arXiv:hep-th/0203104 v2 29 Sep 2002

SWAT-03-332

Ultra-Violet Infinities and Counterterms in Higher Dimensional Yang-Mills

David C. Dunbar and Nicolaus W. P. Turner^1

Department of Physics, University of Wales Swansea, Swansea, SA2 8PP, UK

Abstract

In this letter we investigate the ultra-violet behaviour of four-point one-loop gluon amplitudes in dimensions greater than four coupled to various particles types. We discuss the structure of the counterterms and their inherent symmetries.

1Research supported by PPARC

1 Introduction

In this letter we study the ultra-violet behaviour of higher dimensional Yang-Mills theories. In four dimensions, Yang-Mills theory [1] has a dimensionless coupling constant and is in fact renormalisable [2]. However, for D > 4 the coupling constant has dimensions,

[g^2] = (D − 4) (1.1)

and the presence of any ultra-violet infinities would potentially render the theory non-renormalisable. We shall examine the counterterms for pure Yang-Mills and Yang-Mills coupled to a range of matter contents. In general, infinities in gluon scattering amplitudes are removed by counterterms of the form D^mF^n (1.2)

(where the indices on the field strength F_{ab} have been suppressed). By determining the counterterms we aim to gain insight into the structures needed to regulate theories with dimensionfull coupling constants. This is in many ways the opposite approach from starting with a very symmetric theory at high energies and taking the low energy limit. Instead we hope to “rediscover” structures such as superstrings [3] by extrapolating to high energies. In some senses, the behaviour of Yang-Mills in D > 4 mirrors that of gravity in D > 2 and we hope to extend our investigations to the case of gravity [4].

We work within a dimensional reduction prescription [5], in which the one-loop amplitudes are finite in odd dimensions. Thus in even dimensions, at one-loop, there is the possibility of divergences in the amplitudes. For dimensions D = 6, 8 and 10 we find the counterterm structure and for even dimensions where D > 10 we find an illustrative amplitude containing a non-vanishing divergence. Since for higher dimensions the infinities are, in general, greater than logarithmic the structure of the counterterms is very much dependent on the regularisation scheme and, in fact, counterterms evaluated using a cut-off regularisation scheme would be very different. Since dimensional regularisation manifestly preserves the gauge symmetry of the amplitude, the counterterm structure manifestly exhibits gauge invariant features.

We shall determine the counterterms by the calculation of on-shell physical amplitudes. In a gauge theory the two- and three-point functions vanish on-shell and hence will not determine the counterterm structure and we must evaluate four-point amplitudes. (Thus we are effectively only sensitive to divergences up to D^mF^n with n ≤ 4.)

2 Organisation of the Amplitudes

Although we are interested in amplitudes in D > 4, we can still use some of the powerful techniques used to evaluate amplitudes in D = 4 [6]. In particular, we shall use a form of “spinorhelicity” [7], “color-ordering” [8, 9] and a supersymmetric organisation of particle type. Organising amplitudes carefully according to helicity, color and spin can be termed “total quantum number management” [10].

Spinor Helicity: Spinor helicity is principally a four dimensional concept where the polarisation vectors ϵ_μ are realised as combinations [7] of Weyl spinors |k^±⟩,

ϵ^+_μ (k; q) = ⟨q^−| γ_μ |k^−⟩ √ 2 ⟨q k⟩ ϵ^−_μ (k; q) = ⟨q^+| γ_μ |k^+⟩ √ 2 [k q]

(2.1) where k is the gluon momentum and q is an arbitrary null ‘reference momentum’ which drops out of the final gauge-invariant amplitudes. The plus and minus labels on the polarization vectors refer to the gluon helicities and we use the notation ⟨ij⟩ ≡ ⟨k^−_i |k^+_j ⟩ , [ij] ≡ ⟨k^+_i |k^−_j ⟩. These spinor products are anti-symmetric and satisfy ⟨i j⟩[j i] = 2k_i · k_j ≡ s_{ij} . For four-point amplitudes we will use the usual Mandelstam variables s = s_{12}, t = s_{14} and u = s_{13}.

We can use four dimensional helicity provided we identify a suitable four dimensional subspace of the D dimensions. If we have a four-point amplitude, momentum conservation implies we can use the three independent 3-momenta plus time to define a four dimensional subspace. In this frame the momenta of the scattered particles lie exclusively in the four dimensional hyperspace. Defining

x^a = (x^μ; x^I ) (2.2)

where there are D − 4 coordinates x^I . With this choice of coordinates

k^I_i = 0 (2.3)

for the four external momenta, k_i, and we can choose the helicity vectors ϵ_a to be of two types: ϵ^±_a and ϵ^I_a ϵ^±_a = (ϵ^±_μ ; 0) ϵ^I_a = ( 0 ; 0, . . ., 0, 1, 0, . . ., 0)

(2.4)

which provide D − 2 independent polarisation vectors.

Color Ordering: One-loop SU(N_c) gauge theory amplitudes can be written in terms of independent color-ordered partial amplitudes multiplied by an associated color structure [8, 9]. The decomposition of the four-point one-loop gluon amplitude (with adjoint particles in the loop) is

A_4({a_i, k_i, ϵ_i}) = ∑ σ N_c Tr(T^{aσ(1)} T^{aσ(2)} T^{aσ(3)} T^{aσ(4)} ) A_{4;1}(σ(1), σ(2), σ(3), σ(4)) + ∑ ρ Tr(T^{aρ(1)} T^{aρ(2)} ) Tr(T^{aρ(3)} T^{aρ(4)} ) A_{4;3}(ρ(1), ρ(2); ρ(3), ρ(4))

(2.5)

where a_i, k_i and ϵ_i are respectively the color index, momentum and polarisation of the i^{th} external gluon. We have also abbreviated the arguments of the ‘partial amplitudes’, A_{n;j} , by the labels i of the legs and the T^{ai} are fundamental representation matrices, normalized so that Tr(T^aT^b) = δ^{ab}. The sums over ρ and σ include all non-cyclic permutations of the indicies σ(i) and ρ(i) which leave the color trace structure invariant. The structure for any number of legs is similar, with no more than two color traces appearing in each term (at one-loop). String theory suggests, and it has been proven in field theory, that the A_{n;j>1} may be obtained from A_{n;1} by an appropriate permutation sum [9, 17], A_{n;j} (1, 2, . . ., j − 1; j, j + 1, . . ., n) = (−1)^{j−1} ∑ σ∈COP {α}{β} A_{n;1}(σ) (2.6) where α_i ∈ {α} ≡ {j − 1, j − 2, . . ., 2, 1}, β_i ∈ {β} ≡ {j, j + 1, . . ., n − 1, n}, and COP {α}{β} is the set of all permutations of {1, 2, . . ., n} with n held fixed that preserve the cyclic ordering of the α_i within {α} and of the β_i within {β}, while allowing for all possible relative orderings of the α_i with respect to the β_i.

Thus, we need only consider the A_{n;1}, for they contain the information necessary to reconstruct the full one-loop amplitude, and any identity proven for the A_{n;1} extends automatically to the full amplitude. From here on we shall concentrate upon A_{n;1} (often abbreviated to A_n).

Using spinor helicity, the color ordered amplitudes A_4(1, 2, 3, 4) can be organised according to the helicity of the external states which, by convention, we take to be outgoing. For D = 4, there are only four independent amplitudes,

A_4(1^+, 2^+, 3^+, 4^+), A_4(1^−, 2^+, 3^+, 4^+), A_4(1^−, 2^−, 3^+, 4^+), A_4(1^−, 2^+, 3^−, 4^+) (2.7)

the others being obtained by conjugation or cyclic permutation. In D > 4 we also have to consider

A_4(1^+, 2^+, 3^I , 4^I ), A_4(1^+, 2^I , 3^+, 4^I ), A_4(1^−, 2^+, 3^I , 4^I ), A_4(1^−, 2^I , 3^+, 4^I ) (2.8) and A_4(1^I , 2^I , 3^J , 4^J ), A_4(1^I , 2^J , 3^I , 4^J ), A_4(1^I , 2^I , 3^I , 4^I ) (2.9)

where I ≠ J.

Particle Content: Loop amplitudes depend upon the particle content of the theory and for gauge theories these depend upon both the spin and gauge representation of the particles. To determine the total ultra-violet structure we must determine these different contributions. We concentrate upon particles which lie in the adjoint of the gauge group and consider the contributions from three particle types: complex scalar, fermion, and vector, which we denote by A^{[J]}_{n;1} where J may be S, F or V . We draw upon lessons from string-based techniques for computing one-loop amplitudes in gauge theories [11] which reveal that the gluon amplitudes are most simply calculated [12] by evaluating the contributions from different supersymmetry multiplets. In D = 4, these contributions are those from a N = 4 supermultiplet and from a N = 1 matter multiplet,

A^{N =4}_{n;1} ≡ A^{[V ]}_{n;1} + 4A^{[F ]}_{n;1} + 3A^{[S]}_{n;1}

A^{N =1 chiral} n;1 ≡ A^{[F ]}_{n;1} + A^{[S]}_{n;1}

(2.10)

Experience shows that these are considerably easier to calculate than A^{[V ]}_{n;1} and A^{[F ]}_{n;1} and from these supersymmetric contributions and A^{[S]}_{n;1} we can reconstruct,

A^{[V ]}_{n;1} = A^{N =4}_{n;1} − 4A^{N =1 chiral} n;1 + A^{[S]}_{n;1}

A^{[F ]}_{n;1} = A^{N =1 chiral} n;1 − A^{[S]}_{n;1}

(2.11)

For 4 ≤ D ≤ 10 similar supersymmetric decompositions are very useful, but the exact form is dimension dependent due to the changing nature of the spinors involved, however one combination is always the dimensional reduction of the D = 10, N = 1 theory. The contribution from this multiplet has been calculated previously (using the low energy limit of string theory) [13] and the final result in this case is particularly simple; the amplitude is proportional to stA^{tree} times a scalar box integral. (The simplification in the maximally supersymmetric case has allowed the calculation of the two-loop four-point amplitude both for Yang-Mills [14] and Gravity [15].) The results for general particle type contain considerably more structure.

3 Evaluating Amplitudes

There are a variety of techniques for calculating loop amplitudes, often more efficient than a Feynman diagram approach. In our calculations, we illustrate the use of two quite different alternates to Feynman diagrams.

Firstly, we use Cutkosky cutting techniques [16, 17, 18]. The optical theorem leads to the Cutkosky cutting rules in field theory and it is possible to use these rules to determine amplitudes provided one evaluates the cuts to “all orders in ϵ”. (This is within the context of dimensional regularisation where amplitudes are evaluated in D = 2N − 2ϵ.) These all-ϵ results allow a complete reconstruction of the amplitude and by analytically continuing in dimension one can obtain the amplitudes for a range of dimensions.

Secondly, we use the Bern-Kosower rules for evaluating QCD amplitudes [11] which arose from the low energy limit of string theory amplitudes. In conventional field theory they have been shown to be related to mixed gauge choices [19] and also to the “World-line formalism” [20]. Since String theory exists most naturally in D = 10 or D = 26, the rules are trivially adapted to D > 4. From Cutting: Amplitudes with purely four dimensional helicities have been calculated previously [21, 22], so for our first example, let us consider the amplitude A^{1−loop}_4 (1^I , 2^J , 3^I , 4^J ). We illustrate this technique by considering the cut in this amplitude in the s-channel with all the gluons out-going. According to the Cutkosky rules it is given by

−i Disc A^{1−loop}_4 (1^I , 2^J , 3^I , 4^J ) | |_{s−cut} = ∫ dLIP S ∑ internal states,s

A^{tree}_4 (−ℓ^s_1, 1^I , 2^J , ℓ^s_2) A^{tree}_4 (−ℓ^s_2, 3^I, 4^J , ℓ^s_1)

(3.1) as shown in figure 1.

1^I

2^J 3^I

4^J ℓ^s_2

ℓ^s_1

Figure 1: The s-channel cut

To use the cutting rules to determine amplitudes precisely, we must be careful in evaluating the tree amplitudes. Dimensional regularisation applies to the internal loop momentum meaning that internal and external legs are evaluated in different dimensions. For our case this means the external legs lie in 2N dimensions and the internal legs lie in D = 2N − 2ϵ dimensions. (For calculational purposes we have let the 2N dimensional external momenta define a four dimensional hyperspace.)

In this example we will consider a complex scalar within the loop and with these definitions, the tree amplitude for two external gluons and two internal complex scalars is

A^{tree}_4 (−ℓ_1, 1^I, 2^J , ℓ_2) = −i ( √ 2g)^2 l^I_1 l^J_1 (l_1 − k_1)^2

(3.2)

where l^I_1 denotes the I^{th} component of the loop momentum l_1. Thus

−i Disc A^{1−loop}_4 (1^I , 2^J , 3^I , 4^J ) | | |_{s−cut} = −2 ( √ 2g)^4 ∫ dLIP S (l^I_1)^2 (l^J_1 )^2 (l_1 − k_1)^2(l_1 + k_4)^2

= 2 ( √ 2g)^4 ∫ d_Dl_1 (2π)^D

(l^I_1)^2 (l^J_1 )^2 l^2_1(l_1 − k_1)^2l^2(l_1 + k_4)^2 | | | | |_{s−cut} (3.3)

This s-channel expression is also correct for the t-channel cut and so we can determine the full amplitude to be

A^{[S]}_4 (1^I , 2^J , 3^I , 4^J ) = 2i ( √ 2g)^4 (4π)^{D/2} I^D_4 [(l^I_1)^2 (l^J_1 )^2] (3.4)

The (l^I_1)^2 effectively shifts the dimension of the integral and so for general dimension, D, we have,

A^{[S]}_4 (1^I , 2^J , 3^I , 4^J ) = i ( √ 2g)^4 (4π)^{D/2} 1 2 I^{D+4}_4 (3.5)

where the n-point scalar one-loop integral in D dimensions is

I^D_n = i (−1)^{n+1} (4π)^{D/2} ∫ d_Dp (2π)^D 1 p^2(p − k_1)^2(p − k_1 − k_2)^2 . . . (p − k_1 − k_2 − . . . − k_{n−1})^2

(3.6)

This amplitude is quite similar to the amplitude A^{[S]}_4 (1^+, 2^+, 3^+, 4^+) [23] with

A^{[S]}_4 (1^+, 2^+, 3^+, 4^+) = − st ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 1⟩ (D − 4)(D − 2) 4 A^{[S]}_4 (1^I , 2^J , 3^I , 4^J ) (3.7)

The amplitude A^{[S]}_4 (1^I , 2^J , 3^I , 4^J ) will contain divergences in even dimensions and extracting these for this amplitude gives

D = 6 : − i ( √ 2g)^4 (4π)^3 ϵ u 240 D = 8 : + i ( √ 2g)^4 (4π)^4 ϵ

(2t^2 + st + 2s^2)

10080

D = 10 : + i ( √ 2g)^4 (4π)^5 ϵ

(3s^3 + st^2 + s^2t + 3t^3)

362880

D = 12 : + i ( √ 2g)^4 (4π)^6 ϵ

(12s^4 + 3s^3t + 2s^2t^2 + 3st^3 + 12t^4) 39916800

D = 14 : + i ( √ 2g)^4 (4π)^7 ϵ

(10s^5 + 2s^4t + s^3t^2 + s^2t^3 + 2st^4 + 10t^5) 1037836800

(3.8)

These clearly show that this amplitude has a non-vanishing divergence for even dimensions where 6 ≤ D ≤ 14. Although, we do not explicitly present them, the amplitude has a non-vanishing divergence for all even dimensions, D ≥ 16.

From String Based Rules: The string based rules provide a compact mechanism for obtaining the Feynman parameter polynomials in one-loop integrals. For example, examining the amplitude A_4(1^−, 2^+, 3^+, 4^+) using these rules, we find the contribution to the one-loop amplitude in D = 4 due to a complex scalar is [11, 6]

A^{[S]}_4 (1^−, 2^+, 3^+, 4^+) = −i ( √ 2g)^4

[2 4]^2 [1 2] ⟨2 3⟩ ⟨3 4⟩ [4 1] s^2t 2 ( D_4(s, t)^{(a)} + D_3(s)^{(b)} ) (3.9)

where the Feynman parameter integrals are

D_4(s, t)^{(a)} =

Γ(4 − D/2) (4π)^{D/2} ∫_1 0 4∏ i=1 da_i δ ( 1 − 4∑ i=1 a_i ) −(a_1 + a_2)a^2_3a_4 (−sa_1a_3 − ta_2a_4)^{4−D/2}

D_3(s)^{(b)} =

Γ(3 − D/2) (4π)^{D/2} 1 s ∫_1 0 da_1da_3da_4 δ ( 1 − ∑ i a_i ) a_1a_3a_4 (−sa_1a_3)^{3−D/2}

(3.10)

The String based rules for D = 4 arise from a reduction of D = 10 string theory, so the rules can be trivially adapted to any D ≤ 10 and the Worldline formalism suggests they would be valid in any dimension. The Feynman parameter polynomial will be identical in all dimensions and so evaluating the loop integrals we have the following overall divergences

D = 6 : − i ( √ 2g)^4 (4π)^3 ϵ

[2 4]^2 [1 2] ⟨2 3⟩ ⟨3 4⟩ [4 1] st 240 D = 8 : 0

D = 10 : + i ( √ 2g)^4 (4π)^5 ϵ

[2 4]^2 [1 2] ⟨2 3⟩ ⟨3 4⟩ [4 1] s^2t^2 60480

(3.11)

For the choices of helicity, A_4(1^+, 2^+, 3^+, 4^+) and A_4(1^−, 2^+, 3^+, 4^+), the supersymmetric contributions vanish in any dimension D ≤ 10. In D = 4 this is shown using supersymmetric Ward identities [24] and for D > 4 the supersymmetric algebra contains the D = 4 superalgebra as a subalgebra and hence these contributions will also vanish.

Counterterms in D = 6: Counterterms for one-loop calculations may be of the form F^3 or D^2F^2. By using the equations of motion and the Bianchi identities the terms quadratic in F may be eliminated [25] leaving a single possible counterterm Tr ( F^b_a F^c_b F^a_c ) (3.12)

The coefficient of this single term could be determined from any of the (non-zero) one-loop amplitudes and could depend upon the particle content of the theory in a non-trivial way. However, this simplifies as can be seen by looking at the amplitude A_4(1^+, 2^+, 3^+, 4^+). As discussed above, this amplitude vanishes in any supersymmetric theory, and since the F^3 counterterm is non-vanishing for this amplitude its coefficient must vanish in any supersymmetric theory. (The amplitudes corresponding to this counterterm in D = 6 appear when considering higher derivative theories in D = 4 [26].) This simplifies the amplitude considerable when using a supersymmetric decomposition where the contributions from the supersymmetric multiplets vanish.

In D = 6 we can consider the N = 2 multiplet (which is the reduction of the D = 10, N = 1 theory) which contains one vector, two Weyl fermions and two complex scalars, so that,

A^{N =2}_4 = A^{[V ]}_4 + 2A^{[F ]}_4 + 2A^{[S]}_4 (3.13)

There is also the N = 1 vector multiplet with one vector and one Weyl fermion,

A^{N =1}_4 = A^{[V ]}_4 + A^{[F ]}_4 (3.14)

Inverting these relationships gives,

A^{[V ]}_4 = −A^{N =2}_4 + 2A^{N =1}_4 + 2A^{[S]}_4

A^{[F ]}_4 = A^{N =2}_4 − A^{N =1}_4 − 2A^{[S]}_4

(3.15)

Although the amplitudes A^{N =2}_4 and A^{N =1}_4 are non-vanishing for general helicities they have no ultraviolet infinities by the above argument. If our theory has N_v vector particles, N_f fermions and N_s complex scalars, the counterterm will be proportional to

2N_v − 2N_f + N_s (3.16) or equivalently N_B − N_F (3.17)

where N_B is the total number of bosonic degrees of freedom and N_F is the total number of fermionic degrees of freedom. Therefore, in D = 6, it is possible to determine the entire counterterm structure by examining the contributions to the amplitudes from scalar particles circulating in the loop.

Using the string based rules, or other techniques, one can obtain the complete set of amplitudes and extract the infinities, giving

A^{[S]}_4 (1^+, 2^+, 3^+, 4^+) | | |_{1ϵ} = +i ( √ 2g)^4 (4π)^3 ϵ 1 ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 1⟩ stu 120 A^{[S]}_4 (1^−, 2^+, 3^+, 4^+) | | |_{1ϵ} = −i ( √ 2g)^4 (4π)^3 ϵ

[2 4]^2 [1 2] ⟨2 3⟩ ⟨3 4⟩ [4 1] st 240 A^{[S]}_4 (1^−, 2^−, 3^+, 4^+) | | |_{1ϵ} = 0

A^{[S]}_4 (1^−, 2^+, 3^−, 4^+) | | |_{1ϵ} = 0

A^{[S]}_4 (1^+, 2^+, 3^I , 4^I ) | |_{1ϵ} = −i ( √ 2g)^4 (4π)^3 ϵ

⟨3 4⟩^2 ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 1⟩ tu 240 A^{[S]}_4 (1^+, 2^I , 3^+, 4^I ) | | |_{1ϵ} = −i ( √ 2g)^4 (4π)^3 ϵ

⟨2 4⟩^2 ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 1⟩ st 240 A^{[S]}_4 (1^−, 2^+, 3^I , 4^I ) | | |_{1ϵ} = 0

A^{[S]}_4 (1^−, 2^I , 3^+, 4^I ) | | |_{1ϵ} = 0

A^{[S]}_4 (1^I , 2^I , 3^J , 4^J ) | | |_{1ϵ} = −i ( √ 2g)^4 (4π)^3 ϵ u 240 A^{[S]}_4 (1^I , 2^J , 3^I , 4^J ) | | |_{1ϵ} = −i ( √ 2g)^4 (4π)^3 ϵ u 240 A^{[S]}_4 (1^I , 2^I , 3^I , 4^I ) | | |_{1ϵ} = −i ( √ 2g)^4 (4π)^3 ϵ u 80

(3.18)

Comparing the one-loop infinity from any of the non-zero amplitudes with an amplitude calculated from the F^3 term we can determine the D = 6 counterterm structure to be

i (N_B − N_F ) ( √ 2g)^3 (4π)^3ϵ N_c 720 Tr ( F^b_a F^c_b F^a_c ) (3.19)

This is for adjoint particles only, if we have n_f representations of fundamental particles the factor N_c is replaced by n_f . The counterterm obviously vanishes in a supersymmetric theory or in any theory where the number of bosonic and fermionic degrees of freedom are equal and then the theory is one-loop finite.

Counterterms in D = 8: The D = 8 case is more complex than that of D = 6. A general counterterm will be a dimension eight operator. These can be of the symbolic forms

D^4F^2 D^2F^3 F^4 (3.20)

The form of the counterterm can be changed by using the equations of motion. In general the equations of motion will be of the form D^aF_{ab} = δL_{matter} δA^b (3.21)

where L_{matter} is the Lagrangian density for the matter which is coupled to the gauge field and generally δL_{matter}/δA^b is quadratic in the matter fields. Counterterms differing by expressions involving D^aF_{ab} will thus give the same purely gluonic amplitudes but will, in general, give differing contributions to amplitudes involving at least two matter fields. This means there are ambiguities in the purely gluonic counterterms which cannot be resolved without the calculation of amplitudes involving matter fields. Wherever possible we shall use identities to replace terms with less than four field strengths.

For example, consider the D^2F^3 terms. These have been enumerated in ref [27] for SU(3) where they find three such operators, two of which involve D^aF_{ab}, and so can be replaced using the equations of motion. The third of these does not involve the equations of motion directly

O^{(8)}_3 ∼ Tr ( F^b_a F^c_b D^2F^a_c ) (3.22)

However, using D^2F^b_a = i √ 2g [F^c_a , F^b_c ] + D^bD_cF^c_a − D_aD_cF^{bc} (3.23) this operator can be replaced by the combination i √ 2g Tr ( F^b_a F^c_b [F^d_c , F^a_d ] ) = i √ 2g Tr ( F^b_a F^c_b F^d_c F^a_d ) − i √ 2g Tr ( F^b_a F^c_b F^a_d F^d_c ) (3.24)

Thus when considering physical four gluon amplitudes in D = 8 it is consistent to take as a basis of counterterms the four field strengths operators. In general, if possible, it makes good calculational sense to choose counterterms which mirror the structure of the amplitudes.

There are eight possible counterterms of the form F^4,

G_1 = Tr ( F^b_a F^c_b F^d_c F^a_d ) G_2 = Tr ( F^b_a F^d_c F^c_b F^a_d ) G_3 = Tr ( F_{ab}F^{ab}F_{cd}F^{cd} ) G_4 = Tr ( F_{ab}F_{cd}F^{ab}F^{cd} ) G_5 = Tr ( F^b_a F^c_b ) Tr ( F^d_c F^a_d ) G_6 = Tr ( F^b_a F^d_c ) Tr (F^c_b F^a_d )

G_7 = Tr ( F_{ab}F^{ab} ) Tr ( F_{cd}F^{cd} ) G_8 = Tr (F_{ab}F_{cd}) Tr (F^{ab}F^{cd})

(3.25)

Of these four involve a double trace. These double trace counterterms will not contribute to the leading in color A_{n;1} but only to the A_{n;j>1}. Since the A_{n;j>1} are deducible from the A_{n;1} we need not consider these double traces here.^1

1The eight counterterms have been enumerated previously by Morozov [25] using a non-color ordered formulation. His tensors are linear combinations of ours. Specifically, for SU(Nc); M1 ≡ (G^2 )^2 = G7 , M2 ≡ (GG̃)^2 = 4G6 − 2G8 , M3 ≡ (G^aG^b)^2 = G8, M4 ≡ (G^aG̃^b)^2 = 4G5 − G7 − G8, M5 ≡ (dGG)^2 = −4G3 , M6 ≡ (dGG̃)^2 = −16G2 + 4(G3 + G4) +^8_{Nc} (2G6 − G8), M7 ≡ (d^{abm}G^a_{pq} G^b_{rs})(d^{cdm}G^c_{pq} G^d_{rs}) = −2(G3 + G4 ) +^4_{Nc} G8 , M8 ≡ (d^{abm}G^a_{pq} G^b_{rs})(d^{cdm}G̃^c_{pq}G̃^d_{rs}) = −8(G1 + G2) + 6G3 + 2G4 +^4_{Nc} (4G5 − G7 − G8 ). In ref [27] there are only six F^4 tensors since for SU(3) only six of these eight are independent.

Thus we consider a general counterterm to be of the form,

c_1G_1 + c_2G_2 + c_3G_3 + c_4G_4 (3.26)

Calculating with this general counterterm will give expressions for the amplitudes. For example, in the all-plus case we have,

A_4(1^+, 2^+, 3^+, 4^+) = −i ( √ 2g)^4 (4π)^4 st ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 1⟩ [ (c_2 + 2c_3 + 4c_4)(s^2 + t^2) − 2(c_1 − c_2 − 4c_4)st ] (3.27) From this we can see that it will be necessary to evaluate more than a single amplitude in order to determine the entire counterterm structure.

For the different contributions circulating in the loop we can consider the simple supersymmetric D = 8, N = 1 multiplet which consists of a vector, a Weyl fermion and a single complex scalar,

A^{N =1}_4 = A^{[V ]}_4 + A^{[F ]}_4 + A^{[S]}_4 (3.28)

This is the only supersymmetric contribution, however, it is still useful to separate a “scalar” part from the vector and fermion contributions,

A^{[V ]}_4 = 3A^{[S]}_4 + A^{[V −S]}_4 A^{[F ]}_4 = −4A^{[S]}_4 + A^{[F −S]}_4

(3.29)

We will calculate all four contributions; A^{[S]}_4 , A^{[V −S]}_4 , A^{[F −S]}_4 and A^{N =1}_4 , although only three are independent since A^{N =1}_4 = A^{[V −S]}_4 + A^{[F −S]}_4 (3.30) Calculating the entire set of amplitudes, we have infinities which are summarised in table 1. We find that the different contributions to the counterterms are

G^{[S]} = ( √ 2g)^4 (4π)^4ϵ N_c 80640 ( 4G_1 + 24G_2 + 34G_3 + G_4 )

G^{[F ]} = ( √ 2g)^4 (4π)^4ϵ N_c 5040 ( 20G_1 + 78G_2 − 19G_3 − 16G_4 )

G^{[V ]} = ( √ 2g)^4 (4π)^4ϵ N_c 26880 ( 452G_1 + 696G_2 − 190G_3 − 55G_4 )

G^{N =1} = ( √ 2g)^4 (4π)^4ϵ N_c 192 ( 4G_1 + 8G_2 − 2G_3 − G_4 ) (3.31)

The N = 1 contribution has been calculated previously [13] and can be rewritten as

G^{N =1} = ( √ 2g)^4 (4π)^4ϵ N_c 386 t_8 · F^4 (3.32)

where the tensor t_8 appears in several contexts related to string theory and is defined in equation 9.A.18 of reference [3]. These counterterms do not vanish for a supersymmetric theory, nor is there any choice of N_s, N_f and N_v for which ( N_sA^{[S]}_4 + N_vA^{[V ]}_4 + N_f A^{[F ]}_4 )| |_{1ϵ} = 0 (3.33)

Amplitude Overall Factor A^{[S]}_4 A^{N=1}_4 A^{[V−S]}_4 A^{[F−S]}_4

A_4(1^+, 2^+, 3^+, 4^+) −i^( √ 2g)^4 (4π)^4 ϵ 1 ⟨1 2⟩⟨2 3⟩⟨3 4⟩⟨4 1⟩ s^2 tu 4 2s^2 +st+2t^2

420su 0 0 0

A_4(1^−, 2^+, 3^+, 4^+) −i^( √ 2g)^4 (4π)^4 ϵ

[2 4]^2 [1 2]⟨2 3⟩⟨3 4⟩[4 1] s^2t

4 0 0 0 0

A_4(1^−, 2^−, 3^+, 4^+) −i^( √ 2g)^4 (4π)^4 ϵ

⟨1 2⟩^4 ⟨1 2⟩⟨2 3⟩⟨3 4⟩⟨4 1⟩ st 4 1 210 1 6 1 10 1 15 A_4(1^−, 2^+, 3^−, 4^+) −i^( √ 2g)^4 (4π)^4 ϵ

⟨1 3⟩^4 ⟨1 2⟩⟨2 3⟩⟨3 4⟩⟨4 1⟩ st 4 1 630 1 6 2 15 1 30 A_4(1^+, 2^+, 3^I , 4^I ) −i^( √ 2g)^4 (4π)^4 ϵ

⟨3 4⟩^4 ⟨1 2⟩⟨2 3⟩⟨3 4⟩⟨4 1⟩ st 2 −^{10s+t}_{5040} 0 −^u_{120}^u_{120}

A_4(1^+, 2^I , 3^+, 4^I ) i^( √ 2g)^4 (4π)^4 ϵ

⟨2 4⟩^4 ⟨1 2⟩⟨2 3⟩⟨3 4⟩⟨4 1⟩ st 2 u 2520 0 u 120 −^u_{120}

A_4(1^−, 2^+, 3^I , 4^I ) −i^( √ 2g)^4 (4π)^4 ϵ

[1 2]^2⟨1 3⟩^2 [1 2]⟨2 3⟩⟨3 4⟩[4 1] t^2

2s −^s_{2520} −^s_{12} −^{7s}_{120} −^s_{40}

A_4(1^−, 2^I , 3^+, 4^I ) −i^( √ 2g)^4 (4π)^4 ϵ 1 [1 2]⟨2 3⟩⟨3 4⟩[4 1] s^2 t^2

2u −^u_{1680} −^u_{12} −^u_{20} −^u_{30}

A_4(1^I , 2^I , 3^J , 4^J ) i^( √ 2g)^4 (4π)^4 ϵ

10s^2+3st+2t^2 10080 − tu 24 −^{s2 −6st−7t2}_{240}^{s2 +4st+3t2}_{240}

A_4(1^I , 2^J , 3^I , 4^J ) i^( √ 2g)^4 (4π)^4 ϵ

2s^2 +st+2t^2

10080 − st 24 s^2−4st+t^2 240 −^{s2 +6st+t2}_{240}

A_4(1^I , 2^I , 3^I , 4^I ) i^( √ 2g)^4 (4π)^4 ϵ

2s^2 +st+2t^2

1440 s^2+st+t^2 24 7s^2+8st+7t^2 240 3s^2+2st+3t^2 240 Table 1: The 1/ϵ infinities for the four-point one-loop gluon amplitudes in D = 8.

Counterterms in D = 10: In general there are rather a lot of possible dimension ten operators which can act as counterterms. These can be of the form,

D^6F^2 D^4F^3 D^2F^4 F^5 (3.34)

Of these the F^5 terms will only contribute to amplitudes with at least five gluons, so we will not determine them here. As in the D = 8 case there are ambiguities between the D^4F^3 and D^2F^4 terms which cannot be resolved using only four gluon amplitudes. Fortunately, as in D = 8 it is possible to choose the counterterms to be entirely of the form D^2F^4.

There are seven possible single-trace linearly independent counterterms of the form D^2F^4,

H_1 = Tr ( D_eF^b_a D^eF^c_b F^d_c F^a_d ) H_2 = Tr ( D_eF^b_a D^eF^d_c F^c_b F^a_d ) H_3 = Tr ( D_eF^b_a D^eF^a_d F^c_b F^d_c ) H_4 = Tr ( D_eF_{ab}D^eF^{ab}F_{cd}F^{cd} ) H_5 = Tr ( D_eF_{ab}D^eF_{cd}F^{ab}F^{cd} ) H_6 = Tr ( D_eF_{ab}D^eF_{cd}F^{cd}F^{ab} ) H_7 = Tr ( D_eF^b_a D^aF^c_b F^d_c F^e_d )

(3.35)

For the different contributions circulating in the loop we can consider the simple supersymmetric D = 10, N = 1 multiplet which consists of a vector and a Majorana-Weyl fermion,

A^{N =1}_4 = A^{[V ]}_4 + A^{[F ]}_4 (3.36)

This is the only supersymmetric contribution and again we extract a “scalar” contribution,

A^{[V ]}_4 = 4A^{[S]}_4 + A^{[V −S]}_4

A^{[F ]}_4 = −4A^{[S]}_4 + A^{[F −S]}_4

(3.37)

and calculate all four contributions; A^{[S]}_4 , A^{[V −S]}_4 , A^{[F −S]}_4 and A^{N =1}_4 . The infinities for the entire set of amplitudes are shown in tables 2 and 3 and these give rise to the following counterterms,

Amplitude Overall Factor A^{[S]}_4 A^{N=1}_4 A^{[V−S]}_4 A^{[F−S]}_4

A_4(1^+, 2^+, 3^+, 4^+) −i^( √ 2g)^4 (4π)^5 ϵ 1 ⟨1 2⟩⟨2 3⟩⟨3 4⟩⟨4 1⟩ s^2 tu 4 3s^3+s^2 t+st^2 +3t^3 7560su 0 0 0

A_4(1^−, 2^+, 3^+, 4^+) −i^( √ 2g)^4 (4π)^5 ϵ

[2 4]^2 [1 2]⟨2 3⟩⟨3 4⟩[4 1] s^2t

4 −^t_{15120} 0 0 0

A_4(1^−, 2^−, 3^+, 4^+) −i^( √ 2g)^4 (4π)^5 ϵ

⟨1 2⟩^4 ⟨1 2⟩⟨2 3⟩⟨3 4⟩⟨4 1⟩ st 4 3s+t 7560 − u 120 3s+5t 840 2s+t 420 A_4(1^−, 2^+, 3^−, 4^+) −i^( √ 2g)^4 (4π)^5 ϵ

⟨1 3⟩^4 ⟨1 2⟩⟨2 3⟩⟨3 4⟩⟨4 1⟩ st 4 −^u_{15120} −^u_{120} −^{17u}_{2520} −^u_{630}

A_4(1^+, 2^+, 3^I , 4^I ) −i^( √ 2g)^4 (4π)^5 ϵ

⟨3 4⟩^4 ⟨1 2⟩⟨2 3⟩⟨3 4⟩⟨4 1⟩ st 2 −^{33s2+5st−4t2} 181440 0

2s^2+st+2t^2 2520 −

2s^2 +st+2t^2 2520

A_4(1^+, 2^I , 3^+, 4^I ) i^( √ 2g)^4 (4π)^5 ϵ

⟨2 4⟩^4 ⟨1 2⟩⟨2 3⟩⟨3 4⟩⟨4 1⟩ st 2 −^{3s2+2st+3t2}

181440 0 −

2s^2 +st+2t^2 2520

2s^2+st+2t^2 2520

A_4(1^−, 2^+, 3^I , 4^I ) −i^( √ 2g)^4 (4π)^5 ϵ

[1 2]^2⟨1 3⟩^2 [1 2]⟨2 3⟩⟨3 4⟩[4 1] t^2 2s −^{s(2s+3t)} 181440 su 240 −^{s(16s+13t)}

5040 − s(5s+8t) 5040

A_4(1^−, 2^I , 3^+, 4^I ) −i^( √ 2g)^4 (4π)^5 ϵ 1 [1 2]⟨2 3⟩⟨3 4⟩[4 1] s^2 t^2 2u u^2 45360 u^2 240 u^2 420 u^2 560 Table 2: The 1/ϵ infinities for the four-point one-loop gluon amplitudes in D = 10.

H^{[S]} = − ( √ 2g)^4 (4π)^5ϵ N_c 181440 ( 4H_1 + 2H_2 + 6H_3 + 15H_4 − 12H_7 )

H^{[F ]} = − ( √ 2g)^4 (4π)^5ϵ N_c 90720 ( 64H_1 + 212H_2 + 96H_3 − 21H_4 − 63H_5 − 45H_6 + 24H_7 )

H^{[V ]} = − ( √ 2g)^4 (4π)^5ϵ N_c 181440 ( 628H_1 + 332H_2 + 564H_3 − 147H_4 − 63H_5 − 99H_6 − 48H_7 )

H^{N =1} = − ( √ 2g)^4 (4π)^5ϵ N_c 960 ( 4 (H_1 + H_2 + H_3) − (H_4 + H_5 + H_6) ) (3.38)

The supersymmetric amplitude has, again, been calculated previously [13]. If we had been using a cut-off regularisation scheme we would have expected a counterterm of the form Λ^2F^4 and then compatibility with maximal supersymmetry would force the F^4 to be of the unique form t_8 · F^4. In

Amplitude O F A^{[S]}_4 A^{N=1}_4 A^{[V−S]}_4 A^{[F−S]}_4

A_4(1^I , 2^I , 3^J , 4^J ) i^( √ 2g)^4 (4π)^5 ϵ

33s^3+7s^2 t+st^2 +3t^3 362880 tu^2 480 6t^3+15t^2u+26tu^2 +4u^3 10080 −

6t^3+15t^2u+5tu^2 +4u^3 10080

A_4(1^I , 2^J , 3^I , 4^J ) i^( √ 2g)^4 (4π)^5 ϵ

3s^3+s^2 t+st^2+3t^3 362880 stu 480 2s^3 −3s^2t−3st^2+2t^3 5040 −

4s^3+15s^2 t+15st^2+4t^3 10080

A_4(1^I , 2^I , 3^I , 4^I ) i^( √ 2g)^4 (4π)^5 ϵ

13s^3+3s^2 t+3st^2+13t^3 120960 s^3 +2s^2 t+2st^2+t^3 480 13s^3+33s^2t+33st^2+13t^3 10080

8s^3+9s^2 t+9st^2+8t^3 10080

Table 3: The amplitudes in D = 10 involving purely (D − 4) dimensional helicities.

the case of dimensional regularisation the counterterm is of the form D^2F^4 and can be rewritten as

H^{N =1} = − ( √ 2g)^4 (4π)^5ϵ N_c 1920 t_8 · D^2F^4 (3.39)

where

t_8 · D^2F^4 = t^{a1 b1a2b2 a3b3a4b4}

8 D_cF_{a1b1} D^cF_{a2b2} F_{a3b3} F_{a4 b4}

= − 2 [ Tr ( D_eF_{ab}D^eF^{ab}F_{cd}F^{cd} ) + Tr ( D_eF_{ab}D^eF_{cd}F^{ab}F^{cd} ) + Tr ( D_eF_{ab}D^eF_{cd}F^{cd}F^{ab} )] + 8 [ Tr ( D_eF^b_a D^eF^a_d F^c_b F^d_c ) + Tr ( D_eF^b_a D^eF^c_b F^d_c F^a_d ) + Tr ( D_eF^b_a D^eF^d_c F^c_b F^a_d )]

= 2 ( 4 (H_1 + H_2 + H_3) − (H_4 + H_5 + H_6) ) (3.40) This is, necessarily, compatible with supersymmetry. As one can see the covariant derivatives, D^c, are contracted with each other and the tensor linking the four field strengths, F_{ab}, is t_8. The infinity for maximal supersymmetry can be written as

∼ stA^{tree} × (s + t) (3.41)

and extending this expression to the case where the tree amplitudes are for external gluons and/or gluinos will generate the full quartic component of the counterterm. Again these counterterms are non-vanishing and so for both the D = 8 and D = 10 cases a larger symmetry group than supersymmetry is required to produce a finite one-loop theory.

4 Conclusions

In this letter we have evaluated physical on-shell amplitudes and determined the counterterm structure for higher dimensional Yang-Mills. The availability of specialised modern techniques for calculating on-shell loop amplitudes makes this a more efficient technique than the tradition approach of evaluating smaller point off-shell functions.

Since higher dimensional Yang-Mills is a gauge theory with a dimensionfull coupling constant we expect many of the structures we obtained to arise in a similar manner for gravity calculations. With increasing dimension the complexity of the counterterm structure increases significantly and the possibilities of obtaining a finite predictive theory are more restrictive, probably requiring the existence of a much larger symmetry group, such as the symmetries of string theory. Supersymmetry, in itself, is not enough to provide these symmetries.

References

[1] C. N. Yang and R. L. Mills, Phys. Rev. 96:191 (1954)

[2] G. ’t Hooft, Nucl. Phys. B33:173 (1971), Nucl. Phys. B35:167 (1971)

G. ’t Hooft and M. J. Veltman, Nucl. Phys. B44:189 (1972)

[3] M.B. Green, J.H. Schwarz, and E. Witten, Superstring Theory (Cambridge University Press, 1987)

[4] D.C. Dunbar and N.W.P. Turner, in preparation

[5] G. ’t Hooft and M. Veltman, Nucl. Phys. B44:189 (1972)

[6] M. Mangano and S.J. Parke, Phys. Rep. 200:301 (1991)

Z. Bern, L. Dixon and D.A. Kosower, Ann. Rev. Nucl. Part. Sci. 46:109 (1996) [hep-ph/9602280]

[7] P. De Causmaecker, R. Gastmans, W. Troost and T.T. Wu, Phys. Lett. B105:215 (1981), Nucl. Phys. B206:53 (1982) P. De Causmaecker, R. Gastmans, W. Troost and T.T. Wu, R. Kleiss and W.J. Stirling, Nucl. Phys. B262:235 (1985) J.F. Gunion and Z. Kunszt, Phys. Lett. B161:333 (1985) Z. Xu, D.-H. Zhang and L. Chang, Nucl. Phys. B291:392 (1987)

[8] J.E. Paton and H.M. Chan, Nucl. Phys. B10:516 (1969)

F.A. Berends and W.T. Giele, Nucl. Phys. B294:700 (1987) M. Mangano, Nucl. Phys. B309:461 (1988)

[9] Z. Bern and D.A. Kosower, Nucl. Phys. B362:389 (1991)

Z. Bern, L. Dixon and D.A. Kosower, Nucl. Phys. B437:259 (1995) [hep-th/9409393]

[10] L. J. Dixon, in QCD and Beyond proceedings, edited by Davison E. Soper (World Scientific, 1996) 758p.

[hep-ph/9601359]

[11] Z. Bern and D.A. Kosower, Nucl. Phys. B379:451 (1992), Phys. Rev. Lett. 66:1669 (1991) Z. Bern, Phys. Lett. B296:85 (1992) K. Roland, Phys. Lett. B289:148 (1992) Z. Bern, D.C. Dunbar and T. Shimada, Phys. Lett. B312:277 (1993) [hep-th/9307001] G. Cristofano, R. Marotta and K. Roland, Nucl. Phys. B392:345 (1993) D.C. Dunbar and P.S. Norridge, Nucl. Phys. B433:181 (1995) [hep-th/9408014]

[12] Z. Bern, L. Dixon and D.A. Kosower, Phys. Rev. Lett. 70:2677 (1993)

Z. Bern, in Proceedings of Theoretical Advanced Study Institute in High Energy Physics (TASI 92), edited by J. Harvey and J. Polchinski (World Scientific, 1993) [hep-ph/9304249]

[13] M.B. Green, J.H. Schwarz and L. Brink, Nucl. Phys. B198 (1982) 474

[14] Z. Bern, J. S. Rozowsky and B. Yan, Phys. Lett. B 401 (1997) 273 [hep-ph/9702424]

[15] Z. Bern, L. Dixon, D.C. Dunbar, M. Perelstein and J.S. Rozowsky, Nucl. Phys. B530:401 (1998) [hep-th/9802162]

[16] R.E. Cutkosky, J. Math. Phys. 1:429 (1960)

[17] Z. Bern, L. Dixon, D.C. Dunbar and D.A. Kosower Nucl. Phys. B425:217 (1994) [hep-ph/9403226]

[18] Z. Bern, L. Dixon, D.C. Dunbar and D.A. Kosower Nucl. Phys. B435:59 (1995) [hep-ph/9409265], Nucl. Phys. Proc. Suppl. BC 39:146 (1995) [hep-ph/9409214]

[19] Z. Bern and D.C. Dunbar, Nucl. Phys. B379:562 (1992)

[20] M.J. Strassler, Nucl. Phys. B385:145 (1992) [hep-ph/9205205]

M.G. Schmidt and C. Schubert, Phys. Lett. B318:438 (1993) [hep-th/9309055], Phys. Lett. B331:69 (1994) [hep-th/9403158] C. Schubert, Acta Phys.Polon. B27:3965 (1996) [hep-th/9610108] D.G.C. McKeon, Ann. Phys. (N.Y.) 224:139 (1993) [21] Z. Bern and A.G. Morgan, Nucl. Phys. B467:479 (1996) [hep-ph/9511336] [22] Z. Bern, V. Del Duca and C. R. Schmidt, Phys. Lett. B 445 (1998) 168 [hep-ph/9810409] [23] Z. Bern, L. Dixon, D.C. Dunbar and D.A. Kosower, Phys. Lett. B394:105 (1997) [hep-th/9611127] [24] M.T. Grisaru, H.N. Pendleton and P. van Nieuwenhuizen, Phys. Rev. D15:996 (1977) M.T. Grisaru and H.N. Pendleton, Nucl. Phys. B124:81 (1977) S.J. Parke and T. Taylor, Phys. Lett. B157:81 (1985) [25] A. Yu. Morozov Sov. J. Nucl. Phys. 40 (1984) 505 [26] L. Dixon and Y. Shadmi, Nucl. Phys. B423:3 (1994) [hep-ph/9312363] [27] P. L. Cho and E. H. Simmons, Phys. Rev. D 51 (1995) 2360 [hep-ph/9408206] E. H. Simmons, Phys. Lett. B 246 (1990) 471