arXiv:hep-th/0203018 v4 16 Apr 2002

hep-th/0203018 IPM/P-2002/004 SU-ITP-02/10

The PP-Wave Limits of Orbifolded AdS_5 × S^5

Mohsen Alishahiha^a and Mohammad M. Sheikh-Jabbari^b

a Institute for Studies in Theoretical Physics and Mathematics (IPM) P.O. Box 19395-5531, Tehran, Iran bDepartment of physics, Stanford University 382 via Pueblo Mall, Stanford CA 94305-4060, USA

Abstract

Using the supergravity solution of N_1 D3-branes probing A_{N2−1} singularities we study the pp-wave limit of AdS_5 ×S^5/Z_{N2} . We show that there are two different pp-wave limits. One is the orbifold of the pp-wave limit of AdS_5 ×S^5. In this case there is no symmetry enhancement. The other case is the same as the pp-wave limit of AdS_5 × S^5 and therefore we again see the maximal supersymmetry. We will also identify operators in the four dimensional N = 2 SU(N_1)^{N2} gauge theory which correspond to stringy excitations in the orbifolded pp-wave geometry. The existence of the maximal pp-wave geometry indicates that there is a subsector of the corresponding N = 2 gauge theories which has enhanced N = 4 supersymmetry. We also study the pp-wave limits of AdS_{7,4} × S^{4,7}/Z_N .

1 Introduction

Although the maximal supersymmetric backgrounds have been known for a while, until the strong motivation by AdS/CFT duality (see [1] for a review), string theory was only formulated on the simpler case of ten dimensional flat background. The AdS/CFT correspondence, in its simplest form, states that string theory (or in certain limits, supergravity) on the AdS_5 × S^5 background is dual to the large N N = 4 four dimensional SYM [2, 3, 4]. According to this conjecture the spectrum of string theory on AdS_5 × S^5 corresponds to spectrum of single trace operators of the N = 4 gauge theory. However, this correspondence has only been studied for the supergravity modes on the AdS_5 × S^5 which are in one-to-one correspondence with the chiral operators of the N = 4 gauge theory.

Another supergravity background which admits the maximal supersymmetry is the pp-wave [5, 6, 7]. Soon after that the string theory on this background was formulated [8] and shown to be exactly solvable [9]. However, the observation that the supersymmetric pp-waves background can be understood as a certain limit of AdS_5 × S^5 geometry led the authors of [10] to the conjecture that string theory on the maximally supersymmetric ten dimensional pp-waves has a description in terms of a certain subsector of the large N four dimensional N = 4 SU(N) supersymmetric gauge theory at weak coupling. More precisely this subsector is parametrized by states with conformal weight Δ carrying J units of charge under the U(1)_R subgroup of the SU(4)_R R-symmetry of the gauge theory, such that both Δ and J are parametrically large (both scale as √ N in the large N limit) while their difference Δ − J is finite. Then, as further evidence the perturbative string spectrum was worked out from gauge theory side.

This procedure has also been generalized for the pp-wave limit of AdS_5 × M^5, where M^5 is smooth and preserves some supersymmetry, leading to the conjecture that for such background the pp-wave limit is universal and maximally supersymmetric [11, 12, 13]. In particular focusing on the AdS_5 × T^{1,1}, it was shown that this pp-wave is identical to the one which appears in the AdS_5 × S^5 case. Therefore there should be a subsector of the corresponding N = 1 gauge theory describing the string theory on the pp-wave, which has enhanced N = 4 supersymmetry.

In this letter we consider non-smooth backgrounds and study their pp-wave limits. We consider the AdS_5 × M^5 cases, where M^5 is an orbifold of S^5, namely S^5/Z_N . The special case of S^5/Z_2 has been briefly considered in [12]. We start with supergravity solution of N_1 D3-branes in the A_{N2−1} singularities, the near horizon limit of which corresponds to geometry of the form AdS_5 × S^5/Z_{N2} [14]. We show that the orbifolded case admits two different pp-wave limits. One is with half supersymmetries and is in fact the orbifolded version of maximally supersymmetric pp-wave. The other one is the maximal supersymmetric case. Therefore, the universality of the pp-waves limit for the cases which M^5 is a smooth manifold [12] is not maintaining in the non-smooth cases.

The article is organized as follows. In section 2, we review how to construct the supergravity solution of N_1 D3-branes in the A_{N2−1} singularities. This solution can be obtained by supergravity solution of a M5-brane configuration in eleven dimensional supergravity with worldvolume of the form R^4 × Σ [15], where Σ is the Seiberg-Witten holomorphic curve. In section 3, we shall perform the pp-wave limits of AdS_5 × S^5/Z_{N2} and show the existence of two pp-wave limits. In section 4, we will consider subsector of the N = 2 gauge theory corresponding to the string on the orbifolded pp-wave. In section 5, we study the eleven dimensional AdS_4 ×S^7/Z_N and AdS_7×S^4/Z_N orbifolds and their pp-wave limits. We show that for the AdS_4×S^7/Z_N case there are two pp-wave limits, one is the orbifold version of eleven dimensional pp-waves of [6, 10] and the other is the maximal supersymmetric case. However, for the AdS_7 × S^4/Z_N the only possible pp-wave limit is the maximally supersymmetric case.

2 Gravity solution of AdS_5 × S^5/Z_{N2}

In this section we present the supergravity solution of AdS_5 × S^5/Z_{N2} starting from intersecting M5-branes solution. This supergravity solution has been studied in [16, 17]. We denote the eleven dimensional space-time coordinates by (x_{||}, ⃗x, ⃗y, ⃗z), where x_{||} parameterize the (0, 1, 2, 3) coordinates, ⃗x = (x_1, x_2) the (4, 5) coordinates, ⃗y = (y_1, y_2) the (6, 7) coordinates and ⃗z = (z_1, z_2, z_3) the (8, 9, 10) coordinates.

Let us start with two sets of fivebranes in M theory: N_1 coinciding M5 branes and N_2 coincident M5’ branes. Their worldvolume coordinates are M5 : (x_{||}, ⃗y) and M5^′ : (x_{||}, ⃗x). Such a configuration preserves eight supercharges. The elevendimensional supergravity background is given by [18, 19, 20]

ds^2_{11} = (H_1H_2)^{2/3}[(H_1H_2)^{−1}dx^2_{||} + H^{−1}_2 d⃗x^2 + H^{−1}_1 d⃗y^2 + d⃗z^2] , (1)

with the 4-form field strength F

F = 3 ( ∗d(H^{−1}_1 ) ∧ dy^1 ∧ dy^2 + ∗d(H^{−1}_2 ) ∧ dx^1 ∧ dx^2 ) , (2)

where ∗ defines the dual form in the three dimensional space (z_1, z_2, z_3). Consider the semi-localized case when the M5 branes are completely localized while the M5’ branes are only localized along the overall transverse directions. When the branes are at the origin of (⃗x, ⃗z) space the harmonic functions in the near core limit of the M5’ branes take the form [21, 22]

H_1 = 1 +

4πl^4_pN_1N_2 (|⃗x|^2 + 2l_pN_2|⃗z|)^2

, H_2 = l_pN_2 2|⃗z| . (3)

It is useful to make a change of coordinates l_pz = (r^2 sin^2 α)/2N_2, x = r cos α, 0 ≤ α ≤ π/2. The decoupling limit of the theory is defined by l_p → 0 while keeping U = r/l^2_p and ⃗ŷ = ⃗y/l_p fixed. In this limit the metric (1) is of the form of a warped product of AdS_5 and a six dimensional manifold M_6 [17]

ds^2_{11} = l^2_p(4πN_1)^{−1/3}(sin^{2/3} α) ( U^2 N_2 dx^2_{||} + 4πN_1 U^2 dU^2 + dM^2_6 ) , (4)

with

dM^2_6 = 4πN_1(dα^2 + cos^2 αdθ^2 + sin^2 α 4 dΩ^2) +

N_2 sin^2 α

(dŷ^2 + ŷ^2dψ^2) dΩ^2 = dγ^2 + sin^2 γdδ^2. (5)

The four form field in this limit is given by

F = −2πN_1l^3_p sin^3 α cos α sin γ dα ∧ dθ ∧ dγ ∧ dδ − 1 2 N_2l^3_p sin γ dŷ_1 ∧ dŷ_2 ∧ dγ ∧ dδ. (6)

The curvature of this metric behaves like R ∼^1_{l2pN 2/31 sin8/3 α} . This brane configuration can be understood as uplifted elliptic brane system in type IIA. It consists of N_2 NS5-branes with the worldvolume directions (0,1,2,3,4,5) periodically arranged in the 6-direction and N_1 D4-branes with worldvolume coordinates (0,1,2,3,6) stretched between them. The four dimensional theory at low energies on the D4- branes worldvolume is a supersymmetric gauge theory with 8 supercharges. In this brane set-up the R-symmetry group SU(2)_R ×U(1)_R is realized as the rotation group SU(2)_{8910} × U(1)_{45}.

The near-horizon limit of the ten dimensional metric describing the elliptic type IIA brane configuration is [17, 16]

ds^2_{10} = l^2_s ( U^2 R^2 dx^2_{||} + R^2 dU^2 U^2

+ dM^2_5 ) , (7)

where dM^2_5 = R^2 ( dα^2 + cos^2 αdθ^2 + sin^2 α 4 dΩ^2 ) + N^2_2 R^2 sin^2 α dŷ^2 , (8)

and R^2 = (4πg_sN_1N_2)^{1/2}. In this limit the dilaton and non-zero three and four form field strengths of the corresponding supergravity solution are given by

e^ϕ = g_sN_2 R sin α , H_{yγδ} = − N_2l^2_s 2 sin γ ,

F_{αθγδ} = −2πg_sN_1l^3_s sin^3 α cos α sin γ . (9)

The NS-NS B field corresponding to the NS5-branes charge can be read from (9) as B_{yδ} = N_2l^2_s 2 (cos γ − 1) . (10)

It is useful to make a T-duality and study these theories from Type IIB string theory point of view. Doing so, we obtain [16]

ds^2_{10} = l^2_s ( U^2 R^2 dx^2_{||} + R^2 dU^2 U^2

+ R^2dM^2_5 ) , (11)

with

dM^2 = dα^2 + cos^2 αdθ^2 + sin^2 α 4 dΩ^2 + sin^2 α N^2_2 [dχ + N_2 2 (cos γ − 1)dδ]^2 (12)

where χ = ŷ/l_s. The IIB self-dual five form is found to be^1 F_{χαθγδ} = (∗F )_{χαθγδ} = 3 20 R^4 N_2 α^{′2} cos α sin^3 α sin γ . (13)

The curvature of the above metric behaves like R ∼^1_{R2} . Note that (12) is the metric of S^5/Z_{N2} orbifold with Z_{N2} ⊂ SU(2) ⊂ SU(4). Therefore the solution is nothing but D3-branes solution in the Z_{N2} orbifold. This theory has been considered in [14] by orbifolding of AdS_5 × S^5 in the context AdS/CFT correspondence. The theory is four dimensional N = 2 SYM theory with gauge group SU(N_1)^{N2} with N_2 bifundamental matter hypermultiplets i.e. (Q_i, Q̃_i) in N = 1 notation. The Z_{N2} acts as a permutation of the gauge factors. The dimensionless gauge coupling of each SU(N_1) part of the gauge group is g^2_{Y M} ∼ g_sN_2.

3 PP-waves as limits of AdS_5 × S^5/Z_{N2}

Following [10], we obtain the pp-wave geometries arising as limits of AdS_5 × S^5/Z_{N2} and then study string theory on pp-wave background through the corresponding gauge theory. The strategy is to consider the trajectory of a particle which is moving very fast along the S^5/Z_{N2} and focusing on the geometry near this trajectory. We note that the metric of AdS_5 × S^5/Z_{N2} background (11) can be recast to

l^{−2}_s ds^2 = R^2 [ − dt^2 cosh^2 ρ + dρ^2 + sinh^2 ρdΩ^2_3

+ dα^2 + cos^2 αdθ^2 + sin^2 α 4 dΩ^2 + sin^2 α N^2_2 [dχ + N_2 2 (cos γ − 1)dδ]^2 ] (14)

Depending on the fact that particle trajectories we consider are near the singular point or far from that one can distinguish two different interesting pp-wave limits:

1) Trajectories near α = 0

Let us consider a particle moving along the θ direction and sitting at ρ = 0 and α = 0. We recall that θ parametrizes the direction which is invariant under the

1Here we are using the conventions of [16].

Z_{N2} action. The geometry close to this trajectory can be obtained by the following rescaling

t = x^+ + R^{−2}x^− , θ = x^+ − R^{−2}x^− , ρ = r R , α = v R , R → ∞ , (15) and keeping x^+, x^−, r and v fixed. In this limit the above metric reads as

l^{−2}_s ds^2 = −4dx^+dx^− − (r^2 + v^2)dx^{+2} + dr^2 + r^2dΩ^2_3

+ dv^2 + 1 4 v^2 [ dΩ^2 + 4 N^2_2 [dχ + N_2 2 (cos γ − 1)dδ]^2 ] . (16)

We also have a self-dual RR 5-form flux, (∗F )_{+vγδχ} = F_{+vγδχ} ∼^1_{N2} d(V ol_4), where d(V ol_4) is volume form for vγδχ directions. Besides the explicit form of metric (16), the fact that the five form flux is proportional to^1_{N2} justifies that our geometry contains the Z_{N2} orbifold. Since the curvature of the above metric is proportional to^1_{R2} , in the R → ∞ limit curvature always remains small. This pp-wave limit of AdS_5 × S^5/Z_{N2} is Z_{N2} orbifold of the pp-wave limit of AdS_5 × S^5 [10] and hence this background preserves only half of supersymmetry (16 supercharges).

2) Trajectories near α =^π_2

Besides the above limit there is another pp-wave metric considering the particles moving very fast along the χ direction, sitting at ρ = 0, γ = 0 and α =^π_2 . Note that χ is the direction involved in the orbifolding. Let us consider the scaling

t = x^+ + R^{−2}x^−, 1 N_2 χ = x^+ − R^{−2}x^−, ρ = r R , γ = 2x R , α = π 2 − y R , R → ∞ (17) while keeping x^+, x^−, r, x and y fixed. In this limit the metric (14) becomes

l^{−2}_s ds^2 = −4dx^+dx^− − μ^2⃗z^2dx^{+2} + d⃗z^2 , (18) and F_{+1234} = F_{+4567} = 3 20 μ . (19)

To obtain the above metric we have redefined δ − x^+ as the new coordinate δ. Moreover the mass parameter μ has been introduced by reacaling x^− → x^−/μ and x^+ → μx^+. As we see the above metric, as well as the self dual five form field, do not depend on N_2 and it is exactly the pp-wave limit of AdS_5 × S^5 discussed in [10]. This pp-wave limit corresponds to a maximally supersymmetric background. The very fact that the N_2 dependence has been removed in the pp-wave limit metric can also be understood from the four dimensional gauge field theory side. For that it is enough to recall that in the scaling limit (17) x^+ is related to χ by a factor of N_2 and hence the U(1)_R charges of the states should now be measured in units of N_2.

One can work out the pp-wave limit of the eleven dimensional solutions of (4), (5). This we have presented in the Appendix. We note that the maximally supersymmetric pp-wave do not have an eleven dimensional counter-part.

Therefore, for the AdS_5 × M^5 spaces, where M^5 is an orbifold of S^5 which preserves some supersymmetry, depending on the scaling we use for going to ppwave limit, one may find maximally supersymmetry case or the cases with (half) of supersymmetry broken.

Here we will mainly focus on the first pp-wave case. Following [10] we can write the light-cone momenta in terms of conformal weight Δ and the angular momentum, J = −i∂_θ, of the operator in the superconformal field theory as following

2p^− = i∂_x+ = i(∂_t + ∂_θ) = Δ − J

2p^+ = i ∂_x− R^2 = i (∂_t − ∂_θ) R^2 = Δ + J

R^2

. (20)

Configurations with fixed non-zero p^+ in the limit (15) correspond to the states in the AdS with large angular momentum J ∼ R^2. In the gauge theory side such configurations correspond to operators with R-charge J ∼ √ N_1 and Δ − J fixed, in the N_1 → ∞ limit and keeping the gauge theory coupling g^2_{Y M} , fixed and small. In next section we will study these operators and identify them with excited string states.

On the other hand for the pp-wave with maximal supersymmetry (18) the lightcone momenta in terms of conformal weight Δ and the angular momentum J = −i∂_χ can be written as

2p^− = i∂_x+ = i(∂_t + N_2∂_χ) = Δ − N_2J

2p^+ = i ∂_x− R^2 = i (∂_t − N_2∂_χ) R^2 = Δ + N_2J R^2

. (21)

Therefore in this case we will be looking for spectrum of states with Δ − N_2J finite in the limit N_1 → ∞. In fact from pp-wave limit (18) we learn that there should also be a subsector of N = 2 which exhibits the supersymmetry enhancement, similar to the conifold case [11, 12]. This subsector is parametrized by Δ−N_2J eigenvalue. We would like to comment that, since the above maximal SUSY PP-wave limit do not depend on N_2, one can study the large N_2 limit. In particular equations (21) are very suggestive that in the large N_2 one has the chance to keep J finite. However, here we will only consider the half SUSY case and in the next section we construct the gauge theory operators corresponding to the strings on PP-wave orbifolds. Giving the description of strings in PP-waves in terms of N = 2 gauge theories is very interesting and important question which we will come back to, in the future works [28].

4 Strings in PP-wave orbifolds from N = 2 SYM

The twisted and untwisted states of AdS orbifolds have been studied in [23, 24]. In fact the twisted states of AdS_5 × S^5/N_2 orbifold can be identified with the chiral primary operators of N = 2 SU(N_1)^{N2} conformal SYM theory which are not invariant under exchange of the gauge group factors, while the untwisted states can be identified with those which are invariant. In our notation the untwisted operators can be considered as single trace operators which are symmetric under exchange of gauge group, i.e. ∑_{N2} i=1 Tr(φ^k_i ), where φ_i’s are adjoint complex scalars in the vectormultiplet of each gauge factor and carry a unit of R-charge under U(1)_R factor of R-symmetry group. This operator has conformal weight k.

On the other hand the twisted operators which are not invariant under exchange of the gauge factors may be written in the following form [24]

O(i) − O(i + 1) , (22)

where O can be thought as a basis which is constructed from a certain combination of chiral fields. For example we can consider those operators which are given in terms of scalars in the vectormultiplet, i.e. O(i) = Tr(φ^k_i ).

We want to study those states which carry large R-charge J ∼ √ N_1 under the generator of U(1)_R subgroup of the R-symmetry which acts on the adjoint scalars in the vectormultiplet while has no effect on the scalars of the bi-fundamental matters; and we are looking for the spectrum of states with Δ − J fixed. In the untwisted sector the operator with lowest value of Δ − J, which is zero, is ∑_{N2} i=1 Tr(φ^J_i ). This operator is chiral primary and therefore its dimension is protected by supersymmetry and, is associated to the untwisted vacuum state of the corresponding string theory in the light-cone gauge, much similar to the N = 4 case [10]. Operators in the twisted sector with lowest value of Δ − J can be read from (22) by setting O(i) = Tr(φ^J_i ).

Now we can proceed with constructing other operators.^2 These operators can be parameterized by their Δ − J eigenvalue. For example for Δ − J = 0 the corresponding operators are just what we have presented above. According to the prescription given in [10] the other operators can be obtained by inserting new operators in the trace. In other words replacing some of φ_i in the operator Tr(φ^J_i ) by other fields.

The bosonic operators which can be inserted in the trace are as following. We have four scalars in the directions that are not rotated by J. They are, in fact, the scalars in the hypermultiplet which correspond to the directions in which the Z_{N2} orbifold is defined. On the other hand there are four other fields which are made out of φ_i. These fields are derivative of φ_i, D_aφ_i + [A_a, φ_i], where a = 1, 2, 3, 4 are the directions in R^4 parameterized by ⃗r in (16). Since these directions are not affected by the Z_{N2} orbifold, they should lead to the same excitation as those in AdS_5 × S^5. These are operators with Δ − J = 1.

2Here we shall only consider the bosonic operators. Their superpartners can be easily obtained using the N = 2 supersymmetry.

The next bosonic operators we shall consider are those with Δ − J = 2. A basis for these operators can be obtained by inserting the scalars in the hypermultiplet i.e. (Q^μ_i , Q̃^μ_i ) in trace Tr(φ^J_i ) for μ = 1, 2. These scalars which correspond to the directions where the orbifold is defined, are in the bi-fundemantal representation of the gauge group. This means that under a gauge transformation they transform as Q^μ_i → U_iQ^μ_i U^{−1}_{i+1} and Q̃^μ_i → U_{i+1}Q̃^μ_i U^{−1}_i . Being bi-fundemantal scalars, we need to insert at least two of them in the trace to make a gauge invariant opeartor. Since these scalars are affected by the Z_{N2} orbifold, we can construct operators both in the untwisted (and twisted) sectors by using a combination of these basis which are invariant (and non-invariant) under exchange of the gauge group factor. The basis for these gauge invariant operators are given by

O^n_1 (j) = J∑ l=1 Tr ( φ^l_j Q^μ_j φ^{J−l}_{j+1} Q̄^ν_j ) e^{2πinlN2J} , O^n_2 (j) = J∑ l=1 Tr ( φ^l_j Q^μ_j φ^{J−l}_{j+1} Q̃^ν_j ) e^{2πinlN2J} , O^n_3 (j) = J∑ l=1 Tr ( φ^l_j ¯Q̃^μ_j φ^{J−l}_{j+1} Q̃^ν_j ) e^{2πinlN2J} , O^n_4 (j) = J∑ l=1 Tr ( φ^l_j ¯Q̃^μ_j φ^{J−l}_{j+1} Q̄^ν_j ) e^{2πinlN2J} . (23) Analogous to [10] these operators with n being an integer multiple of N_2 correspond to the excited string states obtained by applying the creation operators a^μ_{−n/N2} (j)a^ν_{−n/N2} (j + 1) on the untwisted or twisted light-cone vacuum. For n not an integer multiple of N_2 we have just states in twisted sector.

In general one can construct gauge invariant operators with Δ − J = 2(1 + k) for 0 ≤ k ≤ N_2 − 1. These operators are obtained by inserting k + 1 scalars in the hypermultiplet into the trace in such a way that the whole combination is gauge invariant. For example one can consider the following operator with Δ−J = 2(1+k)

O^n_1 (j) = J∑ l=1 Tr ( φ^l_j Q^{μ0}_j · · · Q^{μk}_{j+k} φ^{J−l}_{j+k+1} Q̄^{νk}_{j+k} · · · Q̄^{ν0}_j ) e^{2πinlN2J} , O^n_2 (j) = J∑ l=1 Tr ( φ^l_j Q^{μ0}_j · · · Q^{μk}_{j+k} φ^{J−l}_{j+k+1} Q̃^{νk}_{j+k} · · · Q̃^{ν0}_j ) e^{2πinlN2J} , O^n_3 (j) = J∑ l=1 Tr ( φ^l_j ¯Q̃^{μ0}_j · · · ¯Q̃^{μk}_{j+k} φ^{J−l}_{j+k+1} Q̃^{νk}_{j+k} · · · Q̃^{ν0}_j ) e^{2πinlN2J} O^n_4 (j) = J∑ l=1 Tr ( φ^l_j ¯Q̃^{μ0}_j · · · ¯Q̃^{μk}_{j+k} φ^{J−l}_{j+k+1} Q̄^{νk}_{j+k} · · · Q̄^{ν0}_j ) e^{2πinlN2J} (24) The corresponding string state can be obtained by applying creation operators like a^{μ0}_{−n/N2} (j) · · · a^{μk}_{−n/N2} (j + k)a^{ν0}_{−n/N2} (j) · · · a^{νk}_{−n/N2} (j + k) on the light-cone vacuum.

5 PP-wave limits of orbifolds of AdS_{4,7} × S^{7,4}

In section 3, studying the pp-wave limit of the AdS_5 × S^5/Z_N orbifold we showed that depending on how we take the pp-wave limit, we can find maximal and half supersymmetric pp-wave backgrounds. In this section we study the similar limits for eleven dimensional orbifold cases. However, first we need to work out the metric for such orbifold solutions. These solutions have been studied in [25].

To obtain the supergravity solution corresponding to AdS_{4,7} × S^{7,4}/Z_N supersymmetric orbifolds, one may start with M2 or M5 -branes probing the orbifold.^3 For that it is enough to replace the metric for the transverse direction by the proper orbifold solution. Since the orbifolds are Einstein manifolds, it is guaranteed that solutions found in this way are supergravity solutions. As we have shown in section 3, the metric of a supersymmetric S^3 orbifold, i.e. S^3/Z_N is given by

dΩ̃^2_3 = 1 4 dΩ^2 + 1 N^2 [ dχ + N 2 (cos γ − 1)dδ

]_2

, (25)

where dΩ^2 = dγ^2 + sin^2 γdδ^2. Here 0 ≤ γ ≤ π and δ and χ are periodic with period 2π. In fact the metric (25) parameterizes the unit 3-sphere where χ ranges from 0 to 2πN. The Z_N action which leads to an orbifold is given by χ ≡ χ + 2π. With this information, we are ready to write down the eleven dimensional AdS orbifold solutions.

5.1 The pp-wave limit of AdS_4 × S^7/Z_N

Let us consider the AdS_4 × S^7 metric^4

l^{−2}_p ds^2 = R^2 ( − cosh^2 ρdt^2 + dρ^2 + sinh^2 ρdΩ^2 + 4dΩ^2_7 ) . (26)

Now we split the transverse direction to two parts

dΩ^2_7 = dα^2 + cos^2 α dΩ^{′2}_3 + sin^2 α dΩ^2_3 . (27)

Then replacing dΩ^2_3 with dΩ̃^2_3, we obtain

dΩ^2_7 = dα^2 + cos^2 α dΩ^{′2}_3 + sin^2 α dΩ̃^2_3 , (28)

which is the metric for S^7/Z_N . Finally the AdS_4 × S^7/Z_N metric is obtained by replacing the the S^7 part of (26) with (28). The above can also be understood as the near horizon geometry of the supergravity solution of N_1N M2-branes in the

3 The corresponding field theory in these cases are N = (0, 1) six dimensional SCFT for AdS_7 × S^4 orbifold and three dimensional N = 2 SCFT in the Large N limit for the AdS_4 × S^7 orbifold [26]._4

In our notations R is the radius of the AdS piece which is half of the radius of the S^7 for AdS_4 case and is twice bigger than the radius of S^4 for the AdS_7 case.

orbifold background, where R = (π^2N_1N/2)^{1/6}. The above solution can also be understood as T-dual of the near horizon limit of semi-localised intersection of the D3/D5/NS5 system [27].

To obtain the pp-wave limits we note that the orbifold action on S^7 leaves a S^3 part invariant. Now, we can proceed in the same lines of section 3. Again there are two possibilities corresponding to two following choices:

1) t = x^+ + R^{−2}x^− θ = x^+ − R^{−2}x^−, β =^w_R

where θ and β are directions along the invariant S^3.^5 The other coordinats are scaled as (15). This case, will correspond to the orbifold of the maximally supersymmetric pp-wave discussed in [6, 10] and hence half of supersymmetric is broken.

2) t = x^+ + R^{−2}x^{− χ}_{N2} = x^+ − R^{−2}x^−,

and the other limits as defined in (17). In this case we will end up with the maximal supersymmetric eleven dimensional pp-wave background.

5.2 The pp-wave limit of AdS_7 × S^4/Z_N

One can repeat the above discussions for the AdS_7 × S^4/Z_N case (or equivalently the near horizon geometry of M5-brane probing the orbifold). The metric for S^4/Z_N is dΩ^2_4 = dα^2 + sin^2 α dΩ̃^2_3 . (29) Hence, the supergravity metric for the AdS_7 × S^4/Z_N will be given by

l^{−2}_p ds^2 = R^2 { − cosh^2 ρdt^2 + dρ^2 + sinh^2 ρdΩ^2_5 + 1 4 dα^2 + 1 16 sin^2 α ( dΩ^2 + 4 N^2 [dχ + N 2 (cos γ − 1)dδ]^2 )} . (30)

where R = 2(πN_1N)^{1/3}. In this case, unlike the previous cases, there is no invariant direction in the S^4 part of the metric. Therefore, the only pp-wave limit will correspond to the maximally supersymmetric case [6] which is obtained through

t = x^+ + R^{−2}x^− χ 2N = x^+ − R^{−2}x^−, R → ∞, (31)

limit (the other coordinates scaled similar to (17)).

6 Discussions

In this note we have studied the Penrose limit of orbifolded AdS geometries. Considering AdS_p × S^q/Z_N cases we have shown that for q > 4 in general there are two different pp-wave limits, our result can be summarized as follows:

5Here we define dΩ^{′2}_3 = cos^2 β dθ^2 + dβ^2 + sin^2 β dη^2

Consider M/Z_N orbifold, which preserves half supersymmetries. In general the orbifolding acts only on some subgroup of the isometries of M and leaving some subgroups invariant. Now, if we study the geometries near the trajectories along the invariant directions, we will find half supersymmetries. However, if we consider the directions which are not invariant under the orbifold direction we may find the maximal supersymmetric case.

In particular for the AdS_7 × S^4 case, the isometries are SO(5) and the Z_N acts of a SU(2) subset, there is no invariant direction. Therefore, we do not find half supersymmetric case.

We have also discussed how to obtain the strings on the Z_{N2} orbifold of ppwave limit of AdS_5 × S^5 from the corresponding gauge theory, which in this case is large N_1 N = 2, D = 4 SU(N_1)^{N2} theory at weak Yang-Mills (but large ’t Hooft) coupling. The relevant operators in the gauge theory are those with large conformal weight Δ and large R-charge J, with Δ − J fixed. In particular we have identified Δ − J = 0 (the corresponding string theory vacuum) and Δ − J = 1, 2 operators, which correspond to higher order stringy oscillations. The twisted and untwisted states of the stringy excitations correspond to a subsector of N = 2 operators which are non-invariant and invariant under the exchange of the gauge group factors, respectively. The question of constructing the strings in (maximal SUSY) PP-waves in terms of the N = 2 operators is an interesting and important question and will be studied in future works [28].

It would be very interesting to study M-theory on the pp-wave limit of AdS_4 × S^7/Z_N which preserves 16 supersymmetries. Similar to the maximal supersymmetric case, we expect that to have a Matrix description. We postpone this to future works.

Acknowledgments We would like to thank Keshav Dasgupta for discussions and Sunil Mukhi for helpful comment. The research of M. M. Sh-J. is supported in part by NSF grant PHY- 9870115 and in part by funds from the Stanford Institute for Theoretical Physics.

Appendix

In the same spirit, one can also study the pp-wave limits of eleven dimensional solution (4), (5). For this purpose it is more convenient to write the AdS_5 piece in the global AdS coordinates:

l^{−2}_p ds^2 = (

R^4 sin α N_2

)^{2/3} [ − dt^2 cosh^2 ρ + dρ^2 + sinh^2 ρdΩ^2_3

+ dα^2 + cos^2 αdθ^2 + sin^2 α 4 dΩ^2 +

N^2_2 R^4 sin^2 α

(dŷ^2 + ŷ^2dψ^2) ]

where R^4 = 4πN_1N_2. In the limit

t = x^+ + R^{−2}x^−, θ = x^+ − R^{−2}x^−, ρ =^r_R , α =^v_R , R → ∞ ,

(32)

and keeping x^+, x^−, r and v fixed. In this limit the metric becomes

l^{−2}_p ds^2 = ( v N_2

)^{2/3} [ − 4dx^+dx^− − (⃗r^2 + v^2)(dx^+)^2 + d⃗r^2_4

+ (dv^2 + 1 4 v^2dΩ^2) +

N^2_2 v^2

(dŷ^2 + ŷ^2dψ^2) ] . The four form field in the above limits becomes l^{−3}_p F_{+vγδ} = − 1 N_2 v^3 sin γ

l^{−3}_p F_{ŷ1ŷ2γδ} = −

N_2 2 sin γ .

In this limit the curvature reads as l^2_pR ∼ N^{2/3}_2 /v^{8/3}. Therefore one can trust the gravity for large v. The singularity at v = 0 can be interpreted as a signal that some degrees of freedom have been effectively integrated and are needed in order to resolve the singularity. The (DLCQ) of M-theory on the above background should correspond to a Matrix-theory. However, we do not study that Matrix theory here.

References

[1] O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, “Large N Field Theories, String Theory and Gravity,” Phys.Rept. 323 (2000) 183; hepth/9905111.

[2] J. M. Maldacena, “The Large N Limit of Superconformal Field Theories and Supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231; hep-th/9711200.

[3] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, “ Gauge Theory Correlators from Non-Critical String Theory,” Phys.Lett. B428 (1998) 105; hepth/9802109.

[4] E. Witten, “Anti De Sitter Space And Holography,” Adv.Theor.Math.Phys. 2 (1998) 253; hep-th/9802150.

[5] J. Kowalski-Glikman, “Vacuum States In Supersymmetric Kaluza-Klein Theory,” Phys.Lett. B134 (1984) 194.

[6] R. Güven, “Plane Wave Limits and T-duality,’ Phys. Lett. B482 (2000) 255, hep-th/0005061.

J. Figueroa-O’Farrill, G. Papadopoulos, “Homogeneous Fluxes, Branes and a Maximally Supersymmtric Solution of M-theory,” JHEP 0108 (2001) 036; hepth/0105308.

M. Blau, J. Figueroa-O’Farrill, C. Hull, G. Papadopoulos, “Penrose Limits and Maximal Supersymmetry,” hep-th/0210081.

[7] M. Blau, J. Figueroa-O’Farrill, C. Hull, G. Papadopoulos, “A New Maximally Supersymmetric Background of IIB Superstring Theory,” JHEP 0201 (2002) 047, hep-th/0110242;

M. Blau, J. Figueroa-O’Farrill, G. Papadopoulos, “Penrose limits, supergravity and brane dynamics,”hep-th/0202111.

[8] R. R. Metsaev, “Type IIB Green-Schwarz superstring in plane wave Ramond- Ramond background,” Nucl. Phys. B625 (2002) 70; hep-th/0112044.

[9] R. R. Metsaev and A. A. Tseytlin, “Exactly solvable model of superstring in Ramond-Ramond plane wave background,” hep-th/0202109.

[10] D. Berenstein, J. Maldacena and H. Nastase, “String in flat space and pp-waves from N = 4 Super Yang Mills,” hep-th/0202021.

[11] J. Gomis and H. Ooguri, “Penrose Limit of N = 1 Gauge Theories,” hepth/0202157.

[12] N. Itzhaki, I. R. Klebanov and S. Mukhi, “PP-Wave Limit and Enhanced Supersymmetry in Gauge Theories,” hep-th/0202153.

[13] L. A. Pando Zayas and J. Sonnenschein, “On Perrose Limit and Gauge Theories,” hep-th/0202186.

[14] S. Kachru and E. Silverstein, “ 4d Conformal Field Theories and Strings on Orbifolds,” Phys.Rev.Lett. 80 (1998) 4855; hep-th/9802183.

[15] E. Witten “Solutions Of Four-Dimensional Field Theories Via M Theory,” Nucl.

Phys. B500 (1997) 3; hep-th/9703166.

[16] A. Fayyazuddin and D.J. Smith, “Localized intersections of M5-branes and four-dimensional superconformal field theories,” JHEP 9904 (1999) 030; hepth/9902210.

[17] M. Alishahiha, Y. Oz, “AdS/CFT and BPS Strings in Four Dimensions,” Phys.Lett. B465 (1999) 136; hep-th/9907206.

[18] G. Papadopoulos and P. K. Townsend, “Intersecting M-branes,” Phys. Lett.

B380 (1996) 273; hep-th/9603087.

[19] A. A. Tseytlin, “Harmonic superpositions of M-branes,” Nucl. Phys. B475 (1996) 149; hep-th/9604035.

[20] J. P. Gauntlett, D. A. Kastor and J. Traschen, “Overlapping Branes in M- Theory,” Nucl. Phys. B478 544; hep-th/9604179.

[21] D. Youm, “Localized Intersecting BPS branes,” hep-th/9902208. [22] A. Loewy, “Semi Localized Brane Intersections in SUGRA,” hep-th/9903038. [23] Y. Oz and J. Terning, “Orbifolds of AdS_5 × S^5 and 4d Conformal Field Theories,” Nucl.Phys. B532 (1998) 163; hep-th/9803167.

[24] S. Gukov, “Comments on N=2 AdS Orbifolds,” Phys.Lett. B439 (1998) 23;

hep-th/9806180.

[25] O. Pelc, R. Siebelink, “The D2-D6 System and a Fibered AdS Geometry,” Nucl.Phys. B558 (1999) 127; hep-th/9902045.

[26] C. Ahn, K. Oh, R. Tatar, “Branes, Orbifolds and the Three Dimensional N = 2 SCFT in the Large N limit,” JHEP 9811 (1998) 024, hep-th/9806041; “ Orbifolds AdS_7 × S^4 and Six Dimensional (0, 1) SCFT,” Phys.Lett. B442 (1998) 109, hep-th/9804093.

[27] M. Cvetic, H. Lu, C.N. Pope, J.F. Vazquez-Poritz, “ Kaluza-Klein Consistency, Killing Vectors, and Kahler Spaces,” Phys.Rev. D62 (2000) 122003, hep-th/0005246.

[28] M. Alishahiha, M.M. Sheikh-Jabbari, “Strings in PP-waves and Deconstruction of Worldsheet from N = 2 Super-Yang-Mills Theories,” To appear.