arXiv:hep-th/0203009 v1 1 Mar 2002

HUE-02/1

Crosscap states and Boundary states in D = 4, N = 1,type-IIB Orientifold Theories

H. Kataoka^1 and Hikaru Sato^2

Department of Physics, Hyogo University of Education, Yashiro-cho, Hyogo 673-1494, JAPAN

Abstract We construct boundary state and crosscap state in D = 4, N = 1 type-IIB Z_N orientifold and investigate properties of amplitude. We find that the boundary state of a cylinder is different from the boundary state of a Möbius strip. Using these states, we find that amplitudes do not factorize in Z_N (N =even) orientifold. Tadpole divergence remain in Z_4, Z_8, Z^′_8 and Z^′_{12} model due to volume dependence of boundary and crosscap state. On the other hand the amplitude of Z_3 and Z_7 orientifolds factorize so that we obtain the gauge groups of the model by employing the massless tadpole cancellation condition. PACS:11.25-w; 11.25.Mj Keywords: crosscap state, boundary state, factorization, orientifold

1 Introduction

The boundary state formalism was introduced to interprete open string amplitudes in terms of closed string states. This could be valuable in understanding the relationship between closed and open strings which is one of the central problems in uncovering the underlying symmetry of string theory. It serves very useful in analyzing the spectrum of models that do not have an obvious geometrical interpretation such as orbifold with discrete torsion [2]. Recently, boundary state formalism in conformal field theory is explored [3][4][5]. The boundary state formalism is a powerful framework for studying D-branes [6][7], and useful for computing D-brane tensions and cylinder amplitudes as well as in looking for the gravity counterparts of D-branes. The structure of D = 4, N = 1, type-IIB orientifold is explored, and conditions for tadpole cancellation in type-IIB Z_N orientifold have been presented [8]. However, in spite

1 kataoka@yukawa.kyoto-u.ac.jp 2 hikaru@sci.hyogo-u.ac.jp

of importance to understand the relationship between closed and open string, the relation is not investigated in D = 4, N = 1, type-IIB orientifold.

In this paper, we derive crosscap states and boundary states for D-branes at a fixed point in D = 4, N = 1, type-IIB Z_N orientifold theory. We find that a boundary state in Möbius strip is different from that in cylinder in general. And we investigate the structure of factorization in Z_N orbifolds. Even though amplitude factorizes in D = 10 models in general, amplitude does not factorize in general in D = 4, Z_N (N =even) models. In section 3 we consider momentum and winding modes of boundary states and crosscap states. The tadpole divergence remains in Z_4, Z_8, Z^′_8 and Z^′_{12} model. Using tadpole cancellation condition, we derive gauge groups in Z_3, Z_7 models.

2 Construction of crosscap and boundary states

At first, we construct a crosscap state |C⟩ in D = 4, N = 1, type-IIB Z_N orientifold model. We summarize in Table 1 the Z_N action that leads to N = 1 supersymmetry .

The mode expansion of a closed string state reads

X^μ(σ_1, σ_2) = x^μ + l^2p^μσ_1 + i 2 l ∑ n≠0 ( 1 n α^μ_ne^{−2iπn(σ2 −σ1 )} + 1 n α̃^μ_ne^{−2iπn(σ2 +σ1 )}). (2.1)

We introduce the complex coordinate,

Y^i = X^{2i+2} + iX^{2i+3}, Ȳ^i = X^{2i+2} − iX^{2i+3}, (i = 1, 2, 3). (2.2)

The Z_N orientifold model has k-twisted sectors of the closed string. The boundary condition for the Klein bottle is

Y^i(σ_1 + 1, σ_2) = e^{2iπkvi} Y^i(σ_1, σ_2) (i = 1, 2, 3), (2.3)

with a fundamental domain 0 ≤ σ_1 < 1 and 0 ≤ σ_2 < 1 in Figure 1. By using another fundamental domain 0 ≤ σ_1 <^1_2 and 0 ≤ σ_2 < 2, the boundary condition for the Klein bottle is Y^i(0, σ_2 + 2) = e^{4iπkvi} Y^i(0, σ_2), Y^i( 1 2 , σ_2 + 2) = Y^i( 1 2 , σ_2). (2.4) It means Y^i at σ_1 = 0 has 2k-twisted sectors, while Y^i at σ_1 =^1_2 is not twisted.

The state produced from the vacuum by crosscap is determined up to normalization by crosscap conditions on the fields. Here we define τ = 2σ_1, σ =^1_2 σ_2. And we denote Y^i at σ_1 = 0, Y^i_0 (σ), and at σ_1 =^1_2 , Y^i_{12} (σ). Y^i_{0, 12} (σ) has 2m-twisted sectors. Then

Y^i_0 (σ + 1) = e^{4iπ(kvi+mvi )}Y^i_0 (σ), Y^i1_2 (σ + 1) = e^{4iπmvi} Y^i1_2 (σ). (2.5)

We denote 2k-twisted, 2m-twisted crosscap state by |c, 2kv_i, 2mv_i⟩^i, where v_i is a component of the twist vector (v_1, v_2, v_3) in Table 1. The crosscap state conditions read ( Y^i_0 (σ + 1 2 ) − e^{2iπ(kvi +mvi )}Y^i_0 (σ) ) |c, 2kv_i, 2mv_i⟩^i = 0, ( ∂_τ Y^i_0 (σ + 1 2 ) + e^{2iπ(kvi +mvi )}∂_τ Y^i_0 (σ) ) |c, 2kv_i, 2mv_i⟩^i = 0, ( Y^i1_2 (σ + 1 2 ) − e^{2iπmvi} Y^i1_2 (σ) ) |c, 0, 2mv_i⟩^i = 0, ( ∂_τ Y^i1_2 (σ + 1 2 ) + e^{2iπmvi} ∂_τ Y^i1_2 (σ) ) |c, 0, 2mv_i⟩^i = 0. (2.6)

By solving the conditions(2.6), the crosscap states are |c, 2kv_i, 2mv_i⟩^i = ∏ n=1 exp[ −e^{−iπ(n−1)}β̄^i_{−n+1−2(k+m)vi}β̃^i_{−n+1−2(k+m)vi} n − 1 + 2(k + m)v_i ]

exp[ −e^{iπn}β^i_{−n+2(k+m)vi} ~β̄^i_{−n+2(k+m)vi} n − 2(k + m)v_i ]|0⟩, (2.7)

where |0⟩ is the Fock vacuum and β^i_n are oscillator modes of Y^i defined by

β^i_n = α^{2i+2}_n + iα^{2i+3}_n , β̄^i_n = α^{2i+2}_n − iα^{2i+3}_n , β̃^i_n = α̃2i+2_n + iα̃2i+3_n , ~β̄^i_n = α̃^{2i+2}_n − iα̃^{2i+3}_n (i = 1, 2, 3). (2.8)

Next we consider fermionic parts. Fermionic parts of the closed string are

ψ^μ(σ_1, σ_2) = √ 2π ∑ r ψ^μ_r e^{−2iπr(σ2−σ1 )}, ψ̃^μ(σ_1, σ_2) = √ 2π ∑ r ψ̃^μ_r e^{−2iπr(σ}2^{−σ}1^). (2.9)

Similar conditions as the bosonic case lead to the crosscap states, |c, 2kv_i, 2mv_i⟩^i = ∏ n=1 exp[iηe^{−iπn}λ̄^i_{−n+1−2(k+m)vi}λ̃^i_{−n+1−2(k+m)vi} ] exp[−iηe^{−iπn}λ^i_{−n+2(k+m)vi} ~λ̄^i_{−n+2(k+m)vi} ]|0, η⟩. (2.10) where |0, η⟩ is a usual Ramond-Ramond vacuum η = ±1 and

λ^i_r = ψ^{2i+2}_r + iψ^{2i+3}_r , λ̄^i_r = ψ^{2i+2}_r − iψ^{2i+3}_r , λ̃^i_r = ψ̃2i+2_r + iψ̃2i+3_r , ~λ̄^i = ψ̃^{2i+2}_r − iψ̃^{2i+3}_r . (2.11)

By combining the bosonic and fermionic contributions, the crosscap state are defined by |C, 2k⟩ = N −1∑ m=0 N_{c,2k,2m}|c, 2k, 2m⟩, |c, 2k, 2m⟩ = |c, 2kv_3, 2mv_3⟩^3|c, 2kv_2, 2mv_2⟩^2|c, 2kv_1, 2mv_1⟩^1|c, 0, 0⟩^0, (2.12) where |c, 0, 0⟩^0 denotes the crosscap state for the uncompactified (X^2, X^3) plane. The coefficients N_{c,2k,2m} will be determined by tadpole cancellation conditions. We denote especially k = 0 crosscap state by |C⟩.

Next we consider a boundary state |B⟩. Boundary state of cylinder has already constructed in ref.[3]. The results are

|b, 0, mv_i⟩^i_{DD} = ∏ n=1 exp[ β̄i_{−(n−1)−mvi}β̃i_{−(n−1)−mvi} n − 1 + mv_i ] exp[ β^i_{−n+mvi} ~β̄^i_{−n+mvi} n − mv_i ] ∏ n=1 exp[iηλ̄^i_{−n+1−mvi}λ̃^i_{−n+1−mvi} ] exp[iηλ^i_{−n+mvi} ~λ̄^i_{−n+mvi} ]|0, η⟩,

|b, 0, mv_i⟩^i_{N N} = ∏ n=1 exp[ −β̄^i_{−(n−1)−mvi}β̃^i_{−(n−1)−mvi} n − 1 + mv_i ] exp[ −β^i_{−n+mvi} ~β̄^i_{−n+mvi} n − mv_i ] ∏ n=1 exp[−iηλ̄^i_{−n+1−mvi}λ̃^i_{−n+1−mvi} ] exp[−iηλ^i_{−n+mvi} ~λ̄^i_{−n+mvi} ]|0, η⟩. (2.13)

Here subscripts DD and NN mean Dirichlet and Neumann boundary conditions in X^{2i+2}, X^{2i+3} (i = 1, 2, 3) directions, respectively. D9-branes has Neumann boundary conditions in X^μ(μ = 1, . . .9) directions. D5-branes has Neumann boundary conditions in X^μ(μ = 1, 2, 3, 8, 9) directions and Dirichlet boundary conditions in X^μ(μ = 4, 5, 6, 7) directions. Hence the boundary states |B^c⟩ for cylinder on D5/D9-branes that include the Chan-Paton factors are defined as |B^c⟩_p = N −1∑ m=0 N^c_{b,0,m,p}|b, 0, m⟩_p(T rγ_{m,p}) (p = 5, 9), |b, 0, m⟩_5 = |b, 0, mv_3⟩^3_{N N} |b, 0, mv_2⟩^2_{DD}|b, 0, mv_1⟩^1_{DD}|b, 0, 0⟩^0_{N N}, |b, 0, m⟩_9 = |b, 0, mv_3⟩^3_{N N} |b, 0, mv_2⟩^2_{N N} |b, 0, mv_1⟩^1_{N N} |b, 0, 0⟩^0_{NN}. (2.14) Coefficients N^c_{b,0,m,p} will be determined by tadpole cancellation condition.

Next we consider Möbius strip. We have Möbius strip boundary conditions,

Y^i(1, σ_2) = Y^i(0, σ_2 + 1), ∂_1Y^i(0, σ_2) = 0 Y^i( 1 2 , σ_2) = Y^i( 1 2 , σ_2 + 1), ∂_1Y^i( 1 2 , σ_2) = −∂_1Y^i( 1 2 , σ_2 + 1) (2.15)

Similar consideration like Klein bottle leads to the conclusion that the boundary Y^i_0 (σ) and the crosscap Y^i_{12} (σ) do not possess k-twisted sectors but have 2m-twisted sectors:

Y^i_0 (σ + 1) = e^{4iπmvi} Y^i_0 (σ), Y^i1_2 (σ + 1) = e^{4iπmvi} Y^i1_2 (σ). (2.16)

We denote 2m-twisted crosscap state by |c, 0, 2mv_i⟩^i, and 2m-twisted boundary state by |b, 0, 2mv_i⟩^i. The crosscap states |c, 0, 2mv_i⟩^i are same as those for the Klein bottle. But boundary state |b, 0, 2mv_i⟩^i which is 2m-twist is different from boundary state in cylinder |b, 0, mv_i⟩^i which is m-twist. We determine boundary states |B^M ⟩ for Möbius strip that include the Chan-Paton factors.

|B^M ⟩_p = N −1∑ m=0 N^M_{b,0,2m,p}|b, 0, 2m⟩_p(T rγ_{2m,p}), (p = 5, 9), |b, 0, 2m⟩_5 = |b, 0, 2mv_3⟩^3_{N N} |b, 0, 2mv_2⟩^2_{DD}|b, 0, 2mv_1⟩^1_{DD}|b, 0, 0⟩^0_{NN}, |b, 0, 2m⟩_9 = |b, 0, 2mv_3⟩^3_{N N} |b, 0, 2mv_2⟩^2_{N N} |b, 0, 2mv_1⟩^1_{N N} |b, 0, 0⟩^0_{N N}. (2.17)

By using crosscap state (2.12), boundary states (2.14) and (2.17) and Cardy’s condition [5][6], the amplitudes for Klein bottle, cylinder and Möbius strip are summarized as K = ∑ I ∫ dl(⟨C_I|e^{−lH} |C_I ⟩ + ⟨C_I , N|e^{−lH}|C_I ⟩) = V_4 N N −1∑ m=0 ∫_∞ 0 dt 16t^3 ϑ̃[0_{12} ]_{(2t)} η̃^3_{(2t)}

(Z_K + Z_{KT} ),

C_{pq} = ∑ I ∫ dl_p⟨B^c_I |e^{−lH} |B^c_I ⟩_q = V_4 N N −1∑ m=0 ∫_∞ 0 dt 4t^3 ϑ[^0_{12} ]_{(t)} η^3_{(t)} Z_{pq},

M_p = ∑ I ∫ dl_p⟨B^M_I |e^{−lH} |C_I ⟩ = V_4 N N −1∑ m=0 ∫_∞ 0 dt 32t^3 ϑ̃[0_{12} ]_{(2t)}ϑ̃[^12_0 ]_{(2t)} η̃^3_{(2t)}ϑ̃[^0]_{(2t)}

Z_p. (2.18)

An index I stands for the fixed point. Explicit form of Z_K , Z_{KT} Z_{pq} and Z_p are

Z_K = 3∏ i=1 −2 sin 2πmv_iϑ̃[^0_{2mvi+ 12} ]_{(2t)}

ϑ̃[^12_{2mvi+ 12} ]_{(2t)} N^2_{c,0,2m},

Z_{KT} = 2∏ i=1 ϑ̃[^12_{2mvi+ 1} 2 ]_{(2t)} ϑ̃[0_{2mvi+ 12} ]_{(2t)}

−2 sin 2πmv_3ϑ̃[^0_{2mv3+ 12} ]_{(2t)} ϑ̃[^12_{2mv3+ 12} ]_{(2t)} N_{c,N,2m}N_{c,0,2m},

Z_{55} = 3∏ i=1 −2 sin πmv_iϑ[^0_{mvi+ 12} ]_{(t)}

ϑ[^{12}_{mvi+ 12} ]_{(t)} ∑ I (T rγ_{m,5,I})^2(N^c_{b,0,m,5})^2,

Z_{99} = 3∏ i=1 −2 sin πmv_iϑ[^0_{mvi+ 12} ]_{(t)}

ϑ[^{12}_{mvi+ 12} ]_{(t)}

(T rγ_{m,9})^2(N^c_{b,0,m,9})^2,

Z_{59} =

−2 sin πmv_3ϑ[^0_{mv3+ 12} ]_{(t)}

ϑ[^{12}_{mv3 + 12} ]_{(t)} ∏ i=1,2 ϑ[^{12}_{mvi+ 12} ]_{(t)} ϑ[^0_{mvi+ 12} ]_{(t)} (T rγ_{m,9}) ∑ I (T rγ_{m,5,I} )N^c_{b,0,m,9}N^c_{b,0,m,5},

Z_9 = 3∏ i=1 −2 sin πmv_iϑ̃[^0_{mvi + 12} ]_{(2t)}ϑ̃[^{12}mv_i ]_{(2t)} ϑ̃[0_{mvi} ]_{(2t)}ϑ̃[^12_{mvi+ 12} ]_{(2t)} (T rγ_{2m,9})N^M_{b,0,2m,9}N_{c,0,2m},

Z_5 =

−2 sin πmv_3ϑ̃[^0_{mv3 + 12} ]_{(2t)}ϑ̃[^{12}_{mv3} ]_{(2t)}

ϑ̃[0_{mv3} ]_{(2t)}ϑ̃[^12_{mv3+ 1} 2 ]_{(2t)}

∏ i=1,2 2 cos πmv_iϑ̃[^{12}_{mvi+ 12} ]_{(2t)}ϑ̃[^0_{mvi} ]_{(2t)} ϑ̃[^12_{mvi} ]_{(2t)}ϑ̃[0_{mvi+ 1} 2 ]_{(2t)} ∑ I (T rγ_{2m,5,I})N^M_{b,0,2m,5}N_{c,0,2m}. (2.19)

Note that Z_{KT} does vanish for Z_N (odd N). Comparing (2.19) with the amplitudes of the one-loop vacuum diagram [1], we obtain the following relations,: (N^c_{b,0,m,5})^2 = (N^c_{b,0,m,9})^2 = N^c_{b,0,m,5}N^c_{b,0,m,9} = 1 32π^4 , N^2_{c,0,2m} = N_{c,0,2m}N_{c,N,2m} = 1 2π^4 , N_{c,0,2m}N^M_{b,0,2m,9} = N_{c,0,2m}N^M_{b,0,2m,5} = −1 4π^4

. (2.20) As we have discussed, boundary states in Möbius strip and cylinder are different; |B^c⟩_p is the sum of m-twisted states but |B^M ⟩_p is the sum of 2m-twisted states. The amplitude for the Möbius strip is ⟨B^M |e^{−lH} |C⟩ = N −1∑ m=0 N^M_{b,0,2m}N_{c,0,2m}⟨b, 0, 2m|e^{−lH}|c, 0, 2m⟩(Trγ_{2m}). (2.21) When we require a factorization of the total amplitude (⟨B^c| + ⟨C|)e^{−lH} (|B^c⟩ + |C⟩), the Möbius strip amplitude is expressed using |B^c⟩ as ⟨B^c|e^{−lH} |C⟩ + ⟨C|e^{−lH} |B^c⟩ = 2 N −1∑ m=0 N^c_{b,0,2m}N_{c,0,2m}⟨b, 0, 2m|e^{−lH}|c, 0, 2m⟩(T rγ_{2m}). (2.22) Therefore equality of (2.21) and (2.22) requires N^M_{b,0,2m} = 2N^c_{b,0,2m}. It leads N_{c,0,m} = N_{c,N,m} = −2N^M_{b,0,m,9} = −2N^M_{b,0,m,5} = −4N^c_{b,0,m,5} = −4N^c_{b,0,m,9} = ± 1 √ 2π^2

(m = even), (2.23) N^c_{b,0,m,5} = N^c_{b,0,m,9} = ± 1 4 √ 2π^2

(m = odd). (2.24) In the following, we use notation |B⟩ for boundary states in Möbius strip and cylinder taking (2.21)(2.22)(2) into consideration.

Next let us examine the factorization of amplitude. It is generally believed that amplitude can be factorized. However it is not obvious in N = 1, D = 4 type-IIB Z_N orientifold. In the case of Z_3, Z_7 model (_9⟨B| + ⟨C|)e^{−lH}(|B⟩_9 + |C⟩) =_9 ⟨B|e^{−lH} |B⟩_9 + ⟨C|e^{−lH} |C⟩ + 2_9⟨B|e^{−lH} |C⟩ K ∼ ⟨C|e^{−lH} |C⟩, M_9 ∼ 2_9⟨B|e^{−lH} |C⟩, C_{99} ∼_9 ⟨B|e^{−lH} |B⟩_9 (2.25) Hence amplitude does factorize. However in case of Z_6, the would-be factorized amplitude (_5⟨B| +_9 ⟨B| + ⟨C|)e^{−lH} (|B⟩_5 + |B⟩_9 + |C⟩) (2.26) contains the amplitudes C_{pp} and M_p but not all of the Klein bottle amplitude K. Instead, if we include ⟨C, N| into the would-be factorized amplitude, (_5⟨B| +_9 ⟨B| + ⟨C| + ⟨C, N|)e^{−lH}(|B⟩_5 + |B⟩_9 + |C⟩ + |C, N⟩), (2.27) then three new amplitudes ⟨C, N|e^{−lH}|C, N⟩, 2_9⟨B|e^{−lH} |C, N⟩, 2_5⟨B|e^{−lH} |C, N⟩. (2.28) do not possess geometric interpretation. This is a general situation in Z_N (N =even) model. Thus we conclude that the amplitude does not factorize in Z_N (N = even) model.

3 Volume dependence of boundary and crosscap states

We consider zero modes of boundary and crosscap states. Boundary state |b, 0, mv_i⟩^i is closed string so that it has momentum and winding in compactified space. The m-twisted boundary state |b, 0, mv_i⟩^i(mv_i ≠ 0 mod N) sits at fixed point so that it does not have momentum and winding. Hence boundary state which have momentum or winding is only |b, 0, 0(modN)⟩^i. When a cylinder has Dirichlet boundary condition in X^8 and X^9 directions, boundary closed string state can move to these directions and have momentum. When a cylinder has Neumann condition in X^8 and X^9 directions, open string can move to these directions and make loop in compactified direction. Hence boundary state have winding to these directions. Therefore |b, 0, 0⟩^i_{DD} has momentum and |b, 0, 0⟩^i_{N N} has winding. The crosscap state |c, 2kv_i, 2mv_i⟩^i can also have momentum and winding in compactified space. By the same argument, the crosscap state |c, 2kv_i, 2mv_i⟩^i has momentum or winding only if 2kv_i ≡ 0 (mod N) and 2mv_i ≡ 0 (mod N). To determine momentum and winding of |c, 0, 0⟩^i, we consider Möbius strip amplitude_{N N}^i⟨b, 0, 0|e^{−lH} |c, 0, 0(mod2N)⟩^i. Because N N i⟨b, 0, 0| has winding, consistency requires that |c, 0, 0(mod2N)⟩^i has winding. In the same way |c, 0, N⟩^i has momentum because |b, 0, N⟩^i_{DD} has momentum. Properties of the zero modes for |c, N(mod2N), 0(mod2N)⟩^i and |c, N(mod2N), N(mod2N)⟩^i can not be obtained because^i⟨c, N, 0|e^{−lH}|c, 0, 0⟩^i and^i⟨c, N, N|e^{−lH}|c, 0, N⟩^i vanish. Next we consider the volume dependence produced by momentum and winding. Hamiltonian which represents momentum and winding in compactified six dimensions is

H_2 = π( P 2 − L)^2, H̃_2 = π( P 2 + L)^2. (3.1)

We denote boundary states which has momentum and winding as |b, 0, 0⟩^i = |b, 0, 0; n, m⟩^i = e^{i( n·xR}i^{+m·xRi)}|n = 0, m = 0⟩^i, |c, 0, 0⟩^i = |c, 0, 0; n, m⟩^i = e^{i( n·x2R}i^{+ m·xRi2 )}|n = 0, m = 0⟩^i, (3.2) where R_i is a common radius of the i th compactified space. From these formula, we obtain

the volume dependence DD i⟨b, 0, 0; n, 0|e^{−l(H2+H̃2)}|b, 0, 0; n, 0⟩^i_{DD} = e^{−lπ} n2 2R2i 4π2V i, DD i⟨b, 0, 0; n, 0|e^{−l(H2+H̃2)}|c, 0, N; n, 0⟩^i = e^{−lπ} n2 4R2 i 8π^2V_i, i⟨c, 0, N; n, 0|e^{−l(H2+H̃2)}|c, 0, N; n, 0⟩^i = e^{−lπ} n2 8R2i 16π2V i, N N i⟨b, 0, 0; 0, m|e^{−l(H2+H̃2 )}|b, 0, 0; 0, m⟩^i_{N N} = e^{−lπ2m2 R2i} 4π^2 V_i , N N i⟨b, 0, 0; 0, m|e^{−l(H2+H̃2 )}|c, 0, 0; 0, m⟩^i = e^{−lπm2 R2i} 8π^2 V_i , i⟨c, 0, 0; 0, m|e^{−l(H2+H̃2 )}|c, 0, 0; 0, m⟩^i = e^{−lπ m22 R2i} 16π^2 V_i , (3.3)

where V_i = (R_i)^2. We define boundary and crosscap states ||B⟩⟩ and ||C⟩⟩ such that they

include the volume dependence of amplitudes by zero modes: ||B⟩⟩_p = N −1∑ m=0 [ N^c_{b,0,m,p}|b, 0, m⟩_p(T rγ_{m,p}) ∏ i 2π √ V_i ∏ j 2π √ V_j ] ,

||C⟩⟩ = N −1∑ m=0 [ N_{c,0,2m}|c, 0, 2m⟩ ∏ i 4π √ V_i ∏ j 4π √ V_j ] ,

||C, N⟩⟩ = N −1∑ m=0 [ N_{c,N,2m}|c, N, 2m⟩ ∏ i 4π √ V_i ∏ j 4π √ V_j ] . (3.4)

Here i and j denote compactified complex planes where the states have momentum and

winding, respectively.

By using volume dependence we discuss why tadpole divergence does not cancell in

Z_4, Z_8, Z^′_8 and Z^′_{12} model. In the case of Z_4 =^1_4 (1, 1, −2), boundary and crosscap states

with volume dependence are ||B⟩⟩_9 = N_{b,0,0,9} (2π)^3 √ V_1V_2V_3 |b, 0, 0⟩_9(T rγ_{0,9}) + N_{b,0,1,9}|b, 0, 1⟩_9(T rγ_{1,9}) +N_{b,0,2,9}( 2π √ V_3 )|b, 0, 2⟩_9(T rγ_{2,9}) + N_{b,0,3,9}|b, 0, 3⟩_9(T rγ_{3,9}), ||B⟩⟩_5 = N_{b,0,0,5}( 2π √ V_3

)(2π)^2 √ V_1V_2|b, 0, 0⟩_5(T rγ_{0,5}) + N_{b,0,1,5}|b, 0, 1⟩_5(T rγ_{1,5}) +N_{b,0,2,5}( 2π √ V_3 )|b, 0, 2⟩_5(T rγ_{2,5}) + N_{b,0,3,5}|b, 0, 3⟩_5(T rγ_{3,5}), ||C⟩⟩ = N_{c,0,0} (4π)^3 √ V_1V_2V_3 |c, 0, 0⟩ + N_{c,0,2}(4π √ V_3)|c, 0, 2⟩ +N_{c,0,4}(4π)^2 √ V_1V_2( 4π √ V_3 )|c, 0, 4⟩ + N_{c,0,6}(4π √ V_3)|c, 0, 6⟩, ||C, N⟩⟩ = N_{c,4,2}(4π √ V_3)|c, 4, 2⟩ + N_{c,4,6}(4π √ V_3)|c, 4, 6⟩. (3.5)

Here we omit |c, 4, 0⟩ and |c, 4, 4⟩ terms in ||C, N⟩⟩ because these states do not contribute to the amplitude ⟨C, N|e^{−lH}|C⟩ by ⟨c, 4, 0||c, 0, 0⟩ = ⟨c, 4, 4||c, 0, 4⟩ = 0. ||C⟩⟩ and ||C, N⟩⟩ have terms with volume factor √ V_3 but ||B^c⟩⟩_9 and ||B^c⟩⟩_5 do not. It means that tadpole from ||C⟩⟩ and ||C, N⟩⟩can not be cancelled by ||B^c⟩⟩_9 and ||B^c⟩⟩_5 . So that Z_4 model is inconsistent. The same conclusion holds also for the models with orbifold group Z_8 =^1_8 (1, 3, −4), Z^′_8 = 1 8 (1, −3, 2) and Z^′_{12} =^1_{12} (1, 5, −6).

In the case of Z_3 and Z_7 models, their amplitudes factorize so that tadpole cancellation condition of Z_3 and Z_7 models is reduced to massless tadpole cancellation condition in ref.[9]. We consider the case with maximal gauge symmetry in which all p-branes sit at one fixed point, for example, at the origin. From equations (2.23),(2.24) and (3.4) we determine for Z_3 model ||B⟩⟩_9 + |C⟩⟩ = 1 4 √ 2π^2

(2π)^3 √ V_1V_2V_3 [ |b, 0, 0⟩_9(T rγ_{0,9}) − 32|c, 0, 0⟩ ]

+ 1 4 √ 2π^2 [ |b, 0, 1⟩_9(T rγ_{1,9}) − 4|c, 0, 2⟩ ] + 1 4 √ 2π^2 [ |b, 0, 2⟩_9(T rγ_{2,9}) + 4|c, 0, 4⟩ ] (3.6)

Using the massless tadpole cancellation condition, we get T rγ_{0,9} = 32, T rγ_{1,9} = 4 and T rγ_{2,9} = −4. It gives the gauge group U(12) × SO(8). In the same way we obtain for the Z_7 model, T rγ_{0,9} = 32 and T rγ_{m,9} = 4(m = 1 ∼ 6) which leads to the gauge group U(4)^3 × SO(8). They are the same conclusion which is obtained by one-loop diagrams [1].

Acknowledgements

We are grateful to S.Ishihara for useful comments and discussions.

References

[1] G. Aldazabal, A. Font, L.E. Ibanez and G.Violero, Nucl. Phys. B536 (1998) 29.

[2] C.Vafa, Nucl. Phys. B273 (1986) 592;

C.Vafa and E.Witten, J.Geom.Phys.15(1995)189.

[3] D.E.Diaconescu and J.Gomis, JHEP 0010(2000)001.

[4] C. Mercat and P.A.Pearce, J.Phys. A34 (2001)5751, hep-th/0103232.

[5] M.Billo, B.Craps and F.Roose, JHEP 0101(2001)038, hep-th/0011060;

Rafael I.Nepomechie, J.Phys. A34 (2001)6509, hep-th/0102010; S.Kawai and J.F.Weater, Phys. Lett. B508 (2001) 203, hep-th/0103197.

[6] J.L.Cardy, Nucl. Phys. B324 (1989) 581.

[7] J. Polchinski and Y. Cai, Nucl. Phys. B296 (1988) 91;

T.Onogi and N.Ishibashi, Mod. Phys. Lett. A4 (1989) 161; N.Ishibashi, Mod. Phys. Lett. A4 (1989) 251.

[8] M.Berkooz and R.G.Leigh, Nucl. Phys. B483 (1997) 187;

C.Angelantonj, M.Bianchi, G.Pradisi,A.Sagnotti and Ya.S.Stanev, Phys. Lett. B385 (1996) 96;

Z.Kakushadze, Nucl. Phys. B512 (1998) 221;

Z.Kakushadze and G.Shiu, Phys. Rev. D56 (1997) 3686; Nucl. Phys. B520 (1998) 75; L.E. Ibanez , JHEP 9807(1998)002.

[9] N.Ishibashi and T.Onogi, Nucl. Phys. B318 (1989) 239.

Figures

∧ ∧

∧ ∧ ∧ ∧

∧ ∧

> >

< <

> >

σ_1 = 0 σ_1 =^1_2 σ_1 = 1 σ_2 = 0 σ_2 = 1 σ_2 = 2

X(0, σ_2) X(1, σ_2) = e^{2iπkv} X(0, σ_2)

X(0, σ_2 + 2) = e^{4iπkv} X(0, σ_2)

X(0, σ_2 + 1) = e^{2iπkv} X(0, σ_2)

X(^1_2, σ_2)

X(^1_2, σ_2 + 1) = X(^1_2, σ_2)

* *

*

*

*

*

Figure 1: Klein bottle

> >

> >

σ_1 = 0 σ_1 =^1_2 σ_1 = 1 σ_2 = 0 σ_2 = 1

X(0, σ_2) X(1, σ_2) * *

Figure 2: Cylinder

> >

< <

> >

σ_1 = 0 σ_1 =^1_2 σ_1 = 1 σ_2 = 0 σ_2 = 1 σ_2 = 2

X(0, σ_2) X(1, σ_2)

X(0, σ_2 + 2) = X(1, σ_2 + 1)

X(0, σ_2 + 1) = X(1, σ_2)

X(^1_2, σ_2)

X(^1_2, σ_2 + 1) = X(^1_2, σ_2)

* *

*

*

*

*

Figure 3: Möbius strip

Tables

Z_3^1_3 (1, 1, −2) Z^′_6^1_6 (1, −3, 2) Z^′_8^1_8 (1, −3, 2) Z_4^1_4 (1, 1, −2) Z^′_7^1_7 (1, 2, −3) Z^′_{12}^1_{12} (1, −5, 4) Z_6^1_6 (1, 1, −2) Z_8^1_8 (1, 3, −4) Z^′_{12}^1_{12} (1, 5, −6)

Table 1: Z_N actions in D = 4. Each vector stands for (v_1, v_2, v_3).