arXiv:hep-th/0203022 v1 4 Mar 2002

Discrete Mechanics Based on Finite Element Methods

Jing-Bo Chen^†, Han-Ying Guo^† and Ke Wu^{‡†} †Institute of Theoretical Physics, Chinese Academy of Sciences P.O. Box 2735, Beijing 100080, P.R. China

‡ Department of Mathematics, Capital Normal University Beijing 100037, P.R. China

<chenjb><hyguo><wuke>@itp.ac.cn

Abstract Discrete Mechanics based on finite element methods is presented in this paper.

We also explore the relationship between this discrete mechanics and Veselov discrete mechanics. High order discretizations are constructed in terms of high order interpolations.

Keywords. Discrete mechanics, Finite element methods, Symplectic integrators

1 Introduction

We begin by recalling the variational principle for Lagrange mechanics. Suppose Q denotes the configuration space with coordinates q^i and T Q the tangent bundle with coordinates (q^i, q̇^i), i = 1, 2, · · · , n. In the following, we will work with the extended configuration space R × Q with coordinates (t, q^i) and the extended tangent bundle R × T Q with coordinates (t, q^i, q̇^i). Here t denotes the time [1].

Consider a Lagrangian L : R × T Q → R. The corresponding action functional is defined by

S((t, q^i(t))) = ∫_b a L(t, q^i(t), q̇^i(t)) dt, (1.1) where q^i(t) ∈ C^2([a, b]), which is the set of all C^2 curves in Q defined on [a, b].

The variational principle seeks the curves q^i(t) in C^2([a, b]), for which the action functional S is stationary under variations of q^i(t) with fixed endpoints.

Consider a vector field on R × Q V = ξ(t, q^j) ∂ ∂t + n∑ i=1 ϕ^i(t, q^j) ∂ ∂q^i . (1.2)

Let F^ϵ be the flow of V . For (t, q^j) ∈ R × Q, we have F^ϵ(t, q^j) = (t̃, q̃^i). t̃ = f(ϵ, t, q^j), (1.3) q̃^i = g^i(ϵ, t, q^j), (1.4) where d dϵ | | | |_{ϵ=0} f(ϵ, t, q^j) = ξ(t, q^j ), d dϵ | | | |_{ϵ=0} g^i(ϵ, t, q^j) = ϕ^i(t, q^j). (1.5)

The transformation (1.3-1.4) transforms a curve q^j(t) in Q into another curve q̃^i(ϵ, t̃) in Q determined by t̃ = f(ϵ, t, q^j(t)), q̃^i = g^i(ϵ, t, q^j(t)). Before calculating the variation of S, we consider the first order prolongation of V

pr^1V = ξ(t, q^j) ∂ ∂t + n∑ i=1 ϕ^i(t, q^j) ∂ ∂q^i + n∑ i=1 α^i(t, q^j , q̇^j) ∂ ∂q̇^i , (1.6)

where pr^1V denote the first order prolongation of V and

α^i(t, q^j, q̇^j) = D_tϕ^i(t, q^j) − q̇^iD_tξ(t, q^j), (1.7)

where D_t denotes the total derivative [14].

Now we calculate the variation of S directly δS = d dϵ | | | |_{ϵ=0} S((t̃, q̃^i(ϵ, t̃))) = d dϵ | | | ϵ=0 ∫~_b ã L ( t̃, q̃^i(ϵ, t̃), d dt̃ q̃^i(ϵ, t̃) ) dt̃ = ∫_b a [( ∂L ∂t + d dt ( ∂L ∂q̇^i q̇^i − L )) ξ + ( ∂L ∂q^i − d dt ∂L ∂q̇^i ) ϕ^i ] dt + [( L − ∂L ∂q̇^i q̇^i ) ξ + ∂L ∂q̇^i ϕ^i ]| | | b a . (1.8)

If ξ(a, q^j(a)) = ξ(b, q^j(b)) = 0 and ϕ^i(a, q^j(a)) = ϕ^i(b, q^j(b)) = 0, the requirement of δS = 0 yields the energy evolution equation ∂L ∂t + d dt ( ∂L ∂q̇^i q̇^i − L ) = 0 (1.9)

from ξ and the Euler-Lagrange equation ∂L ∂q^i − d dt ∂L ∂q̇^i = 0 (1.10)

from ϕ^i.^1

If L does not depend on t explicitly, i.e., L is conservative and^{∂L}_{∂t} = 0, then (1.9) becomes the energy conservation law d dt ( ∂L ∂q̇^i q̇^i − L ) = 0. (1.11)

1 Note that Hamilton’s variational principle holds in fact for the vertical variation, while the horizontal variation gives rise to the conservation relation between the Euler-Lagrange equation and energy conservation, see, for example, [5]. Here, in order to transfer to discrete case more directly, this variational requirement is employed.

If we drop the requirement ξ(a, q^j(a)) = ξ(b, q^j(b)) = 0, ϕ^i(a, q^j(a)) = ϕ^i(b, q^j(b)) = 0,

we can define from the second term in (1.8) the extended Lagrangian one form

θ_L = ( L − ∂L ∂q̇^i q̇^i ) dt + ∂L ∂q̇^i dq^i. (1.12)

We define the extended Lagrangian two form to be ω_L = dθ_L. Suppose g^i(t, v_q) is a solution of (1.10) depending on the initial condition v_q ∈ T Q. Restricting q̃^i(ϵ, t̃) to the solution space of (1.10) and using the same method in [12], we can prove

(pr^1g)^∗ω_L = ω_L, (1.13)

where pr^1g^i(s, v_q)) = (s, g^i(s, v_q),^d_{ds} g^i(s, v_q)) denotes the first order prolongation of g^i(s, v_q). By defining a discrete Lagrangian with fixed steps and constructing a discrete action, Veselov develops a kind of discrete mechanics [15, 16]. See also [13, 17]. The resulting discrete Euler-Lagrange equation (variational integrator) preserves a discrete Lagrange two form. However the discrete versions of (1.9) and (1.11) are not reflected in Veselov discrete mechanics. Using variable steps and a defined discrete energy, Kane, Marsden and Ortiz obtain symplectic-energy integrators [7]. Chen, Guo and Wu develop a discrete total variation and prove the symplectic-energy integrators preserve a discrete extended Lagrange two form [2]. Guo and Wu also present the difference variational approach with variable step-lengths [5].

The connection between Veselov discrete mechanics and finite element methods was first suggested in [12]. Symplectic and multisymplectic structures in simple finite element methods are explored in [4]. As is known, it is difficult to obtain high order discretizations in Veselov discrete mechanics. We find that the finite element methods provide a natural way to obtain a kind of discrete Lagrangian, including those of high order. The purpose of this paper is to develop such kind of discrete mechanics based on finite element methods.

This paper is organized as follows. In the next section, we will present the discrete mechanics based on finite element methods. Section 3 is devoted to discussing the role of time steps. We finish this paper by drawing some conclusions in Section 4.

2 Discrete mechanics based on finite element methods

2.1 Generalized Veselov discrete mechanics

We first present Veselov discrete mechanics in a more general formulation that allows for variable time steps. In this generalized Veselov discrete mechanics, M × M is used for the discrete version of R × T Q. Here M = R × Q. A point (t_k, q_k; t_{k+1}, q_{k+1}) ∈ M × M corresponds to a tangent vector^{qk+1 −qk}_{tk+1−tk} . Here for brevity of notations, we restrict ourselves to one-dimensional configuration space Q. A discrete Lagrangian is defined to be L : M × M → R and the corresponding action to be S= N−1∑ k=0 L(t_k, q_k, t_{k+1}, q_{k+1})(t_{k+1} − t_k). (2.1)

The discrete variational principle is to extremize Sfor variations of q_k holding the endpoints q_0 and q_N fixed. In this discrete variational principle, t_k play the role of parameters (They can also play the role of variables, see next section). This discrete variational principle determines a discrete flow Φ : M × M → M × M by

Φ(t_{k−1}, q_{k−1}, t_k, q_k) = (t_k, q_k, t_{k+1}, q_{k+1}). (2.2)

Here q_{k+1} is found from the following discrete Euler-Lagrange equation (variational integrator)

(t_{k+1} − t_k)D_2L(t_k, q_k, t_{k+1}, q_{k+1}) + (t_k − t_{k−1})D_4L(t_{k−1}, q_{k−1}, t_k, q_k) = 0 (2.3)

for all k ∈ {1, 2, · · · , N − 1}. Here D_i denotes the partial derivative of L with respect to the ith argument. Notice that t_k are parameters here. The reason we still call them arguments is that we want to keep the notations consistent since in next section they will play the role of variables.

Now we prove that the discrete flow Φ preserves a discrete version of the Lagrange two form

ω^v_L = dθ^v_L, θ^v_L = ∂L ∂q̇ dq. (2.4) We do this directly from the variational point of view, consistent with the continuous case [12].

As in continuous case, we calculate dSfor variations with varied endpoints. dS(q0, q1 , · · · , qN ) · (δq0 , δq1 , · · · , δqN ) = d dϵ | | ϵ=0 S(q0 + ϵδq0, q1 + ϵδq1, · · · , qN + ϵδqN )

= N −1∑

k=0 (D2L(tk, qk , tk+1 , qk+1 )δqk + D4L(tk, qk , tk+1 , qk+1)δqk+1 )(tk+1 − tk )

= N −1∑

k=0 D2L(tk, qk , tk+1, qk+1 )(tk+1 − tk )δqk + N∑ k=1 D4L(tk−1, qk−1, tk , qk )(tk − tk−1)δqk

= N −1∑

k=1 (D2L(tk, qk , tk+1 , qk+1 )(tk+1 − tk ) + D4L(tk−1, qk−1, tk , qk )(tk − tk−1))δqk + D2L(t0, q0, t1, q1 )(t1 − t0)δq0 + D4L(tN −1, qN −1 , tN , qN )(tN − tN −1)δqN . (2.5) We can see that the last two terms in (2.5) come from the boundary variations. Based on the boundary variations, we can define two one forms on M × M

θ^{v−}_L (t_k, q_k, t_{k+1}, q_{k+1}) = D_2L(t_k, q_k, t_{k+1}, q_{k+1})(t_{k+1} − t_k)dq_k, (2.6) and θ^{v+}_L (t_k, q_k, t_{k+1}, q_{k+1}) = D_4L(t_k, q_k, t_{k+1}, q_{k+1})(t_{k+1} − t_k)dq_{k+1}. (2.7)

Here we have used the notation in [12]. We regard the pair (θ^{v−}_L , θ^{v+}_L ) as being the discrete version of the Lagrange one form θ^v_L in (2.4).

Now we parameterize the solutions of the discrete variational principle by the initial condition (q_0, q_1), and restrict Sto that solution space. Then Eq. (2.5) becomes dS(q_0, q_1, · · · , q_N ) · (δq_0, δq_1, · · · , δq_N ) = θ^−_L(t_0, q_0, t_1, q_1) · (δq_0, δq_1) + θ^+_L(t_{N−1}, q_{N−1}, t_N , q_N ) · (δq_{N−1}, δq_N ) = θ^−_L(t_0, q_0, t_1, q_1) · (δq_0, δq_1) + (Φ^{N−1})^∗θ^+_L(t_0, q_0, t_1, q_1) · (δq_0, δq_1). (2.8)

From (2.8), we can obtain

dS= θ^{v−}_L + (Φ^{N−1})^∗θ^{v+}_L . (2.9)

The Eq. (2.9) holds for arbitrary N > 1. Taking N=2 leads to

dS= θ^{v−}_L + Φ^∗θ^{v+}_L . (2.10)

By taking exterior differentiation of (2.10), we obtain

Φ^∗(dθ^{v+}_L ) = −dθ^{v−}_L . (2.11)

From the definition of θ^−_L and θ^+_L, we know that

θ^{v−}_L + θ^{v+}_L = d((t_{k+1} − t_k)L),

which means dθ^{v+}_L = −dθ^{v−}_L .

Defining

ω^v_L=: dθ^{v+}_L = −dθ^{v−}_L , (2.12)

we show from (2.11) that the discrete flow Φ preserves the discrete Lagrange two form ω^v_L:

Φ^∗(ω^v_L) = ω^v_L. (2.13)

Let us consider an example. For the classical Lagrangian L(t, q, q̇) = 1 2 q̇^2 − V (q), (2.14)

we choose the discrete Lagrangian L(t_k, q_k, t_{k+1}, q_{k+1}) as

L(t_k, q_k, t_{k+1}, q_{k+1}) = 1 2 ( q_{k+1} − q_k t_{k+1} − t_k )_2 − V ( q_{k+1} + q_k 2 ) . (2.15)

The discrete Euler-Lagrange equation (2.3) becomes ( q_{k+1} − q_k t_{k+1} − t_k − q_k − q_{k−1} t_k − t_{k−1} ) + V^′(q̄_k)(t_{k+1} − t_k) + V^′(q̄_{k−1})(t_k − t_{k−1}) 2 = 0, (2.16)

which preserves the Lagrange two form ( 1 t_{k+1} − t_k + t_{k+1} − t_k 4 V^{′′}(q̄_k) ) dq_{k+1} ∧ dq_k, (2.17)

where q̄_k =^{qk +qk+1}_2 , q̄_{k−1} =^{qk−1 +qk}_2 .

If we take fixed variables t_{k+1} − t_k = t_k − t_{k−1} = h, then (2.16) becomes

q_{k+1} − 2q_k + q_{k−1} h^2 + V^′(q̄_k) + V^′(q̄_{k−1}) 2 = 0,

which preserves the Lagrange two form ( 1 h + h 4 V^{′′}(q̄_k) ) dq_{k+1} ∧ dq_k.

2.2 Discrete mechanics based on finite element methods

Now we consider discrete mechanics based on finite element methods. Let us go back to the variation problem of the action factional (1.1). The finite element method is an approximate method for solving the variation problem. Instead of solving the variation problem in the space C^2([a, b]), the finite element method solves the problem in a subspace V_hm ([a, b]) of C^2([a, b]). V_hm ([a, b]) consists of piecewise m-degree polynomials interpolating the curves q(t) ∈ C^2([a, b]).

First, we consider the piecewise linear interpolation. Given a partition of [a, b] a = t_0 < t_1 < · · · < t_k < · · · < t_{N−1} < t_N = b, the intervals I_k = [t_k, t_{k+1}] are called elements. h_k = t_{k+1} − t_k. V_h([a, b]) consists of piecewise linear function interpolating q(t) at (t_k, q_k), k = 0, 1, · · · , N . Now we derive the expressions of q_h(t) ∈ V_h([a, b]). First we construct the basis functions φ_k(t), which are piecewise linear function on [a, b] satisfying φ_k(t_i) = δ^i_k, i, k = 0, 1, · · · , N .

φ_0(t) = { 1 −^{t−t0}_{h0} , t_0 ⩽ t ⩽ t_1; 0, otherwise;

φ_N (t) = { 1 +^{t−tN}_{hN−1} , t_{N−1} ⩽ t ⩽ t_N ; 0, otherwise;

(2.18)

and for k = 1, 2, · · · , N − 1,

φ_k(t) = 1 +^{t−tk}_{hk−1} , t_{k−1} ⩽ t ⩽ t_k; 1 −^{t−tk}_{hk} , t_k ⩽ t ⩽ t_{k+1}; 0, otherwise.

(2.19)

Using these basis functions, we obtain the expression q_h ∈ V_h([a, b]):

q_h(t) = N∑ k=0 q_kφ_k(t). (2.20)

In the space V_h([a, b]), the action functional (1.1) becomes

S((t, q_h(t))) = ∫_b a L(t, q_h(t), q̇_h(t)) dt = N−1∑ k=0 ∫_{tk+1} t_k L ( t, N∑ i=0 (q_iφ_i(t)), d dt N∑ i=0 (q_iφ_i(t)) ) dt

= N−1∑ k=0 L(t_k, q_k, t_{k+1}, q_{k+1})(t_{k+1} − t_k), (2.21)

where

L(t_k, q_k, t_{k+1}, q_{k+1}) = 1 t_{k+1} − t_k ∫_{tk+1} t_k L ( t, N∑ i=0 (q_iφ_i(t)), d dt N∑ i=0 (q_iφ_i(t)) ) dt

= 1 t_{k+1} − t_k ∫_{tk+1} t_k L ( t, k+1∑ i=k (q_iφ_i(t)), d dt k+1∑ i=k (q_iφ_i(t)) ) dt. (2.22)

Therefore, restricting to the subspace V_h([a, b]) of C^2([a, b]), the original variational problem reduces to the extremum problem of the function (2.21) in q_k, k = 0, 1, · · · , N . Notice that (2.21) is just one of the discrete actions (2.1). Thus, what remains to be done is just to perform the same calculations on (2.21) as on (2.1). We can then obtain the discrete Euler-Lagrange equation (2.3) that preserves the discrete Lagrange two form (2.12). Therefore, discrete mechanics based on finite element methods consists of two steps: first, use finite element methods to obtain a kind of discrete Lagrangian; second, use the method of Veselov mechanics to obtain the variational integrators.

Let us consider the previous example again. For the classical Lagrangian (2.14), we choose the discrete Lagrangian L(t_k, q_k, t_{k+1}, q_{k+1}) as

L(t_k, q_k, t_{k+1}, q_{k+1}) = 1 t_{k+1} − t_k ∫_{tk+1} t_k 1 2 ( d dt N∑ i=0 (q_iφ_i(t))

)_2 − V (_N ∑ i=0 (q_iφ_i(t)) ) dt

= 1 t_{k+1} − t_k ∫_{tk+1} t_k ( 1 2 ( q_{k+1} − q_k t_{k+1} − t_k )_2 − V ( t_{k+1} − t t_{k+1} − t_k q_k + t − t_k t_{k+1} − t_k q_{k+1} )) dt

= 1 2 ( q_{k+1} − q_k t_{k+1} − t_k )_2 − F (q_k, q_{k+1}), (2.23)

where

F (q_k, q_{k+1}) = 1 t_{k+1} − t_k ∫_{tk+1} t_k V ( t_{k+1} − t t_{k+1} − t_k q_k + t − t_k t_{k+1} − t_k q_{k+1} ) dt. (2.24)

The discrete Euler-Lagrange equation (2.3) becomes ( qk+1 − qk tk+1 − tk − qk − qk−1 tk − tk−1 ) + ∂F (qk , qk+1 ) ∂qk (tk+1 − tk ) + ∂F (qk−1 , qk ) ∂qk (tk − tk−1) = 0, (2.25)

which preserves the Lagrange two form ( 1 t_{k+1} − t_k + (t_{k+1} − t_k)

∂^2F (q_k, q_{k+1}) ∂q_k∂q_{k+1} ) dq_{k+1} ∧ dq_k. (2.26)

Again, if we take fixed time steps t_{k+1} − t_k = t_k − t_{k−1} = h, (2.25) becomes

q_{k+1} − 2q_k + q_{k−1} h^2 + ∂F (q_k, q_{k+1}) ∂q_k + ∂F (q_{k−1}, q_k) ∂q_k = 0,

which preserves the Lagrange two form ( 1 h + h ∂^2F (q_k, q_{k+1}) ∂q_k∂q_{k+1} ) dq_{k+1} ∧ dq_k. Suppose q_k is the solution of (2.25) and q(t) is the solution of

d^2q dt^2 + ∂V (q) ∂q = 0, (2.27)

then from the convergence theory of finite element methods [3, 11], we have ‖q(t) − q_h(t)‖ ⩽ Ch^2, (2.28) where ‖ · ‖ is the L^2 norm. q_h(t) = ∑_N k=0 q_k, h = max_k {h_k} and C is a constant independent of h.

If we use mid-point numerical integration formula in (2.24), we obtain

F (q_k, q_{k+1}) = 1 t_{k+1} − t_k ∫_{tk+1} t_k V ( t_{k+1} − t t_{k+1} − t_k q_k + t − t_k t_{k+1} − t_k q_{k+1} ) dt ≈V ( q_k + q_{k+1} 2 ) . In this case, (2.25) is just (2.16). We can also use trapezoid formula or Simpson formula and so on to integrate (2.24) numerically and obtain another kind of discrete Lagrangian.

2.3 Discrete mechanics with Lagrangian of high order

Now we consider piecewise quadratic polynomial interpolation, which will result in a kind of discrete Lagrangian of high order. To this aim, we add an auxiliary node t_{k+} 1_2 to each element I_k = [t_k, t_{k+1}]. There are two kinds of quadratic basis functions: ϕ_k(t) for nodes t_k and ϕ_{k+} 1_2 (t) for t_{k+} 1_2 that satisfy

ϕ_k(t_i) = δ^k_i , ϕ_k(t_{i+} 1_2 ) = 0, ϕ_{k+} 1_2 (t_{i+} 1_2 ) = δ^k_i , ϕ_{k+} 1_2 (t_i) = 0, i, k = 0, 1, · · · , N.

We list the basis functions as follows:

ϕ_0(t) = {(_{2(t−t0)} h_0 − 1 )(_{t−t0} h_0 − 1 ) , t_0 ⩽ t ⩽ t_1;

0, otherwise;

(2.29)

ϕ_N (t) = {(_{2(tN −t)} h_{N−1} − 1 )(_{tN −t} h_{N−1} − 1 ) , t_{N−1} ⩽ t ⩽ t_N ; 0, otherwise;

(2.30)

and for k = 1, 2, · · · , N − 1,

ϕ_k(t) = (_{2(tk−t)} h_{k−1} − 1 )(_{tk−t} h_{k−1} − 1 ) , t_{k−1} ⩽ t ⩽ t_k; (_{2(t−tk)} h_k − 1 )(_{t−tk} h_k − 1 ) , t_k ⩽ t ⩽ t_{k+1}; 0, otherwise;

(2.31)

and for k = 0, 1, · · · , N − 1,

ϕ_{k+} 1_2 (t) = { 4^{t−tk}_{hk} ( 1 −^{t−tk}_{hk} ) , t_k ⩽ t ⩽ t_{k+1}; 0, otherwise.

(2.32)

Using these basis functions, we construct subspace V_h2 ([a, b]) of C^2([a, b]):

q_h2 (t) = N∑ k=0 q_kϕ_k(t) + N−1∑ k=0 q_{k+} 1_2 ϕ_{k+} 1_2 (t), q_h2 (t) ∈ V_h2 ([a, b]). (2.33)

In the space V_h2 ([a, b]), the action functional (1.1) becomes

S((t, q_h2 (t))) = ∫_b a L(t, q_h2 (t), q̇_h2 (t)) dt = N−1∑ k=0 ∫_{tk+1} t_k L(t, q_h2 (t), q̇_h2 (t)) dt

= N−1∑ k=0 L(t_k, q_k, q_{k+} 1_2 , t_{k+1}, q_{k+1})(t_{k+1} − t_k), (2.34) where

L(t_k, q_k, q_{k+} 1_2 , t_{k+1}, q_{k+1}) = 1 t_{k+1} − t_k ∫_{tk+1} t_k L(t, q_h2 (t), q̇_h2 (t)) dt. (2.35) For the discrete action (2.34), we have dS(q0, q 1_2 , q1, · · · , q_{N −1+} 1_2 , qN ) · (δq0 , δq 1_2 , δq1 , · · · , δq_{N −1+} 1_2 , δqN ) = N −1∑

k=0 (D2L(wk )δqk + D3L(wk )δq_{k+} 1_2 + D5L(wk )δqk+1 )(tk+1 − tk)

= N −1∑

k=0 (D2L(wk )δqk + D3L(wk )δq_{k+} 1_2 )(tk+1 − tk ) + N∑ k=1 D5L(wk−1)(tk − tk−1)δqk

= N −1∑

k=1 (D2L(wk )(tk+1 − tk ) + D5L(wk−1)(tk − tk−1))δqk + N −1∑

k=0 D3L(wk )δq_{k+} 1_2 (tk+1 − tk ) + D2L(w0)(t1 − t0 )δq0 + D5L(wN −1)(tN − tN −1)δqN , (2.36) where w_k = (t_k, q_k, q_{k+} 1_2 , t_{k+1}, q_{k+1}), k = 0, 1, · · · , N − 1. From (2.36), we obtain the discrete Euler-Lagrange equation D_2L(w_k)(t_{k+1} − t_k) + D_5L(w_{k−1})(t_k − t_{k−1}) = 0, (2.37) D_3L(t_k, q_k, q_{k+} 1_2 , t_{k+1}, q_{k+1}) = 0, (2.38) D_3L(t_{k−1}, q_{k−1}, q_{k−1+} 1_2 , t_k, q_k) = 0. (2.39) We can from (2.38) and (2.39) solve for q_{k+} 1_2 and q_{k−1+} 1_2 respectively, then substitute them into (2.37) and finally solve for q_{k+1}. Therefore, the discrete Euler-Lagrange equation (2.37-2.39) still determines a discrete flow Ψ : M × M → M × M Ψ(t_{k−1}, q_{k−1}, t_k, q_k) = (t_k, q_k, t_{k+1}, q_{k+1}).

From (2.36), we can define two one forms

Θ^{v−}_L (t_k, q_k, q_{k+} 1_2 , t_{k+1}, q_{k+1}) = D_2L(t_k, q_k, q_{k+} 1_2 , t_{k+1}, q_{k+1})(t_{k+1} − t_k)dq_k, and Θ^{v+}_L (t_k, q_k, q_{k+} 1_2 , t_{k+1}, q_{k+1}) = D_5L(t_k, q_k, q_{k+} 1_2 , t_{k+1}, q_{k+1})(t_{k+1} − t_k)dq_{k+1}.

Using the same method as before, we can prove that Ψ^∗(dΘ^{v+}_L ) = −dΘ^{v−}_L . (2.40) From the definition of Θ^{v−}_L and Θ^{v+}_L , we have

Θ^{v−}_L + Θ^{v+}_L = d((t_{k+1} − t_k)L) − D_3L(t_k, q_k, q_{k+} 1_2 , t_{k+1}, q_{k+1})dq_{k+} 1_2 . (2.41) From (2.38), we obtain D_3L(t_k, q_k, q_{k+} 1_2 , t_{k+1}, q_{k+1}) = 0. Thus, Θ^{v−}_L + Θ^{v+}_L = d((t_{k+1} − t_k)L), which means dΘ^{v+}_L = −dΘ^{v−}_L . (2.42)

From (2.40) and (2.42), we arrive at

Ψ^∗(Ω^v_L) = Ω^v_L, (2.43)

where Ω^v_L= dΘ^{v+}_L .

For the classical Lagrangian (2.14), From (2.33) and (2.35), we obtain

L(t_k, q_k, q_{k+} 1_2 , t_{k+1}, q_{k+1}) = 1 t_{k+1} − t_k ∫_{tk+1} t_k ( 1 2 (q̇_h2 (t))^2 − V (q_h2 (t)) ) dt = 1 2 ( 1 3 a^2(t^2_{k+1} + t_kt_{k+1} + t^2_k) + ab(t_k + t_{k+1}) + b^2 )

− G(q_k, q_{k+} 1_2 , q_{k+1}), (2.44)

where a = 4 h^2_k ( q_k + q_{k+1} − 2q_{k+} 1_2 ) , b = 1 h^2_k ( 4(t_k + t_{k+1})q_{k+} 1_2 − (3t_k + t_{k+1})q_{k+1} − (t_k + 3t_{k+1})q_k ) , and G(q_k, q_{k+} 1_2 , q_{k+1}) = 1 t_{k+1} − t_k ∫_{tk+1} t_k V ( q_kf_k(t) + q_{k+1}f_{k+1}(t) + q_{k+} 1_2 f_{k+} 1_2 (t) ) dt, where

f_k(t) = ( 2(t − t_k) h_k − 1 )( t − t_k h_k − 1 ) , f_{k+1}(t) = ( 2(t_{k+1} − t) h_k − 1 )( t_{k+1} − t h_k − 1 ) , f_{k+} 1_2 (t) = 4 t − t_k h_k ( 1 − t − t_k h_k ) . For the discrete Lagrangian (2.44), the discrete Euler-Lagrangian equation (2.37-2.39) becomes

a_1q_{k−1} + a_2q_k + a_3q_{k+1} + a_4q_{k−} 1_2 + a_4q_{k+} 1_2 − d_1h_k − d_2h_{k−1} = 0, (2.45) − 8 3h^2_k ( q_k + q_{k+1} − 2q_{k+} 1_2 ) − ∂G(q_k, q_{k+} 1_2 , q_{k+1}) ∂q_{k+} 1_2

= 0, (2.46)

− 8 3h^2_{k−1} ( q_{k−1} + q_k − 2q_{k−1+} 1_2 ) − ∂G(q_{k−1}, q_{k−1+} 1_2 , q_k)

∂q_{k−1+} 1_2

= 0, (2.47)

where

a_1 = 1 3 1 h_{k−1} , a_2 = 7 3 ( 1 h_{k−1} + 1 h_k ) , a_3 = 1 3 1 h_k , a_4 = − 8 3 1 h_{k−1} , a_5 = − 8 3 1 h_k , d_1 =

∂G(q_k, q_{k+} 1_2 , q_{k+1}) ∂q_k , d_2 =

∂G(q_{k−1}, q_{k−1+} 1_2 , q_k) ∂q_k .

The solution of (2.45-2.47) preserves the Lagrange two form ( 1 3h_k − h_k ∂^2G(q_k, q_{k+} 1_2 , q_{k+1}) ∂q_k∂q_{k+1} − M ) dq_k ∧ dq_{k+1}, (2.48)

where

M = ( 16 3h_k + hk ∂^2G(q_k,q_{k+ 12} ,q_{k+1} )

∂q_{k+} 1_2 ∂q_k ) ( 16 3h_k + hk ∂^2G(q_k,q_{k+ 12} ,q_{k+1} ) ∂q_{k+} 1_2 ∂q_k ) ( 32 3h_k − hk ∂^2G(q_k,q_{k+} 1_2 ,q_{k+1}) ∂q^2_{k+ 12} ) .

If we take the fixed time steps h_{k−1} = h_k = h, then (2.45-2.47)) become q_{k−1} − 8q_{k−} 1_2 + 14q_k − 8q_{k+} 1_2 + q_{k+1} 3h^2

− d_1h_k − d_2h_{k−1} = 0, (2.49) − 8 3h^2 ( q_k + q_{k+1} − 2q_{k+} 1_2 ) − ∂G(q_k, q_{k+} 1_2 , q_{k+1}) ∂q_{k+} 1_2

= 0, (2.50)

− 8 3h^2 ( q_{k−1} + q_k − 2q_{k−1+} 1_2 ) − ∂G(q_{k−1}, q_{k−1+} 1_2 , q_k) ∂q_{k−1+} 1_2

= 0, (2.51)

which preserve ( 1 3h − h ∂^2G(q_k, q_{k+} 1_2 , q_{k+1}) ∂q_k∂q_{k+1} − M ) dq_k ∧ dq_{k+1}, (2.52)

where

M = ( 16 3h_k + h

∂^2G(q_k ,q_{k+ 12} ,q_{k+1} )

∂q_{k+} 1_2 ∂q_k ) ( 16 3h + h^∂

2G(q_k,q_{k+ 12} ,q_{k+1} ) ∂q_{k+} 1_2 ∂q_k ) ( 32 3h − h^∂ 2G(q_k,q_{k+} 1_2 ,q_{k+1} ) ∂q^2_{k+ 12} ) .

Suppose q_k is the solution of (2.45-2.47)) and q(t) is the solution of (2.27), then from the convergence theory of finite element methods [3, 11], we have

‖q(t) − q_h2 (t)‖ ⩽ Ch^3, (2.53)

where

q_h2 (t) = N∑ k=0 q_kϕ_k(t) + N−1∑ k=0 q_{k+} 1_2 ϕ_{k+} 1_2 (t),

h = max_k {h_k} and C is a constant independent of h.

3 Time steps as variables

In §2, the time steps t_k play the role of parameters. They are determined beforehand according to some requirements. In fact, we can also regard t_k as variables and the variation of the discrete action with respect to t_k yields the discrete energy conservation law. This fact was first observed by Lee [ 8, 9, 10]. The symplecticity of the resulting integrators was investigated in [7, 2]. These results also apply to the discrete mechanics based on finite element methods.

We regard t_k as variables and calculate the variation of the discrete action (2.1) as follows dS(t_0, q_0, · · · , t_N , q_N ) · (δt_0, δq_0, · · · , δt_N , δq_N ) = d dϵ | | |_{ϵ=0} S(t^0 + ϵδt^0, q^0 + ϵδq^0, · · · , t^N + ϵδt^N , q^N + ϵδq^N ) = N−1∑ k=1 [D_2L(w_k)(t_{k+1} − t_k) + D_4L(w_{k−1})(t_k − t_{k−1})] δq_k

+ N−1∑ k=1 [D_1L(w_k)(t_{k+1} − t_k) + D_3L(w_{k−1})(t_k − t_{k−1}) + L(w_{k−1}) − L(w_k)] δt_k

+ D_2L(w_0)(t_1 − t_0)δq_0 + D_4L(w_{N−1})(t_N − t_{N−1})δq_N + [D_1L(w_0)(t_1 − t_0) − L(w_0)] δt_0 + [D_3L(w_{N−1})(t_N − t_{N−1}) + L(w_{N−1})] δt_N , (3.1)

where w_k = (t_k, q_k, t_{k+1}, q_{k+1}), k = 0, 1, · · · , N − 1. From (3.1), we see that the variation δq_k yields the discrete Euler-Lagrange equation

D_2L(w_k)(t_{k+1} − t_k) + D_4L(w_{k−1})(t_k − t_{k−1}) = 0 (3.2)

and the variation δt_k yields the discrete energy evolution equation

D_1L(w_k)(t_{k+1} − t_k) + D_3L(w_{k−1})(t_k − t_{k−1}) + L(w_{k−1}) − L(w_k) = 0, (3.3)

which is a discrete version of (1.9). For a conservative L, (3.3) becomes the discrete energy conservation law.

From the boundary terms in (3.1), we can define two one-forms

θ^−_L(w_k) = (D_1L(w_k)(t_{k+1} − t_k) − L(w_k))dt_k + D_2L(w_k)(t_{k+1} − t_k)dq_k, (3.4) and θ^+_L(w_k) = (D_3L(w_k)(t_{k+1} − t_k) + L(w_k))dt_{k+1} + D_4L(w_k)(t_{k+1} − t_k)dq_{k+1}. (3.5)

These two one forms are the discrete version of the extended Lagrange one form (1.12).

Unlike the continuous case, the solution of (3.2) does not satisfy (3.3) in general. Therefore, we must solve (3.2) and (3.3) simultaneously. Using the same method in §2, we can show that the coupled integrator

D_2L(w_k)(t_{k+1} − t_k) + D_4L(w_{k−1})(t_k − t_{k−1}) = 0, D_1L(w_k)(t_{k+1} − t_k) + D_3L(w_{k−1})(t_k − t_{k−1}) + L(w_{k−1}) − L(w_k) = 0

(3.6)

preserves the extended Lagrange two form ω_L= dθ^+_L.

For the discrete Lagrangian (2.23), (3.6) becomes ( qk+1 − qk tk+1 − tk − qk − qk−1 tk − tk−1 ) + ∂F (wk ) ∂qk hk + ∂F (wk−1) ∂qk hk−1 = 0, 1 2 ( qk+1 − qk tk+1 − tk )_2 + F (wk ) − ∂F (wk ) ∂tk hk = 1 2 ( qk − qk−1 tk − tk−1 )_2 + F (wk−1) + ∂F (wk−1) ∂tk hk−1. For the kind of high order discrete Lagrangian, we can obtain similar formulas.

4 Conclusions

In this paper, we have presented the discrete mechanics based on finite element methods. The finite element methods provide a natural way to obtain a kind of discrete Lagrangian. Using piecewise quadratic functions, we have constructed a high order discrete Lagrangian and derived the corresponding variational integrator (the discrete Euler-Lagrange equation). The symplecticity of the high order variational integrator has also been proved.

The time steps can play the role of parameters or the role of variables. We can obtain discrete energy conservation law when the time steps are regarded as variables.

Finite element methods are well-established in numerical mathematics. Many results of finite element methods can be applied to the discrete mechanics presented in this paper such as convergence theory, error estimates as well as the solving method of the variational integrators.

Recently, it has been proved [6] that the simplectic structure preserves not only on the phase flow but also on the flows with respect to symplectic vector fields as long as certain cohomological condition is satisfied in both continuous and discrete cases. This should be able to extend to the cases in this paper. We will study this issue elsewhere.

Acknowledgments

This work was supported in part by the National Natural Science Foundation of China (grant Nos. 90103004, 10171096) and the National Key Project for Basic Research of China (G1998030601).

References

[1] V.I. Arnold, Mathematical Methods of Classical Mechanics, Springer Verlag, New York, (1989).

[2] J.B. Chen, H.Y. Guo, and K. Wu, Total variation and variational symplectic-energy-momentum integrators. Preprint arXiv: hep-th/0109178.

[3] D.G. Ciarlet, The finite element for elliptic problems, North-Holland, Amsterdam, (1978).

[4] H.Y. Guo, Y.Q. Li and K. Wu, A note on symplectic algorithms, Comm. Theor.

Phys. (Beijing), 36 (2001) 11-18. H.Y. Guo, X.M. Ji, Y.Q. Li, and K. Wu, On symplectic, multisymplectic structure-preserving in simple finite element method. Preprint arXiv: hep-th/0104151.

[5] H.Y. Guo and K. Wu, On Variations in Discrete Mechanics and Field Theory, arXiv:

hep-th/0112239.

[6] H.Y. Guo, Y.Q. Li and K. Wu, On symplectic and multisymplectic structures and their discrete versions in Lagrangian formalism, Comm. Theor. Phys. (Beijing), 35 (2001) 703-710.

H.Y. Guo, Y.Q. Li, K. Wu and S.K. Wang, Difference discrete variational principle, Euler-Lagrange cohomology and symplectic, multisymplectic structures I: Difference discrete variational principle, Comm. Theor. Phys. (Beijing), 37 (2002) 1-10; II: Euler-Lagrange Cohomology, ibid, 129-138; III: Application to Symplectic and Multisymplectic Algorithms, ibid, 257-264. See also preprint arXiv: hep-th/0106001.

[7] C. Kane, J. E. Marsden and M. Ortiz, Symplectic-energy-momentum preserving variational integrators, J. Math. Phys., 40, 3353-3371, (1999).

[8] T.D. Lee, Difference equations and conservation laws, J. Statis. Phys., 46, 843-860, (1987).

[9] T.D. Lee, Can time be a discrete dynamical variable? Phys. Lett. B, 122, 217-220, (1982).

[10] T.D. Lee, Discrete mechanics, Lectures given at the International School of Subnuclear Physics, Erice, August 1983.

[11] R.H. Li and G.S. Feng, Numerical methods for differential equations, Advanced education press, (1995). (in Chinese)

[12] J.E. Marsden, G.P. Patrick and S. Shkoller, Multisymplectic geometry, variational integrators, and nonlinear PDEs, Comm. Math. Phys., 199, 351-395 (1998).

[13] J. Moser and A.P. Veselov, Discrete versions of some classical integrable systems and factorization of matrix polynomials, Commun. Math. Phys., 139, 217-243, (1991).

[14] P. J. Olver, Applications of Lie groups to differential equations. GTM 107, Springer- Verlag, (1993).

[15] A.P. Veselov, Integrable discrete-time systems and difference operators, Funkts.

Anal. Prilozhen, 22, 1-13, (1988).

[16] A.P. Veselov, Integrable Lagrangian correspondence and the factorization of matrix polynomials, Funkts. Anal. Prilozhen, 25, 38-49, (1991).

[17] J.M. Wendlandt and J. E. Marsden, Mechanical integrators derived from a discrete variational principle. Physica D, 106, 223-246, (1997).