matter multiplets with N = 1 supersymmetry in the case of the heterotic string and N = 2 supersymmetry for type II strings. The low energy effective theories all share the feature that they contain a (large) number of gauge neutral moduli multiplets which are flat directions of the effective potential and thus parameterize the vacuum degeneracy of the theory.

Generalization of Calabi-Yau compactifications are possible if one allows a p-form field strength F_p to take a non-trivial background value e_I along appropriate cycles γ_I in the compact Calabi-Yau manifold, i.e. ∫ γ_I Fp = eI . Depending on the choice of these

background fluxes the metric is deformed and the direct product of a four-dimensional Minkowskian space times a Calabi-Yau threefold is replaced by a warped product [1, 2]. This generically introduces a potential for the moduli and turns an ordinary supergravity into a gauged or massive supergravity. The consistency of such generalized compactifications was discussed in [3–6] while various other aspects have been studied previously in refs. [1, 2, 7–19].

The background fluxes e_I are quantized in units of the string scale [7, 9] and thus do not represent a continuous deformations of the Calabi-Yau compactification. However, in the low energy supergravity they do appear as continuous parameters and hence can be discussed as continuous deformations of the well known low energy effective theories derived for vanishing flux background [9]. In the gauged supergravity the flux parameters play the role of masses and gauge charges.

The purpose of this paper is to perform a Kaluza-Klein reduction of the ten-di-mensional type II supergravities on compact Calabi-Yau threefolds with all possible background fluxes turned on. We derive the bosonic part of the resulting low energy effective action and show - whenever possible - its consistency with gauged supergravity.^3 We find that if magnetic charges are turned on a two-form becomes massive and the resulting N = 2 supergravity is not easily related to the known N = 2 supergravities [20–22]. We show that the symplectic invariance of the ungauged N = 2 supergravity continues to hold as long as the background flux parameters transform as a symplectic vector. This leads to a symplectically invariant potential which for compactifications of type IIB theories was previously derived in refs. [11–13]. However, the issue of the symplectic invariance was not resolved and here we show that the presence of a massive two-form is crucial for the symplectic invariance of the theory. We believe that this is a more general feature of gauged supergravity and that the existing N = 2 supergravities have to be amended by including the possibilty of massive two-forms. Only in this more general framework a symplectically invariant theory can arise.

A second aspect of our paper concerns the mirror symmetry between type IIA compactified on Y_3 and type IIB compactified on the mirror manifold Ỹ_3. This duality holds

3For the heterotic string we performed a similar analysis in ref. [18].

for vanishing background fluxes but its validity in the presence of fluxes is unclear. We show that for the background fluxes of Ramond-Ramond (R-R) p-forms mirror symmetry holds at the level of the effective theories while for background fluxes in the Neveu- Schwarz (NS) sector it is not easily established [12, 16, 19, 23]. A similar problem arises for the non-perturbative dualties relating type IIA compactified on K3 to heterotic on T^4 [24] and type IIA compactified on Y_3 to heterotic on K3 × T^2 [16, 18].^4

This paper is organized as follows. In section 2 we focus on type IIA supergravity compactified on Calabi-Yau threefolds Y_3 in the presence of background fluxes. It turns out that in order to establish the mirror symmetry to type IIB compactifications it is necessary to start from the N = 2 massive version of the ten-dimensional type IIA supergravity where the NS two-form B_2 is massive [27]. We first briefly recall this theory including its symmetry properties. In section 2.1 we then perform the compactification on Y_3 turning on the 2h_{1,1} possible background values of the R-R two-form field strength F̂_2 and the R-R four-form field strength F̂_4. (h_{1,1} is the Hodge number of the cohomology group H^{1,1}(Y_3).) Furthermore, the four-dimensional low energy effective theory includes a three-form (with a four-form field strength) which in d = 4 is Poincaré dual to a constant. This constant is an additional parameter of the theory so that together with the ten-dimensional mass parameter of B_2 the theory depends on 2h_{1,1} + 2 ‘fluxes’. The resulting low energy effective action is not a standard N = 2 gauged supergravity in that also in d = 4 the two-form B_2 is generically massive. The mass terms depend on the magnetic flux parameters and vanish for purely electric fluxes. As far as we know this situation has not been discussed previously in the supergravity literature.

In section 2.2 we discuss the gauge invariance of this massive theory and furthermore show that as long as the flux parameters are appropriately transformed, the equations of motions are invariant under a generalized electric-magnetic duality which is part of an Sp(2h_{1,1} + 2) transformation. To establish this symmetry it is crucial to start from the massive type IIA theory in d = 10 and to also include the constant dual of the three-form. A similar observation was made in [24] where K3 compactifications of type IIA in d = 6 were studied. The perturbative SO(4, 20) T-duality which is present in the absence of background fluxes can only be maintained if one starts from the massive ten-dimensional IIA theory and furthermore transforms the flux parameter in the vector representation of SO(4, 20). Nevertheless the appearance of the symplectic invariance in the d = 4 theory is somewhat unexpected since it is usually lost in gauged supergravities.

In section 2.3 we discuss the relation with the standard gauged N = 2 supergravities. By fixing the symplectic invariance one can go to a particular gauge where all magnetic charges vanish and B_2 remains massless. We show that in this gauge the theory is a special case of the known N = 2 gauged supergravities. However, in an arbitrary gauge B_2 is massive and the corresponding supergravity couplings are not independently known. Nevertheless, in d = 4 a massive two-form is dual to a massive one-form [28–30] and therefore one might suspect that in the dual formulation consistency with the standard gauged supergravity is achieved. In section 2.3 (and appendix E.3) we explicitly perform the duality transformation and show that also in the dual basis the gauged supergravity is non-canonical.

In section 2.4 we turn our attention to non-trivial fluxes of the NS three-form Ĥ_3

4An interesting suggestion for its cure has been put forward in refs. [25, 26].

which have not been discussed previously in the literature. We derive the low energy effective theory and establish the consistency with N = 2 gauged supergravity. In this case the potential depends non-trivially on the scalar in the hypermultiplets whereas the dependence on the scalars in the vector multiplets is only via an overall volume factor. This is exactly opposite to the case of R-R fluxes which induce a potential for the vectorscalars leaving the hyper-scalars (except the dilaton) undetermined. Furthermore, only the graviphoton participates in the gauging but no charged states with respect to the other gauge fields appear.

In section 3 we briefly discuss type IIB compactifications on Y_3 with non-trivial R- R three-form flux F̂_3. This case has been considered previously in refs. [11–14, 17] and therefore we keep our presentation short. However, we do establish the fact that also in this case B_2 becomes massive for non-vanishing magnetic charges. With this result we are able to establish the mirror symmetry to type IIA compactified on the mirror threefold in the presence of R-R background fluxes at the level of the low energy effective theories.

Section 4 contains our conclusions and some of the more technical aspects of this paper are relegated to five appendicies. Appendix A summarizes our notation. Appendix B briefly recalls N = 2 supergravity in d = 4. Appendix C assembles the necessary facts about the moduli space of Calabi-Yau threefolds. Appendix D redoes the compactification of massless type IIA on Y_3 with special emphasis on the role of the R-R three-form C_3 and its Poincaré dual constant. Already in this simpler case the constant is an additional parameter of the effective theory and turns the ordinary type IIA supergravity into a gauged supergravity. Finally appendix E discusses the Poincaré dualities of massless and massive two-forms and of three-forms in d = 4.

2 Compactification of massive type IIA supergravity on Calabi-Yau threefolds with background fluxes

Let us start by compactifying the ten-dimensional massive type IIA theory [27] on a Calabi-Yau threefold in the presence of background fluxes. The compactification of ordinary massless type IIA supergravity on Calabi-Yau threefolds was performed in ref. [31] which we briefly recall in appendix D. The massless modes of the ten-dimensional IIA theory comprise in the NS-NS sector the metric, a two form B̂_2 and the dilaton ϕ̂ while the RR-sector contains a vector field Â_1 and a three-form Ĉ_3. In the massive version B̂_2 is massive and a cosmological constant is present. The action reads [27]^5 S = ∫ [ e^{−2ϕ̂} ( 1 2 R̂^∗1 + 2dϕ̂ ∧^∗ dϕ̂ − 1 4 Ĥ_3 ∧^∗Ĥ_3 )

− 1 2 ( F̂_2 ∧^∗F̂_2 + F̂_4 ∧^∗F̂_4 ) + L_{top} − 1 2 m^{2 ∗}1 ] , (2.1)

where the field strengths are defined as

F̂_2 = dÂ_1 + mB̂_2 , F̂_4 = dĈ_3 − B̂_2 ∧ dÂ_1 − m 2 (B̂_2)^2 , Ĥ_3 = dB̂_2 , (2.2)

5This differs from [27] by a redefinition of the mass parameter m → −m.

and the topological terms read L_{top} = − 1 2 [ B̂_2 ∧ dĈ_3 ∧ dĈ_3 − (B̂_2)^2 ∧ dĈ_3 ∧ dÂ_1 + 1 3 (B̂_2)^3 ∧ dÂ_1 ∧ dÂ_1 − m 3 (B̂_2)^3 ∧ dĈ_3 + m 4 (B̂_2)^4 ∧ dÂ_1 + m^2 20 (B̂_2)^5 ] . (2.3)

Throughout the paper we use differential form notation (summarized in appendix A) and denote differential forms in d = 10 by a hat ^ . Furthermore we abbreviate B̂_2 ∧ B̂_2 = (B̂_2)^2 etc. . The massive IIA supergravity has an unbroken ten-dimensional N = 2 supersymmetry and in the limit m → 0 the action for ordinary type IIA theory (recorded in (D.1)) is recovered. The action (2.1) is invariant under the following three Abelian gauge transformations (with parameters Θ̂, Σ̂_2, Λ̂_1)

δÂ_1 = dΘ̂ , δĈ_3 = dΣ̂_2 ,

δB̂_2 = dΛ̂_1 , δĈ_3 = Λ̂_1 ∧ dÂ_1 , δÂ_1 = −mΛ̂_1 . (2.4)

As already mentioned, in the limit m → 0 we recover the standard type IIA supergravity and hence the degrees of freedom described by the two theories is the same. However, in the massive theory these degrees of freedom are redistributed in that B̂_2 describes a massive two-form (which carries

(_9 2 ) = 36 degrees of freedom) while Â_1 carries no degree of freedom since it can be gauged away using (2.4). This is the analog of the unitary gauge in the standard Higgs mechanism where Â_1 plays the role of the Goldstone boson which is eaten by B̂_2.

Compactification of massive IIA supergravity on a Calabi-Yau threefold Y_3 results in an effective theory in d = 4 with N = 2 supersymmetry and proceeds as in the massless type IIA case (cf. appendix D). The ten-dimensional metric gives rise to h_{1,1} + 2h_{1,2} scalar fields related to h_{1,1} Kähler deformations v^i, i = 1, . . . , h_{1,1} and the h_{1,2} (complex) deformations z^a, a = 1, . . . , h_{1,2} of the complex structure.^6 The two-form B̂_2 decomposes into a two form B_2 in d = 4 and h_{1,1} scalar fields b^i according to

B̂_2 = B_2 + b^iω_i , i = 1, . . . , h_{1,1} , (2.5)

where ω_i are harmonic (1, 1)-forms which form a basis of H^{1,1}(Y_3). The b^i combine with the v^i to form complex fields t^i = b^i + iv^i. The three-form Ĉ_3 decomposes into a fourdimensional three form C_3, h_{1,1} vector fields A^i and 2h_{1,2} + 2 (real) scalar fields ξ^A, ξ̃_A

Ĉ_3 = C_3 + A^i ∧ ω_i + ξ^Aα_A + ξ̃_Aβ^A, A = 0, . . . , h_{1,2} , (2.6)

where (α_A, β^A) are harmonic three-forms which form a real basis of H^3(Y_3) (cf. appendix C.2). Finally the 1-form in d = 10 only results in a four-dimensional 1-form i.e. Â_1 = A^0. Together these (bosonic) fields assemble into the N = 2 gravity multiplet (g_{μν} , A^0), h_{1,1} vector multiplets (A^i, t^i), h_{1,2} hypermultiplets (z^a, ξ^a, ξ̃_a) and one tensor multiplet (B_2, ϕ, ξ^0, ξ̃_0). In d = 4 a two-form is dual to a scalar and hence the tensor multiplet can be dualized to an additional (universal) hypermultiplet. A four-dimensional three form C_3 is dual to a constant and thus the compactified massive type IIA theory already

6A summary of the Calabi-Yau geometry is assembled in appendix C.

contains two parameters, the mass m of the ten-dimensional action and the constant e_0 which is dual to C_3. Both of these constants are related to the cosmological constant and as we will see shortly they turn the ordinary N = 2 supergravity into a gauged supergravity.^7

2.1 Turning on R-R fluxes

Let us now turn to the compactification of massive type IIA supergravity in the presence of background fluxes for the RR field strengths F̂_2 and F̂_4. This will add 2h_{1,1} parameters (e_i, m^i) into the action. We assume that the fluxes are turned on perturbatively so that the light d = 4 spectrum is not modified. More specifically we start from the standard reduction Ansatz (cf. appendix D)

Â_1 = A^0 , B̂_2 = B_2 + b^iω_i ,

Ĉ_3 = C_3 + A^i ∧ ω_i + ξ^Aα_A + ξ̃_Aβ^A , (2.7)

and modify the R-R-field strength according to^8

dĈ_3 → dĈ_3 + e_iω̃^i , dÂ_1 → dÂ_1 − m^iω_i . (2.8)

The flux parameters (e_i, m^i) are constants and ω̃^i are harmonic (2, 2)-forms which form a basis of H^{2,2}(Y_3) and which are dual to the (1, 1)-forms ω_i, i.e. they obey the normalization of eq. (C.8). Notice that we can consistently do this modification at the level of the action since in (2.1) the fields Â_1 and Ĉ_3 appear only through their Abelian field strengths dÂ_1 and dĈ_3. In terms of the field strengths defined in (2.2) turning on fluxes according to (2.8) amounts to

Ĥ_3 = dB_2 + db^iω_i ,

F̂_2 = dA^0 + mB_2 − (m^i − mb^i)ω_i ,

F̂_4 = dC_3 − B_2 ∧ dA^0 − m 2 (B_2)^2 + (dA^i − dA^0b^i + m^iB_2 − mB_2b^i) ∧ ω_i

+(dξ^Aα_A + dξ̃_Aβ^A) + (b^im^j − 1 2 mb^ib^j )K_{ijk}ω̃^k + e_iω̃^i , (2.9)

where K_{ijk} = ∫ Y_3 ωi ∧ ωj ∧ ωk and the last equation used (C.9).

To derive the four-dimensional effective action we insert (2.9) into (2.1). Before giving the final result let us discuss the ‘new’ terms which arise due to the presence of the parameters (e_0, e_i, m, m^i) and are absent in the standard IIA theory. The kinetic term of Â_1 gives a contribution to the potential

V_1 = 2K(m^i − mb^i)(m^j − mb^j)g_{ij} , (2.10)

where g_{ij} (v) =^1_{4K} ∫ Y_3 ωi ∧ ∗ ω_j is the metric on the space of Kähler deformations and K defined in (C.3) denotes the volume of Y_3. In addition the following interaction and mass

7In ref. [31] the case e_0 = 0 was considered. In appendix D we derive the action of massless type IIA compactified on Y_3 for arbitary e_0. The quantization condition on e_0 has been discussed in refs. [32].

8The minus sign in the last relation was chosen to make the symplectic invariance explicit later.

terms for B_2 arise

δL_{int} = −m KB_2 ∧^∗ dA^0 − m^2K 2 B_2 ∧^∗ B_2 . (2.11)

The kinetic term of Ĉ_3 also contributes to the potential

V_3 = 1 8 K (e_i + b^km^lK_{ikl} − 1 2 mb^kb^lK_{ikl})(e_j + b^mm^nK_{jmn} − 1 2 mb^mb^nK_{jmn})g^{ij} , (2.12) where g^{ij} = 4K ∫ Y_3 ω̃

i ∧^∗ ω̃^j is the inverse metric obeying g_{ij} g^{jk} = δ^k_i . In addition the following interaction terms arise

δL_{int} = −4K(m^i − mb^i)B_2 ∧^∗ ( dA^j − dA^0b^j ) g_{ij} −2K(m^i − mb^i)(m^j − mb^j )g_{ij} B_2 ∧^∗ B_2 (2.13) − K 2 ( dC_3 − B_2 ∧ dA^0 − m 2 (B_2)^2 ) ∧^∗ ( dC_3 − B_2 ∧ dA^0 − m 2 (B_2)^2 ) . Finally the topological terms (2.3) are modified according to δL_{top} = −B_2 ∧ ( dA^ie_i + b^idA^j m^kK_{ijk} − b^ie_idA^0 − b^ib^j m^kK_{ijk} dA^0 ) (2.14) − 1 2 (2b^ie_i + b^ib^j m^kK_{ijk} − m 3 b^ib^j b^kK_{ijk} ) dC_3 + m 2 B_2 ∧ (dA^i − dA^0b^i)b^j b^kK_{ijk} − 1 2 (m^ie_i − mb^ie_i + b^im^j m^kK_{ijk} − 3m 2 b^ib^j m^kK_{ijk} + m^2 2 b^ib^j b^kK_{ijk} )(B_2)^2 .

To arrange the above expressions in the form of a the standard gauged N = 2 supergravity we are going to proceed as in appendix D. First we dualize the three-form C_3 to a constant. Collecting all couplings of C_3 we obtain

L_{C3} = − K 2 ( dC_3 − B_2 ∧ dA^0 − m 2 (B_2)^2 ) ∧^∗ ( dC_3 − B_2 ∧ dA^0 − m 2 (B_2)^2 )

− ( b^ie_i + 1 2 b^ib^j m^kK_{ijk} − m 6 b^ib^j b^kK_{ijk} ) dC_3 . (2.15)

The dualization of a three-form in d = 4 is summarized in appendix E.2. Applying the formulae of this appendix yields the dual action where the three-form C_3 is traded for a constant e_0

L_{C3} → L_{e0} = − 1 2K ( e_0 + e_ib^i + 1 2 b^ib^j m^kK_{ijk} − m 6 b^ib^j b^kK_{ijk} )_{2 ∗} 1 (2.16) − ( e_0 + e_ib^i + 1 2 b^ib^j m^kK_{ijk} − m 6 b^ib^j b^kK_{ijk} )(B_2 ∧ dA^0 + m 2 (B_2)^2 ) . Let us stress that the appearance of the parameter e_0 obtained by dualizing C_3 does not depend on the fact that we have turned on other fluxes. L_{e0} does not vanish in the limit m = m^i = e_j = 0 and thus is also present in the compactification of massless type IIA supergravity without any fluxes turned on. In appendix D we show that e_0 becomes the charge of the scalar a which is dual to B_2 and a potential consistent with the standard N = 2 gauged supergravity is induced.

Defining the four-dimensional dilaton via e^{−2ϕ} = e^{−2ϕ̂} K, using the formulae (D.5), (D.6) together with (2.10) – (2.14) and (2.16) the low energy effective action takes the form^9 S = ∫ e^{−2ϕ} (1 2 R^∗1 + 2dϕ ∧^∗ dϕ − 1 4 H_3 ∧^∗ H_3 − g_{ab}dz^a ∧^∗ dz^b − g_{ij} dt^i ∧^∗ dt̄^j )

+ 1 2 ( Im M^{−1} )_{AB} [ dξ̃_A + M_{AC} dξ^C ] ∧^∗ [ dξ̃_B + M̄_{BD}dξ^D ]

+ 1 2 H_3 ∧ (ξ̃_Adξ^A − ξ^Adξ̃_A ) + 1 2 Im N_{IJ} F^I ∧^∗ F^J + 1 2 Re N_{IJ} F^I ∧ F^J

−B_2 ∧ J_2 − 1 2 M^2 B_2 ∧^∗ B_2 − 1 2 M^2_T B_2 ∧ B_2 − V , (2.17)

where I = 0, . . . , h_{1,1} and N_{IJ} , M_{AB} are standard supergravity couplings defined in (C.7) and (C.23). The ‘new’ couplings J_2, M^2, M^2_T which depend on the fluxes only appear as couplings to B_2 and are found to be^{10}

J_2 = (e_I F^I − m^I G_I ) ,

M^2 = −m^I Im N_{IJ} m^J , (2.18)

M^2_T = −m^I Re N_{IJ} m^J + m^I e_I ,

where we denoted m by m^0 and introduced the vectors m^I = (m^0, m^i), e_I = (e_0, e_i). Furthermore, we introduced the magnetic dual of F^I ≡ dA^I by

G_I ≡ Im N_{IJ}^∗F^J + Re N_{IJ} F^J . (2.19)

Finally the string frame potential in (2.17) is found to be V = − 1 2 (e_I − N̄_{IK} m^K ) (Im N )^{−1IJ} (e_J − N_{JL}m^L) , (2.20)

where (Im N )^{−1} is given in (C.11).

The action (2.17) together with the definitions (2.18) is our first non-trivial result. It gives the low energy effective action for massive type IIA supergravity compactified on a Calabi-Yau threefold in the presence of R-R-background flux. As we see the 2h_{1,1} flux parameters (e_i, m^i) naturally combine with the mass parameter m^0 of the ten-dimensional massive IIA theory and the dual e_0 of the four-dimensional three-form C_3 to form the vectors (e_I , m^I ). As we are going to show next these vectors enjoy an action of a symplectic group Sp(2h_{1,1} + 2). Furthermore the flux parameters introduce a potential V , Green-Schwarz type couplings B_2 ∧ J_2, a regular and a topological mass term M, M_T for B_2.

2.2 Gauge and symplectic invariance

Let us first focus on the gauge invariance of the action (2.17). First of all (2.17) is manifestly invariant under the standard one-form gauge transformation δA^I = dΘ^I . However,

9Strictly speaking also the Kähler moduli t^i have to be redefined by a dilaton dependent factor [31]. In order not to overload the notation we use the same symbol t^i also for the redefined moduli.

10Note that M^2 is positive since in our conventions Im N_{IJ} is negative definite.

the gauge invariance related to the two-form B_2 is less obvious. After compactification the ten-dimensional gauge transformations (2.4) of the two-form B_2 become

δB_2 = dΛ_1 , δC_3 = Λ_1 ∧ dA^0 , δA^I = −m^I Λ_1 . (2.21)

As in d = 10, the three-form C_3 transforms under this gauge transformations. However, in the dualization of C_3 the gauge invariant combination dC_3 − dA^0 ∧ B_2 −^m_2 B_2 ∧ B_2 appeared and is dual to the (gauge invariant) constant e_0. The gauge invariance in the dual action is most easily seen by rewriting the action (2.17) as S = ∫ e^{−2ϕ} (1 2 R^∗1 + 2dϕ ∧^∗ dϕ − 1 4 H_3 ∧^∗ H_3 − g_{ab}dz^a ∧^∗ dz^b − g_{ij} dt^i ∧^∗ dt̄^j )

+ 1 2 ( Im M^{−1} )_{AB} [ dξ̃_A + M_{AC} dξ^C ] ∧^∗ [ dξ̃_B + M̄_{BD}dξ^D ] (2.22) + 1 2 H_3 ∧ (ξ̃_Adξ^A − ξ_Adξ̃_A) + 1 2 Im N_{IJ}F̌^I ∧^∗F̌^J + 1 2 Re N_{IJ} F̌^I ∧ F̌^J − 1 2 B_2 ∧ (F̌^I + dA^I )e_I − V ,

where we defined

F̌^I ≡ dA^I + m^I B_2 . (2.23)

Under the transformations

δB_2 = dΛ_1 , δA^I = −m^I Λ_1 , (2.24)

F̌ I is invariant and it can be easily checked that the action (2.22) is also not modified.

Let us discuss the symplectic invariance of the theory described by (2.22). The ungauged N = 2 supergravity is invariant under generalized electric-magnetic duality transformations which are part of a symplectic Sp(2h_{1,1} + 2) invariance [20,22]. However, this is not a symmetry of the action, but it leaves the equations of motion and Bianchi identities invariant. In gauged supergravity this invariance is generically broken as charged states appear and the action is no longer expressed in terms of only the field strength F^I . However, for the case at hand a symplectic invariance can be maintained as long as the fluxes (m^I , e_I ) are also transformed. To see this consider the Bianchi identities and the equations of motions derived from the action (2.22)

d dA^I = dF̌^I − m^I dB_2 = 0 , ∂L ∂A^I = dǦ_I − e_I dB_2 = 0 , (2.25) ∂L ∂B_2 = 1 2 d(e^{−2ϕ ∗}dB_2)+m^IǦ_I − e_IF̌^I = 0 ,

where

Ǧ_I ≡ Re N_{IJ}F̌^J + Im N_{IJ}^∗F̌^J . (2.26)

These equations are invariant under the symplectic transformations given in (B.10) with (m^I , e_I ) and (F̌^I , Ǧ_I ) transforming as symplectic vectors ( m^I e_I ) → ( U Z W V ) ( m^I e_I ) , (ˇ F^I Ǧ_I ) → ( U Z W V ) (ˇ F^I Ǧ_I ) , (2.27)

where U, V, W, Z obey (B.11). Similarly one checks the invariance of V given in (2.20).

The symplectic invariance of the equations (2.25) is our second non-trivial result. In particular it shows that the symplectic invariance of the potential as observed in [12, 13] has its deeper origin in the symplectic invariance of (2.25). However, the supergravity which displays this invariance is not the canonical one but instead features a massive two-form B_2 with very specific couplings to the gauge fields. It would be interesting to investigate this situation in more detail from a purely supergravity point of view without any reference to a flux background of string theory.

2.3 Relation with gauged supergravity

Let us now investigate the relation between the action derived in (2.17) or (2.22) and the standard gauged N = 2 supergravity as summarized in appendix B. The new ingredients in the action (2.17) are the mass terms for B_2. Let us first observe that they all vanish for m^I = 0. Since we have established the symplectic invariance of the theory we can always do a symplectic transformation on the vector (m^I , e_I ) and go to a basis where all m^I vanish^{11} ( m^I e_I ) → ( 0 e^′_I ) . (2.28)

In this basis the ‘new’ couplings considerably simplify and from (2.18) and (2.20) one immediately obtains

M = M_T = 0 , J_2 = e^′_I F^I , V = − 1 2 e^′_I (Im N^′)^{−1IJ} e^′_J , (2.29)

where the prime indicates the rotated basis. The drawback of this basis is that also the gauge couplings N of the action (2.17) change according to (B.13) and the relation to the prepotential as given in (B.7) is more complicated. So we have the choice to work either with the standard gauge couplings and a set of complicated interactions of B_2 or to transform to a new basis where the gauge couplings are more complicated but B_2 remains massless. In this latter basis the consistency with gauged supergravity is easily established so let us first discuss this case.

11We should stress again that from a pure supergravity point of view the fluxes m^I , e_I are just continuous parameters and so there always exist an Sp(2h_{1,1} + 2, R) transformation such that the rotated magnetic fluxes vanish. In a quantum theory however, the fluxes become quantized and the Sp(2h_{1,1} + 2, R) invariance is generically broken to Sp(2h_{1,1} + 2, Z). In this case, it is impossible to set the magnetic charges to zero by an Sp(2h_{1,1} + 2, Z) rotation.

For m^I = 0 B_2 is massless and thus can be dualized to a scalar a as in appendix E.1. After a Weyl rescaling g_{μν} → e^{2ϕ}g_{μν} the dual action reads S = ∫ [ 1 2 R^∗1 + 1 2 Im N^′_{IJ} F^{′I} ∧^∗ F^{′J} + 1 2 Re N^′_{IJ} F^{′I} ∧ F^{′J} −g_{ij} dt^i ∧^∗ dt̄^j − h_{uv} Dq^u ∧^∗ Dq^v − V_E ] , (2.30)

where h_{uv} Dq^u ∧^∗ Dq^v = dϕ ∧^∗ dϕ + g_{ab}dz^a ∧^∗ dz^b (2.31) + e^{4ϕ} 4 [ Da + (ξ̃_Adξ^A − ξ^Adξ̃_A) ] ∧^∗ [ Da + (ξ̃_Adξ^A − ξ^Adξ̃_A) ]

− e^{2ϕ} 2 ( Im M^{−1} )_{AB} [ dξ̃_A + M_{AC} dξ^C ] ∧^∗ [ dξ̃_B + M̄_{BD}dξ^D ] , and Da = da + 2e^′_I A^{′I} . (2.32)

The covariant derivative of a arises from the Green-Schwarz type interaction B_2 ∧ J_2 in (2.17) and as a consequence a couples like a Goldstone boson and is charged under an Abelian gauge symmetry with gauge charges e^′_I . V_E represents the potential in the Einstein frame and is given by

V_E = − e^{4ϕ} 2 e^′_I (Im N^′)^{−1IJ} e^′_J . (2.33)

In ref. [33] it was shown that h_{uv} of (2.31) is a quaternionic metric in accord with the constraints of N = 2 supergravity that the scalars in the hypermultiplets span a quaternionic manifold. In order to establish the further consistency with gauged N = 2 supergravity we need to show that the potential (2.33) is consistent with the general form of the potential (B.18) of gauged supergravity. Let us first note that only one scalar a in the hypermultiplets carries gauge charge while the scalars t^i in the vector multiplets remain neutral. In terms of the Killing vectors defined in (B.14) and (B.17) eq. (2.32) implies

k^u_I = −2e^′_I δ^{ua} , k^i_I = 0 . (2.34)

Inserted into (B.18) using (2.31) one arrives at

V_E = − 1 2 [ (Im N^′)^{−1} ]_{IJ} P^x_I P^x_J + 4e^K X^I X̄^J (e^{4ϕ}e^′_I e^′_J − P^x_I P^x_J ) . (2.35)

We are left with the computation of the Killing prepotentials P^x_I defined in (B.16). Following ref. [11] one first observes that for the constant (field independent) Killing vectors as in (2.34) eqs. (B.16) are solved by

P^x_I = k^u_I ω^x_u , x = 1, 2, 3 , (2.36) where ω^x_u is the SU(2) connection on the quaternionic manifold. For the case at hand ω^x_u has been computed in [33] and here we only need their result ω^x_a =^1_2 e^{2ϕ}δ^{3x}. Inserted into (2.36) using (2.34) we obtain

P^1_I = P^2_I = 0 , P^3_I = e^{2ϕ}e^′_I , (2.37)

which implies P^x_I P^x_J = h_{uv}k^u_I k^v_J . Thus the last term in (2.35) vanishes while the first one reproduces the potential (2.33). This establishes the consistency with N = 2 gauged supergravity.

Let us return to the discussion of the action in the unrotated basis where both e_I and m^I are non-zero. In this case B_2 is massive and the relation with the standard gauged supergravity is not obvious and, as far as we know, has not been discussed in the literature. However, one can use the fact that a massive two-form in d = 4 is Poincaré dual to a massive vector [28–30]. This generic duality is briefly summarized in appendix E.3. In the following we perform the duality transformation and display the dual action in terms of only vector fields.

Starting from the action (2.17) it is straightforward to apply the results in appendix E.3. Denoting by A^H the dual of the massive B_2 the resulting action reads S = ∫ e^{−2ϕ} (1 2 R^∗1 + 2dϕ ∧^∗ dϕ − g_{ab}dz^a ∧^∗ dz^b − g_{ij} dt^i ∧^∗ dt̄^j )

+ 1 2 ( Im M^{−1} )_{AB} [ dξ̃_A + M_{AC} dξ^C ] ∧^∗ [ dξ̃_B + M̄_{BD}dξ^D ] − V + 1 2 Im N_{IJ} F^I ∧^∗ F^J + 1 2 Re N_{IJ} F^I ∧ F^J − e^{2ϕ}A^H ∧^∗ A^H − 1 2 M^2 M^4 + M^4_T ( F^H − J^′_2 ) ∧^∗ ( F^H − J^′_2 ) (2.38) + 1 2 M^2_T M^4 + M^4_T ( F^H − J^′_2 ) ∧ ( F^H − J^′_2 ) , where

F^H = dA^H , J^′_2 = J_2 + 1 2 d(ξ̃_Adξ^A − ξ^Adξ̃_A) , (2.39)

and the quantities M, M_T and J_2 are defined in (2.18). The above action contains an explicit mass term for the vector field A_H which can equivalently be written as the covariant derivative of a Goldstone boson

e^{2ϕ}A^H ∧^∗ A^H = 1 4 e^{2ϕ}Da ∧^∗ Da , (2.40)

where

Da = da + 2A^{′H} . (2.41)

(A^{′H} denotes the gauge transformed vector potential.) Inserting (2.40) into (2.38) and absorbing^1_2 (ξ̃_Adξ^A − ξ^A dξ̃_A) into a further redefinition of A^H results in S = ∫ 1 2 R^∗1 − g_{ij} dt^i ∧^∗ dt̄^j − h_{uv} Dq^u ∧^∗ Dq^v + 1 2 Im N̂_{ÎĴ} F^Î ∧^∗ F^Ĵ + 1 2 Re N̂_{ÎĴ} F^Î ∧ F^Ĵ − V_E , (2.42) where also a Weyl rescaling g_{μν} → e^{2ϕ}g_{μν} has been performed and we introduced the index Î = (I, H). V_E is the Weyl rescaled potential related to V of (2.20) by V_E = e^{4ϕ}V . h_{uv} Dq^u ∧^∗ Dq^v is again the standard quaternionic metric given in (2.31) with the only difference that (2.32) is replaced by (2.41). Moreover, the ‘new’ (h_{1,1} + 2) × (h_{1,1} + 2) dimensional gauge coupling matrix N̂_{ÎĴ} is given by N̂_{IJ} = N_{IJ} − i μ (e_I − N_{IK} m^K )(e_J − N_{JL}m^L) , N̂_{HH} = −i μ , N̂_{IH} = i μ (e_I − N_{IK} m^k) , μ ≡ M^2 + iM^{2T} M^4 + M^4_T

. (2.43)

One easily shows that N̂_{IJ} m^J = e_I and hence Im N̂_{ÎĴ} has a null vector while Re N̂_{ÎĴ} has one constant eigenvalue. This implies that one (linear combination) of the vector fields only has a topological coupling.^{12}

The dualization of B_2 resulted in an additional massive vector A^H and we chose to write the mass term as the coupling of a Goldstone boson a. The number of physical degrees of freedom is of course unchanged since the action (2.38)/(2.42) is still invariant under the gauge transformations (2.24) which after dualization become

δA^I = −m^I Λ_1 , δA^H = 0 . (2.44)

A^H being the Poincaré dual of H_3 is invariant under (2.24) but one of the other h_{1,1} + 1 vector fields in (2.42) can be gauged away by (2.44). In this ‘unitary gauge’ the symplectic invariance is lost. Thus the theory can be formulated in terms of only vector fields but symplectic invariance demands the presence of an additional auxiliary vector field with only topological couplings. In any physical gauge the symplectic invariance is broken.

To conclude this section let us discuss another aspect of the dualization of the massive B-field. Eq. (2.25) can be solved for F̌^I and Ǧ_I in terms of electric and magnetic potentials A^I and Ã_I

F̌^I = m^I B_2 + dA^I , Ǧ_I = e_I B_2 + dÃ_I . (2.45)

Now the equation of motion for B_2 becomes 1 2 d(e^{−2ϕ∗}dB_2) + m^I dÃ_I − e_I dA^I = 0 . (2.46)

This suggests that we can introduce a scalar field a (the dual of B_2) which obeys

e^{−2ϕ∗}dB_2 = Da ≡ da − 2m^I dÃ_I + 2e_I dA^I . (2.47)

This definition has the feature that it maintains explicitly the symplectic invariance closely related to the proposal of [11, 13]. However, in (2.45) B_2 and not dB_2 appears and thus it is not possible to give an action in terms of the dual scalar a with electric and magnetic couplings. Nevertheless, one can compute the electric and magnetic Killing prepotentials corresponding to the gauging (2.47) as suggested in [11,13]. They are very similar to the ones found only for the electrically charged particles (2.37)

P^3_I = e^{2ϕ}e_I , P̃^{I3} = e^{2ϕ}m^I , P^1_I = P^2_I = P̃^{I1} = P̃^{I2} = 0 . (2.48)

12We thank B. de Wit and S. Vandoren for discussions on this point.

Using the formula for the potential suggested in [11]

V_E = 4e^K X^IX̄^J h_{uv} (k^u_I − k̃^{uK} N_{KI} )(k^v_I − k̃^{vK}N̄_{KI} ) (2.49) − [ 1 2 (Im N )^{−1IJ} + 4e^K X^I X̄^J ] (P^x_I − P̃^{Kx}N_{KI} )(P^x_J − P̃^{Kx}N̄_{KJ} ) ,

which is the symplectic invariant extension of (B.18), one immediately recovers the potential obtained in (2.20).

2.4 NS fluxes

So far we concentrated on non-trivial flux related to the modification of the R-R field strength dĈ_3 and dÂ_1. In this section we discuss the modifications which appear in the type IIA compactification due to the presence of NS fluxes. For the consistency of the procedure, we require that the fields which acquire a background value appear in the action only via the corresponding field strengths. This is easily achieved for the R-R fields Â_1 and Ĉ_3 as can be seen in the form of the actions (2.1). Clearly, for massive type IIA theory, the NS-NS field B̂_2 cannot appear only via its field strength so we only have a chance to turn on NS fluxes if we start from the massless type IIA theory given in (D.1). However we need to perform the field redefinition Ĉ_3 → Ĉ_3 + Â_1 ∧ B̂_2 in order to have the action only depend on the field strength Ĥ_3 but not B̂_2. This turns (D.1) into S = ∫ e^{−2ϕ̂} ( 1 2 R̂^∗1 + 2dϕ̂ ∧^∗ dϕ̂ − 1 4 Ĥ_3 ∧^∗Ĥ_3 )

− 1 2 ( F̂_2 ∧^∗F̂_2 + F̂_4 ∧^∗F̂_4 ) + 1 2 Ĥ_3 ∧ Ĉ_3 ∧ dĈ_3 , (2.50)

where F̂_4 = dĈ_3 − Â_1 ∧ Ĥ_3 and Ĥ_3 = dB̂_2. Note that this field redefinition changes the form of the gauge transformations (D.3) which now become

δB̂_2 = dΛ̂_1 , δĈ_3 = dΣ̂_2 ,

δÂ_1 = dΘ̂ , δĈ_3 = Θ̂ ∧ dB̂_2 . (2.51)

The compactification of this action proceeds as in appendix D with the following modification of the reduction Ansatz (D.4)

Ĥ_3 = H_3 + db^iω_i + p^Aα_A + q_Aβ^A , (2.52)

where H_3 = dB_2 and (p^A, q_A) are the 2h_{1,2} + 2 possible flux parameters of Ĥ_3. Using (2.52) F̂_4 is reduced according to

F̂_4 = dC_3 − A^0 ∧ H_3 + (dA^i − A^0db^i) ∧ ω_i + Dξ^A ∧ α_A + Dξ̃_A ∧ β^A , (2.53)

where

Dξ^A = dξ^A − p^AA^0 , Dξ̃_A = dξ̃_A − q_AA^0 . (2.54)

Inserting (2.52) and (2.53) into the action (2.50) results in terms very similar to (D.5). The differences are that the kinetic term for Ĉ_3 now contains the covariant derivatives Dξ^A , Dξ̃_A instead of the ordinary ones dξ^A , dξ̃_A. Furthermore, the kinetic term for B̂_2 (D.5) now induces a potential V = − 1 4 e^{−2ϕ} K (q_A + M_{AC} p^C )(Im M)^{−1AB} (q_B + M̄_{BD} p^D ) , (2.55)

where M is defined in (C.23). The last modification due to (2.52) appears from the topological term in (2.50) which reads

δL_{top} = (p^Aξ̃_A − q_Aξ^A) dC_3 . (2.56)

As before we have to dualize the three-form C_3 to a constant. Collecting the terms including C_3 we find

L_{C3} = − K 2 (dC_3 − A^0 ∧ H_3) ∧^∗ (dC_3 − A^0 ∧ H_3) + (p^Aξ̃_A − q_Aξ^A) dC_3 . (2.57)

By using the formulas of appendix E.2 we obtain the dual Lagrangian

L_{C3} → L_e = − 1 2K (p^Aξ̃_A − q_Aξ^A + e)^{2 ∗}1 + (p^Aξ̃_A − q_Aξ^A + e) A^0 ∧ H_3 , (2.58)

where e is an arbitrary constant, the dual of C_3. The first term in the above expression contributes together with (2.55) to the scalar potential which reads V = − e^{−2ϕ} 4 K (q + pM)(Im M)^{−1}(q + pM̄) + 1 2 K (p^Aξ̃_A − q_Aξ^A + e)^2 . (2.59)

The final thing to do in order to have the compactified action in the standard form of a gauged supergravity is to dualize B_2 to a scalar. Collecting the terms including B_2 we find

L_{B2} = − e^{−2ϕ} 4 H_3 ∧^∗ H_3 + 1 2 H_3 ∧ [ ξ̃_Adξ^A − ξ^A dξ̃_A − 2(p^Aξ̃_A − q_Aξ^A + e)A^0 ] (2.60) = − e^{−2ϕ} 4 H_3 ∧^∗ H_3 + 1 2 H_3 ∧ [ ξ̃_ADξ^A − ξ^ADξ̃_A − (p^Aξ̃_A − q_Aξ^A + 2e)A^0 ] . Using appendix E.1 we obtain the following action for the dual scalar a

L_{B2} → L_a = − e^{2ϕ} 4 [ Da + (ξ̃_ADξ^A − ξ^ADξ̃_A ) ] ∧^∗ [ Da + (ξ̃_ADξ^A − ξ^ADξ̃_A ) ] , (2.61)

where

Da = da − (p^Aξ̃_A − q_Aξ^A)A^0 − 2eA^0 . (2.62)

The final form of the action action is obtained after going to the Einstein frame and is similar to the one found in the massless case (D.13) S = ∫ [ 1 2 R^∗1 − g_{ij} dt^i ∧^∗ dt̄^j − h_{uv} Dq^u ∧^∗ Dq^v + 1 2 Im N_{IJ} F^I ∧^∗ F^J + 1 2 Re N_{IJ} F^I ∧ F^J − V_E ] , (2.63) where now h_{uv} Dq^u ∧^∗ Dq^v = dϕ ∧^∗ dϕ + g_{ab}dz^a ∧^∗ dz^b (2.64) + e^{4ϕ} 4 [ Da + (ξ̃_ADξ^A − ξ^ADξ̃_A ) ] ∧^∗ [ Da + (ξ̃_ADξ^A − ξ^A Dξ̃_A) ]

− e^{2ϕ} 2 ( Im M^{−1} )_{AB} [ Dξ̃_A + M_{AC} Dξ^C ] ∧^∗ [ Dξ̃_B + M̄_{BD}Dξ^D ] , with the covariant derivatives Dξ^A , Dξ̃_A and Da given in (2.54) and (2.62). The Einstein frame potential will only differ from (2.59) by a factor of e^{4ϕ}

V_E = − e^{2ϕ} 4 K (q + pM)(Im M)^{−1}(q + pM̄) + e^{4ϕ} 2 K (p^Aξ̃_A − q_Aξ^A + e)^2 . (2.65)

The crucial difference to the previous case of R-R fluxes is that now the potential depends on the scalars in the hypermultiplets but not on the scalars in the vector multiplets.

As before the fluxes turn ordinary supergravity into a gauged supergravity where a certain isometry of the scalar manifold has been gauged. The corresponding gauge invariance is just the compactified version of the 10 dimensional gauge invariance (2.51). Inserted into the compactification Ansatz (D.4) modified according to (2.52), the fourdimensional gauge invariance reads

δA^0 = dΘ , δdA^i = Θ ∧ db^i , δC_3 = Θ ∧ H_3 ,

δξ^A = p^AΘ , δξ̃_A = q_AΘ . (2.66)

The covariant derivatives defined in (2.54) and the action (2.61) is invariant under this transformations provided a transforms according to a → a + [ 2e + (p^Aξ̃_A − q_Aξ^A ) ] Θ . (2.67)

As before let us establish the consistency of the theory with the standard gauged supergravity. Compared to the massless type IIA theory the effect of the non-trivial (p^A, q_A) NS-fluxes is the replacement of ordinary derivatives by the covariant derivatives (2.54), (2.62) and the appearance of the potential (2.59). Otherwise the structure of the theory is unchanged. To show agreement with gauged supergravity we need to demonstrate that with the gaugings (2.54) and (2.62) the potential (B.18) reduces to (2.65). The key point here is to notice that for the case at hand (B.18) considerably simplifies in the sense that the term which contains the Killing prepotentials vanishes. To see this we first note that since only one vector field A^0 participates in the gaugings (2.54) and (2.62), the only non-trivial components of P^x_I will be the ones for which I = 0. Using (C.5), (C.11) and the fact that X^0 = 1 one immediately sees that 1 2 (Im N )^{−1 00} + 4e^K X^0X̄^0 = 0 . (2.68)

Inserting (2.68) into (B.18) we arrive at

V_E = 4e^K h_{uv} k^u_0 k^v_0 , (2.69) where we already used k_i = 0. The Killing vectors k^u_0 can be read off from the covariant derivatives (2.54) and (2.62) to be

k^{ξB}_0 = p^B , k^{ξ̃B}_0 = q_B , k^a_0 = 2e + (p^Aξ̃_A − q_Aξ^A) . (2.70)

Using the metric components of the charged scalars from (2.64), the evaluation of (2.69) precisely results in the potential (2.59) and thus establishes the consistency with gauged supergravity.

As we said before the difference for NS-fluxes is that the potential depends on the scalars in hypermultiplets (ϕ, z^a, ξ^A, ξ̃_A) while the vector multiplet scalars t^i remain undetermined. Furthermore,the only gauge field which appears in the covariant derivatives is the graviphoton A^0 while all other A^i do not participate in the gauging.

3 Type IIB compactified on Calabi-Yau threefolds with background fluxes and mirror symmetry

So far we concentrated on type IIA theories compactified on Calabi-Yau threefolds Y_3 and derived the four-dimensional effective theory when non-trivial background fluxes are turned on. Without fluxes these theories are equivalent to type IIB compactified on the mirror threefold Ỹ_3. At the level of the low energy effective action the precise map between these compactifications was derived in refs. [33–35]. However, when background flux is turned on, the validity of perturbative and non-perturbative dualities become obscure and is not fully understood at present [16, 19, 23–26, 36]. Before we discuss this issue in more detail let us focus on type IIB compactification with background fluxes. Without fluxes the effective theory is given in [34, 35] while turning on three-form flux was considered in refs. [11–14, 17]. Here we do not redo the computation in detail but focus on the situation where both electric and magnetic charges (e_A, m^A) are present. For this case the potential has been computed in [11, 12] but the complete couplings of the two forms were not derived. (Ref. [17] only considered the case m^A = 0.) The purpose of this section is to give the complete bosonic Lagrangian including the couplings and mass terms of the NS two-form B_2 and to discuss the mirror symmetry to type IIA compactification with fluxes as derived in the previous section. For simplicity we only turn on the background fluxes of the R-R two-form C_2.

Let us start by recalling the structure of the ten-dimensional type IIB supergravity. The NS-NS sector features the graviton, a two-form B̂_2 and the dilaton ϕ̂, while the R-R sector contains a second scalar l, a second two form Ĉ_2 and a four form Â_4 with a selfdual field strength. The bosonic part of the low energy effective action in ten dimensions reads [37]^{13}

S_{IIB} = ∫ e^{−2ϕ̂} ( 1 2 R̂^∗1 + 2dϕ̂ ∧^∗ dϕ̂ − 1 4 Ĥ_3 ∧^∗Ĥ_3 )

− 1 2 ( dl ∧^∗ dl + F̂_3 ∧^∗F̂_3 + 1 2 F̂_5 ∧^∗F̂_5 ) − 1 2 Â_4 ∧ Ĥ_3 ∧ dĈ_2 , (3.1)

13In this action the self-duality condition on the 5-form field strength has not been imposed. A covariant action including the self-dual 4-form has been constructed in [38]. The field equations for type IIB supergravity were originally derived in refs. [39].

where the field strengths are defined as^{14}

Ĥ_3 = dB̂_2 , F̂_3 = dĈ_2 − ldB̂_2 , F̂_5 = dÂ_4 + B̂_2 ∧ dĈ_2 . (3.2)

When compactified on a Calabi-Yau threefold the resulting low energy spectrum contains as in type IIA h_{1,1} Kähler deformations v^i, i = 1, . . . , h_{1,1} of the Calabi-Yau metric and h_{1,2} complex deformations z^a, a = 1, . . . , h_{1,2} of the complex structure. The doublet of two-forms B̂_2, Ĉ_2 and the four-form Â_4 decompose according to

B̂_2 = B_2 + b^i ω_i , Ĉ_2 = C_2 + c^i ω_i ,

dÂ_4 = dD^i_2 ∧ ω_i + F^Aα_A − G_B β^B + dρ_iω̃^i , (3.3)

where as before (α_A, β^B) span a real (2h_{2,1} + 2)-dimensional basis of H^3(Y_3), ω_i is a h_{1,1}- dimensional basis of H^{1,1}(Y_3) and ω̃^i is the dual basis on H^{2,2}(Y_3). The normalizations of these basis are given in appendix C. The self-duality condition^∗F_5 = F_5 implies that the G_B are the dual magnetic field strengths of F^A while ρ_i are the duals of the tensors D^i. Together these fields combine into a gravitational multiplet with bosonic components (g_{μν} , A^0), a double-tensor multiplet (B_2, C_2, ϕ, l), h_{1,1} tensor multiplets (D^i_2, v^i, b^i, c^i) and h_{1,2} vector multiplets (A^a, z^a).^{15} Dualizing the two-forms to scalars turns the tensor and double tensor multiplets into hypermultiplets each containing four real scalars. In this dual basis the low energy spectrum features h_{1,1} + 1 hypermultiplets and h_{1,2} vector multiplets apart from the gravitational multiplet.

Next we turn on background fluxes for the R-R three-form by modifying dĈ_2

dĈ_2 → dĈ_2 + m^Aα_A − e_Aβ^A , (3.4)

where e^A_I , m^A_I are the constant background fluxes. The field strength F̂_3 turns into

F̂_3 = F_3 − lH_3 + (dc^i − ldb^i) ω_i + m^Aα_A − e_Aβ^A , (3.5)

where F_3 = dC_2 and H_3 = dB_2 and the only modification due to (3.4) coming from the term F_3 ∧^∗ F_3 is a potential V = − 1 2 ( e_A − m^C M_{CA} ) (Im M)^{−1AB} ( e_B − M_{BD}m^D ) . (3.6)

The matrix M is defined in (C.23) and to obtain the above expression we used (C.20) and (C.22). Furthermore, dĈ_2 appears in the definition of F̂_5 (3.2) which is modified according to

F̂_5 = (dD^i_2 + b^idC_2 + B_2 ∧ dc^i) ∧ ω_i + F̌^Aα_A − Ǧ_Aβ^A + (dρ_i + b^j dc^k K_{ijk}) ∧ ω̃^i , (3.7)

where we defined

F̌^A ≡ F^A + m^AB_2 , Ǧ_A ≡ G_A + e_AB_2 , (3.8)

14Commonly one uses the convention F^′_5 = dÂ^′_4 −^1_2 Ĉ_2 ∧ dB̂_2 +^1_2 B̂_2 ∧ dĈ_2 which is obtained from F_5 by the redefinition A_4 = A^′_4 −^1_2 B_2 ∧ C_2. Note that this redefinition modifies the topological term only by a total derivative while the self-duality constraint^∗F_5 = F_5 remains unchanged.

15We consider A^A to be electric potentials, i.e. F^A = dA^A

and used (C.9) to express the product of harmonic two forms as a harmonic four form. Finally, the topological term produces a Green-Schwarz type interaction

δL_{top} = − 1 2 (F^Ae_A − G_Am^A) ∧ B_2 . (3.9)

In the standard compactification of the type IIB theory the four dimensional action is obtained after imposing the self-duality condition for F̂_5. This however, cannot be done directly since imposing F̂_5 =^∗F̂_5 in (3.1) the kinetic term for Â_4 vanishes identically and the same happens with the kinetic terms of the fields which come from the reduction of Â_4. The correct 4 dimensional action is obtained by adding appropriate Lagrange multipliers in order to impose the self-duality condition. At the level of the reduced fields this condition can be obtained from (3.7) using the expressions for the Hodge duals of the harmonic forms on a Calabi-Yau threefold (C.9), (C.20), (C.22) and reads

Ǧ_A = Im M_{AB}^∗F̌^B + Re M_{AB}F̌^B . (3.10)

Similarly one obtains

dρ_i + K_{ijk} b^j dc^k = 4Kg_{ij}^∗(dD^j + b^j dC_2 + B_2 ∧ dc^i) . (3.11)

Strictly speaking this relation should involve field strengths as in (3.10) rather than only exterior derivatives of some potentials. However, since the fluxes play no role in this relation we do not need to be more precise here and instead rely to the standard Calabi- Yau compactification of type IIB theory. On the other hand, (3.10) does depend on the flux parameters through F̌ and Ǧ defined in (3.8) and reduces to the usual formula (B.8) which relates the electric and magnetic field strengths only for vanishing fluxes. To obtain the Lagrangian for the vector fields we proceed as in the massless case [17]. First, treating F^A and G_A as independent fields, inserting (3.7) into (3.1) and taking into account (3.9) we obtain L(F, G) = 1 4 (Im M)^{−1AB} (Ǧ_A − F̌^C M_{AC} ) ∧ (^∗Ǧ_B −^∗F̌^DM̄_{BD}) − 1 2 (F^Ae_A − G_Am^A) ∧ B_2 . (3.12)

Furthermore, to impose (3.10) as the equation of motion for G we have to add to (3.12) the term^1_2 F^A ∧G_A. Eliminating G_A using (3.10) one is left with the following Lagrangian for F^A

L(F ) = 1 2 F^A ∧ G_A − 1 2 (F^Ae_A − G_Am^A) ∧ B_2 (3.13) = 1 2 Im M_{AB}F̌^A ∧^∗F̌^B + 1 2 Re M_{AB}F̌^AF̌^B − 1 2 (F^Ae_A + F̌^Ae_A) ∧ B_2 .

The scalar sector is not modified by the introduction of fluxes in (3.4) and so we can use the results in the literature [33–35] to obtain the following 4 dimensional action S = ∫ e^{−2ϕ} (1 2 R^∗1 + 2dϕ ∧^∗ dϕ − 1 4 H_3 ∧^∗ H_3 − g_{ab}dz^a ∧^∗ dz^b − g_{ij} dt^i ∧^∗ dt̄^j )

+ 1 2 ( Im N^{−1} )_{IJ} [ dξ̃_I + N_{IK} dξ^K ] ∧^∗ [ dξ̃_J + N̄_{JL}dξ^L ] . + 1 2 H_3 ∧ (ξ̃_Adξ^A − ξ_Adξ̃_A) + 1 2 Im M_{AB}F̌^A ∧^∗F̌^B + 1 2 Re M_{AB}F̌^A ∧ F̌^B − 1 2 B_2 ∧ (F̌^A + dA^A)e_A − V , (3.14)

where V is given in (3.6) and the scalars ξ^I and ξ̃_I are functions of l, c^i, ρ_i and the dual of C_2 specified by the mirror map [35].

Mirror symmetry at the level of the low energy effective actions is now obvious since the (2.22) and (3.14) have the same form. The only difference is the range of indices and the fact that the matrices N and M are interchanged which just expresses the mirror symmetry h_{1,1} ↔ h_{1,2}. Moreover the potentials (3.6) and (2.20) are the same and the flux parameters (m^A, e_A) in type IIB case are the mirror partners of (m^I , e_I ) in type IIA. Due to the appearance of F̌ in (3.14) B_2 is also massive in IIB – a fact which has not been stressed previously. Finally, the two extra parameters in type IIA, the one coming from the mass m of the massive type IIA supergravity and the other coming from the dualization of the 4 dimensional C_3 to a constant e_0, are crucial in order to make mirror symmetry work when R-R fluxes are turned on.

A similar analysis can be performed for the NS three-form. Apart from the factor of the dilaton one obtains the same result as computed in refs. [11, 12, 17]. However, in this case there is no obvious mirror dual set of fluxes in type IIA. This has led to the proposition [23] that in type IIA the holomorphic three-form Ω ceases to be holomorphic and effectively an NS two- and four-form is induced. It would be interesting to make this proposal more explicit at the level of the effective action. Similarly there is no obvious mirror dual in type IIB of the NS-fluxes (p^A, q_B) discussed in section 2.4.

4 Conclusions

In this paper we studied the compactification of type II theories on Calabi-Yau threefolds in the presence of background fluxes. First we concentrated on the massive type IIA theory and considered non-trivial background values for the R-R fields F̂_2, F̂_4. These fluxes are in one to one correspondence with harmonic (1, 1)- and (2, 2)-forms on the Calabi-Yau manifold and therefore induce 2h_{1,1} flux parameters into the effective action. Furthermore, dualizing the three-form C_3 in the d = 4 effective action to a constant provides an additional parameter. Together with the (ten-dimensional) mass of massive type IIA theory one finds a total of 2h_{1,1} + 2 flux parameters which naturally combine into symplectic vector of Sp(2h_{1,1} + 2). Furthermore, we showed that in fact the entire theory is invariant under Sp(2h_{1,1} + 2) rotations due to the presence of a massive twoform B_2 which couples to both electric and magnetic field strengths. In our analysis we just followed the compactification of type IIA supergravity but there is obviously a more general story to be discovered here. It would be interesting to construct the most general gauged supergravity including massive two-forms and investigate the conditions for the symplectic Sp(2h_{1,1} + 2) invariance of the theory entirely within supergravity and without any particular reference to flux backgrounds of string theory.

For vanishing magnetic fluxes m^I = 0 the two-form B_2 is massless and can be dualized to a scalar a. This dual basis is a standard gauged N = 2 supergravity with a potential (2.33) depending on the scalars in the vector multiplets. Only a is charged but with respect to linear combination of all h_{1,1} + 1 gauge fields. The form of the potential coincides with the potential found in [18] for the case of the heterotic string compactified on T^2 × K3 when a set of very specific fluxes along K3 are turned on. In particular, in the heterotic case more than one scalar is generically charged and thus the fluxes have to be chosen to point in the direction of a in order to find agreement with the type IIA case [16].

The perturbative duality of type IIA compactified on Y_3 to type IIB compactified on the mirror threefold Ỹ_3 was established at the level of the effective Lagrangian for R-R fluxes turned on in both theories. For non-vanishing m^I also the type IIB effective theory features a massive B_2. Furthermore, the validity of the duality crucially depends on including the ten-dimensional mass parameter m^0 and the dual constant e_0 of threeform C_3.

The situation for NS-fluxes remains murky. We derived the effective theory of type IIA in the presence of NS three-form flux H_3. In this case a standard gauged N = 2 supergravity is found but contrary to R-R flux backgrounds the potential depends nontrivially on the scalars in the hypermultiplet. Furthermore, the hyper-scalars are charged only with respect to the graviphoton but not with respect to any of the other h_{1,1} gauge fields.

In the type IIB compactification we found no obvious set of NS mirror fluxes and leave this puzzle for further studies. As suggested in [23] it might be related to the fact that the Calabi-Yau geometry is deformed and the precise nature of the deformation has to be taken into account in more detail.

We also did not address the issue of holomorphic superpotentials in relation with spontaneous N = 2 → N = 1 supersymmetry breaking [12] which we leave to a separate publication [40].

Appendix

A Notations and conventions

In this appendix we assemble the conventions used throughout the paper.

• The space-time metric has signature (−, +, +, . . . ).

• The components of a differential p-form are defined as follows

A_p = 1 p! A_{μ1...μp} dx^{μ1} ∧ . . . ∧ dx^{μp} . (A.1) • A hat on a p-form, e.g. Â_p denotes differential forms in d = 10. p-forms without the hat are four-dimensional quantities.

• The Hodge operation^∗ is defined in such a way that dA_p ∧^∗ dA_p = √ −g p! (dA)_{μ1...μp+1} (dA)^{μ1...μp+1} d^dx (A.2) reproduces the correct kinetic term for a p-form in d space-time dimensions. In particular we denote^∗1 = √ −g d^dx. • After compactification the Hodge operation splits into a Hodge-star on the fourdimensional space and another one acting on the internal Calabi-Yau space. For example, in the expansion of a p form one encounters terms like Â_p = · · ·+A_{p−k}ω_k + · · · , where ω_k is some harmonic k form on the internal space. The Hodge dual is given by ∗Â_p = · · · + (−1)^{k(p−k) ∗}A_{p−k}^∗ω_k + · · · , (A.3) where the first^∗ on the RHS acts only in space-time while the second acts only in the internal space. The (−1)^{k(p−k)} assures that the kinetic term of Â_p produces ∫ Y_3 Â_p ∧^∗Â_p = · · · + A_{p−k} ∧^∗ A_{p−k} ∫ Y_3

ω_k ∧^∗ ω_k + · · · . (A.4)

• The indices i, j, k, . . . label harmonic (1, 1) and (2, 2) forms on the Calabi-Yau threefold and run from 1 to h_{1,1}; the indices I, J, . . . label the vector fields in type IIA compactifications and include the zero I = 0, 1, . . . , h_{1,1}. The indices a, b . . . run from 1 to h_{1,2} and label (1, 2)-forms on Y_3. The indices A, B . . . include the zero and label all three-forms including the (3, 0)-form, i.e. A = 0, 1, . . . , h_{1,2}. A, B, . . . also label vector fields in type IIB compactifications.

B N = 2 supergravity in d = 4

The purpose of this appendix is to give a short review about N = 2 supergravity in d = 4 [20–22, 41]. A generic spectrum contains the gravitational multiplet, n_V vector multiplets and n_H hypermultiplets. The vector multiplets contain n_V complex scalars t^i, i = 1, . . . , n_V while the hypermultiplets contain 4n_H real scalars q^u, u = 1, . . . , 4n_H .^{16} Due to supersymmetry the scalar manifold factorizes

M = M_V ⊗ M_H , (B.1)

16There also exist N = 2 tensor multiplets which contain a two-form B_2 and three real scalars as bosonic components. Upon dualizing B_2 to a scalar the tensor multiplet can be treated as an additional hypermultiplet. With this in mind we do not discuss tensor multiplets in this appendix.

where the component M_V is a special Kähler manifold spanned by the scalars t^i while M_H is a quaternionic manifold spanned by the scalars q^u.

A special Kähler manifold is a Kähler manifold whose geometry obeys an additional constraint [20]. This constraint states that the Kähler potential K is not an arbitrary real function but determined in terms of a holomorphic prepotential F according to

K = − ln ( iX̄^I (t̄)F_I (X) − iX^I (t)F̄_I (X̄) ) , (B.2)

where X^I , I = 0, . . . , n_V are (n_V + 1) holomorphic functions of the t^i. F_I abbreviates the derivative, i.e. F_I ≡^{∂F(X)}_{∂X I} and F(X) is a homogeneous function of X^I of degree 2, i.e. X^I F_I = 2F.

The 4n_H scalars q^u, u = 1, . . . , 4n_H in the hypermultiplets are coordinates on a quaternionic manifold [21]. This implies the existence of three almost complex structures (J^x)^w_v , x = 1, 2, 3 which satisfy the quaternionic algebra

J^xJ^y = −δ^{xy} + iϵ^{xyz}J^z . (B.3)

Associated with the complex structures is a triplet of Kähler forms

K^x_{uv} = h_{uw} (J^x)^w_v , (B.4)

where h_{uw} is the quaternionic metric. The holonomy group of a quaternionic manifold is Sp(2) × Sp(2n_h) and K^x is identified with the field strength of the Sp(2) ∼ SU(2) connection ω^x, i.e.

K^x = dω^x + 1 2 ϵ^{xyz} ω^y ∧ ω^z . (B.5)

The bosonic part of the (ungauged) N = 2 action is given by S = ∫ [ 1 2 R^∗1 − g_{ij̄}dt^i ∧^∗ dt̄^j − h_{uv} dq^u ∧^∗ dq^v + 1 2 Im N_{IJ} F^I ∧^∗ F^J + 1 2 Re N_{IJ} F^I ∧ F^J ] , (B.6)

where g_{ij̄} = ∂_i∂_{j̄}K, F^I = dA^I (F^0 denotes the field strength of the graviphoton) and the gauge coupling functions are given by

N_{IJ} = F̄_{IJ} + 2i

ImF_{IK} ImF_{JL}X^K X^L ImF_{LK} X^K X^L

. (B.7)

The equations of motion of the action (B.6) are invariant under generalized electricmagnetic duality transformations. From (B.6) one derives the equations of motions ∂L ∂A^I = dG_I = 0 , G_I = Re N_{IJ} F^J + Im N_{IJ}^∗F^J , (B.8)

while the Bianchi identities read

dF^I = 0 . (B.9)

These equations are invariant under the generalized duality rotations^{17} F^I → U^I_J F^J + Z^{IJ} G_J , G_I → V_I^J G_J + W_{IJ} F^J , (B.10) where U, V , W and Z are constant, real, (n_V + 1) × (n_V + 1) matrices which obey U^TV − W^TZ = V^TU − Z^TW = 1 , U^TW = W^TU , Z^TV = V^TZ . (B.11) Together they form the (2n_V + 2) × (2n_V + 2) symplectic matrix O = ( U Z W V ) , O ∈ Sp(2n_V + 2) . (B.12)

(F^I , G_I ) form a (2n_V + 2) symplectic vector; (X^I , F_I ) enjoy the same transformations properties and also transforms as a symplectic vector under (B.10). Clearly, the Kähler potential (B.2) is invariant under this symplectic transformation. Finally, the matrix N transforms according to N → (V N + W ) (U + ZN )^{−1} . (B.13) Let us now turn to gauged N = 2 supergravity [22]. One can gauge the isometries on the scalar manifold M. Such isometries are generated by the Killing vectors k^u_I (q), k^i_I (t) δq^u = Λ^I k^u_I (q) , δt^i = Λ^I k^i_I (t) . (B.14) k^u_I (q), k^i_I (t) satisfy the Killing equations which in N = 2 supergravity can be solved in terms of four Killing prepotentials (P_I , P^x_I ). The Killing vectors on M_V are holomorphic and obey k^i_I (t) = g^{ij̄} ∂¯_j P_I , (B.15) while the Killing vectors on M_H are determined by a triplet of Killing prepotentials P^x_I (q) via k^u_I K^x_{uv} = −D_vP^x_I ≡ −(∂_vP^x_I + ϵ^{xyz} ω^y_v P^z_I ) . (B.16) Gauging the isometries (B.14) requires the replacement of ordinary derivatives by covariant derivatives in the action

∂_μq^u → D_μq^u = ∂_μq^u − k^u_I A^I_μ , ∂_μt^i → D_μt^i = ∂_μt^i − k^i_I A^I_μ . (B.17) Furthermore the potential

V_E = e^K [ X^I X̄^J (g_{īj} k^ī_I k^j_J + 4h_{uv} k^u_I k^v_J ) + g^{ij̄}D_iX^I D¯_jX̄^J P^x_I P^x_J − 3X^IX̄^J P^x_I P^x_J ]

= e^KX^I X̄^J (g_{īj} k^ī_I k^j_J + 4h_{uv} k^u_I k^v_J ) − [1 2 (Im N )^{−1IJ} + 4e^K X^IX̄^J ] P^x_I P^x_J , (B.18)

17 This is often stated in terms of the self-dual and anti-self-dual part of the field strength F^{±J} and the dual quantities G^+_I ≡ N_{IJ} F^{+J} , G^−_I ≡ N̄_{IJ} F^{−J} .

has to be added to the action in order to preserve supersymmetry. The bosonic part of the action of gauged N = 2 supergravity is then given by S = ∫ 1 2 R^∗1 − g_{ij̄}Dt^i ∧^∗ Dt̄^j − h_{uv} Dq^u ∧^∗ Dq^v + 1 2 Im N_{IJ} F^I ∧^∗ F^J + 1 2 Re N_{IJ} F^I ∧ F^J − V_E .

(B.19)

The symplectic invariance of the ungauged theory is generically broken since the action now explicitly depends on the gauge potentials A^I through the covariant derivatives Dt^i, Dq^u. C The moduli space of Calabi-Yau threefolds

The moduli space of Calabi-Yau threefolds Y_3 splits into the space of Kähler deformations of the Calabi-Yau metric and deformations of the complex structure. The Kähler deformations are harmonic (1, 1)-forms and thus are elements of H^{1,1}(Y_3). The complex structure deformations are harmonic (1, 2)-forms and thus are elements of H^{1,2}(Y_3). In string theory a two-form B_2 always appears together with the (space-time) metric in the NS-NS sector. Its compactification on a Calabi-Yau threefold produce h_{1,1} additional scalars which together with the Kähler class deformations form the the “complexified Kähler cone” M_{1,1}. The moduli space M of Calabi-Yau manifolds is be a direct product of M_{1,1} and the space M_{1,2} spanned by the complex structure deformations

M = M_{1,1} × M_{1,2} . (C.1)

M_{1,1} and M_{1,2} are both special Kähler manifolds and M_{1,1} describes the vector multiplet sector in type IIA theories while M_{1,2} characterizes the vector multiplet sector in type IIB case. In this appendix we briefly summarize these geometries following refs. [41–44].

C.1 The complexified Kähler cone

The Kähler class deformations together with the zero modes of B_2 are harmonic (1, 1)- forms on Y_3. Hence both the Kähler form J and B_2 can be expanded in a basis ω_i of H^{1,1}(Y_3)

B_2 + iJ = (b^j + iv^j)ω_j ≡ t^j ω_j , j = 1, . . . , h_{1,1} . (C.2)

It is useful to define the following quantities: K = 1 6 ∫ Y_3 J ∧ J ∧ J , K_i = ∫ Y_3

ω_i ∧ J ∧ J , (C.3) K_{ij} = ∫ Y_3 ω^i ∧ ω^j ∧ J , K_{ijk} = ∫ Y_3 ω^i ∧ ω^j ∧ ω^k . Note that we have introduced the factor^1_6 in the definition of K so that it is precisely the volume of Y_3. The metric on the complexified Kähler cone M_{1,1} is Kähler, i.e. g_{ij} = ∂_i ¯∂_j K and given by [31, 42] g_{ij} = 1 4K ∫ Y_3

ω_i ∧^∗ ω_j = − 1 4 ( K_{ij̄} K − 1 4 K_iK_{j̄} K^2 ) = −∂_i∂_j ( − ln 8 K ) = ∂_i ¯∂_j ( − ln 8 K ) . (C.4)

Furthermore, the Kähler potential K is determined in terms of a holomorphic prepotential F via

e^{−K} = 8 K = i (¯ X^I F_I − X^IF̄_I ) , F_I ≡ ∂_I F , I = 0, . . . , h_{1,1} , (C.5)

where F = − 1 3! K_{ijk} X^iX^j X^k X^0

. (C.6)

The (complex) Kähler class deformations t^i are the so called special coordinates related to the X^I via X^I = (1, t^i). (X^I , F_I ) transforms as a symplectic vector under (B.12) and K is a symplectic invariant.

The scalar manifold M_{1,1} describes the moduli space of the vector multiplets in the low energy effective action of type IIA supergravity compactified on a Calabi-Yau threefold. Therefore the matrix N defined in (B.7) plays the role of generalized gauge couplings. Inserting (C.6) into (B.7) it is straightforward to derive

Re N_{00} = − 1 3 K_{ijk} b^ib^j b^k , Im N_{00} = −K + ( K_{ij} − 1 4 K_iK_j K ) b^ib^j , Re N_{i0} = 1 2 K_{ijk}b^j b^k , Im N_{i0} = − ( K_{ij} − 1 4 K_iK_j K ) b^j , (C.7)

Re N_{ij} = −K_{ijk}b^k , Im N_{ij} = ( K_{ij} − 1 4 K_iK_j K ) .

In the main text we encounter the inverse matrices g^{ij} and (Im N )^{−1IJ} . These can be expressed in terms of harmonic (2, 2) forms. On a Calabi-Yau threefold H^{2,2}(Y_3) is dual to H^{1,1}(Y_3) and it is useful to introduce the dual basis ω̃^i normalized by ∫ Y_3

ω_i ∧ ω̃^j = δ^j_i . (C.8)

With this normalization the following relations hold g^{ij} = 4K ∫ Y_3

ω̃^i ∧^∗ω̃^j ,^∗ω_i = 4Kg_{ij}ω̃^j ,^∗ω̃^i = 1 4K g^{ij} ω_j , ω_i ∧ ω_j ∼ K_{ijk}ω̃^k , (C.9)

where the symbol ∼ denotes the fact that the quantities are in the same cohomology class. Introducing K^{ij} via

K^{ij} K_{jk} = δ^i_k , (C.10) one derives

(Im N )^{−1} =

−^1_K −^{bi}_K −^{bi}_K K^{ij} −^{bi bj}_K −^{vivj}_{2 K} . (C.11)

Using (C.10) one can also write an explicit formula for the inverse metric g^{ij} g^{ij} = −4K ( K^{ij} − v^iv^j 2 K ) . (C.12)

C.2 The special geometry of H^3

The complex structure deformations of a threefold parameterize H^{1,2}(Y_3). However, it turns out be convenient to discuss the entire H^3(Y_3) = H^{3,0} ⊕H^{2,1} ⊕H^{1,2} ⊕H^{0,3} including H^{3,0} and H^{0,3} which have only the holomorphic (3, 0)-form Ω and the complex conjugate (0, 3)-form Ω̄ as elements. One commonly chooses a real basis (α_A, β^B) on H^3 which obeys ∫ Y_3

α_A ∧ β^B = δ^B_A = − ∫ Y_3 β^B ∧ α_A , A, B = 0, . . . , h_{1,2} , ∫ Y_3

α_A ∧ α_B = ∫ Y_3

β^A ∧ β^B = 0 . (C.13)

Note that these relations are invariant under symplectic rotations ( β α ) → ( U Z W V ) ( β α ) , (C.14)

where the matrices U, V, W, Z satisfy (B.11). The unique holomorphic (3, 0) Ω can be expanded in terms of this basis according to

Ω = Z^Aα_A − G_Aβ^A , (C.15)

where Z^A, G_A are the periods of Ω defined as

Z^A = ∫ Y_3

Ω ∧ β^A , G_A = ∫ Y_3

Ω ∧ α_A . (C.16)

Ω is invariant under (C.14) and hence (Z^A, G_A) transforms as a symplectic vector. The G_A are functions of Z^A and determined in terms of a homogenous function of degree two G(Z) as

G_A = ∂G ∂Z^A ≡ ∂_AG . (C.17)

Furthermore, Ω is homogenous of degree one in Z, i.e. Ω = Z^A∂_AΩ with

∂_AΩ = α_A − G_{AB} β^B . (C.18)

The deformations of the complex structure z^a, a = 1, . . . , h_{1,2} which reside in H^{1,2}(Y_3) are related to the coordinates Z^A via z^a = Z^a/Z^0 or in other words one can choose Z^A = (1, z^a). The metric g_a¯_b on the space of complex structure deformations M_{1,2} is Kähler g_a¯_b = ∂_a ¯∂¯_bK with the Kähler potential K given by

K = − ln i ∫ Y_3

Ω ∧ Ω̄ = − ln i (¯ Z^AG_A − Z^AḠ_A ) . (C.19)

As we see K is determined in terms of the holomorphic prepotential G(Z) and hence M_{1,2} is a special Kähler manifold. Note that K is symplectically invariant.

Finally, let us discuss the action of the Hodge^∗ on the basis (C.13).^∗α_A and^∗β^B are both three-forms again so that they can be expanded in terms of α and β according to

∗α_A = A_A^B α_B + B_{AB} β^B ,^∗β_A = C^{AB} α_B + D^A_B β^B . (C.20)

Using (C.13) one derives B_{AB} = ∫ Y_3

α_A ∧^∗ α_B = ∫ Y_3

α_B ∧^∗ α_A = B_{BA} , C^{AB} = − ∫ Y_3

β^A ∧^∗ β^B = − ∫ Y_3

β^B ∧^∗ β^A = C^{BA} ,

A_A^B = − ∫ Y_3

β^B ∧^∗ α_A = − ∫ Y_3

α_A ∧^∗ β^B = −D^B_A . (C.21)

Furthermore, the matrices A, B, C can be determined in terms of a matrix M [41, 43]

A = (Re M) (Im M)^{−1} ,

B = − (Im M) − (Re M) (Im M)^{−1} (Re M) ,

C = (Im M)^{−1} , (C.22)

where

M_{AB} = Ḡ_{AB} + 2i

(Im G)_{AC} Z^C (Im G)_{BD}Z^D Z^C (Im G)_{CD} Z^D

. (C.23)

M_{AB} determines the gauge couplings in type IIB compactifications on Y_3.

D Massless type IIA supergravity compactified on Calabi-Yau threefolds without fluxes

In this section we recall the compactification of massless type IIA supergravity on a Calabi-Yau threefold first performed in ref. [31]. The purpose of this appendix is twofold. One the one hand we need to redo the computation in order to fix the notation and convention for the case studied in section 2 where fluxes are turned on. On the other hand the detailed dualization of the three-form C_3 to our knowledge has not been presented previously. This is of importance for our analysis in section 2 as the three-form C_3 turns out to be dual to a constant e_0 which nicely combines with other flux parameters to build symplectic invariant combinations.^{18} Furthermore, as we will show e_0 is the charge of the scalar a which is dual to B_2 and a potential consistent with the standard N = 2 gauged supergravity is induced.

Let us start from the ten-dimensional action of massless type IIA supergravity. It features the graviton, a two form B̂_2 and the dilaton ϕ̂ in the NS-NS sector, a vector field Â_1 and a three-form Ĉ_3 in the R-R-sector and reads S = ∫ e^{−2ϕ̂} (1 2 R̂^∗1 + 2dϕ̂ ∧^∗ dϕ̂ − 1 2 Ĥ_3 ∧^∗Ĥ_3) − 1 2 (^ F_2 ∧^∗F̂_2 + F̂_4 ∧^∗F̂_4 ) + L_{top} , (D.1)

where

F̂_4 = dĈ_3 − dÂ_1 ∧ B̂_2 , F̂_2 = dÂ_1 , Ĥ_3 = dB̂_2 , L_{top} = − 1 2 [ B̂_2 ∧ dĈ_3 ∧ dĈ_3 − (B̂_2)^2 ∧ dĈ_3 ∧ dÂ_1 + 1 3 (B̂_2)^3 ∧ dÂ_1 ∧ dÂ_1 ] . (D.2)

We have chosen the conventions such that (D.1) is the m → 0 limit of the action (2.1).^{19} In these conventions (D.1) is invariant under the following three Abelian gauge transformations

δÂ_1 = dΘ̂ , δĈ_3 = dΣ̂_2 , (D.3)

δB̂_2 = dΛ̂_1 , δĈ_3 = Â_1 ∧ dΛ̂_1 .

In order to compactify the action (D.1) on a Calabi-Yau threefold Y_3 we expand the ten-dimensional fields in harmonic forms on Y_3. As already reviewed in section 2 the Kähler class deformations of the metric are in one to one correspondence with the harmonic (1, 1)-forms while the complex structure deformations are in one to one correspondence with the harmonic (1, 2)-forms on Y_3. Furthermore, the forms Â_1, B̂_2, Ĉ_3 are expanded according to

Â_1 = A^0 ,

B̂_2 = B_2 + b^i ω_i , (D.4)

Ĉ_3 = C_3 + A^i ∧ ω_i + ξ^Aα_A + ξ̃_Bβ^B ,

where as reviewed in appendix C, ω_i , i = 1, . . . , h_{1,1} are harmonic (1, 1) forms on Y_3 and (α_A, β^A), A = 0, . . . , h_{1,2} is a real basis on H^3(Y_3). A^0 is the graviphoton and together with the graviton g_{μν} describe the bosonic components of the gravitational multiplet. The other h_{1,1} vector fields A^i combine with the t^j = b^j + iv^j into h_{1,1} vector-multiplets. The h_{1,2} complex structure deformations z^a together with ξ^a, ξ̃_a form h_{1,2} hypermultiplets and B_2, ϕ, ξ^0, ξ̃_0 form a tensor multiplet. In d = 4 the two-form B_2 can be dualized to a scalar and hence the tensor multiplet can be turned into an additional (universal) hypermultiplet. C_3 carries no degrees of freedom in d = 4 but is dual to a constant.

18In ref. [31] the case e_0 = 0 was considered.

19There is an ambiguity in the definition of Ĉ_3 in that Ĉ_3 → Ĉ_3 + Â_1 ∧ B̂_2 changes the form of the action and the form of the gauge transformations. It is this second formulation that we use in section 2.4 where we turn on NS three-form flux.

Using (C.3) (C.22) and (D.4) the various terms in the Lagrangian integrated over the Calabi-Yau space become − 1 4 ∫ Y_3

Ĥ_3 ∧^∗Ĥ_3 = −K 4 dB_2 ∧^∗ dB_2 − Kg_{ij} db^i ∧^∗ db^j ,

− 1 2 ∫ Y_3

F̂_2 ∧^∗F̂_2 = −K 2 dA^0 ∧^∗ dA^0 , (D.5)

− 1 2 ∫ Y_3

F̂_4 ∧^∗F̂_4 = −K 2 (dC_3 − dA^0 ∧ B_2) ∧^∗ (dC_3 − dA^0 ∧ B_2)

−2Kg_{ij} (dA^i − dA^0b^i) ∧^∗ (dA^j − dA^0b^j ) + 1 2 ( Im M^{−1} )_{AB} [ dξ̃_A + M_{AC} dξ^C ] ∧^∗ [ dξ̃_B + M̄_{BD}dξ^D ] , where g_{ij} and K were defined in (C.3),(C.4). Finally, for the topological terms we find ∫ Y_3 L_{top} = − 1 2 [ B_2 ∧ d(ξ̃_Adξ^A − ξ^Adξ̃_A ) + b^idA^j ∧ dA^kK_{ijk} −b^ib^j dA^k ∧ dA^0K_{ijk} + 1 3 b^ib^j b^kdA^0 ∧ dA^0K_{ijk} ] . (D.6)

Defining the four-dimensional dilaton ϕ via e^{−2ϕ} = e^{−2ϕ̂}K the action in d = 4 becomes^{20} S = ∫ e^{−2ϕ} ( 1 2 R^∗1 + 2dϕ ∧^∗ dϕ − 1 4 H_3 ∧^∗ H_3 − g_{ij} dt^i ∧^∗ dt̄^j − g_{ab}dz^a ∧^∗ dz̄^b )

− 1 2 ∫ [ KF_2 ∧^∗ F_2 + 4Kg_{ij} (dA^i − dA^0b^i) ∧^∗ (dA^j − dA^0b^j ) ]

+ 1 2 ( Im M^{−1} )_{AB} [ dξ̃_A + M_{AC} dξ^C ] ∧^∗ [ dξ̃_B + M̄_{BD}dξ^D ]

+ 1 2 ∫ H_3 ∧ (ξ̃_Adξ^A − ξ^A dξ̃_A) (D.7) − 1 2 ∫ [ b^idA^j ∧ dA^k − b^ib^j dA^k ∧ dA^0 + 1 3 b^ib^j b^kdA^0 ∧ dA^0 ] K_{ijk} − 1 2 ∫ K(dC_3 − dA^0 ∧ B_2) ∧^∗ (dC_3 − dA^0 ∧ B_2) .

The next step is the dualization of C_3 following appendix E.2. Using the results in this appendix we find that the dual of the Lagrangian

L_{C3} = − K 2 (dC_3 − dA^0 ∧ B_2) ∧^∗ (dC_3 − dA^0 ∧ B_2) (D.8)

20Strictly speaking also the Kähler moduli t^i have to be redefined by a dilaton dependent factor [31]. In order not to overload the notation we use the same t^i also for the redefined moduli.

is given by

L_{e0} = − 1 2 K e^2_0 ∗ 1 − e_0dA^0 ∧ B_2 , (D.9)

with e_0 being an arbitrary constant parameter. Replacing (D.8) by (D.9) in the action (D.7) and collecting the terms involving H_3 we obtain (after partial integration)

L_{H3} = [ − 1 4 e^{−2ϕ}H_3 ∧^∗ H_3 + 1 2 H_3 ∧ ( ξ̃_Adξ^A − ξ^Adξ̃_A ) + e_0H_3 ∧ A^0 ] . (D.10)

We see that e_0 induces a four-dimensional Green-Schwarz term H_3 ∧ A^0 into action. The standard form of the type IIA action is obtained by also dualizing B_2 to an axionic scalar a. For details we refer the reader to appendix E.1 while here we only record the final result

L_{H3} → L_a = − e^{2ϕ} 4 [ Da + (ξ̃_Adξ^A − ξ^Adξ̃_A) ] ∧^∗ [ Da + (ξ̃_Adξ^A − ξ^Adξ̃_A) ] , (D.11)

where

Da = da + 2e_0A^0 . (D.12)

As anticipated the axionic scalar a is charged under a local Peccei-Quinn gauge symmetry with e_0 being the gauge charge. Thus even ordinary Calabi-Yau compactifications of type IIA give a one-parameter family of four-dimensional effective theories which are generically gauged rather then ordinary supergravities. For e_0 = 0 one recovers the standard type IIA supergravity of ref. [31].

The final task of this appendix is to rewrite the action in the form of standard gauged supergravity [22]. To do this we use the dual action (D.11) instead of (D.10) and perform the Weyl rescaling g_{μν} → e^{2ϕ}g_{μν} in order to go to the Einstein frame. Furthermore the scalars (ϕ, a, z^a, ξ^A, ξ̃_A) which together form h_{1,2} + 1 hypermultiplets are denoted collectively by q^u. In these variables the action (D.7) reads S = ∫ 1 2 R^∗1 − g_{ij} dt^i ∧^∗ dt̄^j − h_{uv} Dq^u ∧^∗ Dq^v + 1 2 Im N_{IJ} F^I ∧^∗ F^J + 1 2 Re N_{IJ} F^I ∧ F^J − V_E .

(D.13)

where h_{uv} Dq^u ∧^∗ Dq^v = dϕ ∧^∗ dϕ + g_{ab}dz^a ∧^∗ dz^b (D.14) + e^{4ϕ} 4 [ Da + (ξ̃_Adξ^A − ξ^Adξ̃_A) ] ∧^∗ [ Da + (ξ̃_Adξ^A − ξ^Adξ̃_A) ]

− e^{2ϕ} 2 ( Im M^{−1} )_{AB} [ dξ̃_A + M_{AC} dξ^C ] ∧^∗ [ dξ̃_B + M̄_{BD}dξ^D ] , and M_{AB} was defined in (C.23). In ref. [33] it was shown in that h_{uv} is a quaternionic metric in accord with the constraints of N = 2 supergravity that the scalars in the hypermultiplets span a quaternionic manifold.

Using (C.4) it is straightforward to show that the gauge couplings in (D.13) are given by (C.7). Finally the potential V_E in (D.13) is given by

V_E = e^{4ϕ} 2K e^{2 ∗}_0 1 . (D.15)

This potential coincides with (2.33) for e_i = 0 and thus the consistency with gauged supergravity can be shown analogously to section 2.3.

E Poincaré dualities

For an arbitrary p-form in d dimensions one always has the choice to describe the action in terms of a Poincaré dual form. The nature of the dual form differs in the massless and massive case.^{21} A massless p-form in d dimensions describes (_{d−2} p ) physical degrees of freedom while a massive p-form in d dimensions contains (_{d−1} p ) degrees of freedom. The difference can be easily understood from a generalized Higgs mechanism where a p-form ‘eats’ a massless p − 1-form and thus the number of degrees of freedom change by (_{d−2} p−1 ) . Therefore a massless p-form in d dimensions is dual to a (d − p − 2)-form while a massive p-form is dual to a (d − p − 1)-form. A massless (d − 1)-form is special in that it is dual to a constant. In d = 4 this implies that a massless three-form is dual to a constant, a massless two-form is dual to a scalar while a massive 2-from is dual to a vector (a 1-form). Let us discuss these cases in turn.

E.1 Dualization of a massless B_2

Let us first consider the dualization of a massless two-form B_2 with field strength H_3 = dB_2 to a scalar a. We start from the generic action

S_{H3} = − ∫ [ g 4 H_3 ∧^∗ H_3 − 1 2 H_3 ∧ J_1 ] , (E.1)

where g is an arbitrary function of the scalars while J_1 is a generic 1-form depending on the scalars and possibly some gauge field A_1. The dualization can be carried out by introducing a scalar field a as a Lagrange multiplier and adding the term H_3 ∧ da to S_{H3} . Treating H_3 as an independent three-form (not being dB_2) the equation of motion for a implies H_3 = dB_2 while the equation of motion for H_3 reads^∗H_3 =^1_g (da + J_1). Inserted back into the action (E.1) one obtains the dual action

S_a = − ∫ 1 4g (da + J_1) ∧^∗ (da + J_1) . (E.2)

There is an another way of treating the dualizations which turns out to be useful in understanding the dualization of a three-form in four dimensions. Consider the equation of motion for B_2

d(g^∗H_3 − J_1) = 0, (E.3)

21We thank F. Quevedo for educating us on this subject.

which can be derived from (E.1). It is solved by

g^∗H_3 − J_1 = da , (E.4)

with a being some arbitrary scalar field. The equation of motion for this field is dictated by the Bianchi identity of H_3

0 = dH_3 = d [ 1 g ∗(da + J_1) ] , (E.5)

which in turn can be obtained from the action (E.2). This implies that the two ways described for the dualization of B_2 are equivalent.

E.2 Dualization of the three-form

Next we consider the dualization of a three-form in 4 dimensions. We start from a generic action for a three-form C_3 possibly coupled to two-forms, 1-forms and scalars

S_{C3} = − ∫ [ g 4 (dC_3 − J_4) ∧^∗ (dC_3 − J_4) + h 2 dC_3 ] , (E.6)

where g, h denote two arbitrary scalar functions and J_4 is an 4-form which can depend on the two-forms, 1-forms and scalars present in the spectrum.

For the field strength of a three-form in 4 dimensions there is no proper Bianchi identity since no 5-forms exist. That is why the second way of dualizing forms presented in the previous section, by exchanging the equation of motion with the Bianchi identity, can not work in this case. The only consistent way to proceed is to add a Lagrange multiplier to the action (E.6) [45]

S_{C3} = − ∫ [ g 4 (dC_3 − J_4) ∧^∗ (dC_3 − J_4) + h 2 dC_3 + e_0 2 dC_3 ] , (E.7)

where e_0 is a constant. The equation of motion for dC_3 imply g 2 ∗(dC_3 − J_4) = − h + e_0 2 . (E.8)

Inserted back into the action (E.6) and using^{∗∗}dC_3 = −dC_3 one obtains

S_{e0} = − ∫ [ 1 4g (h + e_0)^{2 ∗}1 + 1 2 (h + e_0)J_4 ] . (E.9)

As we see a potential for the scalar fields is induced and e_0 play the role of a cosmological constant.

E.3 Dualization of a massive two-form

Finally, let us dicuss the dualization of the a massive two-form B_2 [28–30]. We start from a generic action

S_{B2} = − ∫ [ gH_3 ∧^∗ H_3 + M^2B_2 ∧^∗ B_2 + M^2_T B_2 ∧ B_2 + B_2 ∧ J_2 ] , (E.10) where g, M, M_T can be field dependent couplings and J_2 is a two-form which can depend on the gauge potential A_1 and/or some scalar fields. (J_2 does not depend on B_2.) We can treat B_2 and H_3 as independent fields and ensure H_3 = dB_2 by the equations of motion. This is achieved in the action

S^′_{B2} = − ∫ [ −gH_3 ∧^∗ H_3 + 2gH_3 ∧^∗ dB_2 + M^2B_2 ∧^∗ B_2 + M^2_T B_2 ∧ B_2 + B_2 ∧ J_2 ] , (E.11) which indeed has H_3 = dB_2 as the equation of motion for H_3. So by inserting H_3 = dB_2 into (E.11) we obtain (E.10). On the other hand one can eliminate B_2 through its equation of motion and obtain an action expressed only in terms of H_3. The equation of motion for B_2 from (E.11) is

2M^{2 ∗}B_2 + 2M^2_T B_2 + J_2 − 2d^∗(gH_3) = 0 , (E.12)

which is solved by

∗B_2 = 1 M^4 + M^4_T [ M^2d^∗(gH_3) + M^{2 ∗}_T d^∗(gH_3) −

M^2 2 J_2 −

M^2_T 2 ∗J_2 ] or B_2 = 1 M^4 + M^4_T [ M^2_T d^∗(gH_3) − M^{2 ∗}d^∗(gH_3) +

M^2 2 ∗J_2 − M^2_T 2 J_2 ] . (E.13)

Inserted back into the action (E.11) results in

S^{′′}_{B2} = ∫ [ gH_3 ∧^∗ H_3 −

M^2 M^4 + M^4_T ( d^∗(gH_3) − 1 2 J_2 ) ∧^∗ ( d^∗(gH_3) − 1 2 J_2 )

+ M^2_T M^4 + M^4_T ( d^∗(gH_3) − 1 2 J_2 ) ∧ ( d^∗(gH_3) − 1 2 J_2 ) ] . (E.14)

We can now replace H_3 by its Poincaré dual one-form A^H = g^∗H_3 and the dual action for the massive field A^H is S_AH = − ∫ [ 1 g A^H ∧^∗ A^H +

M^2 M^4 + M^4_T ( dA^H − 1 2 J_2 ) ∧^∗ ( dA^H − 1 2 J_2 )

− M^2_T M^4 + M^4_T ( dA^H − 1 2 J_2 ) ∧ ( dA^H − 1 2 J_2 ) ] . (E.15)

As promised this is the action for a massive one-form A^H .

Acknowledgments

This work is supported by DFG – The German Science Foundation, GIF – the German–Israeli Foundation for Scientific Research, the European RTN Program HPRN- CT-2000-00148 and the DAAD – the German Academic Exchange Service.

We have greatly benefited from conversations with L. Andrianopoli, J.-P. Derendinger, B. de Wit, R. Grimm, B. Gunara, S. Gurrieri, D. Lüst, P. Mayr, T. Mohaupt, F. Quevedo, H. Singh, A. Strominger, C. Vafa, S. Vandoren, A. Van Proeyen, and M. Zagermann.

References

[1] A. Strominger, “Superstrings with torsion,” Nucl. Phys. B274 (1986) 253.

[2] B. de Wit, D. J. Smit, and N. D. Hari Dass, “Residual supersymmetry of compactified d = 10 supergravity,” Nucl. Phys. B283 (1987) 165.

[3] E. Bergshoeff, M. de Roo, M. B. Green, G. Papadopoulos and P. K. Townsend, “Duality of Type II 7-branes and 8-branes,” Nucl. Phys. B470 (1996) 113,

hep-th/9601150.

[4] P. M. Cowdall, H. Lu, C. N. Pope, K. S. Stelle and P. K. Townsend, “Domain walls in massive supergravities,” Nucl. Phys. B486 (1997) 49, hep-th/9608173.

[5] I. V. Lavrinenko, H. Lu and C. N. Pope, “From topology to generalised dimensional reduction,” Nucl. Phys. B492 (1997) 278, hep-th/9611134.

[6] J. Scherk and J. H. Schwarz, “How To Get Masses From Extra Dimensions,” Nucl.

Phys. B153 (1979) 61.

[7] R. Rohm and E. Witten, “The antisymmetric tensor field in superstring theory,” Ann. Phys. 170 (1986) 454.

[8] C. Bachas, “A way to break supersymmetry,” hep-th/9503030.

[9] J. Polchinski and A. Strominger, “New vacua for type II string theory,” Phys. Lett.

B388 (1996) 736, hep-th/9510227.

[10] I. Antoniadis, E. Gava, K. S. Narain, and T. R. Taylor, “Duality in superstring compactifications with magnetic field backgrounds,” Nucl. Phys. B511 (1998) 611,

hep-th/9708075.

[11] J. Michelson, “Compactifications of type IIB strings to four dimensions with nontrivial classical potential,” Nucl. Phys. B495 (1997) 127, hep-th/9610151.

[12] T. Taylor and C. Vafa, “RR Flux on Calabi-Yau and Partial Supersymmetry Breaking,” Phys.Lett 474 (2000) 130, hep-th/9912152.

[13] P. Mayr, “On supersymmetry breaking in string theory and its realization in brane worlds,” Nucl. Phys. B593 (2001) 99, hep-th/0003198.

[14] G. Curio, A. Klemm, D. Lüst, and S. Theisen, “On the vacuum structure of type II string compactifications on Calabi-Yau spaces with H-fluxes,” Nucl. Phys. B609 (2001) 3, hep-th/0012213.

[15] S. B. Giddings, S. Kachru, and J. Polchinski, “Hierarchies from fluxes in string compactifications,” hep-th/0105097.

[16] G. Curio, A. Klemm, B. Körs, and D. Lüst, “Fluxes in heterotic and type II string compactifications,” Nucl. Phys. B620 (2002) 237, hep-th/0106155.

[17] G. Dall’Agata, “Type IIB supergravity compactified on a Calabi-Yau manifold with H-fluxes,” JHEP 11 (2001) 005, hep-th/0107264.

[18] J. Louis and A. Micu, “Heterotic string theory with background fluxes,”

hep-th/0110187.

[19] G. Curio, B. Körs, and D. Lüst, “Fluxes and Branes in Type II Vacua and M-theory Geometry with G(2) and Spin(7) Holonomy,” hep-th/0111165.

[20] B. de Wit and A. Van Proeyen, “Potentials and symmetries of general gauged N=2 supergravity - Yang-Mills models,” Nucl. Phys. B245 (1984) 89.

[21] J. Bagger and E. Witten, “Matter couplings in N=2 supergravity,” Nucl. Phys.

B222 (1983) 1;

B. de Wit, P. G. Lauwers, and A. Van Proeyen, “Lagrangians of N=2 supergravity - matter systems,” Nucl. Phys. B255 (1985) 569;

R. D’Auria, S. Ferrara, and P. Fre, “Special and quaternionic isometries: General couplings in N=2 supergravity and the scalar potential,” Nucl. Phys. B359 (1991) 705.

[22] For a review and a more complete list of references see, for example, L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fre, and T. Magri, “N = 2 supergravity and N = 2 super Yang-Mills theory on general scalar manifolds: Symplectic covariance, gaugings and the momentum map,” J. Geom. Phys. 23 (1997) 111, hep-th/9605032.

[23] C. Vafa, “Superstrings and topological strings at large N”, J. Math. Phys. 42 (2001) 2798, hep-th/0008142.

[24] M. Haack, J. Louis, and H. Singh, “Massive type IIA theory on K3,” JHEP 04 (2001), hep-th/0102110.

[25] K. Behrndt, E. Bergshoeff, D. Roest and P. Sundell, “Massive dualities in six dimensions,” hep-th/0112071.

[26] H. Singh, “Romans type IIA theory and the heterotic strings,” hep-th/0201206.

[27] L. J. Romans, “Massive N=2a supergravity in ten-dimensions,” Phys. Lett. B169 (1986) 374.

[28] Y. Takahashi and R. Palmer, “Gauge-independent formulation of a massive field with spin one,” Phys. Rev. D1 (1970) 2974.

[29] F. Quevedo and C. A. Trugenberger, “Phases of antisymmetric tensor field theories,” Nucl. Phys. B501 (1997) 143, hep-th/9604196.

[30] A. Smailagic and E. Spallucci, “The dual phases of massless/massive Kalb-Ramond fields,” J. Phys. A34 (2001) L435, hep-th/0106173.

[31] M. Bodner, A. C. Cadavid, and S. Ferrara, “(2,2) vacuum configurations for type IIA superstrings: N=2 supergravity Lagrangians and algebraic geometry,” Class. Quant. Grav. 8 (1991) 789.

[32] R. Bousso and J. Polchinski, “Quantization of four-form fluxes and dynamical neutralization of the cosmological constant,” JHEP 0006 (2000) 006, hep-th/0004134; J. L. Feng, J. March-Russell, S. Sethi and F. Wilczek, “Saltatory relaxation of the cosmological constant,” Nucl. Phys. B602, 307 (2001), hep-th/0005276.

[33] S. Ferrara and S. Sabharwal, “Quaternionic manifolds for type II superstring vacua of Calabi-Yau spaces,” Nucl. Phys. B332 (1990) 317.

[34] M. Bodner and A. C. Cadavid, “Dimensional reduction of type IIB supergravity and exceptional quaternionic manifolds,” Class. Quant. Grav. 7 (1990) 829.

[35] R. Böhm, H. Günther, C. Herrmann, and J. Louis, “Compactification of type IIB string theory on Calabi-Yau threefolds,” Nucl. Phys. B569 (2000) 229–246,

hep-th/9908007.

[36] B. Janssen, “Massive T-duality in six dimensions,” Nucl. Phys. B 610 (2001) 280

hep-th/0105016.

[37] J. Polchinski, “String theory”, Cambridge University Press (1998).

[38] G. Dall’Agata, K. Lechner, and D. Sorokin, “Covariant actions for the bosonic sector of D = 10 IIB supergravity,” Class. Quant. Grav. 14 (1997) L195, hep-th/9707044; “D = 10, N = IIB supergravity: Lorentz-invariant actions and duality,” JHEP 07 (1998) 017, hep-th/9806140;

“Action for IIB supergravity in 10 dimensions,” hep-th/9812170.

[39] N. Marcus and J. H. Schwarz, “Field theories that have no manifestly Lorentz invariant formulation,” Phys. Lett. B115 (1982) 111;

J. H. Schwarz, “Covariant field equations of chiral N=2 D = 10 supergravity,” Nucl. Phys. B226 (1983) 269;

P. S. Howe and P. C. West, “The complete N=2, d = 10 supergravity,” Nucl. Phys. B238 (1984) 181.

[40] B. Gunara and J. Louis, in preparation.

[41] A. Ceresole, R. D’Auria, and S. Ferrara, “The symplectic structure of N=2 Supergravity and its central extension,” Nucl. Phys. Proc. Suppl. 46 (1996) 67,

hep-th/9509160;

L. Castellani, R. D’Auria, and S. Ferrara, “Special Kahler geometry: An intrinsic formulation from N=2 space-time supersymmetry,” Phys. Lett. B241 (1990) 57; L. Castellani, R. D’Auria, and S. Ferrara, “Special geometry without special coordinates,” Class. Quant. Grav. 7 (1990) 1767.

[42] P. Candelas and X. de la Ossa, “Moduli space of Calabi-Yau manifolds,” Nucl. Phys.

B355 (1991) 455.

[43] H. Suzuki, “Calabi-Yau compactification of type IIB string and a mass formula of the extreme black holes,” Mod. Phys. Lett. A11 (1996) 623, hep-th/9508001.

[44] A. Strominger, “Special geometry,” Commun. Math. Phys. 133 (1990) 163.

[45] P. Binetruy, F. Pillon, G. Girardi and R. Grimm, “The 3-Form Multiplet in Supergravity,” Nucl. Phys. B477 (1996) 175 hep-th/9603181;

For a review see, P. Binetruy, G. Girardi and R. Grimm, “Supergravity couplings: A geometric formulation,” Phys. Rept. 343 (2001) 255 hep-th/0005225.