arXiv:hep-th/0203219 v5 12 Jul 2002

IMSc/02/03/06

Quantum Gravity on dS_3

T. R. Govindarajan^{1∗}, R. K. Kaul^{1†} and V. Suneeta^{2‡} 1 The Institute of Mathematical Sciences, CIT Campus, Chennai 600113, India 2 Theoretische Physik, Ludwig-Maximilians Universität, Theresienstrasse 37, D-80333, München, Germany

We study quantum gravity on dS3 using the Chern-Simons formulation of three-dimensional gravity. We derive an exact expression for the partition function for quantum gravity on dS3 in a Euclidean path integral approach. We show that the topology of the space relevant for studying de Sitter entropy is a solid torus. The quantum fluctuations of de Sitter space are sectors of configurations of point masses taking a discrete set of values. The partition function gives the correct semi-classical entropy. The sub-leading correction to the entropy is logarithmic in horizon area, with a coefficient −1. We discuss this correction in detail, and show that the sub-leading correction to the entropy from the dS/CFT correspondence agrees with our result. A comparison with the corresponding results for the AdS3 BTZ black hole is also presented.

PACS numbers:

I. INTRODUCTION

It is well-known that for a timelike observer in de Sitter space, there exists a horizon, and regions of spacetime beyond it are not accessible to this observer. The thermodynamics of such a cosmological horizon is very similar to that of black hole horizons [1]. In particular, there is an entropy associated with the de Sitter spacetime, which is a measure of the information loss (for the timelike observer) across the cosmological horizon. There have been several attempts to describe this entropy - for example, in terms of microscopic degrees of freedom at the cosmological horizon [2, 3] or in a Chern-Simons formulation [4, 5]. In fact, in [5], the entropy of a general Kerr-de Sitter space is computed. More recently, de Sitter entropy has been computed using a CFT at past or future infinity [6, 7, 8] motivated by the dS/CFT correspondence [9, 10]. It is shown in [11] that the asymptotic symmetry group of quantum gravity in dS_3 is the Euclidean conformal group in two dimensions. This has led to the proposal of a correspondence between quantum gravity in dS_3 and a CFT at asymptotic infinity. In [6], the entropy of dS_3 is computed by applying Cardy’s formula for the growth of states in the asymptotic CFT - but as discussed there, there are many subtleties involved. Further, it is not clear how the entropy associated with information loss across the horizon is described by states at asymptotic infinity.

We study quantum gravity on dS_3 using the Chern-Simons formulation of Euclidean gravity in three dimensions which is described in section 3. Euclidean dS_3 has the topology of a three-sphere - we show, however, that the topology of the space that is relevant for studying the degrees of freedom that contribute to entropy is that of a solid torus. The degrees of freedom could be thought of as living on the boundary torus. Such a picture of entropy arising from degrees of freedom associated with the boundary has been studied earlier in the context of black holes in several approaches, for example [12, 13, 14, 15, 16]. Three dimensional Euclidean gravity with a positive cosmological constant can be described by two SU (2) Chern-Simons theories [17, 18]. Then, SU (2) Wess-Zumino conformal field theories are naturally induced on the boundary [19]. The quantum degrees of freedom corresponding to the de Sitter entropy are described by these conformal field theories. In Section 4, we derive an exact expression for the canonical partition function for dS_3 in a Euclidean path integral approach. Considerations of gauge invariance necessitate a discrete sum in the partition function over point mass configurations as well, upto a certain maximum value of the mass. The significance of this discrete sum in the partition function will be discussed in Section 5. The partition function gives the correct semi-classical entropy for de Sitter space. The next-order correction to the entropy is logarithmic in the

∗ e-mail : trg@imsc.ernet.in † e-mail : kaul@imsc.ernet.in ‡ e-mail: suneeta@theorie.physik.uni-muenchen.de

horizon ”area” [20]. In the last section, we comment on the logarithmic correction to the semi-classical entropy. We compare the coefficient of this correction with that obtained using the dS/CFT correspondence and find that they agree. We also make a detailed comparison with similar logarithmic terms in the entropy of the BTZ black hole. The comparison suggests a connection between the regime considered in the black hole parameter space, and the coefficient of the logarithmic correction.

II. DE SITTER GRAVITY AS A CHERN-SIMONS THEORY

The gravity action I_{grav} in three dimensions written in a first-order formalism (using triads e and spin connection ω) is the difference of two Chern-Simons actions. For Lorentzian gravity with a positive cosmological constant,

I_{grav} = I_{CS}[A] − I_{CS}[Ā], (1)

where A = ( ω^a + i l e^a ) T_a, Ā = ( ω^a − i l e^a ) T_a (2)

are SL(2, C) gauge fields (with T_a = −iσ_a/2). Here, the positive cosmological constant Λ = (1/l^2). The Chern- Simons action I_{CS}[A] is

I_{CS} = k 4π ∫ M Tr ( A ∧ dA + 2 3 A ∧ A ∧ A ) (3) and the Chern-Simons coupling constant is k = −l/4G.

Now, for a manifold with boundary, the Chern-Simons field theory is described by a Wess-Zumino conformal field theory on the boundary. Under the decomposition

A = g^{−1}dg + g^{−1}Ãg , (4)

the Chern-Simons action (3) becomes [21], [22]

I_{CS}[A] = I_{CS}[Ã] + kI^+_{WZW}[g, Ã_z] , (5)

where I^+_{WZW}[g, Ã_z] is the action of a chiral SU (2) Wess-Zumino model on the boundary ∂M ,

I^+_{WZW}[g, Ã_z] = 1 4π ∫ ∂M Tr ( g^{−1}∂_zg g^{−1}∂_{z̄}g − 2g^{−1}∂_{z̄}gÃ_z )

+ 1 12π ∫ M Tr ( g^{−1}dg )_3 . (6)

The ‘pure gauge’ degrees of freedom g are now true dynamical degrees of freedom at the boundary.

We are interested in quantum gravity on dS_3. Global (2 + 1) − d de Sitter spacetime is described by the metric

ds^2 = − l^2dτ^2 + l^2 cosh^2 τ dΩ^2 (7)

Equal time sections of this metric are two-spheres, and there are no globally timelike Killing vectors. However, there does exist a timelike Killing vector in certain patches of this spacetime. Figure 1 shows the Penrose diagram of global de Sitter space with these patches - II and IV. These regions are causally disconnected and the timelike Killing vector flows in opposite directions in these two patches. Each of these patches is bounded by the cosmological horizon, and described by the metric

ds^2 = − N^2 dt^2 + N^{−2} dr^2 + r^2 dϕ^2 (8)

where

N^2 = (1 − r^2 l^2

), (9) and 0 ≤ r ≤ l. ϕ is an angular coordinate with period 2π. Since this metric is static, the patches II and IV are referred to as static patches. The cosmological horizon in these coordinates is therefore at r = l. Constant t surfaces are discs D_2, and the topology of the patch is D_2 ⊗ R.

Using (2), the connection A^a corresponding to the metric (8) may be written as:

A^0 = N (−dϕ + i l dt) A^1 = i lN dr A^2 = r l^2 dt + ir l dϕ (10)

III. EUCLIDEAN DE SITTER SPACE

The Euclidean gravity action is the difference of two SU (2) Chern-Simons actions - where the connections corresponding to the two actions are real and given by A = ( ω^a +^1_l e^a ) T_a and B = ( ω^a −^1_l e^a ) T_a.

As is well-known, the static patch of de Sitter space (either patches II or IV in Fig. 1) represents the spacetime completely accessible to the timelike observer - whose observable universe is bounded by a cosmological horizon. Entropy of de Sitter space is associated then with loss of information across the horizon. Thus, the relevant space for a computation of de Sitter entropy is the static patch of de Sitter space. Similar ideas about the relevance of the static patch (or the ”causal diamond”) to de Sitter entropy were suggested in [23]. In [2], the entropy associated with de Sitter space was computed using the Lorentzian static patch. This, as we saw, has the topology D_2 ⊗ R, (where R is the time direction) and the degrees of freedom corresponding to the entropy in this computation resided on the boundary cylinder.

We would like to compute de Sitter entropy in a Euclidean picture. As we shall see, we reproduce the entropy as in previous Lorentzian computations - but also get new results on the nature of quantum fluctuations in de Sitter space. We therefore consider the Euclidean continuation of the metric on the static patch (8). This is obtained by taking t_E = it. The metric is

ds^2 = N^2 dt^2_E + N^{−2} dr^2 + r^2 dϕ^2 (11)

where N is given by (9). In addition, for regularity of the metric, we make the Euclidean time periodic with its period β = 2πl. Here, 0 ≤ r ≤ l. The periodicity of the Euclidean time now changes the topology of each of the static patches II and IV from the Lorentzian D_2 ⊗ R to D_2 ⊗ S^1 - where the S^1 direction is the compactified Euclidean time. This is nothing but a solid torus - and in the Euclidean picture, we expect the degrees of freedom corresponding to de Sitter entropy to be associated with this solid torus.

Thus we are interested in the Euclidean gravity partition function studied through two SU (2) Chern-Simons theories on a solid torus. Corresponding to the metric (11), the connections for the two SU (2) Chern-Simons theories are given by:

A^0 = −N (dϕ + 1 l dt_E ) A^1 = 1 lN dr A^2 = − r l^2 dt_E + r l dϕ (12)

B^0 = N (−dϕ + 1 l dt_E) B^1 = − 1 lN dr B^2 = −( r l^2 dt_E + r l dϕ) (13)

IV. PARTITION FUNCTION FOR QUANTUM GRAVITY IN DE SITTER SPACE

We use the Chern-Simons formulation of gravity to construct a partition function for gravity in de Sitter space. We saw in the last section that the manifold of interest is a solid torus. This is also the topology of the Euclidean BTZ black hole. This enables us to use the construction developed in [16] for Euclidean BTZ black holes here too.

In order to compute the de Sitter partition function, we first evaluate the Chern-Simons path integral on a solid torus. This path integral has been discussed in [21], [24], [25] and [26]. Through a suitable gauge transformation, the connection is set to a constant value on the toroidal boundary. In terms of coordinates on the toroidal boundary x and y with unit period, we can define z = (x + τ y) such that ∫ a dz = 1, ∫ b dz = τ (14)

where a is the contractible cycle and b the non-contractible cycle of the solid torus and τ = τ_1 + iτ_2 is the modular parameter of the boundary torus. Then, the connection can be written as [24]: A = ( −iπũ τ_2 dz̄ + iπu τ_2 dz ) T_3 (15)

where u and ũ are canonically conjugate fields and obey the canonical commutation relation: [ũ, u] = 2τ_2 π(k + 2)

(16)

Since A is an SU (2) connection, ũ = ū, where ū is the complex conjugate of u. For the case of the BTZ black hole, the information about the black hole parameters M and J is contained in the non-trivial holonomy of the connection A around the non-contractible cycle b. In the de Sitter case the Euclidean time is associated with the non-contractible b cycle of the solid torus. This is so because the Euclidean continuation of the Lorentzian static patch D_2 ⊗R, with R as world line of the timelike observer sitting at the center of the disc involves, besides a Wick rotation, a compactification of this line to obtain a solid torus. The holonomy of the connection around the non-contractible cycle is therefore related to the period β of the Euclidean time. Similarly, the holonomy around the contractible cycle is related to the periodicity of the ϕ coordinate. Traces of the holonomies around the contractible a cycle and non-contractible b cycle from connections in (12) are:

T r(H_a) = 2 cos(Θ), T r(H_b) = 2 cos ( β l ) (17)

Classical de Sitter space corresponds to a value of Θ = 2π. Now in order that the gauge fields (15) exhibit the same holonomies as above, we have

A_z = −iπ τ_2 ũ, A_{z̄} = iπ τ_2 u (18)

with u = 1 2π ( Θτ − β l ) , ũ = 1 2π ( Θτ̄ − β l ) (19)

Next we write the Chern-Simons path integral on a solid torus with a boundary modular parameter τ . For a fixed boundary value of the connection, i.e. a fixed value of u, this path integral is formally equivalent to a state ψ_0(u, τ ) with no Wilson lines in the solid torus. The states corresponding to having closed Wilson lines (along the non-contractible cycle) carrying spin j/2 (j ≤ k) representations in the solid torus are given by [21], [24], [25], [26]:

ψ_j (u, τ ) = exp { πk 4τ_2 u^2 } χ_j(u, τ ), (20)

where χ_j are the Weyl-Kac characters for affine SU(2) which can be expressed in terms of the well-known Theta functions as χ_j(u, τ ) = Θ^{(k+2)} j+1 (u, τ, 0) − Θ^{(k+2)}_{−j−1}(u, τ, 0) Θ^2_1(u, τ, 0) − Θ^2_{−1}(u, τ, 0)

(21)

where Theta functions are given by: Θ^k_μ(u, τ, z) = exp(−2πikz) ∑ n∈Z exp 2πik [ (n + μ 2k )^2τ + (n + μ 2k )u ] (22)

As in the computation in [16] for the BTZ black hole, the de Sitter partition function is constructed from the boundary state ψ_0(u, τ ). The construction is motivated by the following observations :

(a) In the Chern-Simons functional integral over a solid torus, we shall integrate over all gauge connections with fixed holonomy H_b around the non-contractible cycle. This corresponds to the partition function with fixed period β of the Euclidean time, that is, fixed inverse temperature. This in turn means we are dealing with the canonical ensemble. The variable conjugate to this holonomy is the holonomy around the other (contractible) cycle, which is not fixed any more to the classical value given by Θ = 2π for de Sitter space. We must sum over contributions from all possible values of Θ in the partition function. This corresponds to starting with the value of u for the classical solution, i.e. with Θ = 2π in (17), and then considering all other shifts of u of the form u → u + ατ (23) where α is an arbitrary number. This is implemented by a translation operator of the form

T = exp ( ατ ∂ ∂u ) (24)

However, this operator is not gauge invariant. The only gauge-invariant way of implementing these translations is through Verlinde operators of the form

W_j = ∑ n∈Λ_j exp ( −nπτ̄ u τ_2 + nτ k + 2 ∂ ∂u ) (25) where Λ_j = −j, −j + 2, ..., j − 2, j. This means that all possible shifts in u are not allowed. The only possible shifts allowed by gauge invariance are: u → u + nτ k + 2

(26)

where n is always an integer taking a maximum value of k. Thus, the only allowed values of Θ are 2π(1 +^n_{k+2} ). We know that acting on the state with no Wilson lines in the solid torus with the Verlinde operator W_j corresponds to inserting a Wilson line of spin j/2 around the non-contractible cycle. Thus, taking into account all states with different shifted values of u as in (26) means that we have to take into account all the states in the boundary corresponding to the insertion of such Wilson lines. These are the states ψ_j (u, τ ) given in (20).

(b) In order to obtain the final partition function, we must also integrate over all values of the modular parameter τ , i.e. over all inequivalent tori with the same holonomy around the non-contractible cycle. The integrand, which is a function of u and τ , must be the square of the partition function of a gauged SU (2)_k Wess-Zumino model corresponding to the two SU (2) Chern-Simons theories. It must be modular invariant – modular invariance corresponds to invariance under large diffeomorphisms of the torus. The partition function is then of the form

Z = ∫ dμ(τ, τ̄ ) | | | | | k∑ j=0 a_j (τ ) ψ_j(u, τ ) | | | | | 2 (27)

where dμ(τ, τ̄) =^{dτdτ̄}_{τ 22} is the modular invariant measure, and the integration is over a fundamental domain in the τ plane. Coefficients a_j (τ ) must be chosen such that the integrand is modular invariant.

As discussed in [16], these coefficients are given by a_j(τ ) = (ψ_j (0, τ ))^∗ so that the partition function is uniquely fixed to be

Z_{dS} = ∫ dμ(τ, τ̄ ) | | | | | k∑ j=0 (ψ_j (0, τ ))^∗ ψ_j (u, τ ) | | | | | 2 (28)

This is an exact expression for the canonical partition function of quantum gravity on dS_3. We now proceed to compute the partition function by substituting in the expression above the values of u and ū from (19) with Θ = 2π. We work in the regime where k (and therefore l) is large. Also, we must perform an analytic continuation to get the Lorentzian result - this is done by taking G → −G, and β → iβ. For the regime when k is large, the leading contribution to the sum in the integrand comes from j = 0 as in [16]. The τ_2 integral can in fact be done exactly. We have Z_{dS} = ∫_{1/2} −1/2 dτ_1 4π e^{β k/2l} 1 f(τ_1)

K_1(−k/2 f(τ_1)) (29)

where f(τ_1) = √_{β2} l^2 − 4π

2τ^2_1 , and K_1 is the Bessel function of imaginary argument. Using the approximation for the Bessel function with large argument

K_1(z) = √ π 2z e^{−z} [1 + O( 1 z ) + ...] (30)

with the replacement β = 2πl for de Sitter space, we get, in the large k regime :

Z_{dS} = 4 √ π 4G 2πl e^{2πl/4G} (31)

The form of the partition function indicates that at leading order, it is of the form e^S , where S =^{2πl}_{4G} is the semi-classical entropy. Since this is the partition function in the canonical ensemble, we would have expected an additional term e^{−iβE} where E is the energy of de Sitter space. The notion of energy in asymptotically de Sitter spaces needs to be defined carefully, due to the absence of a global timelike Killing vector. The energy E that emerges in our formalism is defined on the horizon, and not at asymptotic infinity, as has been done, for e.g in [6]. Our result seems to indicate that that energy E is zero for de Sitter space. Such a result coincides with the definition of energy as given by Abbott and Deser [27]. The canonical partition function at leading order is therefore the same as the density of states. The multiplicative prefactor in (31) is the leading correction to the semi-classical result. The entropy is therefore S = (2πl)/4G − log 2πl 4G + ........ (32) The leading term is the semi-classical Bekenstein-Hawking entropy that is proportional to the horizon “area”. The second term is the leading correction that is logarithmic in area. In the following sections, we discuss in detail the results we have obtained - on the nature of the quantum fluctuations, and the logarithmic correction we have seen above.

V. THE NATURE OF THE QUANTUM FLUCTUATIONS

In our set-up, from the choice of ensemble and considerations of gauge invariance, the partition function (28) involved insertion of closed Wilson lines of spins j/2 ≠ 0, j ≤ k. These correspond to defects centered at the origin of the ϕ coordinate in (11), i.e around the worldline of the timelike observer. As is well-known, such defects correspond to point masses in dS_3 [28]. A point mass in dS_3 can be described in static coordinates by the metric

ds^2 = − N^2 dt^2 + N^{−2} dr^2 + r^2 dϕ^2 (33)

where now

N^2 = (8GM − r^2 l^2

), (34)

and 0 ≤ r ≤ r_+ with r_+ = l √ 8GM as the radius of the cosmological horizon. Let us consider the static patch metric (33) of dS_3. Near r = 0, the origin of the ϕ coordinate, it looks like Minkowski space. Then metric (33) near r = 0 can be rewritten as the Minkowski metric

ds^2 = −dt^2_1 + dr^2_1 + r^2_1dϕ^2_1 (35)

where t_1 = √ 8GMt, r_1 = r/ √ 8GM and ϕ_1 = √ 8GMϕ. But since ϕ had a periodicity 2π, ϕ_1 has a periodicity 2π √ 8GM . Thus the deficit angle at r = 0 is 2π(1 − √ 8GM), i.e 2π(1 −^{r+}_l ). When r_+ = l, the deficit is zero, and we have de Sitter space.

In the partition function (28), there is a discrete sum over deficits in the ϕ coordinate - from (26), the deficits are of the form 2π^n_{k+2} where n is an integer taking the maximum value of k. n = 0 corresponds to de Sitter space, i.e no deficit. Thus from the discussion above, we see that (1 −^{r+}_l ) =^n_{k+2} . The maximum deficit possible is n = k. Thus there seems to be a maximum allowed value for the ”mass” of the point particle, M . Interestingly, this relation also implies that r_+, and therefore the mass of the point particle takes only a discrete number of values, labelled by the integer n. Though classically all values of deficit angle between 0 and 2π are allowed, gauge invariant quantization allowed only discrete set of values.

There is another interesting observation : In the computation of the de Sitter partition function (28), we set Θ = 2π - which corresponds to de Sitter space. Thus the partition function describes quantum fluctuations on the de Sitter background. We could instead choose any value of Θ from 0 to 2π. Then the partition function would correspond to fluctuations around a background with the corresponding point mass. What does that partition function look like? The exercise done in the previous section can be repeated for this case - and surprisingly, the leading answer is the same! Quantum fluctuations of any such background are point masses taking the same set of discrete values as above. The dominant contribution to the partition function again comes from spin j = 0, which corresponds to empty de Sitter space. Doing the computation carefully (taking into account the changed value of the temperature), we find that to the leading order, the entropy is the same as that of de Sitter space, i.e S = (2πl)/4G. However, the logarithmic corrections to the entropy are more complicated now and carry the information about the point mass parameter. All this strongly suggests a quantization of point mass configurations in a quantum theory of gravity on dS_3. Also, since the leading contribution to the entropy always comes from empty de Sitter space, this presents an explicit realisation of the entropy bound of Bousso [23] in three dimensions.

VI. THE LOG(AREA) CORRECTION TO THE SEMI-CLASSICAL ENTROPY

We note that in the expression for entropy (32), the correction to the Bekenstein-Hawking entropy is logarithmic in area, with a coefficient −1. The logarithmic correction has been observed in many computations of black hole entropy in quantum gravity. It was first computed for the (3+1)-d Schwarzschild black hole in the quantum geometry formulation of gravity - where, for a large massive black hole, the next order log(area) correction had a numerical coefficient, −3/2 [20]. Subsequently, this correction (with the same numerical coefficient!) has been seen in computations of the (2+1)-d BTZ black hole entropy in various approaches [20], [16], leading to the question of whether this coefficient is universal. Below, we clarify several issues related to the universality of this coefficient. Incidentally, the logarithmic correction with a different coefficient was seen in a one-loop computation of the correction to the entropy of the BTZ black hole (of small horizon area) due to a scalar field [29]. However, our discussion of the logarithmic coefficient is the correction due to quantum gravity fluctuations, and distinct from corrections due to scalar fields or other matter coupled to the black hole.

The computation of BTZ black hole entropy in [16] was done in the same (Chern-Simons) formulation as the de Sitter case, and the numerical coefficient of the logarithmic term was −3/2, whereas for the de Sitter case, it is −1. This is somewhat puzzling at first glance. The black hole entropy was computed in the regime r_+ >> l, where r_+ is the black hole horizon radius and l is the AdS radius of curvature. Then, there was an integral over the modular parameter similar to (28). The saddle-point for τ_2, the imaginary part of the modular parameter occured when τ_2 = r_+/l. Thus this was the regime when τ_2 was large. An interesting observation was made in [16] that replacing r_+/l in the black hole partition function by l/r_+, where now r_+ << l, the AdS gas partition function was obtained, with the coefficient of the correction being +3/2. This corresponds to a situation where the modular parameter τ_2 = r_+/l is small. What happens when r_+ ∼ l, i.e τ_2 ∼ 1? In fact, this is very similar to the de Sitter case, since the de Sitter horizon radius is exactly l! The computation follows similar lines and leads to similar results. It can in fact be verified directly from (28) that the saddle-point is at τ_2 = 1. Here, we see that the coefficient of the logarithmic correction is −1. Thus, the coefficient of the correction seems to depend on the regime one is looking at. When, as in the above case, there are two independent length parameters l and r_+, only for r_+ >> l do we get the coefficient −3/2. Summarising our result for BTZ black hole we find: F or r_+ >> l S = 2πr_+ 4G − 3 2 log ( 2πr_+ 4G ) + · · · r_+ = l S = 2πr_+ 4G − log ( 2πr_+ 4G ) + · · · r_+ << l S = 2πl^2 4r_+G + 3 2 log( r_+ l ) + · · · (36)

where the last expression in (36) for r_+ << l is the entropy of the AdS gas.

The above results are reminiscent of a duality proposed in [30] between the Euclidean BTZ black hole and Lorentzian de Sitter spaces. There, the classical holonomy of the connection in the black hole case was related to the ratio r_+/l. From the duality, this was also the holonomy of the connection in a de Sitter space with a point mass, the mass being related to the parameter r_+. In particular, vacuum de Sitter space corresponds to r_+ = l. Although this duality is only at the level of actions (for a Lorentzian theory with positive Λ and a Euclidean one with negative Λ), we find here that a BTZ black hole with horizon radius r_+ = l and vacuum de Sitter space have the same entropy - both at the leading and sub-leading order!

Let us examine (29) closer to understand how the coefficient of the logarithmic correction in the de Sitter case is −1. Using the asymptotic expansion of the Bessel function (30), we see that the τ_2 integration contributes a logarithmic term with a coefficient −1/2. The τ_1 integration also contributes the same and the coefficient is thus −1.

Entropy of de Sitter space can also studied from an alternative point of view by using dS/CFT correspondence [9]. In this framework all the information about quantum gravity in the bulk is expected to be contained in the conformal field theory at past or future infinity. The CFT is described by considering all possible metric fluctuations keeping the asymptotic behaviour to be de Sitter space. It consists of two copies of Virasaro algebras, each with central charge c = 3l/2G. As shown in [5, 6, 7], the eigenvalues of the Virasoro generators L_0 and L̄_0 for de Sitter space are both equal to l/8G. Using the Rademacher expansion for modular forms, one can generalize the Cardy formula for growth of states in a CFT beyond the leading term. In [31], the sub-leading correction to the entropy of a BTZ black hole was determined from this generalisation. We use these results to find the sub-leading corrections to the de Sitter entropy from the dS/CFT correspondence. From [31], the entropy obtained from a CFT with a given the central charge c and eigenvalue of the Virasoro generator L_0 = N , is given by

S_1 = S_0 − 3/2 log S_0 + log c + ....... (37)

where S_0 = 2π √_c 6 (N −^c_{24} ). This is the contribution from the Virasoro generator L_0. There is a similar contribution S_2 associated with the Virasoro generator L̄_0, given by replacing N in the above by N̄ , the eigenvalue of L̄_0.

Substituting c = 3l/2G and N = N̄ = l/8G in the above, we see that

S = S_1 + S_2 = 2πl/4G − log 2πl 4G + .... (38) with the same coefficient −1 for the logarithmic correction as that obtained from the gravity partition function (31) in (32). Here, the contribution from each of S_1 and S_2 to the logarithmic correction was −1/2 log^{2πl}_{4G} .

Thus, the quantum gravity calculation of de Sitter entropy and the entropy computation from the asymptotic CFT agree even in the sub-leading correction to the Bekenstein-Hawking term.

VII. ACKNOWLEDGEMENT

V. S would like to acknowledge support of a fellowship from the Alexander von Humboldt Foundation.

[1] G. W. Gibbons and S. W. Hawking, Phys. Rev. D15, 2738 (1977). [2] J. Maldacena and A. Strominger, JHEP 9802, 014 (1998). [3] F. Lin and Y. Wu, Phys. Lett. B453, 222 (1999).

[4] M. Banados, T. Brotz and M. Ortiz, Phys. Rev. D59, 046002 (1999). [5] Mu-In Park, Phys. Lett. B440, 275 (1998).

[6] V. Balasubramanian, J. de Boer and D. Minic, Mass, entropy and holography in asymptotically de Sitter spaces, hepth/0110108.

[7] Y. S. Myung, Mod. Phys. Lett. A16, 2353 (2001).

[8] D. Kabat and G. Lifschytz, de Sitter entropy from conformal field theory, hep-th/0203083. [9] A. Strominger, JHEP 0110, 034 (2001). [10] D. Klemm, Nucl. Phys. B625, 295 (2002).

[11] M. Spradlin, A. Strominger and A. Volovich, Les Houches lectures on de Sitter space, hep-th/0110007. [12] V. Suneeta, T. R. Govindarajan and R. K. Kaul, Mod. Phys. Lett. A14, 349 (1999) [13] A. P. Balachandran, L. Chandar and A. Momen, Nucl. Phys. bf B461, 581 (1996). [14] S. Carlip, Phys. Rev. D55, 878 (1997).

[15] T. R. Govindarajan, V. Suneeta and S. Vaidya, Nucl. Phys. B583, 291 (2000). [16] T. R. Govindarajan, R. K. Kaul and V. Suneeta, Class. Quant. Grav. 18, 2877 (2001). [17] A. Achucarro and P. Townsend, Phys. Lett. B180, 89 (1986). [18] E. Witten, Nucl. Phys. B311, 46 (1988);

S. Carlip, Class. Quant. Grav. 16, 3327 (1999). [19] E. Witten, Commun. Math. Phys. 121, 351 (1989). [20] R. K. Kaul and P. Majumdar, Phys. Rev. Lett. 84, 5255 (2000);

S. Das, R. K. Kaul and P. Majumdar, Phys. Rev. D63, 044019 (2001). See also S. Carlip, Class. Quant. Grav. 17, 4175 (2000).

[21] S. Elitzur, G. Moore, A. Schwimmer and N. Seiberg, Nucl. Phys. B326, 108 (1989). [22] W. Ogura, Phys. Lett. B229, 61 (1989);

S. Carlip, Nucl. Phys. B362, 111 (1991). [23] R. Bousso, JHEP 0011, 038 (2000).

[24] J. M. F. Labastida and A. V. Ramallo, Phys. Lett. B 227, 92 (1989). [25] J. M. Isidro, J. M. F. Labastida and A. V. Ramallo, Nucl. Phys. B398, 187 (1993). [26] N. Hayashi, Prog. Theor. Phys. Suppl. 114, 125 (1993). [27] l. F. Abbott and S. Deser, Nucl. Phys. B195, 76 (1982);

See also Tetsuya Shiromizu, Daisuke Ida and Takashi Torii, hep-th/0109057. [28] S. Deser and R. Jackiw, Annals Phys. 153, 405 (1984). [29] R. Mann and S. Solodukhin, Phys. Rev. D55, 3622 (1997). [30] A. Corichi and A. Gomberoff, Class. Quant. Grav. 16, 3579 (1999). [31] D. Birmingham and S. Sen, Phys. Rev. D63, 047501 (2000);

K. Gupta and S. Sen, Phys. Lett. B526, 121 (2002).