arXiv:hep-th/0202200 v2 21 Aug 2002

hep-th/0202200

Non-commutative Space And Chan-Paton Algebra In Open String Field Algebra

FURUUCHI Kazuyuki^{1,2}

1 Department of Physics and Astronomy, 2 Pacific Institute for the Mathematical Sciences, University of British Columbia, Vancouver, British Columbia, Canada V6T 1Z1

furuuchi@physics.ubc.ca

Abstract

There are several equivalent descriptions for constant B-field background of open string. The background can be interpreted as constant B-field as well as constant gauge field strength or infinitely many D-branes with non-commuting Chan-Paton matrices. In this article, the equivalence of these open string theories is studied in Witten’s cubic open string field theory. Through the map between these equivalent descriptions, both algebra of non-commutative coordinates as well as Chan-Paton matrix algebra are identified with subalgebras of open string field algebra.

Contents

1 Introduction 2

2 Equivalence Of B-Field And Gauge Field Strength In Open String Field Theory 3 2.1 Review Of Witten’s Open String Field Theory In Background B-field . . . . . 4 2.2 Map Between B-picture and F-picture . . . . . . . . . . . . . . . . . . . . . . 9

3 Equivalence Of B-field And Non-commuting Chan-Paton Matrices In Open String Field Theory 14 3.1 Map Between B-picture and D-picture . . . . . . . . . . . . . . . . . . . . . . 15 3.2 3-string Vertex In D-picture . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 3.3 Chan-Paton Algebra In Open String Field Algebra . . . . . . . . . . . . . . . 21

4 Summary And Discussions 22

A Formulas For The Fourier Coefficients 24

B Formulas For The Target Space Tensors 25

1 Introduction

Dirichlet branes (D-branes) [1] have played crucial roles in the study of non-perturbative aspects of string theory. D-branes are often referred to as solitons in string theory. However, to treat them really as solitons, one needs to work in the framework of string field theory. In open string field theory, D-brane exists by definition because open string with Neumann boundary conditions in all space-time directions is equivalent to the open string with its ends on a space-time filling D-brane. Still, it is important to know whether lower dimensional D-branes are contained in open string field theory as solitons [2, 3].

Open string theory in constant B-field background has a description in terms of noncommutative coordinates [4, 5, 6, 7]. Instantons and solitons [8, 9] on such non-commutative spaces have been studied extensively and interesting non-abelian structures similar to Chan- Paton matrix algebra were found. Indeed, these non-abelian structures were regarded as low energy descriptions of Chan-Paton matrix [10], and projection operators [11, 9] or partial isometries [12, 13] appeared as typical elements in the description of these instantons or solitons. On the other hand, Witten’s cubic open string field theory itself defines a noncommutative geometry [14]. The 3-string interaction vertex defines a non-commutative associative product in open string field algebra. It is tempting to expect that microscopic description of D-branes can be obtained by applying the techniques in non-commutative solitons to Witten’s cubic open string field theory. Some projection operators in open string field algebra have been constructed [15, 16, 17, 18, 19, 20, 21] along this line of thought.

There are several equivalent descriptions for open string in constant background B-field. The background can be regarded as constant B-field, as well as constant gauge field strength or infinitely many lower dimensional D-branes with non-commuting Chan-Paton matrices. In this article, I will call these descriptions as B-picture, F-picture, and D-picture, respectively. The equivalence is most explicitly shown by the method introduced by Ishibashi [22]. These descriptions are mapped to each other by a change of variables.

In this article, I apply the Ishibashi’s method to study the equivalence of these three descriptions in Witten’s cubic open string field theory. This is a natural direction to pursuit since field theory is an appropriate framework for the description of backgrounds and change of variables.

The organization of this article is as follows. In section 2, I study the equivalence of Bpicture and F-picture. Open string field theory in B-picture was also studied in [23, 24, 25], where it was found that the target space coordinates become non-commutative. It was also found that there is a map to the theory with commutative coordinates. I point out this map is essentially the map between B-picture and F-picture. Although important steps have already been made in these preceding works [23, 24, 25], I believe this new viewpoint makes the physical picture of the map clearer. Since F-picture variables are the original variables, i.e. the same to the variables without background B-field, this means that the algebra of non-commutative coordinates is already contained in the original open string field algebra. I also give care to the treatment of subtlety in the map that arises at the boundaries of open string. In section 3, I study the map between B-picture and D-picture. From this map I obtain the expression of Chan-Paton matrices in terms of B-picture variables. Through the map between B-picture and F-picture, it is also possible to express them in terms of F-picture variables. This means that Chan-Paton matrix algebra is contained in the original open string field algebra. Since Chan-Paton matrix is associated with lower dimensional Dbranes, the appearance of the Chan-Paton algebra in open string field algebra ensures that lower dimensional D-branes can be described as some field configurations in Witten’s cubic open string field theory. Section 4 is devoted to the summary and discussions.

2 Equivalence Of B-Field And Gauge Field Strength In Open String Field Theory

2.1 Review Of Witten’s Open String Field Theory In Background B-field

Witten’s Cubic Open String Field Theory I start from recalling the open string theory without B-field background. The worldsheet action is given by S = − 1 4πα^′ ∫ dτ ∫_π 0 dσ { g_{ij} η^{αβ}∂_αX^i∂_βX^j } . (2.1) Here, η^{αβ} ≡ diag(−1, 1) (α = 0, 1), σ^0 = τ , σ^1 = σ, and the target space metric g_{ij} (i, j = 0, · · · , 25) is flat. The equation of motion for X^i(τ, σ) is given by g_{ij} ( Ẍ^j (τ, σ) − X^{j ′′}(τ, σ) ) = 0, (2.2) where the differentials ∂_τ and ∂_σ are denoted by dot ˙ and prime^′ , respectively. There are two possible boundary conditions. One is the Neumann boundary condition X^{i′}(τ, σ) = 0, (σ = 0, π) (2.3) and another is the Dirichlet boundary condition Ẋ^i(τ, σ) = const. (σ = 0, π) (2.4) Here, I consider the case with Neumann boundary conditions for all directions. Then, X^i(τ, σ) can be expanded as X^i(τ, σ) = ∞∑ n=0 x^i_n(τ )φ^c_n(σ), (2.5) where φ^c_n(σ) are ortho-normal complete basis for functions on 0 ≤ σ ≤ π with Neumann boundary conditions at σ = 0, π: φ^c_n(σ) = √ 2 π cos nσ, (n ≠ 0) φ^c_0(σ) = √ 1 π . (2.6) I will use Hamiltonian formalism on the worldsheet in order to describe string field theory in operator formalism [26, 27, 28, 29]. In Heisenberg picture, I have^1 X^i(σ) = ∞∑ n=0 x^i_nφ^c_n(σ). (2.7)

1 I use the same letters for the fields in Lagrangian formalism and Hamiltonian formalism. Readers might not be confused in the context.

The canonical conjugate momentum P_i(σ) of X^i(σ) is given by P_i(σ) = 1 2πα^′ g_{ij}Ẋ^j (σ). (2.8) P_i(σ) also satisfies Neumann boundary conditions and can be expanded as P_i(σ) = ∞∑ n=0 p_{in}φ^c_n(σ). (2.9) The canonical commutation relations between modes turn out to be [x^i_m, x^j_n] = 0, [p_{im}, p_{jn}] = 0, [x^i_m, p_{jn}] = iδ^i_j δ_{mn}. (2.10) The Hamiltonian of this system becomes H = 1 4πα^′ ∞∑ n=0 { (2πα^′)^2g^{ij} p_{in}p_{jn} + g_{ij} x^i_nx^j_nn^2 } . (2.11) The equations of motion in Heisenberg picture are given by ẋ^i_n = i[H, x^i_n] = 2πα^′g^{ij} p_{jn}, (2.12) ṗ_{in} = i[H, p_{in}] = − 1 2πα^′ g_{ij} n^2x^j_n. (2.13) To fix reparametrization invariance, one introduces ghost action S^{gh}: S^{gh} = ∫ d^2σ ( b_{++}∂_−c^+ + b_{−−}∂_+c^− ) . (2.14) The ghost fields have mode expansions c^+(τ, σ) = ∞∑ n=−∞ c_ne^{−in(τ +σ)}, c^−(τ, σ) = ∞∑ n=−∞ c_ne^{−in(τ −σ)}, (2.15) b_{++}(τ, σ) = ∞∑ n=−∞ b_ne^{−in(τ +σ)}, b_{−−}(τ, σ) = ∞∑ n=−∞ b_ne^{−in(τ −σ)}. (2.16) The kinetic part of string field action is constructed using the BRST charge Q = ∞∑ n=−∞ : c_n ( L^X_{−n} + 1 2 L^{gh}_{−n} ) : . (2.17) Here, the matter Virasoro generator L^X_n is given by L^X_n = 1 2 g_{ij} ∞∑ ℓ=0 : α^i_{n−ℓ}α^j_ℓ : , (2.18) where α^i_n = 1 √ 4πα^′ (2πα^′g^{ij} p_{jn} − inx^i_n). (2.19) and : : denotes the normal ordering. The ghost Virasoro generator L^{gh}_n is given by L^{gh}_n = ∞∑ m=−∞ (n − m) : b_{n+m}c_{−m} : . (2.20)

The action of the cubic open string field theory is given as follows [14, 26, 27, 28, 29] S = 1 2 ⟨R(1, 2)| |Ψ⟩_1 ( Q^{(2)}|Ψ⟩_2 ) + g 3^{123}

⟨V_3| |Ψ⟩_1|Ψ⟩_2|Ψ⟩_3. (2.21) Here, the 3-string interaction vertex is defined by the overlap condition ⟨V_3| ( X^{i(r+1)}(σ) − X^{i(r)}(π − σ) ) = 0, (0 ≤ σ ≤ π 2 ) ⟨V_3| ( P^{(r+1)}_i (σ) + P^{(r)}_i (π − σ) ) = 0. (0 ≤ σ ≤ π 2 ) (2.22) The matter part of the string vertex has a form

⟨V^X_3 | =_{123}⟨0| exp − 1 2 g_{ij} ∑ r,s=1,2,3 m,n≥0 a^{i(r)}_m V^{rs}_{3 mn}a^{j(s)}_n , (2.23)

where creation operators a^{i†}_n and annihilation operators a^i_n are defined by

a^i_n = 1 √ 4πα^′n (2πα^′g^{ij} p_{jn} − inx^i_n), (n ≥ 1) a^{i†}_n = 1 √ 4πα^′n (2πα^′g^{ij} p_{jn} + inx^i_n), (n ≥ 1) a^i_0 = 1 √ 4πα^′ (4πα^′g^{ij} p_{j0} − ix^i_0), a^{i†}_0 = 1 √ 4πα^′ (4πα^′g^{ij} p_{j0} + ix^i_0). (2.24)

In this article, the explicit form of the coefficients V^{rs}_{3 mn} is not used, see [26, 27, 28, 29] for details. Also I do not study the ghost part since it is not modified by constant background B-field. The matter part of the identity string field |I⟩, the reflector ⟨R(1, 2)| and the inverse reflector |R(1, 2)⟩ are given by |I⟩ = exp ( − 1 2 g_{ij} ∑ n,m a^{i†}_n C_{nm}a^{j†}_m ) |0⟩, (2.25)

⟨R(1, 2)| =_{12}⟨0| exp ( −g_{ij} ∑ n,m a^{i(1)}_n C_{nm}a^{j(2)}_m ) , (2.26)

|R(1, 2)⟩ = exp ( −g_{ij} ∑ n,m a^{i†(1)}_n C_{nm}a^{j†(2)}_m ) |0⟩_{12}, (2.27)

where C_{nm} = (−1)^nδ_{nm}. |I⟩ and ⟨R(1, 2)| satisfy the following overlap conditions ( X^i(σ) − X^i(π − σ) ) |I⟩ = 0, (2.28) (P_i(σ) + P_i(π − σ)) |I⟩ = 0, (2.29)

⟨R(1, 2)| ( X^{i(r+1)}(σ) − X^{i(r)}(π − σ) ) = 0, (0 ≤ σ ≤ π 2 ) (2.30) ⟨R(1, 2)| ( P^{(r+1)}_i (σ) + P^{(r)}_i (π − σ) ) = 0. (0 ≤ σ ≤ π 2 ) (2.31) The star product of string fields is defined by |A ⋆ B⟩_1 =_{234}⟨V_3|A⟩_3|B⟩_4|R(1, 2)⟩. (2.32) One can define integration ∫ in string field algebra by ∫ Ψ =_1⟨I|Ψ⟩_1,_1⟨I| = ⟨R(1, 2)|I⟩_2. (2.33) The identity string field satisfies^2 |I ⋆ I⟩ = |I⟩. (2.34) The open string field action (2.21) can be rewritten into the following form S = ∫ 1 2 Ψ ⋆ (QΨ) + g 3 Ψ ⋆ Ψ ⋆ Ψ. (2.35) Open String Theory In Constant Background B-field Next, I review the open string theory in constant background B-field B_{ij} . This background is described by the worldsheet action S = − 1 4πα^′ ∫ dτ ∫_π 0 dσ { g_{ij} η^{αβ}∂_αX^i∂_βX^j − 2πα^′ϵ^{αβ}B_{ij} ∂_αX^i∂_βX^j } . (2.36) Here, ϵ^{01} = 1. To avoid the special features of space-time non-commutativity [30], I only consider the case B_{0i} ≠ 0. The equations of motion is given by g_{ij} ( Ẍ_B^j (τ, σ) − X^j_B^{′′}(τ, σ) ) = 0, (2.37) where I have introduced the suffix B to explicitely indicate the dependence on the B-field. The boundary conditions are modified from (2.3) by the presence of the B-field: g_{ij} X^j_B^′(τ, σ) + b_{ij}Ẋ_B^j (τ, σ) = 0. (σ = 0, π) (2.38) Here, b_{ij} = 2πα^′B_{ij} . In Hamiltonian formalism, the boundary conditions (2.38) can be treated as constraints [31] (I use notation similar to [24]). The mode expansions of X^i_B (σ) and its canonical variable P̂_i(σ) are given as follows: X^i_B (σ) = X̂^i(σ) + θ^{ij} Q_j (σ), (2.39)

2I dropped the normalization factor for simplisity.

P̂_i(σ) = 1 2πα^′ { g_{ij}Ẋ_B^j (σ) + b_{ij} X^j_B^′(σ) } , (2.40)

X̂^i(σ) =^∞∑ n=0 x̂^i_nφ^c_n(σ), Q_i(σ) = p̂_{i0} √ 1 π ( σ − π 2 ) + ∞∑ n=1 1 n p̂_{in}φ^s_n(σ), (2.41)

P̂_i(σ) =^∞∑ n=0 p̂_{in}φ^c_n(σ). (2.42)

Here, φ^s_n(σ) are ortho-normal basis for functions on 0 ≤ σ ≤ π with Dirichlet boundary conditions at σ = 0, π:

φ^s_n(σ) = √ 2 π sin nσ, (2.43)

and θ^{ij} is defined by θ^{ij} 2πα^′ = − ( 1 g + b b 1 g − b ) ij . (2.44)

The modes x̂^i_m and p̂_{jn} satisfy the canonical commutation relations

[x̂^i_m, x̂^j_n] = [p̂_{im}, p̂_{jn}] = 0, [x̂^i_m, p̂_{jn}] = iδ_{mn}δ^i_j. (2.45)

These commutation relations lead to the following commutation relations [X^i_B(σ), X^j_B (σ^′)] = iθ^{ij} (δ_{0,σ+σ}′ − δ_{2π,σ+σ}′ ) , [X^i_B(σ), P̂_j (σ^′)] = iδ^i_jδ^c(σ, σ^′), [P̂_i(σ), P̂_j (σ^′)] = 0, (2.46)

where δ_{0,σ} = 1, (σ = 0) = 0, (σ ≠ 0) δ_{π,σ} = 1, (σ = π) = 0, (σ ≠ π) (2.47) and δ^c(σ, σ^′) = ∞∑ n=0 φ^c_n(σ)φ^c_n(σ^′). (2.48)

Notice the non-commutativity of X^i_B (σ) at the boundaries. The Hamiltonian Ĥ(B) of this system becomes

Ĥ(B) = 1 4πα^′ ∞∑ n=0 { (2πα^′)^2G^{ij}p̂_{in}p̂_{jn} + G_{ij}x̂^i_nx̂^j_nn^2 } , (2.49) where G_{ij} = g_{ij} − (bg^{−1}b)_{ij} , G^{ij} = ( 1 g + b g 1 g − b ) ij . (2.50)

B of Ĥ(B) indicates the dependence on the background B-field. The equations of motion in Heisenberg picture are given by

^̇x^i_n = i[Ĥ(B), x̂^i_n] = 2πα^′G^{ij}p̂_{jn}, (2.51)

^̇p_{in} = i[Ĥ(B), p̂_{in}] = − 1 2πα^′ G_{ij}x̂^j_nn^2. (2.52)

2.2 Map Between B-picture and F-picture

In the previous subsection, the effect of the B-field is treated as boundary conditions (2.38). Since the second term in the action (2.36) is a total derivative, it can be integrated to the surface term: S = − 1 4πα^′ ∫ dτ ∫_π 0 dσ { g_{ij} η^{αβ}∂_αX^i∂_βX^j − 2πα^′ϵ^{αβ}B_{ij} ∂_αX^i∂_βX^j }

= − 1 4πα^′ ∫ dτ ∫_π 0 dσ { g_{ij} η^{αβ}∂_αX^i∂_βX^j }

− 1 4πα^′ ∫ dτ b_{ij} X^i(π)Ẋ^j (π) + 1 4πα^′ ∫ dτ b_{ij} X^i(0)Ẋ^j (0). (2.53)

Then, the effect of B_{ij} appears as interactions at the boundaries. It should be regard as open string background, i.e. constant background gauge field strength. I call this description F-picture, and call the description in the previous subsection B-picture. These descriptions should be equivalent since both start from the same action. The equivalence is most explicitly shown by the method introduced by Ishibashi [22], and I will utilize his method. In order to clearly distinguish the boundary interactions from the boundary conditions, one first shifts the positions of the boundary terms to σ = ϵ and σ = π − ϵ, (ϵ > 0) and take the limit ϵ → 0 later. This procedure ensures that the boundary terms contribute to the equation of motion, instead of changing the boundary conditions. Then, the equation of motion is given by g_{ij} ( Ẍ j (τ, σ) − X^{j ′′}(τ, σ) ) + b_{ij} ( Ẋ^j (τ, π − ϵ)δ^c(π − ϵ, σ) − Ẋ^j (τ, ϵ)δ^c(ϵ, σ) ) = 0, (2.54)

with Neumann boundary conditions:

g_{ij} X^{j ′}(τ, σ) = 0. (σ = 0, π) (2.55)

X^i(τ, σ) can be expanded as X^i(τ, σ) = ∞∑ n=0 x^i_n(τ )φ^c_n(σ). (2.56)

In terms of the modes, the equations of motion (2.54) can be rewritten as g_{ij} (ẍ^j_n + n^2x^j_n) + b_{ij} ( Ẋ^j (π − ϵ)φ^c_n(π − ϵ) − Ẋ^j (ϵ)φ^c_n(ϵ) ) = 0. (2.57) The canonical momentum P_i(σ) of X^i(σ) is given by

P_i(σ) = 1 2πα^′ ( g_{ij}Ẋ^j (σ) + 1 2 b_{ij} ( X^j (π − ϵ)δ^c(π − ϵ, σ) − X^j (ϵ)δ^c(ϵ, σ) )) . (2.58)

P_i(σ) also satisfies the Neumann boundary conditions and can be expanded as

P_i(σ) = ∞∑ n=0 p_{in}φ^c_n(σ). (2.59)

The variables in F-picture, x^i_n and p_{in}, are identified with the variables without the background B-field, i.e. (2.7) and (2.8), respectively. What is changed by the B-field is the Hamiltonian. It is given by

H^ϵ_I = 1 4πα^′ ∞∑ n=0 g_{ij} ( ẋ^i_nẋ^j_n + n^2x^i_nx^j_n ) , (2.60)

where the suffix ϵ indicates the dependence on the cut off and ẋ^i_n is solved in terms of p_{in} and x^i_n: ẋ^i_n = 2πα^′g^{ij} p_{jn} − 1 2 (g^{−1}b)^i_j ( X^j (π − ϵ)φ^c_n(π − ϵ) − X^j (ϵ)φ^c_n(ϵ) ) . (2.61)

This is also an equation of motion of x^i_n in Heisenberg picture. The equation of motion for p_{in} is given by ṗ_{in} = i[H^ϵ_I , p_{in}] = − 1 2πα^′ g_{ij} n^2x^j_n − 1 2 b_{ij} ( (Ẋ^j (π − ϵ)φ^c_n(π − ϵ) − Ẋ^j (ϵ)φ^c_n(ϵ) ) . (2.62) I will show the equivalence of the two descriptions by constructing a one-to-one map between B-picture variables (x̂^i_n, p̂_{in}) and F-picture variables (x^i_n, p_{in}). This map is obtained in the following way [22]. In the interval 0 ≤ σ ≤ π, one can Fourier expand (σ −^π_2 ) and φ^s_m(σ) by φ^c_n(σ), and so as X^i_B(σ). Then, one equates X^i(σ) = X^i_B (σ) in the interval 0 < σ < π. By comparing the coefficients of φ^c_n(σ), one obtains the expression of x^i_n in terms of x̂^i_n and p̂_{in}. Here, the limit ϵ → 0 is taken as lim_{ϵ→0} X^i(π − ϵ) = X^i(π) ≠ X^i_B(π), lim_{ϵ→0} X^i(ϵ) = X^i(0) ≠ X^i_B (0). (2.63) This prescription can be understood from the corresponding boundary state in closed string theory [22][32, 33]. Then, one can use (2.62) to obtain the expression of p_{in} in terms of x̂^i_n and p̂_{in}. The result is as follows: x^i_n = x̂^i_n − θ^{ij} ∞∑ ℓ=0 p̂_{jℓ}A_{ℓn}, (2.64) p_{in} = p̂_{in} − 1 2πα^′ b_{ij} ∞∑ ℓ=0 ( x̂^j_ℓ − θ^{jk} ∞∑ m=0 p̂_{km}A_{mℓ} ) A_{ℓn} ℓ^2 + n^2 2 , (2.65)

where the matrix A_{mn} is defined as

φ^c_n(σ) = ∞∑ m=1 A_{nm}mφ^s_m(σ), (0 < σ < π) φ^s_n(σ) = ∞∑ m=0 (−n)A_{nm}φ^c_m(σ). (0 ≤ σ ≤ π) (2.66)

Some properties of the matrix A_{mn} is summarized in the appendix. Here, one must be careful since the infinite summations may depend on ordering. In (2.65), the bracket ( ) means that the summation over mode indices inside ( ) should be taken before the summation over mode indices in and outside the bracket. As an illustration, let us consider the matter fields at the “boundary”:

X^i(π) = ∞∑ n=0 x^i_nφ^c_n(π) = ∞∑ n=0 ( x̂^i_n − θ^{ij} ∞∑ ℓ=0 p̂_{jℓ}A_{ℓn} ) φ^c_n(π) (2.67)

≠ X^i_B (π) = ∞∑ n=0 x̂^i_nφ^c_n(π) − θ^{ij} ∞∑ ℓ=0 p̂_{jℓ} (_∞ ∑ n=0 A_{ℓn}φ^c_n(π) ) = ∞∑ n=0 x̂^i_nφ^c_n(π) + √ π 2 θ^{ij}p̂_{j0}. One must regard X^i(π) and X^i_B (π) as different operators since while [X^i(π), X^j (π)] = 0, [X^i_B(π), X^j_B(π)] = −iθ^{ij} . The difference between X^i(π) and X^i_B (π) may be interpreted as the difference of regularization prescription appeared in [7].

By applying the rule (2.63), the ϵ → 0 limit of the equations of motion (2.61) and (2.62) become ẋ^i_n = 2πα^′g^{ij} p_{jn} − 1 2 (g^{−1}b)^i_j ( X^j (π)φ^c_n(π) − X^j (0)φ^c_n(0) ) , (2.68) ṗ_{in} = − 1 2πα^′ g_{ij} n^2x^j_n − 1 2 b_{ij} ( (Ẋ^j (π)φ^c_n(π) − Ẋ^j (0)φ^c_n(0) ) . (2.69)

One can check that the equations of motion in B-picture ((2.51) and (2.52)) lead to the equations of motion in F-picture ((2.68) and (2.69)). Thus the same Hamiltonian Ĥ(B) gives the equations of motion of both pictures. Hence the two descriptions are equivalent.

The inverse map is given by

x̂^i_n = (G^{−1}g)^i_j x^j_n + θ^{ij} ∞∑ ℓ=0 p_{jℓ}A_{ℓn} + δ_{n0} √ π 4 (θb)^i_j ( X^j (π) + X^j (0) ) , (2.70)

p̂_{in} = p_{in} + 1 2πα^′ b_{ij} ∞∑ ℓ=0 x^j_ℓ A_{ℓn} ℓ^2 + n^2 2 . (2.71)

The map can be written in the form of Unitary transformation: x^i_n = U^{−1}_{BF} x̂^i_nU_{BF} , p_{in} = U^{−1}_{BF} p̂_{in}U_{BF} . (2.72) Here, U_{BF} is given by U_{BF} = e^N e^M , (2.73) where M = − i 2 θ^{ij} ∞∑ ℓ=0 ∞∑ m=0 p̂_{iℓ}p̂_{jm}A_{ℓm} = − i 4 θ^{ij} ∫_π 0 dσ ∫_π 0 dσ^′ϵ(σ − σ^′)P̂_i(σ)P̂_j (σ^′), (2.74) and N = − i 4πα^′ b_{ij} ∞∑ ℓ=0 ∞∑ m=0 x̂^i_ℓA_{ℓm} ℓ^2 + m^2 2 x̂^j_m = − i 4 ∫_π 0 dσB_{ij} ( X̂^i(σ)X̂^{j ′}(σ) − X̂^{i′}(σ)X̂^j (σ) ) . (2.75) Here, ϵ(σ) is the sign function ϵ(σ) = 1, (σ > 0) = 0, (σ = 0) = −1. (σ < 0) (2.76) These operators have appeared in [23, 24, 25].

The 3-string vertex ⟨V_3| can be rewritten using the variables x̂^i_n and p̂_{in}. From (2.72), I obtain ⟨V_3| = ⟨V̂_3|e^N e^M , (2.77) where ⟨V̂_3| satisfies the following overlap conditions for X̂^i(σ) and P̂_i(σ): ⟨V̂_3| ( X̂^{i(r+1)}(σ) − X̂^{i(r)}(π − σ) ) = 0, (0 ≤ σ ≤ π 2 ) ⟨V̂_3| ( P̂^{(r+1)}_i (σ) + P̂^{(r)}_i (π − σ) ) = 0. (0 ≤ σ ≤ π 2 ) (2.78) Since the difference between the original overlap conditions (2.22) and (2.78) is just a difference of the variables,^3

⟨V̂^X_3 | =_{123}⟨0| exp − 1 2 g_{ij} ∑ r,s=1,2,3 m,n≥0 â^{i(r)}_m V^{rs}_{3 mn}â^{j(s)}_n , (2.79)

3 Since the overlap conditions do not refer to metric, the 3-string vertex is independent from the metric [34, 24].

where the creation and annihilation operators are defined in the same way as in (2.24) :

â^i_n = 1 √ 4πα^′n (2πα^′g^{ij}p̂_{jn} − inx̂^i_n), (n ≥ 1) â^{i†}_n = 1 √ 4πα^′n (2πα^′g^{ij}p̂_{jn} + inx̂^i_n), (n ≥ 1) â^i_0 = 1 √ 4πα^′ (4πα^′g^{ij}p̂_{j0} − inx̂^i_0), â^{i†}_0 = 1 √ 4πα^′ (4πα^′g^{ij}p̂_{j0} + inx̂^i_0). (2.80)

Using the defining properties (2.78), one can show ⟨V̂_3|N = 0. From the overlap conditions, ⟨V̂_3| 3∑ r=1 ∫_π 0 dσX̂^{i(r)}(σ)X̂^{j(r)′}(σ) = ⟨V̂_3| 3∑ r=1 − (∫_{π2} 0 dσX̂^{i(r)}(π − σ)X̂^{j(r)′}(π − σ) + ∫_π (^π_2 ) dσX̂^{i(r)}(π − σ)X̂^{j(r)′}(π − σ) )

= ⟨V̂_3| 3∑ r=1 (∫_{π2} π dσX̂^{i(r)}(σ)X̂^{j(r)′}(σ) + ∫_0

(^π_2 ) dσX̂^{i(r)}(σ)X̂^{j(r)′}(σ) )

= −⟨V̂_3| 3∑ r=1 ∫_π 0 dσX̂^{i(r)}(σ)X̂^{j(r)′}(σ) = 0, (2.81)

where ∫ (p) means that the integration region starts from the point p with the point p itself being excluded from the integration. The equation (2.81) means ⟨V̂_3|N = 0. Thus, I obtain

⟨V_3| = ⟨V̂_3|e^M . (2.82)

This expression was also found in [23, 24] by requireing the overlap conditions for the Bpicture variables: ⟨V_3| ( X^{i(r+1)} B (σ) − X^{i(r)}_B (π − σ) ) = 0, (0 ≤ σ ≤ π 2 ) ⟨V_3| ( P̂^{(r+1)}_i (σ) + P̂^{(r)}_i (π − σ) ) = 0. (0 ≤ σ ≤ π 2 ) (2.83)

Note that this 3-string vertex is the same to the original one (2.22), i.e., the one with no background B-field. In [23, 24], it was also shown that the 3-string vertex (2.82) can be rewritten into the following form:

⟨V_3| = ⟨V̂_3| exp ( − i 2 3∑ r=1 θ^{ij}p̂^{(r)}_{i0} p̂^{(r+1)}_{j0} ) . (2.84)

The kinetic term of the open string field theory in the B-field background is given by the B-field dependent BRST charge Q̂(B):

Q̂(B) =^∞∑ n=−∞ : c_n ( L̂^X_{−n} + 1 2 L^{gh}_{−n} ) : , (2.85) where the matter part of the Virasoro operator is given by

L̂^X_n = 1 2 G_{ij} ∞∑ ℓ=0 : α̂^i_{n−ℓ}α̂^j_ℓ : . (2.86)

Here, : : denotes the normal ordering with respect to the operators

α̂^i_n = 1 √ 4πα^′ (2πα^′G^{ij}p̂_{jn} − inx̂^i_n). (2.87) The open string field action in the B-field background is given by

S(B) = 1 2 ⟨R(1, 2)| |Ψ⟩_1 ( Q̂(B)^{(2)}|Ψ⟩_2 ) + g 3^{123}

⟨V_3| |Ψ⟩_1|Ψ⟩_2|Ψ⟩_3, (2.88)

where, as I have explained, the 3-string vertex ⟨V_3| is the same to the one without B-field. This is expected from the background independence of the 3-string vertex [35, 36, 37, 38]. The information of the background only appears in the BRST charge Q̂(B).

The algebra of the original coordinates x^i_0 is commutative. On the other hand, one may regard p̂_{i0}, which commutes with hamiltonian Ĥ(B), as target space momentum. Then, the canonical conjugate variable x̂^i_0 can be regarded as target space “coordinate”, and multiplication between coordinates are given by a non-commutative Moyal type product, as one can observe from eq.(2.84). With this “definition” of the coordinates, the hamiltonian Ĥ(B) determines the subalgebra of open string field algebra which is regarded as algebra of target space coordinates. Notice that under the B-field background, there is no intuitive notion for target space coordinates before one defines them.

To quantize the worldsheet theory, one should also choose Hilbert space. It turns out |⟨^0|e^N |^0⟩|^2 = 0 and |⟨^0|e^M |^0⟩|^2 = 0. Here, |^0⟩ is a Fock vacuum for the annihilation/creation operators (2.80). Therefore, U_{BF} = e^N e^M does not act within a single Hilbert space. But one can use linear map (2.64), (2.65) or the inverse map (2.70), (2.71) to describe F-picture operators in terms B-picture operators or vice versa. In open string field algebra, it is not precisely known what set of states should be allowed (see [39] for a recent discussion). It seems that one should allow transformations like U_{BF} to treat different backgrounds in open string field algebra.

I close this section by mentioning that an interpolating picture between B-picture and F-picture might have been obtained if I had partially integrated the second term in (2.36) [7, 40, 32].

3 Equivalence Of B-field And Non-commuting Chan- Paton Matrices In Open String Field Theory

There is an open string worldsheet theory which is equivalent to the open string theory in B-field background discussed in the previous section [22]. This is an open string theory on infinitely many D-branes with non-commuting Chan-Paton matrices. I will call this description D-picture. More precise description is given in the following.

3.1 Map Between B-picture and D-picture

The worldsheet action of what I call D-picture is given by S = − 1 4πα^′ ∫ dτ ∫_π 0 dσ { g_{ij} η^{αβ}∂_αX^i∂_βX^j − b̄_{ij} ϵ^{αβ}∂_αX^i∂_βX^j }

− 1 2πα^′ ∫ dτ (g_{ij} X^{i′}(π) − b̄_{ij}Ẋ^i(π))y^j_π + 1 2πα^′ ∫ dτ (g_{ij} X^{i′}(0) − b̄_{ij}Ẋ^i(0))y^j_0 − 1 4πα^′ ∫ dτ ( θ 2πα^′ )_{−1} ij (y^i_πẏ^j_π − y^i_0ẏ^j_0), (3.1)

where b̄_{ij} is given by b̄_{ij} = b_{ij} − ( θ 2πα^′ )_{−1} ij . (3.2)

In the above the inverse of θ^{ij} is considered in the appropliate subspace of the target space, i.e. if the rank of θ^{ij} is 24, θ^{−1}_{ij} is the inverse in the 24-dimensional subspace. The action (3.1) can be read off from the corresponding boundary state in closed string theory [22][32, 33]. In the boundary state, the quantum mechanical degrees of freedom y^i_0 and y^j_π arise as path integral counterparts of Chan-Paton matrices. Here, they will become infinite dimensional Chan-Paton matrices after the canonical quantization. As in the previous section, I introduce cutoff ϵ to separate interactions from boundary conditions. Then, the equations of motion are given by g_{ij} (Ẍ_D^j (τ, σ) − X^j_D^{′′}(τ, σ)) − g_{ij} (y^j_πδ^{c′}(π − ϵ, σ) − y^j_0δ^{c′}(ϵ, σ)) +b̄_{ij} ( ẏ^j_πδ^s(π − ϵ, σ) − ẏ^j_0δ^s(ϵ, σ) ) = 0, (3.3) g_{ij} X^j_D^′(τ, π − ϵ) + b̄_{ij}Ẋ^j_D(τ, π − ϵ) + ( θ 2πα^′ )_{−1} ijẏ^j_π = 0, (3.4) g_{ij} X^j_D^′(τ, ϵ) + b̄_{ij}Ẋ^j_D(τ, ϵ) + ( θ 2πα^′ )_{−1} ijẏ^j_0 = 0, (3.5)

where the suffix D indicates that X^i_D(τ, σ) satisfies the Dirichlet boundary conditions. In the above, the delta function δ^s(σ, σ^′) for functions with Dirichlet boundary conditions is given by δ^s(σ, σ^′) = ∞∑ n=1 φ^s_n(σ)φ^s_n(σ^′). (3.6)

As in the previous section, I move to Hamiltonian formalism. X^i_D(σ) can be expanded as

X^i_D(σ) = ∞∑ n=1 x̃^i_nφ^s_n(σ). (3.7)

The canonical momentum of X^i_D(σ) is given by

P̃_i(σ) = 1 2πα^′ ( g_{ij}Ẋ_D^j (σ) + b̄_{ij} X^j_D^′(σ) ) + 1 2πα^′ b̄_{ij} ( y^j_πδ^s(π − ϵ, σ) − y^j_0δ^s(ϵ, σ) ) . (3.8) P̃_i(σ) can be expanded as

P̃_i(σ) =^∞∑ n=0 ~p̃_{in}φ^s_n(σ) + b̄_{ij}^∞ ∑ n=0 nx̃^j_nφ^c_n(σ), (3.9)

where ~p̃_{in} = 1 2πα^′ ( g_{ij} ˙x̃^j_n + b̄_{ij} ( y^j_πφ^s_n(π − ϵ) − y^j_0φ^s_n(ϵ) )) . (3.10) This expansion can be obtained in a similar manner that was done in [24] for B-picture to obtain the expansions (2.39)∼(2.42). However, it will turn out to be more convenient to use the variable p̃_{in} defined by p̃_{in} = ∫_π 0 dσ 1 2πα^′ P̃_i(σ)φ^s_n(σ)

= ~p̃_{in} + 1 2πα^′ b̄_{ij}^∞∑ ℓ=0 x̃^j_ℓ ℓA_{ℓn}n, (3.11)

to treat the subtle prescription for summation over mode indices similar to the one appeared in (2.67). An underling reason is that the variable in B-picture corresponding to (3.8) is 1 2πα^′ ( g_{ij}Ẋ_B^j (σ) + b̄_{ij} X^j_B^′(σ) ) = θ^{−1}_{ij} X̂^{j ′}(σ), (3.12)

and it is expanded by φ^s_n(σ). Since ∑_∞ n=1 p̃_{in}φ^s_n(σ) is a part of P̃_i(σ) which can be expanded by φ^s_n(σ), the matching between them contains no subtlety at boundaries. Notice that the map between ~p̃_{in} and p̃_{in} can be written in the form of unitary transformation p̃_{in} = e^{Ñb̄} ~p̃_{in}e^{−Ñb̄} , (3.13) where Ñ_{b̄} = i 4πα^′ b̄_{ij}^∞∑ ℓ=1 ∞∑ m=1 x̃^i_ℓℓA_{ℓm}mx̃^j_m = − i 4πα^′ ∫_π 0 dσ b̄_{ij} X^i_D (σ)X^j_D^′(σ). (3.14) The map (3.13) can be regarded as a map from the variables without background B-field to those with constant background B-field b̄_{ij} in open string theory on lower dimensional D-branes. This is another reason that the variable p̃_{in} is convenient.

The canonical commutation relations between modes are given by [x̃^i_n, p̃_{jm}] = iδ_{nm}, (3.15) [y^i_π, y^j_π] = −iθ^{ij} , [y^i_0, y^j_0] = iθ^{ij} , (3.16) others give zero. The Hamiltonian of this system is given by

H^ϵ_D = 1 4πα^′ g_{ij} ∞∑ n=1 ( ˙x̃^i_n ˙x̃^j_n + n^2x̃^i_nx̃^j_n ) − 1 2πα^′ g_{ij} ( y^j_πx̃^i_nnφ^c_n(π − ϵ) − y^j_0x̃^i_nnφ^c_n(ϵ) ) , (3.17) where x̃^i_n is solved in terms of x̃^i_n and p̃_{in} by (3.10) and (3.11):

˙x̃^i_n = 2πα^′g^{ij}p̃_{jn} − (g^{−1}b̄)^i_j (_∞ ∑ ℓ=0 x̃^j_ℓ ℓA_{ℓn}n − ( y^j_π φ^s_n(π − ϵ) − y^j_0φ^s_n(ϵ) )) . (3.18) This is also an equation of motion of x̃^i_n. Other equations of motion become ˙p̃_{in} = i[H^ϵ_D, p̃_{in}] = − 1 2πα^′ ( g − b̄g^{−1}b̄ ) ij n ( nx̃^j_n + y^j_πφ^c_n(π − ϵ) − y^j_0φ^c_n(ϵ) )

+(b̄g^{−1})_i^j ∞∑ ℓ=1 p̃_{jℓ}ℓA_{ℓn}n, (3.19) ẏ^i_π = i[H^ϵ_D, y^i_π] = − θ^{ij} 2πα^′ ( g_{jk}X^k_D^′(π − ϵ) + b̄_{jk}Ẋ_D^k (π − ϵ) ) , (3.20) ẏ^i_0 = i[H^ϵ_D, y^i_0] = − θ^{ij} 2πα^′ ( g_{jk} X^k_D^′(ϵ) + b̄_{jk}Ẋ_D^k (ϵ) ) . (3.21) Now, I take the ϵ → 0 limit of the equations of motion (3.19)∼(3.21) with the conditions lim_{ϵ→0} X^i_D (π − ϵ) = X^i_B (π) ≠ X^i_D(π), lim_{ϵ→0} X^i_D (ϵ) = X^i_B (0) ≠ X^i_D(0). (3.22) This prescription can be understood from the corresponding boundary state in closed string field theory [22][32, 33]. Then, I obtain ˙x̃^i_n = 2πα^′g^{ij}p̃_{jn} − (g^{−1}b̄)^i_j^∞ ∑ ℓ=0 x̃^j_ℓ ℓA_{ℓn}n, (3.23) ˙p̃_{in} = − 1 2πα^′ ( g − b̄g^{−1}b̄ ) ij n ( nx̃^j_n + y^j_πφ^c_n(π) − y^j_0φ^c_n(0) )

+(b̄g^{−1})_i^j ∞∑ ℓ=1 p̃_{jℓ}ℓA_{ℓn}n, (3.24) ẏ^i_π = − θ^{ij} 2πα^′ ( g_{jk} X^k_B^′(π) + b̄_{jk}Ẋ_B^k(π) ) , (3.25) ẏ^i_0 = − θ^{ij} 2πα^′ ( g_{jk} X^k_B^′(0) + b̄_{jk}Ẋ_B^k(0) ) . (3.26)

To obtain the map between B-picture and D-picture, one equates X^i_D(σ) = X^i_B (σ) in the interval (0 < σ < π). In this interval, one can expand φ^c_n(σ) by φ^s_m(σ) and the coefficients of φ^s_m(σ) in the both side should match and one obtains the expression of x̃^i_n in terms of Bpicture variables. Then, the expression of p̃_{in}, y^i_π and y^i_0 can be obtained from (3.23)∼ (3.26). The result is as follows:

x̃^i_n = ∞∑ ℓ=0 x̂^i_ℓA_{ℓn}n + θ^{ij} [ p̂_{j0} A_n n + p̂_{jn} 1 n ] , (3.27)

p̃_{in} = θ^{−1}_{ij} x̂^j_nn, (3.28)

y^i_π = ∞∑ n=0 x̂^i_nφ^c_n(π) + √ π 2 θ^{ij}p̂_{j0} = X^i_B (π), (3.29)

y^i_0 = ∞∑ n=0 x̂^i_nφ^c_n(0) − √ π 2 θ^{ij}p̂_{j0} = X^i_B(0). (3.30)

Using the commutation relations in B-picture (2.45), one can check that (3.27)∼(3.30) satisfy the commutation relations in D-picture (3.15) and (3.16). One can also check that the equations of motion for the variables in B-picture lead to the equations of motion for Dpicture (3.23)∼(3.26). This means that both the equations of motion in B-picture and those in D-picture are given by the same Hamiltonian Ĥ(B). Thus, these two descriptions are equivalent.

The inverse map is given by x̂^i_n = θ^{ij} 1 n p̃_{jn}, (n ≠ 0) (3.31)

x̂^i_0 = √ π 2 ( y^i_π + y^i_0 ) − √ π 2 θ^{ij} ∞∑ ℓ=1 p̃_{jℓ} φ^c_ℓ(π) + φ^c_ℓ(0) ℓ , (3.32) p̂_{in} = − ∞∑ ℓ=1 p̃_{iℓ}ℓA_{ℓn} + θ^{−1}_{ij} ( nx̃^j_n + ( y^j_πφ^c_n(π) − y^j_0φ^c_n(0) )) . (3.33)

Notice that the swallow of Chan-Paton matrices in (3.33) is similar to the phenomenon appeared in [41]. The similarity becomes clearer if one rewrites the Hamiltonian Ĥ(B) in terms of D-picture variables.^4

One can write the map in the form of unitary transformation

Ũ_{BD}x̂^i_0Ũ^{−1}_{BD} = √ π 2 ( y^i_π + y^i_0 ) , (3.34)

Ũ_{BD}p̂_{i0}Ũ^{−1}_{BD} = 1√ π θ^{−1}_{ij} ( y^j_π − y^j_0 ) , (3.35)

Ũ_{BD}x̂^i_nŨ^{−1}_{BD} = θ^{ij} 1 n p̃_{jn} , (n ≠ 0) (3.36) Ũ_{BD}p̂_{in}Ũ^{−1}_{BD} = θ^{−1}_{ij} x̃^j_nn, (n ≠ 0) (3.37)

4 I learned this resemblance from N. Ishibashi.

where

Ũ_{BD} = e^C1 e^C2 e^C3 e^C4 , (3.38)

C_1 = i √ π 2 p̂_{i0} ∞∑ n=1 x̂^i_n (φ^c_n(π) + φ^c_n(0)) , (3.39)

C_2 = − i √ π θ^{−1}_{ij} x̂^i_0 ∞∑ n=1 x̂^j_n (φ^c_n(π) − φ^c_n(0)) , (3.40)

C_3 = − i 2 θ^{−1}_{ij} ∞∑ ℓ=1 x̂^i_ℓφ^c_ℓ(π) ∞∑ m=1 x̂^j_mφ^c_m(0), (3.41)

C_4 = i 2 θ^{−1}_{ij} ∞∑ ℓ=1 ∞∑ m=1 x̂^i_ℓA_{ℓm} ℓ^2 + m^2 2 x̂^j_m. (3.42)

From (3.34)∼(3.37), it is easily understood that one can further transform them by Lorenz rotation, rotation in phase space and scale transformation to obtain U_{BD} which satisfies

U_{BD}x̂^i_0U^{−1}_{BD} = √ π 2 ( y^i_π + y^i_0 ) . (3.43)

U_{BD}p̂_{i0}U^{−1}_{BD} = 1 √ π θ^{−1}_{ij} ( y^j_π − y^j_0 ) , (3.44)

U_{BD}x̂^i_nU^{−1}_{BD} = x̃^i_n, (n ≠ 0) (3.45) U_{BD}p̂_{in}U^{−1}_{BD} = p̃_{in}. (n ≠ 0) (3.46)

Notice that from (3.27)∼(3.30), the 3-string vertex ⟨V_3| = ⟨V̂_3|e^M satisfies the following overlap conditions: ⟨V_3| ( X^{i(r+1)} D (σ) − X^{i(r)}_D (π − σ) ) = 0, (0 < σ ≤ π 2 ) ⟨V_3| ( P̃^{(r+1)}_i (σ) + P̃^{(r)}_i (π − σ) ) = 0, (0 < σ ≤ π 2 ) ⟨V_3| ( y^{i(r+1)} 0 − y^{i(r)}_π ) = 0. (3.47)

These are natural overlap conditions for open string field theory on lower dimensional Dbranes.

3.2 3-string Vertex In D-picture

In this subsection I study another 3-string vertex which is naturally obtained in D-picture (see [42] for related issues). The 3-string vertex is divided into the overlap vertex for X^i_D(σ) part and Chan-Paton matrix part.

I first construct the Chan-Paton matrix multiplication part. In the following, I assume the rank of the matrix θ^{ij} is 24. I set θ^{0i} = θ^{1i} = 0, and set θ^{ij} = 0 except θ^{2i 2i+1} = −θ^{2i+1 2i}, by an appropriate rotation in the target space. Also I only consider the case where θ^{2i 2i+1} > 0. Generalization to other cases is straightforward.

First I define creation and annihilation operators in Chan-Paton algebra as follows.

z^i_0 = √ 1 2θ^{2i 2i+1} ( y^{2i}_0 + iy^{2i+1}_0 ) , z^{i†}_0 = √ 1 2θ^{2i 2i+1} ( y^{2i}_0 − iy^{2i+1}_0 ) , z^i_π = √ 1 2θ^{2i 2i+1} ( y^{2i}_π − iy^{2i+1}_π ) , z^{i†}_π = √ 1 2θ^{2i 2i+1} ( y^{2i}_π + iy^{2i+1}_π ) . (3.48)

Their commutation relations are given by

[z^i_0, z^{j†}_0 ] = δ^{ij} , [z^i_π, z^{j†}_π ] = δ^{ij} , (3.49)

and otherwise zero. These operators act on the Hilbert space whose basis is labeled by n = (n_1, n_2, · · · , n_{12}):

|n⟩_0 = 12∏ i=1 1 √ n_i!

(z^{i†}_0 )^{ni} |0⟩_0, (3.50)

|n⟩_π = 12∏ i=1 1 √ n_i!

(z^{i†}_π )^{ni} |0⟩_π , (3.51)

where |0⟩_0 and |0⟩_π are defined by the conditions

z^i_0|0⟩_0 = 0, z^i_π|0⟩_π = 0. (3.52)

Arbitrary open string field in D-picture has Chan-Paton indices

|n⟩_0|m⟩_π. (3.53)

|n⟩_0|m⟩_π itself is regarded as Chan-Paton matrix. The matrix multiplication is represented by ⟨v^{CP}_3 | defined as follows: ⟨v^{CP}_3 | = 3∏ r=1 ∑ n (r) π ⟨n|^{(r+1)}_0 ⟨n| = 3∏ r=1 (r) π ⟨0|^{(r+1)}_0 ⟨0| exp

(_{12} ∑ i=1 z^{i(r)}_π z^{i(r+1)}_0 ) . (3.54)

The first line is a definition of the usual matrix multiplication. The form in the second line is a simpler analog of the vertex which appeared in the matrix representation of the 3-string vertex [43]. Precisely speaking, here there appear three kinds of Chan-Paton matrices: those acting on the vector |n⟩_0, those acting on |n⟩_π , and those whose basis is given by (3.53). But those differences are not essential. The basis of the first type is given by |n⟩_{00}⟨m| and the basis for the second type is given by |n⟩_{ππ}⟨m|. One can isomorphically convert them into the third type by multiplying them to the identity matrix in the third type. |1⟩ = ∑ n,m δ_{nm}|n⟩_0|m⟩_π, (3.55)

|n⟩_{00}⟨m||1⟩ = |n⟩_0|m⟩_π, |n⟩_{ππ}⟨m||1⟩ = |m⟩_0|n⟩_π . (3.56) As an example, let us consider a map z^{i†}_0 → z^{i†}_0 |1⟩ = z^i_π|1⟩, z^i_0 → z^i_0|1⟩ = z^{i†}_π |1⟩. (3.57) Then, the algebra (3.49) is isomorphically mapped to [z^{i†}_0 |1⟩, z^{j†}_0 |1⟩]_{CP} = δ^{ij} |1⟩, (3.58) where the subscript CP denotes that the multiplication is defined by (3.54).

The 3-string vertex in D-picture can be constructed as ⟨V^D_3 | = ⟨V^{XD}_3 |⟨v^{CP}_3 |, (3.59) where ⟨V^{XD}_3 | is defined by the overlap conditions ⟨V^{XD}_3 | ( X^{i(r+1)} D (σ) − X^{i(r)}_D (π − σ) ) = 0, (0 < σ ≤ π 2 ) ⟨V^{XD}_3 | ( P̃^{(r+1)}_i (σ) + P̃^{(r)}_i (π − σ) ) = 0. (0 < σ ≤ π 2 ) (3.60) Since both ⟨V_3| and ⟨V^D_3 | satisfy the same overlap condition, they are identical up to normalization. It would be interesting to check this by a direct calculation using explicit expressions for Neumann coefficients of the 3-string vertex and the map between different pictures.

3.3 Chan-Paton Algebra In Open String Field Algebra

Since the map between F-picture, B-picture and D-picture has been obtained, now I can identify the Chan-Paton matrix subalgebra in the original open string field algebra. Let us extract the Chan-Paton algebra in open string field algebra whose star product is defined by (2.32), without using the expression (3.59). As can be expected from (3.56), to extract Chan-Paton subalgebra from open string field algebra, what I need to do is to just multiply X^i_B (0) to the identity state X^i_B (0) → X^i_B (0)|I⟩. (3.61) This is a map from worldsheet variable to open string field. Recall that this kind of map from worldsheet operator algebra to open string field algebra often appears in the cubic open string field theory [44, 43]. I obtain X^i_B (0)|I⟩ ⋆ X^j_B (0)|I⟩ = X^i_B (0)X^j_B (0)|I⟩, (3.62)

[X^i_B(0)|I⟩, X^j_B (0)|I⟩]_⋆ = [X^i_B (0), X^j_B (0)]|I⟩ = iθ^{ij} |I⟩. (3.63)

Here, I have used the relations e^{−M} e^{−N} |I⟩ = |I⟩, (3.64) ( X^i_B(σ) − X^i_B(π − σ) ) |I⟩ = 0, (3.65) ( P̂_i(σ) + P̂_i(π − σ) ) |I⟩ = 0. (3.66)

These relations are obtained in the similar way that was done for the 3-string vertex ⟨V_3|. Thus, the Chan-Paton algebra (3.16) is extracted from the open string field algebra. The map (3.29) and (3.30) confirms that the algebra (3.63) is identified with the Chan-Paton algebra. Once the Chan-Paton subalgebra (3.63) in open string field algebra is obtained, one can apply techniques in non-commutative solitons to obtain exact/approximate solutions. Notice that in the map between the different pictures (F,B,D), no special limit such as the so called Seiberg-Witten limit [7] is assumed.

Let us call the algebra generated by the string coordinate fields at the boundaries as boundary algebra. What I have shown here is that in constant B-field background, the boundary algebra is Chan-Paton algebra. It is easy to show that using the defining property of the 3-string vertex and the identity field one can map arbitrary boundary algebra to open string field algebra by the map (3.61). Therefore, I expect that arbitrary boundary algebra can be interpreted as Chan-Paton algebra.

4 Summary And Discussions

In this article, I have studied three equivalent descriptions of open string in constant B-field background in the framework of Witten’s cubic open string field theory.

The equivalence of B-picture and F-picture gives the map between the theory with noncommutative coordinates and commutative coordinates. Since F-picture variables are the original variables, i.e. the variables without the B-field background, this means that the algebra of non-commutative coordinates is already contained in the original open string field algebra.

On the other hand, from the equivalence of B-picture and D-picture I obtained the expression of Chan-Paton matrices in terms of B-picture variables. The Chan-Paton matrix in D-picture is shown to be the string coordinate field at the boundary in B-picture. I believe in order to find D-branes in open string field theory, one should not overlook this property, i.e. the Chan-Paton indices are on the boundaries. Using the map, I extracted the Chan-Paton algebra as subalgebra in open string field algebra. Since Chan-Paton algebra is associated with lower dimensional D-branes, this ensures that lower dimensional D-branes can be described as some field configurations in Witten’s cubic open string field theory.

There are two directions for the classification of D-branes. The one is to use the highest dimensional branes [45, 46] to classify lower dimensional D-branes as topological defects. The other uses the lowest dimensional branes [47] to construct higher dimensional D-branes. In this article, I started from the open string field theory on space-time filling D-branes, but I could have started from open string theory on infinitely many lower dimensional D-branes. Thus, open string field algebra naturally unifies the two descriptions and appears as the most fundamental framework for the classification of D-branes. In this article, I rewrite Chan-Paton indices, which are fundamental variables in D-picture, to linear combination of variables in another picture. This strategy may be generalized and will be a powerful tool to find D-brane solutions in Witten’s cubic open string field theory. However, note that this strategy is applicable to the backgrounds which can be described by the same 3-string vertex. In other words, open string field algebra can be used to classify D-branes which are contained in that paticular open string field algebra [48]. It will be important to investigate to what extent the 3-string vertex can describe different backgrounds.

The equivalence between boundary algebra and Chan-Paton algebra seems to hold more generally. It would be interesting to investigate the relation to the boundary algebra [49] in boundary open string field theory [50] along the line of [51], where a proposal for a concrete definition of the boundary open string field theory was given as a limit of continuous deformation from Witten’s cubic open string field theory.

Acknowledgments I would like to express special thanks to N. Ishibashi for collaboration in early stage of this work as well as successive discussions. I would also like to thank F. Sugino for illuminating discussions. I would like to thank A. Futaki, A. Hashimoto, N. Nekrasov, G. Semenoff and T. Tani for questions, suggestions and pleasant conversations. Part of this work was done in KEK, and also in the IHES. I would like to thank my previous colleagues in KEK for pleasant time. I am grateful to N. Nekrasov and the IHES for warm hospitality. I am also grateful to the organizers of String Theory in greater Paris, especially B. Pioline, for giving me an opportunity to present some of the results above. This work was supported in part by the Pacific Institute for the Mathematical Sciences.

A Formulas For The Fourier Coefficients

Ortho-normal basis for the functions in 0 ≤ σ ≤ π with Neumann boundary conditions at the boundaries σ = 0, π: φ^c_n(σ) = √ 2 π cos nσ, (n ≠ 0) φ^c_0(σ) = √ 1 π . (A.1) Ortho-normal basis for the functions in 0 ≤ σ ≤ π with Dirichlet boundary conditions at the boundaries σ = 0, π: φ^s_n(σ) = √ 2 π sin nσ. (A.2) Definition of the matrix A_{mn}: A_{mn} = 1 2 ∫_π 0 dσ ∫_π 0 dσ^′ϵ(σ − σ^′)φ^c_m(σ)φ^c_n(σ^′), (A.3) where ϵ(σ) is the sign function ϵ(σ) = 1, (σ > 0) = 0, (σ = 0) = −1. (σ < 0) (A.4) Explicit value of the components: A_{mn} = 1 m^2 − n^2

(φ^c_m(π)φ^c_n(π) − φ^c_m(0)φ^c_n(0)) . (m ≠ n) = 0. (m = n) (A.5) Formulas: φ^c_n(σ) = ∞∑ m=1 A_{nm}mφ^s_m(σ), (0 < σ < π) (A.6) φ^s_n(σ) = ∞∑ m=0 (−n)A_{nm}φ^c_m(σ), (0 ≤ σ ≤ π) (A.7)

∞∑ ℓ=0 A_{nℓ}A_{mℓ} = 1 nm δ_{nm}, (n ≠ 0, m ≠ 0) = − √ π 2m^2

(φ^c_m(π) + φ^c_m(0)) , (n = 0, m ≠ 0) = − π^2 12 , (n = m = 0) (A.8)

∞∑ ℓ=1 A_{nℓ}A_{mℓ}ℓ^2 = δ_{nm}. (A.9)

√ 1 π ( σ − π 2 ) = − ∞∑ ℓ=1 A_{0ℓ}φ^c_ℓ(σ). (0 ≤ σ ≤ π) (A.10)

∞∑ ℓ=0 A_{nℓ}φ^c_ℓ(π) = −δ_{n0} √ π 2 , ∞∑ ℓ=0 A_{nℓ}φ^c_ℓ(0) = δ_{n0} √ π 2 . (A.11)

Definition of A_n: 1 n A_n = ∫_π 0 dσ √ 1 π ( σ − π 2 ) φ^s_n(σ) = − 1 √ 2 1 n ((−)^n + 1) = − √ π 2n (φ^c_n(π) + φ^c_n(0)) . (A.12)

B Formulas For The Target Space Tensors G_{ij} = g_{ij} − (bg^{−1}b)_{ij} , G^{ij} = ( 1 g + b g 1 g − b ) ij . (B.1)

θ^{ij} 2πα^′ = − ( 1 g + b b 1 g − b ) ij . (B.2)

b_{ij} = b̄_{ij} + ( θ 2πα^′ )_{−1} ij . (B.3)

( bG^{−1} ) i j = − ( gθ 2πα^′ ) i j , ( b̄θ 2πα^′ ) i j = − ( gG^{−1} ) i j . (B.4)

References

[1] J. Dai, R. G. Leigh and J. Polchinski, “New Connections Between String Theories,” Mod. Phys. Lett. A 4, 2073 (1989); J. Polchinski, “Dirichlet-Branes and Ramond- Ramond Charges,” Phys. Rev. Lett. 75, 4724 (1995) [2] A. Sen, “Tachyon condensation on the brane antibrane system,” JHEP 9808, 012 (1998) [arXiv:hep-th/9805170]; “Descent relations among bosonic D-branes,” Int. J. Mod. Phys. A 14, 4061 (1999) [arXiv:hep-th/9902105].

[3] A. Sen and B. Zwiebach, “Tachyon condensation in string field theory,” JHEP 0003, 002 (2000) [arXiv:hep-th/9912249]; N. Berkovits, A. Sen and B. Zwiebach, “Tachyon condensation in superstring field theory,” Nucl. Phys. B 587, 147 (2000) [arXiv:hepth/0002211]; N. Moeller, A. Sen and B. Zwiebach, “D-branes as tachyon lumps in string field theory,” JHEP 0008, 039 (2000) [arXiv:hep-th/0005036].

[4] A. Connes, M. R. Douglas and A. Schwarz, “Noncommutative geometry and matrix theory: Compactification on tori,” JHEP 9802, 003 (1998) [arXiv:hep-th/9711162].

[5] M. R. Douglas and C. M. Hull, “D-branes and the noncommutative torus,” JHEP 9802, 008 (1998) [arXiv:hep-th/9711165].

[6] V. Schomerus, “D-branes and deformation quantization,” JHEP 9906, 030 (1999) [arXiv:hep-th/9903205].

[7] N. Seiberg and E. Witten, “String theory and noncommutative geometry,” JHEP 9909, 032 (1999) [arXiv:hep-th/9908142].

[8] N. Nekrasov and A. Schwarz, “Instantons on noncommutative R^4 and (2,0) superconformal six dimensional theory,” Commun. Math. Phys. 198, 689 (1998) [arXiv:hepth/9802068].

[9] R. Gopakumar, S. Minwalla and A. Strominger, “Noncommutative solitons,” JHEP 0005, 020 (2000) [arXiv:hep-th/0003160].

[10] K. Dasgupta, S. Mukhi and G. Rajesh, “Noncommutative tachyons,” JHEP 0006, 022 (2000) [arXiv:hep-th/0005006], J. A. Harvey, P. Kraus, F. Larsen and E. J. Martinec, “D-branes and strings as non-commutative solitons,” JHEP 0007, 042 (2000) [arXiv:hep-th/0005031].

[11] K. Furuuchi, “Instantons on noncommutative R^4 and projection operators,” Prog.

Theor. Phys. 103, 1043 (2000) [arXiv:hep-th/9912047].

[12] K. Furuuchi, “Equivalence of projections as gauge equivalence on noncommutative space,” Commun. Math. Phys. 217, 579 (2001) [arXiv:hep-th/0005199].

[13] E. Witten, “Noncommutative tachyons and string field theory,” arXiv:hep-th/0006071;

A. P. Polychronakos, “Flux tube solutions in noncommutative gauge theories,” Phys. Lett. B 495, 407 (2000) [arXiv:hep-th/0007043]; D. Bak, “Exact multi-vortex solutions in noncommutative Abelian-Higgs theory,” Phys. Lett. B 495, 251 (2000) [arXiv:hepth/0008204]; M. Aganagic, R. Gopakumar, S. Minwalla and A. Strominger, “Unstable solitons in noncommutative gauge theory,” JHEP 0104, 001 (2001) [arXiv:hepth/0009142]; J. A. Harvey, P. Kraus and F. Larsen, “Exact noncommutative solitons,” JHEP 0012, 024 (2000) [arXiv:hep-th/0010060].

[14] E. Witten, “Noncommutative Geometry And String Field Theory,” Nucl. Phys. B 268, 253 (1986).

[15] L. Rastelli and B. Zwiebach, “Tachyon potentials, star products and universality,” JHEP 0109, 038 (2001) [arXiv:hep-th/0006240].

[16] V. A. Kostelecky and R. Potting, “Analytical construction of a nonperturbative vacuum for the open bosonic string,” Phys. Rev. D 63, 046007 (2001) [hep-th/0008252].

[17] L. Rastelli, A. Sen and B. Zwiebach, “Half strings, projectors, and multiple D-branes in vacuum string field theory,” JHEP 0111, 035 (2001) [arXiv:hep-th/0105058].

[18] Y. Matsuo, “Identity projector and D-brane in string field theory,” Phys. Lett. B 514, 407 (2001) [arXiv:hep-th/0106027].

[19] Y. Matsuo, “Projection operators and D-branes in purely cubic open string field theory,” Mod. Phys. Lett. A 16, 1811 (2001) [arXiv:hep-th/0107007].

[20] D. Gaiotto, L. Rastelli, A. Sen and B. Zwiebach, “Ghost structure and closed strings in vacuum string field theory,” arXiv:hep-th/0111129.

[21] D. Gaiotto, L. Rastelli, A. Sen, B. Zwiebach, “Star Algebra Projectors,” arXiv:hepth/0202151.

[22] N. Ishibashi, “p-branes from (p-2)-branes in the bosonic string theory,” Nucl. Phys. B 539, 107 (1999) [arXiv:hep-th/9804163].

[23] F. Sugino, “Witten’s open string field theory in constant B-field background,” JHEP 0003, 017 (2000). [arXiv:hep-th/9912254].

[24] T. Kawano and T. Takahashi, “Open-closed string field theory in a background B field,” Prog. Theor. Phys. 104, 1267 (2000). [arXiv:hep-th/0005080].

[25] T. Kawano and T. Takahashi, “Open string field theory on noncommutative space,” Prog. Theor. Phys. 104 (2000) 459. [arXiv:hep-th/9912274].

[26] D. J. Gross and A. Jevicki, “Operator Formulation of Interacting String Field Theory (I),” Nucl. Phys. B 283, 1 (1987); “Operator Formulation of Interacting String Field Theory (II),” Nucl. Phys. B 287, 225 (1987).

[27] S. Samuel, “The Physical and Ghost Vertices in Witten’s String Field Theory,” Phys.

Lett. B 181, 255 (1986).

[28] E. Cremmer, A. Schwimmer and C. Thorn, “The Vertex Function in Witten’s Formulation of String Field Theory,” Phys. Lett. B 179, 57 (1986).

[29] N. Ohta, “Covariant Interacting String Field Theory In The Fock Space Representation,” Phys. Rev. D 34, 3785 (1986) [Erratum-ibid. D 35, 2627 (1986)].

[30] N. Seiberg, L. Susskind and N. Toumbas, “Space/time non-commutativity and causality,” JHEP 0006, 044 (2000) [arXiv:hep-th/0005015].

[31] C. S. Chu and P. M. Ho, “Constrained quantization of open string in background B field and noncommutative D-brane,” Nucl. Phys. B 568, 447 (2000) [arXiv:hep-th/9906192]; P. M. Ho and Y. T. Yeh, “Noncommutative D-brane in non-constant NS-NS B field background,” Phys. Rev. Lett. 85, 5523 (2000) [arXiv:hep-th/0005159].

[32] N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, “Wilson loops in noncommutative Yang-Mills,” Nucl. Phys. B 573, 573 (2000) [arXiv:hep-th/9910004].

[33] K. Okuyama, “Boundary states in B-field background,” Phys. Lett. B 499, 305 (2001) [arXiv:hep-th/0009215].

[34] T. Kugo and B. Zwiebach, “Target space duality as a symmetry of string field theory,” Prog. Theor. Phys. 87, 801 (1992).

[35] A. Sen, “On The Background Independence Of String Field Theory,” Nucl. Phys. B 345 (1990) 551; “On The Background Independence Of String Field Theory. 2. Analysis Of On-Shell S Matrix Elements,” Nucl. Phys. B 347 (1990) 270; “On the background independence of string field theory. 3. Explicit Field redefinitions,” Nucl. Phys. B 391 (1993) 550 [arXiv:hep-th/9201041].

[36] K. Ranganathan, H. Sonoda and B. Zwiebach, “Connections on the state space over conformal field theories,” Nucl. Phys. B 414, 405 (1994) [arXiv:hep-th/9304053].

[37] A. Sen and B. Zwiebach, “A Proof of local background independence of classical closed string field theory,” Nucl. Phys. B 414, 649 (1994) [arXiv:hep-th/9307088].

[38] L. Rastelli, A. Sen and B. Zwiebach, “Boundary CFT construction of D-branes in vacuum string field theory,” JHEP 0111, 045 (2001) [arXiv:hep-th/0105168].

[39] G. Moore and W. Taylor, “The singular geometry of the sliver,” JHEP 0201, 004 (2002) [arXiv:hep-th/0111069].

[40] B. Pioline and A. Schwarz, “Morita equivalence and T-duality (or B versus Theta),” JHEP 9908, 021 (1999) [arXiv:hep-th/9908019].

[41] I. Affleck and A. W. Ludwig, “Critical Theory Of Overscreened Kondo Fixed Points,” Nucl. Phys. B 360, 641 (1991); I. Affleck and A. W. Ludwig, “The Kondo Effect, Conformal Field Theory And Fusion Rules,” Nucl. Phys. B 352, 849 (1991).

[42] J. Kluson, “N D0-branes and anti-D0-branes in the background independent string field theory,” Phys. Rev. D 64, 126006 (2001) [arXiv:hep-th/0103079]; “Remark about string field for general configuration of N D-instantons,” hep-th/0109049; “Exact solutions of open bosonic string field theory,” arXiv:hep-th/0202045.

[43] T. Kawano and K. Okuyama, “Open String Fields As Matrices,” JHEP 0106, 061 (2001) [arXiv:hep-th/0105129]; K. Furuuchi and K. Okuyama, “Comma vertex and string field algebra,” JHEP 0109, 035 (2001) [arXiv:hep-th/0107101].

[44] G. T. Horowitz, J. Lykken, R. Rohm and A. Strominger, “A Purely Cubic Action For String Field Theory,” Phys. Rev. Lett. 57, 283 (1986).

[45] R. Minasian and G. W. Moore, “K-theory and Ramond-Ramond charge,” JHEP 9711, 002 (1997) [arXiv:hep-th/9710230].

[46] E. Witten, “D-branes and K-theory,” JHEP 9812, 019 (1998) [arXiv:hep-th/9810188]. [47] T. Asakawa, S. Sugimoto and S. Terashima, “D-branes, matrix theory and Khomology,” arXiv:hep-th/0108085.

[48] A. Hashimoto, private communication.

[49] A. A. Gerasimov and S. L. Shatashvili, “On non-abelian structures in field theory of open strings,” JHEP 0106, 066 (2001) [arXiv:hep-th/0105245]; E. T. Akhmedov, “Non-Abelian structures in BSFT and RR couplings,” hep-th/0110002.

[50] E. Witten, “On background independent open string field theory,” Phys. Rev. D 46, 5467 (1992) [arXiv:hep-th/9208027]; “Some computations in background independent off-shell string theory,” Phys. Rev. D 47, 3405 (1993) [arXiv:hep-th/9210065].

[51] T. Nakatsu, “Classical open-string field theory: A_∞-algebra, renormalization group and boundary states,” arXiv:hep-th/0105272.