arXiv:hep-th/0203210 v1 22 Mar 2002

RCA-02-01

Stable accelerating universe with no hair

Pedro F. González-Díaz Centro de Física “Miguel Catalán”, Instituto de Matemáticas y Física Fundamental, Consejo Superior de Investigaciones Científicas, Serrano 121, 28006 Madrid (SPAIN) (Dated: March 25, 2002)

After reviewing the main characteristics of the spacetime of accelerating universes driven by a quintessence scalar field with constant equation of state ω, we investigate in this paper the classical stability of such spaces to cosmological perturbations, particularizing in the case of a closed geometry and equation of state ω = −2/3. We conclude that this space is classically stable and conjecture that accelerating universes driven by quintessential fields have ”no-hair”.

PACS numbers: 04.20.Jb, 98.80.Hw

I. INTRODUCTION

Knowing the fate of the universe has always possibly been the main goal of cosmology. The speculation on what the future of the universe might be has now become even more complicated. Following recent observations in supernovas Ia [1] a real revolution has stirred cosmology, leading to a plethora of new views, concepts and finally to an emerging entirely new cosmological scenario which some like to call the New standard Cosmology [2]. Critically pivotal of such a scenario is the already overwhelmingly accepted view that the expansion of the present universe is accelerating [3]. Whether this acceleration would continue forever or it will stop to recover decelerating expansion is still not known. The key ingredient that provides the repulsive force required by an accelerating universe is cosmic dark energy which, even though is not directly detectable, should make nearly the seventy percent of the total energy content in the universe. So far, two main candidates have been considered for dark energy: a positive cosmological constant [4] and the so-called quintessence field, a slowly-varying scalar field with negative pressure which only recently (in cosmic time) has started to dominate over all forms of matter [5,6]. Several compelling arguments have been advanced [5-7] in favor of cosmic quintessence with respect to the cosmological constant.

It has recently been argued however [8-10] that if accelerating expansion continues eternally, then a future event horizon will inexorably form and this would represent the demise for any mathematically consistent formulation of quantum gravity and string theory, both in the case that the universe be now dominated by a positive cosmological constant or by a cosmic quintessential field with constant [5] or time-dependent [6] equation of state. This possibly is one of the greatest challenges ever posed to theoretical physics. The formation of a future event horizon, which would make it impossible to construct any consistent Smatrix for string theory, is an unavoidable consequence from the causal future development of any initial surface in the accelerating universe if quantum coherence is to be preserved. Nevertheless, there exist solutions to the static Einstein equations for an eternally accelerating universe endowed with a quintessence scalar field with constant equation of state which do not show any event horizon [11]. This is made possible because such solutions possess a Kleinian signature that can lead to allowance of world lines traveling backward in time. Relative to the case of a positive cosmological constant, this may become one of the strongest arguments in favor of quintessence.

Along the evolution of the universe from its quantum era, tracking models can actually be represented [12] as a succession of ω = p/ρ=Const. domains, ranging from ω = +1 to ω = −1, separated by abrupt jumps and followed by the present accelerating expansion with −1/3 > ω > −1, which evolves from an attractor solution [6,12,13] and may or may not be characterized by a constant ω. However, it seems to be a good enough approximation to also represent the present period of darkenergy dominated evolution by a quintessence model with ω=Const. Therefore, investigating the spacetime of eternally accelerating universes whose expansion is driven by a quintessence scalar field with constant equation of state and does not show future event horizon appears to be of interest. This will be done in the present paper, specializing in the case ω = −2/3. We shall also deal with the issue of the stability of this eternally accelerating universe by considering the cosmological Lifshitz- Khalatnikov perturbations [14] on it. We check that the considered spacetime is stable and advance the conjecture that an eternally accelerating closed universe has no-hair.

The paper can be outlined as follows. In Sec. II we review the solutions to the Einstein equations corresponding to a quintessence scalar field with constant ω, minimally coupled to Hilbert-Einstein gravity, both in the static and cosmological cases, for the whole range of state equations that covers all possible universes with accelerating expansion. We particularize in the case ω = −2/3 whose FRW metric is considered in some detail for the different geometries of the universe. The Lifshitz- Khalatnikov cosmic perturbations of this spacetime are studied in detail in Sec. III and it is checked that the spacetime is stable to them. We also advance the conjecture that an eternally accelerating closed universe has no-hair, discussing it by comparing with the purely de Sitter space. Finally we conclude and add some further remarks in Sec. IV.

II. THE SPACETIME OF AN ACCELERATING UNIVERSE

The spacetime of the accelerating Friedmann- Robertson-Walker (FRW) universe endowed with a quintessence scalar field with constant state equation parameter −1/3 > ω > −1 corresponds to maximally symmetric spaces with negative spacetime curvature which are solutions of the Einstein equations. Since the conservation law for a generic quintessence scalar field should be taken to be αρ = a(t)^{−3(1+ω)} (where α is an arbitrary integration constant, ρ is the energy density of the quintessence field and a(t) is the time-dependent scale factor), the Friedmann equations for the quintessential accelerating universe are [15]

a^{2+3ω}ä +

4πG(1 + 3ω) 3α = 0 (2.1)

ȧ^2 a^2

≡ H^2 = 8πG 3α a^{−3(1+ω)} ± 1 R^2a^2

, (2.2)

in which H is the Hubble constant, R^{−2} is the spatial curvature constant, and the overhead dot denotes differentiation with respect to time t. Note that if we set ω = −1 the first term of the right-hand-side in Eq. (2.2) becomes a constant, and we obtain then a solution for the scale factor that describes just de Sitter space. Here we shall restrict ourselves to solve Eqs. (2.1) and (2.2) in two particular interesting cases. When we set ω = −1/3, i.e. at the onset of the accelerating regime, we obtain the solution [16] a(t) = √ 8πG 3α − 1 R^2 t + K_0, (2.3)

where K_0 is an integration constant. Whereas in the spatially closed case with R^{−2} = 8πG/(3α) the scale factor (2.3) reduces to a simple constant that describes an Einstein static universe, in the spatially flat and open cases, or when R^{−2} < 8πG/(3α) for closed geometry, the universe will expand in just the uniform way.

For a constant equation of state with ω = −2/3, i.e. at the typical most interesting situation in which the universe expands in an accelerating fashion quite adjustable to what has been observed in recent supernova experiments [1,3], the scale factor solution to the Friedmann equations (2.1) and (2.2) can generally be written a(t) = 2πGt^2 3α + Kt + 3α ( K^2 + R^{−2} ) 8πG . (2.4)

If, without any loss of generality, we set the integration constant K = 0 (in what follows it will be seen that when we re-express the scale factor in terms of the compactified time η, the resulting solution does not explicitly depend on K), then this solution described the FRW spacetime of half a Lorentzian wormhole [17], from a throat at t = 0, where a = a_0 = 3α/(8πGR^2), to the asymptotic region at t = +∞. We furthermore notice that if for K = 0 we allowed time t to take also on negative values from t = 0 down to t = −∞, then a complete wormhole would be obtained. Let us next assume for a moment that the two asymptotic regions at t = ±∞ are identified to each other so that [18] any world lines for test particles or light signals approaching the infinity surface at t = +∞ from t = 0 would find themselves emerging from the infinity surface at t = −∞, toward t = 0, and any of such lines approaching the infinity surface at t = −∞ also from t = 0 would emerge from the infinity surface at t = +∞, again toward t = 0. None of these world lines had then reached any of the infinities. Thus, if the universe can be described as a compactified complete wormhole the way we have just described, then light signals traveling backward in time existed and could connect the whole spacetime in such a way that no event horizon would form up in the future [11]. This is by no way implying the existence in the accelerating universe of any nonchronal regions containing closed timelike curves because for these curves to occur in our spacetime it would be necessary that the two asymptotic regions at t = ±∞ were also set into motion relative to one another [18], which is not possible for the universe.

In what follows, we shall interpret the throat of the wormhole at t = 0 as the latest hypersurface of the universe immediately before the onset of the accelerating regime. This will make the value of the constant 3α/8πG very large. The three possible geometries associated with the FRW metric that correspond to solution (2.4) with K ≠ 0 lead to the following expressions for the scale factor in terms of the conformal time η = ∫ dt/a(t). (i) Spatially closed R^{−2} > 0 a(η) = 3α 8πGR^2 cos^2 (η/(2R))

, (2.5)

with

η = 2R arctan [ R ( K + 4πGt 3α )] , (2.6)

(ii) Spatially flat R^{−2} = 0 a(η) = 3α 2πGη^2 , (2.7)

with η = − 2 K +^{4πGt}_{3α} , (2.8)

(iii) Spatially open R^{−2} < 0 a(η) = − 3α 8πG|R|^2 cosh^2 (η/(2|R|))

, (2.9) with

η = −2|R|arctanh [ |R| ( K + 4πGt 3α )] . (2.10)

Note that in all three cases the scale factor does not explicitly depend on the integration constant K.

Although particular values of the parameter ω such as ω = −1/3 and ω = −2/3 would strictly make the usual sense only for homogeneous and isotropic FRW spacetimes, if we keep an equation of state p = ωρ also in the case of spacetimes with static, spherically symmetric coordinates, one can also obtain the static metrics which correspond to the above particular cases for a given, fixed relation between the energy density and the metric components, much in the same way as the static metric for de Sitter space can be derived from the Einstein equations for static, spherically symmetric coordinates and an equation of state p = ωρ, whenever we set ω = −1. That static de Sitter metric can directly be related with a corresponding FRW metric for de Sitter space obtained from Eqs. (2.1) and (2.2) also for ω = −1 by means of embeddings in a common five-dimensional hyperboloid (see Refs. [20] and [21]). We next consider the generic metric that describes the spacetime in static, spherically symmetric coordinates t, r, θ, ϕ for an equation of state p = ωρ and positive spatial curvature, corresponding to an ansatz

ds^2 = −A(r)dt^2 + B(r)dr^2 + r^2dΩ^2,

where dΩ^2 is the metric on the unit two-sphere, and A(r) and B(r) are metrical coefficients depending only on the radial coordinate r. Following Ref. [11], we take as the components of the energy-momentum tensor T^r_r = T^θ_θ = T^ϕ_ϕ = p and T^0_0 = −ρ, that is T^r_r = T^θ_θ = T^ϕ_ϕ = −ωT^0_0 , and hence we have the Einstein equations 8πGωρ = 1 B ( 1 r^2 + A^′ rA ) − 1 r^2 = 1 4B ( 2A^{′′} A − (A^′)^2 A^2 − 2B^′ rB − A^′B^′ AB + 2A^′ rA )

8πGρ = − 1 B ( 1 r^2 − B^′ rB ) + 1 r^2 , in which the prime denotes derivative with respect to the radial coordinate r. On the other hand, the components of the energy-momentum tensor must satisfy the gravitational equation [11] T^k_{i;k} = 0. From this equation we can now obtain a relation between the metric component A(r) and the energy density ρ, A(r)^′ = −2ωA(r)ρ^′/[ρ(1 + ω)], which can be immediately integrated to give αρ = A(r)^{−(1+ω)/(2ω)}, with α again an arbitrary integration constant. Note that for ω = −1, ρ becomes a simple constant, so that the Einstein equations are straightforwardly solved to produce the well-known static de Sitter metric. In the case ω = −1/3 we can obtain the solution [11,16]

A(r) = K_1 − 8πGK_2 3α √ 1 + 3αK_3 8πGr^2 (2.11)

B(r) = − [( K_3 + 8πGr^2 3α ) A(r) ]_{−1} , (2.12)

where K_1, K_2 and K_3 are integration constant which are arbitrary unless by the condition K_1K_3 = −1. This metric shows an event horizon at

r = r_h = ( 3αK_3K^2_1 8πGK^2_2 − 8πG 3αK_3 )_{−1} , which marks the transition from a Kleinian-signature metric for r < r_h to an Euclidean (Riemannian) metric for r > r_h. For the entire range of ω-values in the accelerating interval −1/3 > ω > −1, we have the solution [11] A(r) = K(ω, α)r^{4ω/(1+ω)}

B = ω^2 + 6ω + 1 (1 ∗ ω)^2 , where K(ω, α) = ( 2πG(1 + ω)^2B ωα )_{2ω/(1+ω)} , −1 < ω < −1/3 Note that in the considered interval B reduces to a simple dimensionless constant which is negative definite. Besides being singular at the origin of radial coordinate r, the two most interesting properties of this solution are: (i) it does not show any event horizon (so that, all world lines should necessarily be always connected to each other in both the static spacetime and, in spite of corresponding to an accelerating FRW spacetime, the cosmological spacetime described by metric (2.4)), and (ii) it has a Kleinian definite signature (- - + +). The latter property is consistent with property (i) and with a Lorentzian wormhole interpretation of the FRW metric with scale factor (2.4) for the following reason. Let us first introduce the coordinate change r = ℓ tan^2(ψ/2), where ℓ = K(ω, α)^{−(1+ω)/(4ω)}, with the new half-periodic coordinate ψ running from ψ = 0(r = 0) to ψ = π(r = ∞), and then consider a world line for matter defined by θ, ϕ=const., t = −βψ, in which β is a real constant. The static metric reduces then to the line element

ds^2 = − [ β^2 tan^{8ω/(1+ω)}(ψ/2) − Bℓ^2 tan^2(ψ/2) cos^4(ψ/2) ] dψ^2. Since B is a negative definite constant along the entire interval −1 < ω < −1/3, and β is real, this line element is always timelike along that interval. Thus, an observer moving on the world line will always have an increasingly negative time coordinate, i.e. though that observer cannot even reach the point ψ = π and, therefore, can never follow a closed timelike curve, it will always travel backward in time.

In this paper, we shall concentrate on the particular value ω = −2/3 which corresponds to a FRW metric that predicts an accelerating universe which conforms well to supernova results. In this particular case, the above solution reduces to

A(r) = ( 3α 23πGr^2 )_4

, B = −23, (2.13)

which retains all the properties which we have discussed for the generic case.

Most recent results on the large scale curvature of the universe provided by BOOMERanG [19] and other CMB anisotropy experiments [20] indicate that the universe is flat with a 95 percent confidence interval. This leaves a 5 percent uncertainty which, from the qualitative standpoint, tells us that the geometry of the universe can still be open or closed. On the other hand, along the development of physics we are used to finally discover that the apparently most probable simplest situations (circular orbits for planets and atomic electrons, spherical symmetry, etc) were often not the real case, but just a good approximation. If flatness is taken to represent the simplest possible geometry of the universe, we shall adhere to follow this empirical tendency by choosing for our accelerating universe with quintessential equation of state ω = −2/3 a closed geometry, hoping that, like for previous historical examples, this finally uncovers a richer structure. Moreover, one should expect that the conclusions on the stability of the universe against cosmological perturbations we are going to obtain in the next section for closed geometry would be also shared by flat geometry. In any event, a detailed consideration of the cases for flat and open geometries are left for future research. It is only for the sake of completeness that we shall finally include the metrical solution for any constant ω in the accelerating interval for the flat geometry. In FRW coordinates it reads

ds^2 = −dt^2 + ( 6πG(1 + ω)^2t^2 α )_{1/[3(1+ω)]} ( dr^2 + r^2dΩ^2 ) . (2.14)

This line element is valid for all −1/3 > ω > −1 and is associated with a corresponding static metric for any accelerating value of ω [11] of which the metric coefficients in Eq. (2.13) become just the case for ω = −2/3. Therefore, metric (2.14) and its static counterpart should possess exactly the same properties as what were discussed before for metrics (2.4) and (2.13).

III. COSMOLOGICAL PERTURBATIONS

In this section we shall first briefly review those mathematical aspects of the perturbative technique developed first by Lifshitz [14] which will be later used to investigate the stability of our closed accelerating universe. For a closed FRW spacetime, perturbations of the four-metric are introduced by g_{ab} = g_{ab} +h_{ab}, with the perturbations satisfying the gauge h_{00} = h_{0α} = 0, a, b, ... = 0, 1, ..., 3 and α, β, ... = 1, ..., 3. It is work remarking that, although we are working in an isotropic framework with a reference system which is always synchronous, after this choice of gauge, it is no longer a comoving system because the perturbations on the spatial components of the four-velocity can be generally nonzero [14,22,23]. Perturbation of the Ricci tensor and, hence the Einstein equation, energy density and velocity can then be derived (for details see Refs. [21,22]). By taking as the most general metric perturbation h_{αβ} = λ(η)P_{αβ} + μ(η)Q_{αβ} + σ(η)S_{αβ} + ν(η)H_{αβ}, (3.1)

where the coefficients λ, μ, σ and ν depend only on the η time parameter, and P_{αβ}, Q_{αβ}, S_{αβ} and H_{αβ} are tensor harmonics which are defined by [22] Q_{αβ} = 1 3 γ_{αβ}Q, ∇^a∇_aQ^{(n)} = ( 1 − n^2 ) Q^{(n)} (3.2)

P_{αβ} = ∇_α∇_βQ ℓ(ℓ + 2)

+ Q_{αβ}, S_{αβ} = ∇_αS_β + ∇_βS_α, (3.3)

∇_a∇^aS^{(n)}_b = ( 2 − n^2 ) S^{(n)}_b , ∇^aS^{(n)}_a = 0 (3.4)

∇_a∇^aH^{(n)}_{cd} = ( 3 − n^2 ) H^{(n)}_{cd} , ∇^aH^{(n)}_{ab} = 0, H^{(n)a}_a = 0, (3.5)

with Q^{(n)}, S^{(n)}_a and H^{(n)}_{cd} , respectively, the scalar, vector and tensor harmonics [21,22], an n an integer order.

Inserting Eq. (3.1) into the perturbed expressions for the Einstein equations and the energy density and velocity components, and using the above definitions, we finally obtain (a prime denotes differentiation with respect to η) λ^{′′} + 2a^′λ^′ a − 1 3 ℓ(ℓ + 2) (λ + μ) = 0 (3.6)

μ^{′′} + ( 3C^2_s + 2 ) a^′μ^′ a + 1 3 ( 3C^2_s + 1 ) [ℓ(ℓ + 2) − 3] (λ + μ) = 0, (3.7)

σ^{′′} + 2a^′σ^′ a = 0 (3.8) ν^{′′} + 2a^′ν^′ a + ℓ(ℓ + 2)ν = 0 (3.9) and δρ ρ = a(η = 0)^2 9a^2 { [ℓ(ℓ + 2) − 3] (λ + μ) + 3 a^′μ^′ a } Q (3.10)

δv^α = P^α 12 [ 1 − (a^′/a)^2

] {ℓ(ℓ + 2)μ^′ + [ℓ(ℓ + 2) − 3] λ^′} ,

(3.11)

for scalar harmonics, and δρ ρ = 0, δv^α = [ℓ(ℓ + 2) − 3] σ^′S^α (3.12)

for vector harmonics.

A. scalar harmonics

The differential equations for the η-dependent coefficients λ and μ, representing metrical scalar perturbations of a closed FRW geometry for the scale factor (2.5) can be written as

λ^{′′} + 2 tan(η/2)λ^′ − 1 3 ℓ(ℓ + 2) (λ + μ) = 0 (3.13)

μ^{′′} − 1 3 [ℓ(ℓ + 2) − 3] (λ + μ) = 0, (3.14)

while the perturbations for energy density and velocity components become δρ ρ = cos^4(η/2) 9 {[ℓ(ℓ + 2) − 3] (λ + μ) + 3 tan ημ^′} Q (3.15)

δv^α = P^α 12 [ 1 − tan^2(η/2)

] {ℓ(ℓ + 2)μ^′ + [ℓ(ℓ + 2) − 3] λ^′} ,

(3.16)

where we have consistently taken for the speed of sound C_s = δp/δρ = ω = −2/3, (3.17) which corresponds to a quintessence scalar field with constant equation of state ω = −2/3 [12].

The differential equations (3.13) and (3.14) still contain some residual gauge freedom for a complete specification of the choice of coordinates [14,21,22]. Such an unphysical gauge corresponds in the present case to the particular solutions

λ = −μ = Const (3.18) λ = ℓ(ℓ + 2) (η + sin η) , μ = −ℓ(ℓ + 2) (η + sin η) + 3 sin η. (3.19)

These solutions will be conveniently subtracted from the general solutions to Eqs. (3.13) and (3.14). The latter solutions will be obtained with the help of the auxiliary functions ξ and ζ introduced by the substitutions

λ + μ = 3 sin η ∫ ξdη (3.20)

λ^′ − μ^′ = 2ℓ(ℓ + 2) (1 + cos η) ∫ ξdη − 3 cos η ∫ ξdη + ζ cos η. (3.21)

When substitutions (3.20) and (3.21) are introduced in Eqs. (3.13) and (3.14), we obtain the new coupled differential equations

ξ^′ + cot(η/2)ξ + 1 3 [ 1 − 1 2 sec^2(η/2) ] ζ = 0 (3.22)

ζ^′ + [tan(η/2) − tan η] ζ + [2ℓ(ℓ + 2) (1 + sec η) − 3 (1 − tan η tan(η/2))] = 0. (3.23)

Straightforward manipulations on these equations lead finally to

ζ = − sec η cot^2(η/2)y^′ (3.24)

−y^{′′} + cot(η/2)y^′ + [ 2 3 ℓ(ℓ + 2) − 1 4 + 3 4 tan^2(η/2) ] y = 0, (3.25)

where y = ξ sin^2(η/2).

Our task now is to solve Eqs. (3.24) and (3.25). Since obtaining exact solutions to these equations in closed form is very difficult, we shall derive approximate solutions in the extreme cases when η → 0 (i.e. at the beginning of the accelerating phase) and η → π (i.e. toward the asymptotic future of the eternally accelerating expansion). In the first stages of accelerating expansion with η << 1, Eq. (3.25) can be approximated up to second order in η as −ηy^{′′} + 1 6 ( 12 − η^2 ) y^′ + [ 2 3 ℓ(ℓ + 2) − 1 4 ] ηy = 0. (3.26)

At the smallest η the solution can in turn be approximated in terms of Bessel function J_ν in the form y ≃ η^{3/2}J_{3/2} (√ 1 4 − 2 3 ℓ(ℓ + 2)η ) . (3.27)

As η → 0, we then have y ∝ η^{3/2}. It follows that for the auxiliary functions ξ ∝ η, ζ ∝ −4(1 − η^2/3), and hence, since all residual gauge given by Eqs. (3.10) will vanish as η → 0, one consistently concludes that the metric and dark energy (density and velocity components) perturbations all vanish as one approaches the onset of the accelerating region. Had we chosen for the Bessel function any of the functions H_ν [23], then all the above perturbations would be pure imaginary and divergent as η → 0.

Of greater interest to study the stability of our eternally accelerating universe is to consider the behaviour of perturbations in the asymptotic region η → π (i.e. t → ∞). Thus, we next look at the solutions to Eqs. (3.24) and (3.25) as η → π. Let us first introduce the change of time coordinate x = tan(η/2) in Eq. (3.25) which then becomes − ( 1 + x^2

)_2 d^2y dx^2

+ 2 x ( 1 − x^4 ) dy dx + [ 8 3 ℓ(ℓ + 2) − 1 + 3x^2 ] y = 0, (3.28)

which for large x and even moderate ℓ admits an approximate solution again expressible in terms of the Bessel function J_ν, i.e. y ≃ √ cot(η/2)J^√_{13/2} [√ 8ℓ(ℓ + 2) − 1 cot(η/2) ] . As η → π this solution reduces to:

y ∝ [cot(η/2)]^{(1+} √ 13)/2 , (3.29)

or when expressed in terms of the auxiliary functions ξ and ζ,

ξ ≃ A(ℓ) sin^{−2}(η/2) [cot(η/2)]^{(1+} √ 13)/2 (3.30)

ζ ≃ 1 4 secη ( 1 + √ 13 ) ξ, (3.31)

where A(ℓ) is a finite constant that depends only on ℓ and whose precise value is not of interest in this paper. The use of these expressions in Eqs. (3.20) and (3.21) leads finally to the solutions for the perturbations coefficients

λ = A(ℓ) 3 + √ 13 [ B(ℓ) − 12 sin^2(η/2) ] [cot(η/2)]^{(5+} √ 13)/2

(3.32)

μ = − A(ℓ) 3 + √ 13 [ B(ℓ) + 12 sin^2(η/2) ] [cot(η/2)]^{(5+} √ 13)/2 ,

(3.33)

where B(ℓ) is a finite constant given by

B(ℓ) = 16 5 + √ 13 [ 1 − √ 13/8 − ℓ(ℓ + 2) ] , and we have subtracted the unphysical gauge associated with the particular solution given by Eqs. (3.19), i.e. λ = 2C_1ℓ(ℓ + 2)(η + sin η) + C_2, μ = −2C_1 [ℓ(ℓ + 2)(η + sin η) − 3 sin η] − C_2, with C_1 and C_2 two arbitrary integration constants. Using then Eqs. (3.15) and (3.16) we finally derive the perturbation in energy density and velocity components for the quintessence field which are given by

δρ ρ = 2A(ℓ) cos^4(η/2) [cot(η/2)]^{(5+} √ 13)/2 3 ( 3 + √ 13 ) csc^2(η/2) × { −4 [ℓ(ℓ + 2) − 3] − 12 sin η cot(η/2) + 5 + √ 13 4 [ B(ℓ) csc^2(η/2) + 12 ] } Q (3.34)

δv^α = A(ℓ) cos^2(η/2) [cot(η/2)]^{(3+} √ 13)/2

(3 + √ 13) cos η { ℓ(ℓ + 2) [ (5 + √ 13) 4 ( B(ℓ) csc^2(η/2) + 12 ) − 12 sin η [cot(η/2)]^{(2+} √ 13)/2 ]

− [ℓ(ℓ + 2) − 3] [ (5 + √ 13) 4 ( B(ℓ) csc^2(η/2) + 12 ) + 12 sin η [cot(η/2)]^{(2+} √ 13)/2 ]} P^α. (3.35)

All of the Eqs. (3.32) - (3.35) vanish as η → π. Had we taken any of the two Bessel functions H_ν [23] instead of J_ν for the solution of the differential equation (3.28), then we would have finally obtained the same expressions as (3.32) - (3.35), but with the sign for all √ 13 changed. These would again vanish as η → π, so the accelerating closed universe resulting from the presence of a quintessence scalar field with constant equation of state ω = −2/3 appears to be stable to scalar Lifshitz- Khalatnikov perturbations.

B. vector and tensor harmonics

For the case under consideration, perturbations associated with vector harmonics are described by coefficients that satisfy the differential equation

σ^{′′} + 2 tan(η/2)σ^′ = 0, (3.36)

with δρ ρ = 0, δv^α = [ℓ(ℓ + 2) − 3] σ^′S^α. (3.37)

The solution to Eq. (3.36) can be given in closed form and reads

σ = C_0 + C_1 ( 3 4 η + sin η + 1 8 sin(2η) ) , (3.38)

where C_0 and C_1 are arbitrary integration constants. Now, from Eqs. (3.37) it follows that σ^′ = 0, so the constant C_1 should be zero too, and hence σ = C_0. Therefore, as usual [14,21,22], vector perturbations correspond to unphysical pure gauge and are hence irrelevant also for the eternally accelerating universe we are considering in this paper.

Let us next deal with the quite more interesting study of the gravitational waves associated with the perturbations generated by tensor harmonics. In our case, the coefficients for such perturbations are described by the differential equation

ν^{′′} + 2 tan(η/2)ν^′ + ℓ(ℓ + 2)ν = 0. (3.39)

Two cases can now be distinguished. If ℓ = 0, then the solution for ν(η) is formally identical to that for σ(η) given by Eq. (3.38), but its interpretation is different. It physically represents the time evolution of gravitational waves. We have obtained that, even though the gravitational wave amplitude does not vanish as η → π, neither it grow as t → ∞, at which limit ν = C_∗ ≡ C_0 + 3πC_1/4=Const. The neat effect of the whole evolution from η = 0 to η = πon the zero-mode amplitude is an increase from C_0 to C_∗. If ℓ ≠ 0, then by introducing the coordinate change z = sin(η/2), Eq. (3.39) can written as

(1 − z^2)ν^{′′} + 3zν^′ + m(m + 4)ν = 0, (3.40)

in which m = 2ℓ. The solution to this differential equation can most easily be expressed in terms of ultraspherical (Gegenbauer) polynomials C^{(3)}n [23] of odd degree n and reads

ν(η) = cos^{5/2}(η/2)C^{(3)}_{2ℓ−1} [sin(η/2)] , ℓ > 0. (3.41)

We can then show that this solution becomes proportional to t^{−5/2} as one approaches the asymptotic limit η = π. Thus, these gravitational modes (which all start with vanishing amplitude at η = 0) become asymptotically suppressed as one goes to t = ∞. We have thereby excluded any unstable growing modes of the gravitational radiation in the accelerating regime driven by a quintessence field with constant equation of state ω = −2/3.

C. No-Hair conjecture

Now, from the solution (3.38) for ℓ = 0 we obtain at large t,

ν^{(0)}_{ω=−2/3} ≃ C_∗ + √ 27α 128πGa C_1. (3.42)

Thus, even though the value of ν provided by Eq. (3.30) would be expected to be larger than the corresponding value for the zero-mode, ν^{(0)}_{ds} = C_2=Const., for de Sitter space [21], one may always choose the value of the constant C_∗, C_1 and C_2 such that ν^{(0)}_{ω=−2/3} became smaller

than ν^{(0)}_{ds} at sufficiently later times. For ℓ ≠ 0, from solution (3.41) at large t, we also obtain ν^{(ℓ)}_{ω=−2/3} ≃ (2ℓ + 4)! 5!(2ℓ − 1)!

(2a)^{−5/4} . (3.43)

The comparison of this with the corresponding de Sitter expression [21] ν^{(ℓ)}_{ds} ≃ A_1 + A_2 exp(−3Ht) (where H is the Hubble constant and A_1 and A_2 are constants which only depend on ℓ) clearly implies that ν^{(ℓ)}_{ω=−2/3} < ν^{(ℓ)}_{ds} even at moderate values of time t.

Moreover, from the above discussion it follows that any physical effects driven by the gravitational radiation modes (3.42) and (3.43) should in any event be very small, since their physical wavelengths respectively increase with a^{1/6} and a^{5/12}. Thus physical quantities involving at least two derivatives of the metric are then suppressed asymptotically by powers of the inverse of these wavelengths. These results appears to be implying a cosmic ”no-hair” theorem [24] for our accelerating closed universe endowed with a quintessence field with constant equation of state ω = −2/3. According, furthermore, to our discussion above, it would rather be a question on the relative values of the constants involved in the expressions for coefficients ν whether the no-hair de Sitter attractor or our no-hair attractor is the final solution for an accelerating universe. Of course, the model discussed in this paper is a simple one, so that one should extend this discussion to include other models with different spatial geometries and constant or ”tracking” equations of state.

IV. CONCLUSIONS

Motivated by the huge impact produced by supernova observations [1], in this paper we have studied some new characteristics of the cosmological and static spacetimes of accelerating universes whose expansion is driven by a slowly-varying quintessence scalar field with constant equation of state −1/3 > ω > −1. Particularizing at the observationally most favored case ω = −2/3, it was shown that these spacetimes do not possess any future event horizon, a property which is not obviously shared by de Sitter space. The reason that justifies this result is that, even though closed timelike curves are not permitted to exist in these spacetimes, world lines traveling backward in time are allowed to occur on it, so connecting any otherwise causally disconnected regions, and hence preventing the formation of future event horizons. This result could have considerable interest for particle physics and quantum gravity because it manifestly avoids the serious, perhaps fatal difficulties for string theory (and actually any quantum field theory that depends on the presence of particles at infinity) posed by the existence of a future event horizon [8-10]. This would be just another reason in favor of preferring quintessence over a positive cosmological constant, since asymptotically de Sitter space inexorably leads to the formation of an event horizon.

The stability of the closed space with accelerating expansion induced by a quintessence field with an equation of state ω = −2/3 to the cosmological Lifshitz- Khalatnikov perturbations [14] on the three-sphere has been also studied in detail. Although there exist more elaborated, covariant methods for dealing with cosmological perturbations [25], we have followed here the original Lifshitz-Khalatnikov treatment because of its greater adequacy to distinguish among the involved physical effects. It was obtained that, at least for a closed geometry in the case ω = −2/3 the space is stable to both, the scalar and tensorial perturbations, and that the damping of small physical effects induced by the resulting gravitational waves allows one to conjecture that -much like it happens in asymptotic de Sitter space- eternally accelerating universes induced by quintessential fields have no-hair, so becoming final attractors along the evolution of the universe. It would be the value taken on by the constants that characterize the amplitude of the gravitational radiation what would finally decide whether the attractor of de Sitter universe or the attractors of ω > −1 quintessential accelerating universes are going finally to dominate and drive the future cosmological evolution. This is a matter which cannot be decided in the present paper, but that appears to be decisive to avoid the abovementioned severe conflict between accelerating universe and string theory (or possibly any competing quantum theory, if there were any). Since our present understanding of any of the theories involved at this conflict is still too rudimentary, it is still rather premature to say anything definite about it.

It is expected that the results obtained in this paper for the closed geometry can be applied to flat geometry too. In particular, it appears that the no-hair conjecture be a key ingredient also for the spatially flat case. Finally, the rather intriguing implication that in any eternally accelerating universe driven by quintessence there would be world lines (followed by light signals and possibly some kind of matter) traveling backward in time need further consideration. After all, if such lines were allowed to exist, then the meaning of cosmological evolution itself should actually require a deep revision.

Acknowledgments

This work was supported by DGICYT under Research Project No. PB98-0520.

[1] S. Perlmutter et al., Astrophys. J. 483 (1997) 565; S.

Perlmutter et al. (The Supernova Cosmology Project), Nature 391 (1998) 51; P.M. Garnavich et al. Astrophys. J. Lett. 493 (1998) L53; B.P. Schmidt, Astrophys. J. 507 (1998) 46; A.G. Riess et al. Astrophys. J. 116 (1998) 1009.

[2] M.S. Turner, Dark energy and the new cosmology, astroph/0108103, Contribution to the SNAP Yellow Book (Snowmass 2001).

[3] A. Riess et al., Astrophys. J. 560, 49 (2001). [4] M. Carmeli, Accelerating universe, Cosmological Constant and Dark Energy, astro-ph/0111259 .

[5] C. Wetterich, Nucl. Phys. B302, 668 (1988); J.C. Jackson and M. Dodgson, Mon. Not. R. Astron. Soc. 297, 923 (1998); J.C. Jackson, Mon. Not. R. Astron. Soc. 296, 619 (1998); R.R. Caldwell, R. Dave and P.J. Steinhardt, Phys. Rev. Lett. 80, 1582 (1998); L. Wang and P.J. Steinhardt, Astrophys. J. 508, 483 (1998); R.R. Caldwell and

P.J. Steinhardt, Phys. Rev. D57, 6057 (1998); G. Huey, L. Wang, R. Dave, R.R. Caldwell and P.J. Steinhardt, Phys. Rev. D59, 063005 (1999); P.F. González-Díaz, Phys. Rev. D62, 023513 (2000).

[6] P.J. Steinhardt, L. Wang and I. Zlatev, Phys. Rev. Lett.

82, 896 (1999); ibid, Phys. Rev.D59, 123504 (1999); I. Zlatev and P.J. Steinhardt, Phys. Lett. B459, 570 (1999).

[7] A.C. Baccigalupi, A. Balbi, S. Matarrase, F. Perrotta and N. Vittorio, Constraints on flat cosmologies with tracking quintessence from cosmic microwave background, astroph/0109097; Phys. Rev. D (in press).

[8] W. Fischler, A. Kashani-Poor, R. McNees and S. Paban, JHEP 0107 (2001) 003.

[9] S. Hellerman, N. Kaloper and L. Susskind, JHEP 0106 (2001) 003.

[10] T. Banks, Int. J. Mod. Phys. A16, 910 (2001); E. Witten, Quantum gravity in DeSitter space, hep-th/0106109; T. Banks and W. Fischler, M-theory observables for cosmological space-times, hep-th/0102077 (Report No. RUNHETC-2001-, SCIPP-012, UTTG-02-01); Je-An Gu and H-Y.P. Hwang, The fate of an accelerating universe, astro-ph/0106387.

[11] P.F. González-Díaz, Phys. Lett. B522, 211 (2001). [12] P. Brax, J. Martin and A. Riazuelo, Phys. Rev. D62, 103505 (2000).

[13] L.R. Abramo and F. Finelli, Phys. Rev. D64, 083513 (2001).

[14] E.M. Lifshitz, J. Phys. 10, 116 (1946); E.M. Lifshitz and I.M. Khalatnikov, Ad. Phys. 12, 185 (1963).

[15] P.J.E. Peebles, Principles of Physical Cosmology (Princeton Series in Physics, Princeton, USA, 1993).

[16] A.D. Chernin, D.I. Santiago and A.S. Silbergleit, Interplay between gravity and quintessence: A set of new GR solutions, astro-ph/0106144.

[17] M. Visser, Lorentzian Wormholes (American Inst. Phys.

Press, N.Y., USA, 1996).

[18] K.S. Thorne, in: Directions in General Relativity, Proceedings of the 1993 International Symposium, Maryland (Cambridge University Press, cambridge, UK, 1993), Vol. 1. [19] S. Masi et al., The BOOMERanG experiment and the curvature of the universe, astro-ph/0201137 .

[20] de Bernardis et al., Nature 404, 955 (2000). [21] P. Ginsparg and M.J. Perry, Nucl. Phys. B222, 245 (1983).

[22] P.F. González-Díaz, Phys. Rev. D36, 3651 (1987). [23] M. Abramowitz and I.A. Stegun, Handbook of Mathematical Functions (Dover, New York, 1970).

[24] S.W. Hawking and I.G. Moss, Phys. Lett. B110, 35 (1982); C.M. Chambers and I.G. Moss, Phys. Rev. Lett. 73, 617 (1994).

[25] V.F. Mukhanov, H.A. Feldman and R.H. Brandenberger, Phys. Rep. 215, 203 (1992).