arXiv:hep-th/0203102 v1 12 Mar 2002

hep-th/0203102 CSULB–PA–02–1

Supersymmetric E_{8(+8)}/SO(16) Sigma-Model Coupled to N = 1 Supergravity in Three - Dimensions

Hitoshi NISHINO^1 and Subhash RAJPOOT^2

Department of Physics & Astronomy California State University Long Beach, CA 90840

Abstract

A three-dimensional simple N = 1 supergravity theory with a supersymmetric sigma-model on the coset E_{8(+8)}/SO(16) is constructed. Both bosons and fermions in the matter multiplets are in the spinorial 128 -representation of SO(16) with the same chirality. Due to their common chirality, this model can not be obtained from the maximal N = 16 supergravity. By introducing an independent vector multiplet, we can also gauge an arbitrary subgroup of SO(16) together with a Chern-Simons term. Similar N = 1 supersymmetric σ -models coupled to supergravity are also constructed for the cosets F_{4(−20)}/SO(9) and SO(8, n)/SO(8) × SO(n).

PACS: 04.65, 02.40, 02.20.T, 11.15, 11.15.B, 11.15.K Key Words: Supergravity, Supersymmetry, Three-Dimensions, Exceptional Groups, Sigma-Models, M-Theory

1E-Mail: hnishino@csulb.edu 2E-Mail: rajpoot@csulb.edu 1

1. Introduction

There have been recently considerable developments in three-dimensional (3D) extended supergravity theories 2 ≤ N ≤ 16 [1][2]. The N = 16 maximal supergravity theory has a non-trivial σ -model on the coset E_{8(+8)}/SO(16) originally explored in [1], and its most general gaugings have been intensively studied in [2]. A more unified treatment of general extended supergravities in 3D has been also given in [3].

It has been well understood that other non-maximally extended supergravities with lower N can be rather easily obtained by suitable truncations of the N = 16 maximal supergravity [1][3][2]. A typical example is N = 12 supergravity with the coset E_{7(−5)}/SO(12) × Sp(1) [1][3], which is a quaternionic Kähler manifold [4].

The maximal N = 16 supergravity [1][3][2] corresponds to 11D supergravity, and therefore it is supposed to be large enough to accommodate most of the possible target spaces coupled to lower N -extended as well as simple supergravity in 3D. Moreover, the spinorial 128 -representation of SO(16) in E_{8(+8)}/SO(16) is so peculiar that it seems difficult to couple such a coset to any lower extended supergravity theories. On the other hand, studies in 4D reveal that any Kähler manifold σ -model as the consistent target space coupled to N = 1 supergravity is further restricted to quaternionic Kähler manifold, when coupled to N = 2 supergravity [4]. Therefore, in 3D we expect an analogous restriction on σ -model target spaces. As a matter of fact, any Riemannian manifold can be the consistent target space coupled to N = 1 supergravity, while any Kähler manifold can be consistent with N = 2 supergravity [3]. The general possible target spaces for σ -models coupled to extended supergravities are categorized in [3] in an exhaustive and unified fashion, starting with N = 1 simple supergravity.

However, the formulation of N = 1 supersymmetric σ -models in [3] treats the matter fermions χ as the world-vector representation of the coset G/H, like the σ -model coordinate scalars. There is a subtlety about this treatment, because there is a difference between the chiral 128 and anti-chiral 128 -representation of SO(16) for the fermions χ, where the former was not covered as a special case in [3]. The method in [3] applied to the N = 1 as a special case is equivalent to the truncation of the N = 16 supergravity, in which the fermions will always come out to be in the anti-chiral 128 -representation.

There is another important motivation of studying the coset E_{8(+8)}/SO(16) with N = 1 supersymmetry. In 3D, it seems true that N = 1 supersymmetric σ -model can be formulated without supergravity. If both local N = 16 supersymmetry and global global N = 1 supersymmetry can realize the supersymmetrization of the same coset E_{8(+8)}/SO(16) with exactly the same physical degrees of freedom, then this provides a good motivation of studying such a globally N = 1 supersymmetric models. This link between global and local supersymmetries is associated with one important aspect of Mtheory [5], namely, globally supersymmetric 1D matrix theory formulation [6][7] is supposed to reproduce 11D supergravity [8] with local supersymmetry, and this aspect may well be associated with the maximal coset E_{8(+8)}/SO(16) in 3D. Additionally, a similar relation between local and global supersymmetries is found in the AdS/CFT correspondence, i.e., 2 the relationship between Type IIB superstring in 10D compactified into 5D and a globally N = 4 supersymmetric Yang-Mills theory in 4D [9][10], or analogous relationship between AdS(3) and CFT in 2D [11].

Motivated by these viewpoints, we will in this paper perform the coupling of supersymmetric σ -model on the coset E_{8(+8)}/SO(16) to N = 1 supergravity, with the matter fermion in the spinorial 128 -representation. As has been mentioned, our methodology different from [3] is that both the σ -model scalars φ_A and the fermions χ_A are in the 128 -representation of SO(16).

We also conjecture that we can apply the same technique to other series of cosets, such as all the cosets given in Table 1 below.

Supersymmetries Cosets G/H φ χ

N = 16 E_{8(+8)}/SO(16) 128 128 N = 12 E_{7(−5)}/SO(12) × Sp(1) 64 64 N = 10 E_{6(−14)}/SO(10) × U (1) 32 32 N = 9 F_{4(−20)}/SO(9) 16 16

Table 1: Cosets and Representations Coupled to Extended Supergravities in 3D

The common feature of these cosets is that both the bosons φ and fermions χ belong to the spinorial representation of SO(n) in H. This conjecture is based on two main reasons: First, the coset E_{8(+8)}/SO(16) is large enough to generate all of the cosets in Table 1 by its ‘truncations’. Second, we can utilize the peculiar feature in 3D that both bosons and fermions can be in the same representations. In fact, we can overcome the difference in chirality, by choosing χ_A to be chiral (undotted) spinors instead of anti-chiral (dotted) spinors, as will be done for the cosets E_{8(+8)}/SO(16) and F_{4(−20)}/SO(9). As a by-product, another N = 1 supersymmetric σ -model on SO(8, n)/SO(8) × SO(n), which has been known in N = 8 supergravity [1], is coupled to supergravity. We will also add kinetic terms and a Chern-Simons term for a vector multiplet for gauging as a possible generalization.

2. N = 1 Supergravity with σ -Model on E_{8(+8)}/SO(16)

The construction of N = 1 supergravity shares many aspects with the N = 16 case [1][2] that we can take advantage of. However, we have also to pay attention to the difference of our formulation from the N = 16 case [1][2]. The most important difference is that the representation of our fermions χ_A belong to the chiral 128 of SO(16). In ref. [3], N = 1 supersymmetric σ -models are understood as a special case of general N -extended supergravities. However, in that formulation, the fermions χ ._A always belong to the antichiral 128 -representation, after appropriate truncations from N ≥ 2 into N = 1. 3

To see how a different assignment is possible, we look into the linearized transformation of the latter for the fields (φ_A, χ ._A):^3

δ_Qφ_A = +(Γ^I )_A ._B (ϵ^I χ ._B) , δ_Qχ ._A = +^i_2 (Γ^I )_B ._Aγ^μϵ^I ∂_μφ_B . (2.1) The A, B, ··· = 1, 2, ···, 128 and ._{A,} ._{B, ··· =} ._{1,} ._{2, ···, 128} are respectively the chiral and anti-chiral spinorial representations of SO(16). Due to the index I = 1, 2, ···, 16 for the vectorial representation 16 of SO(16) on ϵ^I , we need to supply Γ -matrices in the r.h.s., in order to match the indices on the l.h.s. This structure is no longer imperative, when we need only N = 1 supersymmetry. The simplest assignment is (φ_A, χ_A), with bosons and fermions in the same 128’s. Now the linear transformation rule is much simplified as

δ_Qφ_A = +(ϵχ_A) , δ_Qχ_A = +^i_2 γ^μϵ ∂_μφ_A . (2.2)

Note that this special trick is possible, thanks to the peculiar feature of 3D supersymmetry, where the same numbers of bosonic and fermionic degrees of freedom can occupy exactly the same representation [12]. Notice also that within N = 16, we can not put both φ and χ in the same representation, due to the presence of the Γ -matrix saturating the I -index as in (2.1). Therefore, our multiplet (φ_A, χ_A) does not come from the maximal N = 16 supergravity [1][2].

In ref. [3], a unified treatment of all the extended supergravities in 3D is presented including N = 1 with the σ -model fermions χ ._A for N = 1 in [3] in the anti-chiral 128 of H in G/H. The difference here is that the particular first Gamma matrix (Γ^1)_A ._B among the Γ^I -matrices is used to compensate the dottedness of each sides in [3], while our (2.2) does not need it. This is the reason our formulation is not covered as a special case in the unified formulation in [3].

Our next step is to couple such a σ -model to an N = 1 supergravity multiplet. This is a routine construction, with Noether and quartic terms as in [1][2]. Our field content is (e_μ^m, ψ_μ, φ_A, χ_A), where A, B, ··· = 1, 2, ···, 128 are for the 128 of SO(16). The Maurer-Cartan form for coset representative V for the coset E_{8(+8)}/SO(16) is [1][2]

V^{−1}∂_μV = +P_{μA}Y_A +^1_2 Q_μ^{IJ} X^{IJ} , (2.3)

where X^{IJ} and Y_A are respectively the generators in E_8 in the directions of SO(16) and the remaining coset E_{8(+8)}/SO(16).

Our lagrangian for N = 1 supergravity with the coset E_{8(+8)}/SO(16) with a cosmological constant is rather simple:

L_{E8} = −^1_4 eR(e, ω) +^1_2 ϵ^{μνρ}(ψ_μD_ν (ω)ψ_ρ) +^1_4 eg^{μν} P_{μA}P_{νA} −^i_2 e(χ_Aγ^μD_μ(ω, Q)χ_A)

−^1_2 e(ψ_μγ^ν γ^μχ_A)P_{νA} −^1_8 e(ψ_μγ^ν γ^μψ_ν )(χχ) +^1_8 e(χχ)^2 −^1_{96} e(χΓ^{IJ} γ_μχ)^2

+ 2m^2e +^1_2 me(ψ_μγ^{μν} ψ_ν ) −^1_2 me(χχ) , (2.4)

3We are using the same notations as in [2] e.g., the metric ( η_{mn} ) = diag. (+, −, −), except for minor differences, such as putting all the spinorial (or vectorial) representation indices as subscripts (or superscripts), etc.. 4 whose action I_{E8} ≡ ∫ d^3x L_{E8} is invariant under supersymmetry

δ_Qe_μ^m = + i(ϵγ^mψ_μ) , δ_Qψ_μ = +D_μ(ω)ϵ + imγ_μϵ ,

δ_Qχ_A = +^i_2 γ^μϵ ^P_{μA} −^1_4 (Γ^{IJ} χ)_AΣ^{IJ} ( Σ ≡ tanh^L_2 S ) , δ_Qφ_A = + Lsinh L (ϵχ_A) ≡ ( L sinh L S ) A . (2.5) As in [1], L acts on a function f of φ_A like Lf ≡ ⌊⌈ V, f ⌋⌉ ≡ ⌊⌈ exp (φ_AY_A), f ⌋⌉. The ω_μ^{rs} is treated as an independent spinor connection as in the first-order formalism [13], and R(e, ω) ≡ e_m^μe_n^ν R_{μν}^{mn}(ω). Relevantly, we have the covariant derivative

D_μ(ω, Q)χ_A ≡ ∂_μχ_A +^1_4 ω_μ^{rs}γ_{rs}χ_A +^1_4 Q_μ^{IJ} (Γ^{IJ} χ)_A . (2.6)

Other notations, such as (χχ) ≡ (χ_Aχ_A), are the same as in [1]. The positive coefficient for the cosmological constant in (2.4) implies anti-de Sitter background for our 3D supergravity, as desired.

Note also that our N = 1 supergravity here can not be obtained from the maximal N = 16 [1][2] by truncations covered in [3]. This is because both bosons and fermions of the σ -model are in the 128 of SO(16), while those in [1][3][2] are in the chiral 128 and anti-chiral 128. To put it differently, even though N = 1 is much ‘smaller’ than N = 16, it still maintains the same degrees of freedom 128 + 128 as the N = 16 theory [1][2], while the chirality assignment differentiates our theory from any descendants from the N = 16 maximal supergravity [2]. In other words, there are two versions of N = 1 supersymmetric E_{8(+8)}/SO(16) σ -models coupled to supergravity, one with χ_A in the 128 as above, and another with χ ._A as in [3]. We can apply a similar method to the coset F_{4(−20)}/SO(9) which will be performed in a more unified fashion in the next section.

3. Possibility of Gaugings

As for the gauging of subgroups of E_8 similar to that in N = 16 [2], there seems to be some obstruction, due to the simple nature of N = 1 supergravity. To be more specific, following [2], we set up the possible form of an additional lagrangian in terms of a vector B_μ^m, and three functions A_1, A_{2A} and A_{3A} of the scalars φ_A:

L_{E8} |_{g, B} ≡ −^1_4 ϵ^{μνρ}B_μ^m(∂_ν B_{ρm} +^1_3 gf_{mnp}B_ν^nB_ρ^p)

+^1_2 geA_1(ψ_μγ^{μν} ψ_ν ) + igeA_{2A}(χ_Aγ^μψ_μ) +^1_2 geA_{3AB}(χ_Aχ_B)

+ a_1g^2e(A_1)^2 + a_2g^2e(A_{2A})^2 , (3.1)

with the minimal coupling constant g, and the transformation rule modifications

δ_QB_μ^M = +iV_A^M(ϵγ_μχ_A) ,

δ_Qψ_μ|_g = +igA_1γ_μ ϵ , δ_Qχ_A|_g = +gA_{2A} ϵ . (3.2) 5

Note that due to the neutral gravitino ψ_μ under SO(16), there is no ψ -linear term in δ_QB_μ, in contrast to [2]. Accordingly, the Maurer-Cartan form (2.3) is modified to V^{−1}D_μV ≡ V^{−1}∂_μV +^1_2 gB_μ^{IJ} X^{IJ} V ≡ P_{μA}Y_A +^1_2 Q_μ^{IJ} X^{IJ} [2].

The first obstruction shows up in the commutator on B_μ^M, as the g -dependent term like ⌊⌈δ_1, δ_2⌋⌉B_μ^M|_g = +2igV_A^M(ϵ_2γ_μϵ_1)A_{2A}. The problem is that this term does not seem to be absorbed into the leading term that gives the desirable translation term ≈ (ϵ_2γ^ρϵ_1)G_{ρμ}^M, by the use of the duality field equation relating P_μ to the field strength G_{μν}^M of B_μ^M. This forces us to impose the condition A_{2A} = 0, which in turn leads to the constancy of both A_1 and A_{3AB}, seen as follows: As in [2], we see that certain conditions to be satisfied by the A^′s, categorized as the vanishing of the following terms in δ_QL_{total}: (i) The gψP or gψDA_1 -terms. (ii) The gχP -terms. (iii) The g^2ψ -terms. (iv) The g^2χ -terms. (v) The gψχ^2 -terms. These respectively yield the conditions

D_μA_1 = A_{2A}P_{μA} , (3.3a)

D_μA_{2A} −^1_2 A_1P_{μA} −^1_2 A_{3AB}P_{μB} +^1_2 T_{A|B}P_{μB} = 0 , (3.3b)

(a_1 − 2)(A_1)^2 + (a_2 + 1)(A_{2A})^2 = 0 , (3.3c)

(2a_1 + a_2 − 3)A_1A_{2A} + (a_2 + 1)A_{2A}A_{3AB} + a_2T_{A|B}A_{2B} = 0 , (3.3d)

A_1δ_{AB} + A_{3AB} = 0 , (3.3e)

where T_{A|B} ≡ V_A^mΘ_{mn}V_B^n in the notation in [2]. Once A_{2A} = 0 is accepted, then from (3.3a) the only non-trivial solutions seem to be A_1 = const., A_{2A} = 0, which with (3.3c) and (3.3e) imply that a_1 = +2 and A_{3A} = −δ_{AB}A_1. At this stage we have

A_1 = const. ≠ 0. , A_{2A} = 0 , A_{3AB} = −δ_{AB}A_1 , a_1 = +2 . (3.4)

The only remaining condition is (3.3b) with the last term left over, which comes originally from the minimal coupling between B_μ^M and φ_A -scalars, implying that T_{A|B} = 0. Therefore, if we do not require the minimal couplings, all of the conditions in (3.3) are satisfied. For an obvious reason, we no longer need a_2, and this is nothing other than our result (2.4) with the cosmological constant with m ≡ gA_1.

This result indicates that there is no allowed gauge group in this formulation in contrast to N = 16 [2]. In a certain sense, this is reasonable, because N = 1 supergravity does not have so much freedom as N = 16 supergravity, and this may be the price to be paid. However, as will be mentioned, our method for E_{8(+8)}/SO(16) can be easily applied to other cosets, such as those in Table 1. In that sense, even this N = 1 simple supergravity still has rich enough structures, when coupled to non-trivial σ -models. To put it differently, in N = 1 supergravity, we have more freedom to choose the coset out of certain series such as those in Table 1 all of which can consistently couple to N = 1 supergravity. In this sense, we do not need the freedom of ‘gauging’ that plays an important role in the case of N = 16 maximal supergravity [2]. Since the supergravity multiplet does not have any physical degrees of freedom in 3D, the actual difference in the number of supersymmetries N may not be so crucial in 3D as analogous supergravities in dimensions 4D or higher. 6

The gauging we have failed is an ‘internal’ gauging, where B_μ^{IJ} transformed into χ, with no independent gaugino λ. We can show, however, that certain ‘external’ gauging with an additional multiplet (A_μ^{(r)}, λ^{(r)}) like the N = 1 σ -model in 2D [14] is indeed possible. For simplicity, we consider only the cosets G/H = E_{8(+8)}/SO(16) or F_{4(−20)}/SO(9) in a more unified notation until the end of this section. For such a purpose, it is more convenient to switch to a notation using the metric g_{αβ} on G/H, instead of using coset representatives V as we did above. The metric g_{αβ} ≡ V_{αA}V_{βA} is defined by the vielbein V_{αA} in the Maurer-Cartan form for the gauged case:

V^{−1}D_μV ≡ V^{−1}∂_μV + gA_μ^{(r)}V^{−1}T^{(r)}V = (D_μϕ^α)V_α^AY_A +^1_2 (D_μϕ^α)Q_α^{IJ} X^{IJ} , D_μϕ^α ≡ ∂_μϕ^α − gA_μ^{(r)}ξ^{α(r)} , (3.5) with the curved indices α, β, ··· = 1, 2, ···, dim (G/H), and spinorial indices A, B, ··· = 1, 2, ···, d_S where d_S is the dimensionality of the spinorial representation of H. The indices (r), (s), ··· = (1), (2), ···,

(d_0) on the generators T (r) are for the adjoint representation of an arbitrary gauged sub-

group H_0 ⊂ H with d_0 ≡ dim H_0. Accordingly, we use ϕ^α for the coordinates for the coset E_{8(+8)}/SO(16) or F_{4(−20)}/SO(9), which are the same as φ_A at the linear order, but different at higher orders.

Our total field content is now (e_μ^m, ψ_μ, ϕ^α, χ_A, A_μ^{(r)}, λ^{(r)}) for N = 1 supergravity coupled to σ -model on E_{8(+8)}/SO(16) or F_{4(−20)}/SO(9) with an ‘external’ gauging. As an additional generalization, we can also add a Chern-Simons term for the field strength F_{μν}^{(r)} [15]. The corresponding lagrangian is

L_{G/H} = −^1_4 eR(e, ω) +^1_2 ϵ^{μνρ}(ψ_μD_ν (ω)ψ_ρ) +^1_4 eg_{αβ} g^{μν} (∂_μϕ^α)(∂_ν ϕ^β ) −^i_2 e(χ_Aγ^μD_μ(ω, Q, A)χ_A) −^1_4 eg^{μν} g^{ρσ}F_{μρ}^{(r)}F_{νσ}^{(r)} − ie(λ^{(r)}γ^μD_μ(ω, A)λ^{(r)}) −^1_2 e(ψ_μγ^ν γ^μχ_A)V_{αA}D_ν ϕ^α −^i_2 e(ψ_μγ^{ρσ} γ^μλ^{(r)})F_{ρσ}^{(r)} − ge(χ_Aλ^{(r)})V_{αA}ξ^{α(r)} −^1_8 e(ψ_μγ^ν γ^μψ_ν )(χ_Aχ_A) +^1_8 e(χ_Aχ_A)^2 +^1_{12} eR_{ABCD}(χ_Aγ_μχ_B)(χ_C γ^μχ_D) +^1_2 e(ψ_μψ^μ)(λ^{(r)}λ^{(r)}) +^1_2 e(λ^{(r)}λ^{(r)})^2 +^1_2 e(χ_Aχ_A)(λ^{(r)}λ^{(r)}) +^1_2 c m ϵ^{μνρ}(F_{μν}^{(r)}A_ρ^{(r)} −^1_3 gf^{(r)(s)(t)}A_μ^{(r)}A_ν^{(s)}A_ρ^{(t)}) + 2m^2 e +^1_2 me(ψ_μγ^{μν} ψ_ν ) −^1_2 me(χ_Aχ_A) + (2c − 1)me(λ^{(r)}λ^{(r)}) , (3.6) whose action is invariant under supersymmetry δ_Qe_μ^m = +i(ϵγ^mψ_μ) , δ_Qψ_μ = +D_μ(ω)ϵ + imγ_μϵ , δ_Qϕ^α = +V_A^α(ϵχ_A) , δ_Qχ_A = +^i_2 γ^μϵV_{αA} ^D_μϕ^α −^1_4 (δ_Qϕ^α)Q_α^{IJ} (Γ^{IJ} χ)_A , δ_QA_μ^{(r)} = +i(ϵγ_μλ^{(r)}) , δ_Qλ^{(r)} = −^1_4 γ^{μν} ϵ ^F_{μν}^{(r)} . (3.7) The penultimate line of (3.6) has a coefficient with an arbitrary constant c that might be determined by the quantization of the Chern-Simons term. This constant enters also the 7 gaugino mass term. The covariant derivative D_μ contains both the composite and minimal couplings:

D_μ(ω, Q, A)χ_A ≡ + ∂_μχ_A +^1_4 ω_μ^{rs}γ_{rs}χ_A

+^1_4 (D_μϕ^α)Q_α^{IJ} (Γ^{IJ} χ)_A + 2gA_μ^{(r)}(D_A(Q)ξ_B^{(r)})χ_B , (3.8)

The covariant derivative D_A(Q) acts on the ξ’s like D_A(Q)ξ_B^{(r)} ≡ V_A^α[ ∂_αξ_B^{(r)} + (1/4)Q_α^{IJ} (Γ^{IJ} )_{AB}ξ_B^{(r)} ]. Relevantly, the curvature tensor R_{ABCD} is defined by

R_{ABCD} ≡ V_A^αV_B^β R_{αβCD} ≡^1_4 V_A^αV_B^βR_{αβ}^{IJ} (Γ^{IJ} )_{CD} , (3.9)

with the curvature tensor R_{αβ}^{IJ} for the composite connection Q_α^{IJ} for the isotropy group H [3]. More explicitly, both for the cosets E_{8(+8)}/SO(16) and F_{4(−20)}/SO(9), we have [3]^4

R_{ABCD} = −^1_8 (Γ^{IJ} )_{AB}(Γ^{IJ} )_{CD} , (3.10)

independent of the value n in SO(n) in H. This notation thus unifies the previous cases of E_{8(+8)}/SO(16) and F_{4(−20)}/SO(9). A crucial relationship in the invariance confirmation of our action is

D_A(Q)ξ_B^{(r)} = +^1_4 (Γ^{IJ} )_{AB} Q_α^{IJ} ξ^{α(r)} , (3.11)

which is proven by other relationships, such as ξ_A^{(r)} = +(1/60) tr (V^{−1} T^{(r)} V Y_A).

The g -linear (χλ) -term in (3.6) is much like similar terms in 2D heterotic σ -model [14] or N = 2 gauged hypermultiplet couplings in 6D [16]. Compared with [16], due to the neutral gravitino under H_0, we have no mixture term between ψ_μ and λ linear in g. The Chern-Simons term with the kinetic term for the vector field leads to the A_μ -field equation

D_ν F^{μν (r) ·}= c m e^{−1}ϵ^{μνρ}F_{νρ}^{(r)} + J^{μ (r)} , (3.12)

which is called ‘generalized self-duality’ condition in odd dimensions [17].

Since we no longer have strong restriction by the ‘internal’ gauging, there is no condition on the allowed gauge group H_0 as a subgroup of SO(16) for E_{8(+8)}/SO(16) or of SO(9) for F_{4(−20)}/SO(9). Additionally, the N = 1 case has more freedom than N = 16, for choosing the gravitino mass m independently of the minimal gauge coupling constant g. In this sense, this N = 1 system is much closer to the N = 1 case in 2D [14] than N = 16 in 3D, except that the former forbids the cosmological constant due to chirality. We can apply similar methods to other cosets in Table 1, which are to be skipped in this paper.

4The no sign-flip in our definition (3.9) compared with [3] costed an extra minus sign in (3.10). 8

4. Application to Coset SO(8, n)/SO(8) × SO(n)

We have so far realized a supersymmetric σ -model with the non-trivial representations 128 + 128 on such a huge coset E_{8(+8)}/SO(16) with simple N = 1 supergravity, which is different from the formulation in [3]. A next natural question is whether this formulation is possible only with the cosets E_{8(+8)}/SO(16) and F_{4(−20)}/SO(9), or are there others? In fact, this question can be answered in the affirmative, shown by a similar construction for SO(8, n)/SO(n) × SO(8) which is not contained in Table 1, but has been known as a consistent coset for N = 8 supergravity [1]. The common feature here is that the fermions on SO(8, n)/SO(n) × SO(8) are also in the spinorial 8_S of SO(8).

There is also a slight difference between SO(8, n)/SO(n) × SO(8) and G/H = E_{8(+8)}/SO(16) or F_{4(−20)}/SO(9), due to the additional isotropy group SO(n) that needs additional care. We use a notation similar to [1], and assign the (8_S, n) -representation of SO(8)×SO(n) to the fermions χ_{A a}. Accordingly, our field content is (e_μ^m, ψ_μ, ϕ^α, χ_{Aa}, A_μ^{(r)}, λ^{(r)}), where A, B, ··· = 1, 2, ···, 8 are for the chiral 8_S of SO(8), and a, b, ··· = 1, 2, ···, n for the vectorial n of SO(n). The difference here from refs. [1][3] is that our χ_{Aa} is in the 8_S but not the 8_C -representation of SO(8).

Our result for N = 1 supergravity with the SO(8, n)/SO(n) × SO(8) is summarized by the lagrangian L_{SO(8,n)} = −^1_4 eR(e, ω) +^1_2 ϵ^{μνρ}(ψ_μD_ν (ω)ψ_ρ)

+^1_4 eg_{αβ} g^{μν} (∂_μϕ^α)(∂_ν ϕ^β ) −^i_2 e(χ_{Aa}γ^μD_μ(ω, Q, A)χ_{Aa}) −^1_4 e g^{μν} g^{ρσ} F_{μρ}^{(r)}F_{νσ}^{(r)} − i e(λ^{(r)}γ^μD_μ(ω, A)λ^{(r)}) −^1_2 e (ψ_μγ^ν γ^μχ_{Aa})V_{αAa}D_ν ϕ^α −^i_2 e(ψ_μγ^{ρσ} γ^μλ^{(r)})F_{ρσ}^{(r)} − ge(χ_{Aa}λ^{(r)})V_{αAa}ξ^{α(r)} −^1_8 e (ψ_μγ^ν γ^μψ_ν )(χ_{Aa}χ_{Aa}) +^3_{32} e(χ_{Aa}χ_{Aa})^2 −^1_{64} e(χγ_μΓ^{IJ} χ)^2 −^1_{1536} e(χΓ^{IJKL}χ)^2 +^1_2 e(ψ_μψ^μ)(λ^{(r)}λ^{(r)}) +^1_2 e(λ^{(r)}λ^{(r)})^2 +^1_2 e(χ_{Aa}χ_{Aa})(λ^{(r)}λ^{(r)}) +^1_2 c m ϵ^{μνρ}(F_{μν}^{(r)}A_ρ^{(r)} −^1_3 gf^{(r)(s)(t)}A_μ^{(r)}A_ν^{(s)}A_ρ^{(t)}) + 2m^2 e +^1_2 m e (ψ_μγ^{μν} ψ_ν ) −^1_2 me(χ_{Aa}χ_{Aa}) + (2c − 1)me(λ^{(r)}λ^{(r)}) , (4.1) and the supersymmetry transformation rule δ_Qe_μ^m = +i(ϵγ^mψ_μ) , δ_Qψ_μ = +D_μ(ω)ϵ + imγ_μϵ , δ_Qϕ^α = +V_{Aa}^α(ϵχ_{Aa}) , δ_Qχ_{Aa} = +^i_2 γ^μϵV_{αAa} ^D_μϕ^α − (δ_Qϕ^α)

[_1

4 Q_α^{IJ} (Γ^{IJ} χ_a)_A + Q_{αab}χ_{Ab} ] , δ_QA_μ^{(r)} = +i(ϵγ_μλ^{(r)}) , δ_Qλ^{(r)} = −^1_4 γ^{μν} ϵ ^F_{μν}^{(r)} . (4.2) Our notation is much like that in [1], and other relevant relationships are also similar to the previous section, such as the covariant derivative D_μ(ω, Q)χ_{Aa} ≡ + ∂_μχ_{Aa} +^1_4 ω_μ^{rs}γ_{rs}χ_{Aa} +^1_4 Q_μ^{IJ} (Γ^{IJ} )_{AB} χ_{Ba} + Q_{μab}χ_{Ab} + 2gA_μ^{(r)}V_{Aa}^α(D_α(Q)ξ_{Bb}^{(r)})χ_{Bb} . (4.3) 9

As before, we use notations like Q_μ^{IJ} ≡ (D_μϕ^α)Q_α^{IJ} . The Killing vectors ξ^{α (r)} are in the directions of an arbitrary gauged group H_0 ⊂ SO(8, n)×SO(n) with (r), (s), ··· = (1), (2), ···, (d) for d ≡ dim H_0. The relationship corresponding to (3.11) is now

V_{Aa}^αD_α(Q) ξ_{Bb}^{(r)} = +^1_4 (Γ^{IJ} )_{AB} δ_{ab}Q_α^{IJ} ξ^{α(r)} + δ_{AB} Q_{αab}ξ^{α(r)} . (4.4)

As is easily seen, even though there is an additional factor group in SO(8, n)/SO(n) × SO(8), it exhibits a parallel structure between (4.1) and (3.6). Thus we can treat both of these cosets in a more unified fashion like that in [3], the details of which we skip in this paper due to space limitation.

Note that the case with SO(8, n)/SO(n) × SO(8) can not come from the N = 8 supergravity [1][2] via any truncations. The reason is that in our theory χ_{Aα} belongs to the 8_S of SO(8), while ϕ^α is equivalent to φ_{Aa} in the 8_S of SO(8). In other words, we have the (φ, χ) in the (8_S, 8_S) of SO(8), while those in [1][3] are either (8_V, 8_C) or (8_S, 8_C) because of the ‘triality’ of SO(8), but not (8_S, 8_S) due to the chirality-flipping by the Γ -matrix (Γ^I )_A ._A [3]. In particular, for the above-mentioned reason, both fermions and bosons in N = 8 in [1] can not be put into the same representations like ours. Notice also that this situation is different from the case of F_{4(−20)}/SO(9), in which N = 9 supergravity with F_{4(−20)}/SO(9) has the same Majorana 16 -representation for the whole σ -model multiplet, due to the oddness of 9 in SO(9). (Cf. Table 1.) In other words, N = 9 supergravity with F_{4(−20)}/SO(9) can reproduce N = 1 supergravity with the same coset by some truncations.

5. Globally N = 1 Supersymmetric σ -Model on E_{8(+8)}/SO(16)

As we promised, we next clarify the realization of these σ -models only with global supersymmetry without supergravity. Even though this looks rather straightforward, after we have constructed the local case, the consequences seem non-trivial for two reasons. The first reason is that for general supergravity theories, there has been another wisdom about the couplings to supergravity restricting the algebraic structure of σ -model cosets. A typical example is N = 2 supersymmetric σ -model in 4D. It has been well-known [4] that global N = 2 supersymmetry in 4D requires the coset to be hyper-Kähler manifold, which is further restricted to quaternionic Kähler manifold, when coupled to N = 2 supergravity. From this example, we expect that the same coset may not be consistent, if couplings to supergravity are turned off, when going to global supersymmetry. In 3D, however, we see that the coset structure of E_{8(+8)}/SO(16) is ‘independent’ of the couplings to supergravity, i.e., the same coset with exactly the same field representations can be supersymmetrized even with global N = 1 supersymmetry. The second reason is related to the possible link with M-theory [5][7], or the question between global and local supersymmetrization of the maximal coset coming from 11D supergravity [8], as mentioned in the Introduction.

The corresponding lagrangian is easily constructed by truncating all the supergravity fields in section 2. However, one caveat is that when we study the χ^4 -quartic terms, 10 there arises certain subtlety related to the Fierz rearrangements. Our lagrangian for N = 1 globally supersymmetric σ -model on G/H = E_{8(+8)}/SO(16) or F_{4(−20)}/SO(9) thusobtained is

L_{global G/H} = +^1_4 g_{αβ}(∂_μϕ^α)(∂^μϕ^β) −^i_2 (χ_Aγ^μD_μ(Q)χ_A) +^1_{12} R_{ABCD} (χ_Aγ_μχ_B)(χ_C γ^μχ_D)

−^1_4 (F_{μν}^{(r)})^2 − i(λ^{(r)}γ^μD_μ(A)λ^{(r)})

+^1_2 c m ϵ^{μνρ}(F_{μν}^{(r)}A_ρ^{(r)} −^1_3 gf^{(r)(s)(t)}A_μ^{(r)}A_ν^{(s)}A_ρ^{(t)}) + 2c m (λ^{(r)}λ^{(r)}) , (5.1)

with global N = 1 supersymmetry

δ_Qϕ^α = V_A^α(ϵχ_A) , δ_Qχ_A = +^i_2 γ^μϵV_{αA}∂_μϕ^α −^1_4 (δ_Qϕ^α)Q_α^{IJ} (Γ^{IJ} χ)_A ,

δ_QA_μ^{(r)} = +i(ϵγ_μλ^{(r)}) , δ_Qλ^{(r)} = −^1_4 γ^{μν} ϵF_{μν}^{(r)} . (5.2)

It is interesting to see the absence of (χχ)^2 -term that was present in the local case (2.4). This can be traced back to the absence of the ψ -torsion in the variation of the χ -field kinetic term. Needless to say, we do not have the cosmological constant, when supersymmetry is realized globally.

As for ‘external’ gaugings, there seems to be a problem related to the absence of the Noether term. In the local case (3.6), the gχF -terms out of the variations of the Noether term and g(χλ) -term cancelled each other. However, in the global case, the absence of the former requires the absence of the latter, which in turn implies that the gλ∂ϕ terms in δ_QL have no counter-term, indicating the failure of the minimal coupling.

This result leads to the natural conjecture that a similar procedure can be performed to get globally N = 1 supersymmetric σ -models for other cosets in Table 1, as well as SO(8, n)/SO(8) × SO(n), whose confirmation we skip in this paper.

6. Concluding Remarks

In this paper, we have carried out an explicit construction of N = 1 supergravity in 3D coupled to a supersymmetric σ -model on the ‘maximal’ coset E_{8(+8)}/SO(16) with both bosons and fermions in the same chiral 128 -representation of SO(16), which is not covered as a special case in the unified formulation in [3]. We have also seen that such a supersymmetric σ -model is possible even without coupling to supergravity.

The results in our present paper elucidate several important new aspects of supergravity in 3D: First, we can actually couple supergravity to σ -model on huge cosets like E_{8(+8)}/SO(16) with the σ -model multiplet in the (128, 128) of SO(16), which can not be obtained from N = 16 supergravity [1][3][2] by truncations. This is due to the difference of the field representations (128, 128) in the latter. Second, we can apply this method to other cosets like those in Table 1. As an explicit example, we have dealt with the metric notation compatible with F_{4(−20)}/SO(9). Third, we can also add some cosmological 11 constant and gravitino mass term, as in N = 16 supergravity [2]. Fourth, we have seen that the ‘internal’ gauging is not possible for any subgroup in the same fashion as in [2]. However, since we can choose such a wide variety of cosets within N = 1 supergravity as in Table 1, we do not regard this as a drawback. Fifth, we have seen that we can introduce an additional vector multiplet for ‘external’ gauging, with no restriction on allowed gauge groups for the subgroups H_0 ⊂ H of G/H for E_{8(+8)}/SO(16) or F_{4(−20)}/SO(9). We can also add a Chern-Simons term for the vector multiplet, leading to the ‘generalized self-duality’ field equation. Sixth, we have further seen that the N = 1 globally supersymmetric σ -model on the coset E_{8(+8)}/SO(16) is realized without supergravity, and the same seems also true for other cosets in Table 1, and SO(8, n)/SO(8) × SO(n).

Our result in this paper also constitutes a good counter-example against the conventional wisdom that since supergravity in 11D [8] with 128+128 degrees of freedom naturally yields the maximal supergravity in dimensions D ≤ 10, and that any other ‘lower’ N supergravity within that dimension is most likely obtained by truncations from the maximal supergravity. Hence, any lower N supergravity has necessarily ‘fewer’ degrees of freedom. Therefore, some degrees of freedom in 128 + 128 in the maximal N = 16 supergravity in 3D are supposed to be lost in the truncation to reach our N = 1 supergravity. However, as we have seen, the total degrees of freedom of our N = 1 supergravity are still 128 + 128 in the irreducible representations of SO(16), with the total number maintained to be the same as N = 16 supergravity [1][3][2].

Note also that our N = 1 supergravity with E_{8(+8)}/SO(16) is not obtained by a truncation from the maximal N = 16 supergravity in 3D [1][3][2]. The reason is that our σ -model fields (φ_A, χ_A) are both in the same chiral 128 of SO(16), while those in [1][3][2] have (φ_A, χ ._A) in the chiral 128 and anti-chiral 128 -representations. Even though our N = 1 theory has obviously fewer supersymmetries compared with the maximal N = 16 [1][2], our system has different representations, and yet the same 128+128 physical degrees of freedom. The fact that our N = 1 system does not come from N = 16, but has the same degrees of freedom 128+128 is peculiar to 3D, where supergravity has no physical degree of freedom. From these considerations, we may regard our N = 1 supersymmetric σ -model on E_{8(+8)}/SO(16) as the ‘chiral’ version of E_{8(+8)}/SO(16), while that from N = 16 [1][3][2] as a ‘non-chiral’ version. We can further regard this new feature as ‘duality’ or even ‘triality’ for all the cosets in Table 1.^5

It has been known that any Riemannian manifold can be the consistent target space for locally N = 1 supersymmetric σ -models in 3D [3]. Since the coset E_{8(+8)}/SO(16) is also a Riemannian manifold, it is no wonder that N = 1 supergravity can be coupled to E_{8(+8)}/SO(16) itself. However, the important point is that our fermions χ are in the 128 of SO(16) instead of the 128 considered in the construction in [3]. In other words, our result has opened a new direction for possible σ -model representations in N = 1 supergravity.

Our result makes sense also from the following viewpoint: Since there is no physical degree of freedom for the supergravity multiplets in 3D, ‘extended supersymmetries’ do not

5This is with the exception of F_{4(−20)}/SO(9) due to the same chirality shared by bosons and fermions. 12 have such strong significance as in 4D or higher. Once we recognize this crucial point, it is not a far-fetched wishful-thinking to expect that our N = 1 supergravity has an equally good chance of being directly related to M-theory [5][7] in 11D [8] as the maximal N = 16 supergravity [1][3][2].

It seems also true that our N = 1 supergravity with E_{8(+8)}/SO(16) has no higherdimensional ‘ancestor’ theory among conventional ones, such as 11D supergravity [8]. This is inferred from the fact that our multiplet (φ_A, χ_A) forms the ‘irreducible’ 128 + 128 of SO(16) with the coset E_{8(+8)}/SO(16), whose higher-dimensional origin is not clear. This is in a sharp contrast to the multiplet (φ_A, χ ._A) in the maximal N = 16 supergravity [1][2] with its direct origin in 11D supergravity [8]. Thus our N = 1 E_{8(+8)}/SO(16) supergravity seems to be disconnected from the conventional higher-dimensional theories, as well as from other higher N within 3D [3]. Note also that the ‘minimal’ supergravity by simple dimensional reduction from N = 1 supergravity in 4D is N = 2 supergravity in 3D. In this sense, our N = 1 supergravity in 3D is more ‘chiral’, like N = 1 supergravity in 10D.

We have also emphasized the connection between the global and local supersymmetries, such as the same coset E_{8(+8)}/SO(16) realized both with N = 16 local and N = 1 global supersymmetries. A close link between global and local supersymmetries for the same coset may be the first manifestation of their important relationship with M-theory [5][7], which is yet to be uncovered. The AdS/CFT correspondence between Type IIB supergravity and a globally N = 4 supersymmetric Yang-Mills theory in 4D [9][10][11] is another suggestive example in this direction. The redundancy of local supersymmetry for supersymmetric σ -models suggests a more direct link between local supergravity with AdS(3) and global supersymmetric theories already within 3D before going down to 2D.

It is a peculiar nature in 3D that there is certain freedom for supersymmetric theories. This can be observed roughly in two different directions. The first one is, as we have seen, so much freedom of constructing σ -models within N = 1 supergravity, where we can accommodate even the ‘largest’ coset E_{8(+8)}/SO(16). The second direction is to go to higher values of N up to N → ∞ with no limit, in terms of Chern-Simons formulations [18], called ℵ_0 supergravity theories [19], in the absence of σ -models. Even though these two directions seem complementary to each other, they may well be the manifestation of different phases of a more fundamental theory such as M-theory [5][7][6]. Or, turning the table around, we can use 3D supergravity as a ‘working ground’ for the better understanding of M-theory itself [5][7][6].

We believe that our result in this paper has the potential to generate other supergravity models with N = 1 supergravity in 3D that have not been explored in the past. We emphasize that the crucial ingredient in our work is the fact that in 3D the supergravity multiplets have no physical degree of freedom. This fact is in sharp contrast with what we know in higher dimensions.

We are grateful to P.K. Townsend for informing us about supersymmetric σ -models in 3D. 13

References

[1] N. Marcus and J.H. Schwarz, Nucl. Phys. B228 (1983) 145.

[2] H. Nicolai and H. Samtleben, Phys. Rev. Lett. 86 (2001) 1686, hep-th/0010076; JHEP04 (2001) 022. [3] B. de Wit, A.K. Tollstén and H. Nicolai, Nucl. Phys. B392 (1993) 3, hep-th/9208074. [4] J. Bagger and E. Witten, Phys. Lett. B115 (1982) 202; Nucl. Phys. B222 (1983) 1. [5] C. Hull and P.K. Townsend, Nucl. Phys. B438 (1995) 109; E. Witten, Nucl. Phys. B443 (1995) 85; P.K. Townsend, ‘Four Lectures on M-Theory’, in ‘Proceedings of ICTP Summer School on High Energy Physics and Cosmology’, Trieste (June 1996), hep-th/9612121; ‘M-theory from its Superalgebra’, hep-th/9712004.

[6] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, Phys. Rev. D55 (1997) 5112. [7] For reviews of M(atrix)-theory, see, e.g., A. Bilal, Fort. für Phys. 47 (1999) 5; T. Banks, ‘TASI Lecture Note on Matrix Theory’, hep-th/9911068; W. Taylor IV, The M(atrix) Model of M-Theory’, Lectures for NATO school ‘Quantum Geometry’ (Iceland 1999), hep-th/0002016; and references therein [8] E. Cremmer, B. Julia and N. Scherk, Phys. Lett. 76B (1978) 409; E. Cremmer and B. Julia, Nucl. Phys. B159 (1979) 141.

[9] I. Klebanov, Nucl. Phys. B496 (1997) 231, hep-th/9702076; S. Gubser, I. Klebanov and A.A. Tseytlin, Nucl. Phys. B499 (1997) 217, hep-th/9703040; S. Gubser and I. Klebanov, Phys. Lett. B 413 (1997) 41, hepth/9708005; J. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200; S. Gubser, I. Klebanov and A. Polyakov, Phys. Lett. B428 (1998) 105, hep-th/9802109; E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150.

[10] For reviews, see, e.g., O. Aharony, S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Phys. Rept. 323 (2000) 183;

hep-th/9905111; E. D’Hoker and D.Z. Freedman, ‘Supersymmetric Gauge Theories and the AdS/CFT Correspondence’, hep-th/0201253.

[11] M. Günaydin, G. Sierra and P.K. Townsend, Nucl. Phys. B274 (1986) 429. [12] J. Strathdee, Int. Jour. Mod. Phys. A2 (1987) 273. [13] P. van Nieuwenhuizen, Phys. Rep. 68C (1981) 189.

[14] E. Bergshoeff, H. Nishino, and E. Sezgin, Phys. Lett. 166B (1986) 141.

[15] S.J. Gates Jr., M.T. Grisaru, M. Roček and W. Siegel, Superspace, Benjamin/Cummings, Reading, MA, 1983; A. Acúcarro and P.K. Townsend, Phys. Lett. 180B (1986) 89; H. Nishino and S.J. Gates, Jr., Int. Jour. Mod. Phys. A8 (1993) 3371.

[16] H. Nishino and E. Sezgin, Phys. Lett. 144B (1984) 187; Nucl. Phys. B278 (1986) 353. [17] P.K. Townsend, K. Pilch and P. van Nieuwenhuizen, Phys. Lett. 136B (1984) 38; Addendum: ibid. 137B (1984) 443.

[18] M. Roček and P. van Nieuwenhuizen, Class. and Quant. Gr. 3 (1986) 43; A. Achucaro and P.K. Townsend, Phys. Lett. 180B (1986) 89; Phys. Lett. 229B (1989) 383.

[19] H. Nishino and S.J. Gates, Jr., hep-th/9606090, Nucl. Phys. B480 (1996) 573.

14