arXiv:hep-th/0203229 v3 22 Aug 2002

CTP TAMU-05/02 UPR-985-T MCTP-02-18 March 2002 hep-th/0203229

M-theory PP-Waves, Penrose Limits and Supernumerary Supersymmetries

M. Cvetič^†, H. Lü^⋆ and C.N. Pope^‡ †Department of Physics and Astronomy, University of Pennsylvania Philadelphia, PA 19104, USA ⋆Michigan Center for Theoretical Physics, University of Michigan Ann Arbor, MI 48109, USA ‡Center for Theoretical Physics, Texas A&M University, College Station, TX 77843, USA ABSTRACT

We study supersymmetric pp-waves in M-theory, their dimensional reduction to D0- branes or pp-waves in type IIA, and their T-dualisation to solutions in the type IIB theory. The general class of pp-waves that we consider encompass the Penrose limits of AdS_p × S^q with (p, q) = (4, 7), (7, 4), (3, 3), (3, 2), (2, 3), (2, 2), but includes also many other examples that can again lead to exactly-solvable massive strings, but which do not arise from Penrose limits. All the pp-waves in D = 11 have 16 “standard” Killing spinors, but in certain cases one finds additional, or “supernumerary,” Killing spinors too. These give rise to linearlyrealised supersymmetries in the string or matrix models. A focus of our investigation is on the circumstances when the Killing spinors are independent of particular coordinates (x^+ or transverse-space coordinates), since these will survive at the field-theory level in dimensional reduction or T-dualisation.

† Research supported in part by DOE grant DE-FG02-95ER40893 and NATO grant 976951. ⋆ Research supported in full by DOE grant DE-FG02-95ER40899 ‡ Research supported in part by DOE grant DE-FG03-95ER40917.

1 Introduction

The Penrose limit [1] of the AdS_5 ×S^5 solution of type IIB theory is a pp-wave with maximal supersymmetry [2, 3]. This result is of considerable interest within the framework of the AdS/CFT correspondence, since the pp-wave provides a background for which the string theory action in light-cone gauge describes a massive free string, which is exactly solvable [4, 5], thus allowing explicit comparisons with results in the dual gauge theory [5]. The Penrose limit of the AdS_4 × S^7 and AdS_7 × S^4 solutions of M-theory also gives rise to a maximally-supersymmetric pp-wave, obtained in [6], and this provides a simple background for the DLCQ description of M-theory, and the corresponding matrix-model in this regime [5]. Subsequent papers have explored a variety of consequences and generalisations of these observations [7]-[21].

In a previous paper [17], we studied a wider class of supersymmetric pp-waves in the type IIB theory, generalising the maximally-supersymmetric one that arises as the Penrose limit of AdS_5 × S^5. In particular, we allowed for a more general structure of the constant selfdual five-form field strength; these structures were motivated by the flat (orbifold) limit of a special holonomy transverse space for the pp waves. In fact any pp-wave within the general class automatically has 16 Killing spinors, which we therefore denoted as “standard” Killing spinors. In special cases one finds that there can be additional Killing spinors, which we denoted as “supernumerary” Killing spinors. The maximum number, 16, of these is achieved for the Penrose limit of AdS_5 × S^5. (In this class we also found another example of the Penrose limit of AdS_3 × S^3 arising form an D3/D3-intersection.)

The focus of our study in [17] was to determine the circumstances under which one obtains supernumerary Killing spinors in the type IIB pp-waves. These are important when one considers the exactly-solvable string models in the pp-wave backgrounds; we found that it is the supernumerary Killing spinors that are in one to one correspondence with the associated linearly-realised worldsheet supersymmetries of the corresponding string action. In fact the string theory is solved by going to the light-cone gauge, with the x^+ coordinate in the pp-wave being set equal to the world-sheet time coordinate. In order that the linearly-realised world-sheet supersymmetries be unbroken, it is necessary therefore that the associated supernumerary Killing spinors be independent of the coordinate x^+, which is indeed the case in all the type IIB pp-waves. For instance, all 16 supernumerary Killing spinors in the Penrose limit of AdS_5 × S^5 have this property [5, 17].

A further significance of having Killing spinors in the type IIB pp-waves that are independent of x^+ is that after performing a T-duality transformation on the x^+ coordinate

(which is always a Killing direction), the resulting type IIA solution will also be supersymmetric. It can be lifted to M-theory, where it acquires an interpretation as a supersymmetric deformed M2-brane, i.e. an M2-brane in which an additional 4-form flux is turned on in the transverse space [22]-[28]. An intriguing feature of the deformed M2-branes obtained by this T-dualisation procedure is that if any of the Killing spinors originate from supernumerary Killing spinors (which are x^+-independent), then in the M-theory picture they solve the Killing-spinor equations despite violating the criterion that is usually applied [29, 22, 25] for testing whether a supersymmetry survives when the extra 4-form flux is turned on [17].

In this paper, we study supersymmetric pp-waves in M-theory. In particular, we allow for rather general structures for the constant 4-form field strength of M-theory, motivated from the flat (orbifold) limit of special holonomy transverse space for the pp-waves. These possible structures fall into two classes. Focusing on the nature of supersymmetry, we again find that there are always 16 “standard” Killing spinors, and that additional “supernumerary” Killing spinors can arise in special cases. Unlike the case of pp-waves in type IIB, however, it is no longer automatic that supernumerary Killing spinors are independent of x^+. The Penrose limit of AdS_4 × S^7 or AdS_7 × S^4 provides the unique example where the number of supernumerary Killing spinors attains its maximum, namely 16 [6]. Unlike the maximally-supersymmetric pp-wave in type IIB, however, here in the M-theory maximallysupersymmetric pp-wave the 16 supernumerary Killing spinors all depend on x^+.

Again our focus is on the occurrence of supernumerary Killing spinors, and also on determining the dependence of all the Killing spinors on the x^+ coordinate and the 9 transverse coordinates z^i. These dependences are of importance when one considers reductions to type IIA, and subsequent T-dualisation to type IIB, since they determine whether there will be supersymmetries in the type IIA and IIB supergravity solutions.

Depending upon whether one reduces from D = 11 on x^+ or on one of the transverse coordinates z^i, one either obtains a D0-brane or a pp-wave in the type IIA theory. In the case of a pp-wave, the string theory in this background is again exactly-solvable by going to the light-cone gauge, giving rise to a free massive theory. In the case of a reduction instead on x^+, the D0-brane world-particle action leads to a DLCQ description of the Mtheory matrix model in this sector. Thus these backgrounds of M-theory provide for dual descriptions, either in terms of a solvable type IIA string action or in a matrix theory model. In particular, the supernumerary supersymmetry plays a key role in determining the supersymmetry of the string action as well as supersymmetry of the matrix model.

We begin in section 2 by setting up our formalism for the pp-waves in M-theory, and obtaining the criterion for the existence of Killing spinors. We then study the coordinate dependences of the Killing spinors, for the various choices of constant 4-form fluxes in the flat nine-dimensional transverse space that we are considering. This allows us to discuss the supersymmetry of the type IIA D0-branes and pp-waves that we can obtain by dimensional reduction. We also show how some of our pp-wave solutions are related to Penrose limits of M2-brane and M5-brane intersections.

In section 3 we derive the light-cone action for type IIA strings in arbitrary bosonic backgrounds, making use of earlier covariant results for the Green-Schwarz action up to quadratic order in fermions that were obtained in [30]. We also obtain an analogous result for the light-cone action for the type IIB string, again valid for arbitrary bosonic backgrounds, and based on covariant results obtained in [30]. Using these light-cone actions, we study the properties of some of the pp-wave solutions that we obtain by dimensional reduction and T-duality.

In certain cases the M-theory pp-waves have no isometry direction within the ninedimensional transverse space, and so they cannot be reduced to give pp-waves in ten dimensions. Under these circumstances, where the pp-waves are intrinsically eleven-dimensional, one is led to considering a DLCQ description in this background, leading to a matrix model. In particular, we derive the matrix-model action, whose supersymmetry is in one to one correspondence with the supernumerary supersymmetries of the corresponding pp-wave background.

2 Supersymmetry of pp-waves in M-theory

2.1 General formalism We shall consider pp-wave solutions of D = 11 supergravity, where the metric and 4-form are given by

ds^2_{11} = −4dx^+ dx^− + H dx^{+2} + dz^2_i , (1) F_{(4)} = μ dx^+ ∧ Φ_{(3)} , (2)

where Φ_{(3)} is a harmonic 3-form in the flat nine-dimensional transverse space whose metric is dz^2_i , μ is a constant, and we are taking H here to depend only on z^i. In the vielbein basis e^+ = dx^+, e^− = −2dx^− +^1_2 H dx^+, e^i = dz^i, for which the metric is ds^2_{11} = 2e^+ e^− + e^i e^i, the spin connection is given by

ω_{+i} =^1_2 ∂_iH e^+ , ω_{−i} = ω_{+−} = ω_{ij} = 0 , (3) and the only non-vanishing Riemann tensor components, in the vielbein basis, are R_{+i+j} = −^1_2 ∂_i∂_j H . (4) This implies that the only non-vanishing Ricci-tensor component is R_{++} = −^1_2 H. The D = 11 supergravity equations are therefore satisfied if H obeys the equation H = −^1_6 μ^2 |Φ_{(3)}|^2 . (5) In this paper we shall focus on the cases where Φ_{(3)} is a covariantly-constant 3-form. It is sufficient for our purposes to take the solution for H to be H = c_0 + Q r^7 − ∑ i μ^2_i z^2_i , (6) where c_0, Q and μ_i are constants, and r^2 ≡ z_i z_i. It follows from (5) that the μ_i are subject to the condition ∑ i μ^2_i =^1_{12} μ^2 |Φ_{(3)}|^2 . (7) When μ = 0 (and hence μ_i = 0), the solution becomes a standard pp-wave in D = 11, whose dimensional reduction gives a D0-brane in the type IIA theory, and the pp-wave charge Q becomes the charge of the D0-brane.

The supercovariant derivative appearing in the supersymmetry transformation rule δψ_M = D_M ϵ is given by D_M = ∇_M −^1_{288} (Γ_M^{N1···N4} F_{N1 ···N4} − 8F_{M N1···N3} Γ^{N1 ···N3} ) . (8) Defining D_M = ∇_M + Ω_M , we therefore find

∇_+ = ∂_+ +^1_4 ∂_iH Γ_− Γ_i , ∇_− = ∂_− , ∇_i = ∂_i , Ω_+ = −^i_{12} μ (1 + Γ_− Γ_+) W , Ω_− = 0 , Ω_i =^i_{24} μ Γ_− (Γ_i W + 3W Γ_i) , (9) where we have defined W ≡^i_6 Φ_{ijk} Γ_{ijk} . (10) It follows immediately from (9) that Killing spinors ϵ, satisfying D_M ϵ = 0, are independent of x^−. Since Ω_i Ω_j = 0 we have ∂_i ∂_j ϵ = 0 and hence it follows that ϵ = (1 − z^i Ω_i) χ , (11) where χ depends only on x^+. Finally, from D_+ ϵ = 0 one deduces that ∂_+ χ −^i_{12} μ (Γ_− Γ_+ + 1) W χ = 0 (12) and [ μ^2 z^i (Γ_i W^2 + 9W^2 Γ_i + 6W Γ_i W ) + 72∂_iH Γ_i ] Γ_− χ = 0 . (13) Thus (13) determines the number of Killing spinors, while (11) and (12) determine their z^i and x^+ dependence.

Since Γ_+ Γ_− +Γ_− Γ_+ = 2 and Γ_+^2 = Γ_−^2 = 0, we have a unique decomposition χ = χ_+ +χ_− for any χ, where χ_+ ≡^1_2 Γ_+ Γ_− χ and χ_− ≡^1_2 Γ_− Γ_+ χ have the defining properties Γ_+ χ_+ = 0 and Γ_− χ_− = 0.

It is evident from (13) that there will always be 16 Killing spinors corresponding to χ = χ_−. Accordingly, we refer to these as “standard Killing spinors,” since they exist for any choice of the function H that satisfies the field equation (5). In particular, the pp-wave charge Q can be non-zero. In certain cases there can also be additional Killing spinors corresponding to χ = χ_+. We refer to these as “supernumerary Killing spinors.” We shall construct the two categories of Killing spinors, and discuss their coordinate dependences, in the following two subsections.

Before discussing the two categories of Killing spinors, let us be a little more specific in our choice of constant 3-forms Φ_{(3)}. It turns out to be natural to restrict attention to cases where the associated matrix W , defined by (10), is a sum of individual terms W_α that all commute with each other. This can be seen to lead to two inequivalent maximal sets of terms, which we shall refer to as Case 1 and Case 2. For the two cases we have Case1 :

Φ_{(3)} = m_1 dz^{129} + m_2 dz^{349} + m_3 dz^{569} + m_4 dz^{789} , (14)

Case2 :

Φ_{(3)} = m_1 dz^{123} + m_2 dz^{145} + m_3 dz^{167} + m_4 dz^{246}

+m_5 dz^{257} + m_6 dz^{347} + m_7 dz^{356} , (15) where we have defined dz^{ijk} ≡ dz^i ∧ dz^j ∧ dz^k. It should be noted that unless all four of the m_α coefficients are non-zero in Case 1, it is in fact encompassed (after a relabelling of coordinates) within Case 2.

It is straightforward to verify that if we construct W as in (10), and write it as W = ∑ α m_α W_α , (16)

where W_α denotes the individual Γ_{ijk} structures (for example W_1 = i Γ_{129} is one of the four structures in Case 1), then we shall have [W_α, W_β] = 0. In consequence, for either Case 1 or Case 2 we can choose a basis for the gamma matrices in which the W_α are all diagonal. It is useful to have in mind such a diagonal choice of basis in the subsequent discussion.

For our canonical choices, one can see that if the m_α are taken equal then Φ_{(3)} in Case 1 can be expressed as m dz_9∧J, where J is the Kähler form for the eight-dimensional flat space with metric

∑_8 i=1 dz^2_i . Likewise, if the m_α are set equal in Case 2, Φ_{(3)} can be expressed as m Ψ_{(3)}, where Ψ_{(3)} is a G_2-invariant associative 3-form in the flat seven-dimensional space with metric

∑_7 i=1 dz^2_i .

2.2 The 16 standard Killing spinors The 16 standard Killing spinors correspond to taking χ = χ_−, i.e. they are defined by Γ_− χ = 0. It is evident from (9) and (11) that they are all independent of all of the z^i coordinates. It is also evident from (12) that they will have x^+ dependence given by

χ = e^{i4 μ x+ W} χ_0 , (17)

where χ_0 is any constant spinor satisfying Γ_− χ_0 = 0. If W annihilates any of these spinors, then the associated “standard” Killing spinor will be independent of x^+ (and so, in fact, it will be independent of all the coordinates). The discussion now divides into two, according to whether we take Φ_{(3)} to be given by (14) or (15):

Case 1:

For Φ_{(3)} given by (14), the eigenvalues of W are

λ_i = ±m_1 ± m_2 ± m_3 ± m_4 , (18)

where the ± choices are all independent. Each eigenvalue occurs twice, making the 32 in total. In the subspace of eigenspinors annihilated by Γ_− one gets each eigenvalue once, and likewise in the subspace annihilated by Γ_+. For the standard Killing spinors arising in Case 1, it therefore follows that the possible numbers that are independent of x^+ can be N_{stan} = 0, 2, 4 or 8.

The number N_{stan} = 0 is achieved for generic choices of the m_α; N_{stan} = 2 is achieved for choices where m_1 + m_2 + m_3 + m_4 = 0; N_{stan} = 4 is achieved for choices with m_4 = 0 and m_1 + m_2 + m_3 = 0 (or permutations); and N_{stan} = 8 is achieved for choices with m_3 = m_4 = 0 and m_1 + m_2 = 0 (or permutations).

Case 2:

When Φ_{(3)} is given by (15), we find that again W generically has sixteen different eigenvalues, each occurring twice. One copy of the sixteen again occurs in each of the Γ_− and Γ_+ subspaces. The eigenvalues are given by ±λ_i, where

λ_8 = m_1 + m_2 + m_3 − m_4 + m_5 + m_6 + m_7 , (19)

and λ_i for 1 ≤ i ≤ 7 is given by reversing the sign of each m_α that occurs as a coefficient of any term containing the gamma matrix Γ_i. The numbers of standard Killing spinors that are independent of x^+ that can be achieved for these Case 2 examples are therefore N_{stan} = 2n, where 0 ≤ n ≤ 6 is the number of λ_i = 0 that are arranged to vanish by choosing the m_α appropriately. Thus for Case 2 we can have N_{stan} = 0, 2, 4, 6, 8, 10 or 12 standard Killing spinors that are independent of x^+.

2.3 Supernumerary Killing spinors We now turn to the discussion of supernumerary Killing spinors, for which Γ_+ χ = 0. In a generic pp-wave solution there will be none of these, but they can arise in special cases when H given in (6) is quadratic in z^i (i.e. the pp-wave charge Q = 0), and the distribution of μ_i coefficients (which must in any case satisfy (7)) is chosen appropriately. The numbers of supernumerary Killing spinors that can be achieved depends also on the choice of Φ_{(3)}.

The equation (13) that determines the number of Killing spinors admits solutions for supernumerary Killing spinors (Γ_+ χ = 0) if H in (6) depends on z^i only quadratically, and [ μ^2 (Γ_i W^2 + 9W^2 Γ_i + 6W Γ_i W ) − 144μ^2_i Γ_i ] χ = 0 , (20)

where Γ_+ χ = 0.

As we discussed when we made our choices (14) or (15) for Φ_{(3)}, the resulting terms W_α defined by (10) and (16) can all be simultaneously diagonalised (for each of Case 1 or Case 2 separately), by means of an appropriate similarity transformation of the gamma matrices. It is convenient to assume that such a basis for the gamma matrices has been chosen.

With respect to a diagonal basis, it is evident that

X_i ≡ Γ_i W Γ_i + 3W (21)

is also diagonal, and therefore that (20) can be rewritten as

(μ^2 X^2_i − 144μ^2_i ) Γ_i χ = 0 , for each i . (22)

From (11), it now follows that the solutions of (22) will give the supernumerary Killing spinors, with z^i dependence given by

ϵ = (1 −^i_2 μ_i z^i Γ_− Γ_i) χ . (23)

In particular, this means that a supernumerary Killing spinor is independent of a given coordinate z^i if and only if the associated coefficient μ_i in (6) is zero.

The discussion of the supernumerary Killing spinors now divides into the two possibilities for Φ_{(3)}, given by (14) or (15).

Case 1:

In this case Φ_{(3)} is given by (14). In the direction i = 9 we have X_9 = 4W , and so μ^2_9 =^1_9 μ^2 λ^2, where λ is one of the eigenvalues of W given in (18). Without loss of generality, since the other eigenvalues differ only in sign permutations of the m_α, we can take μ^2_9 =^1_9 μ^2 (m_1 + m_2 + m_3 + m_4)^2 . (24) The remaining μ_i for 1 ≤ i ≤ 8 are then given by

μ^2_1 = μ^2 =^1_{36} μ^2 (−2m_1 + m_2 + m_3 + m_4)^2 , μ^2_3 = μ^2_4 =^1_{36} μ^2 (m_1 − 2m_2 + m_3 + m_4)^2 , μ^2_5 = μ^2_6 =^1_{36} μ^2 (m_1 + m_2 − 2m_3 + m_4)^2 , μ^2_7 = μ^2_8 =^1_{36} μ^2 (m_1 + m_2 + m_3 − 2m_4)^2 . (25)

To see this, we note that if (X_9−κ_9) Γ_9 χ = 0 then 4W χ = κ_9 χ. We are taking κ_9 = 4(m_1 + m_2+m_3+m_4). Substituting into (X_1−κ_1) Γ_1 χ = 0 we therefore find^1_4 κ_9 χ+3~W χ−κ_1 χ = 0, where ~W = Γ_1 W Γ_1. From (14) and (10) it follows that the diagonal matrix ~W has eigenvalues that are just those of W but with m_2, m_3 and m_4 reversed in sign, and so ~W χ = (m_1 − m_2 − m_3 − m_4) χ. Thus we deduce that κ_1 = 2(2m_1 − m_2 − m_3 − m_4). Applying an analogous argument for each direction i, we arrive at (25).

For a generic choice of the constants m_α, there are precisely two supernumerary Killing spinors. This is because a given bosonic solution has fixed values for the coefficients μ_α, and so there are two solutions to (20) since there is a twofold degeneracy in (25). In special cases, where the m_α are chosen so that two or more of the expressions in (25) are equal, there can therefore be more solutions of (20). It is an elementary exercise to enumerate all the possible numbers of supernumerary supersymmetries that can be achieved for specific choices of m_α.

As in the case of type IIB pp-wave solutions, the supernumerary supersymmetries can lead to a variety of “non-standard” fractions of total supersymmetry that exceed^1_2 [17].

It is worth remarking that for Case 1, as a consequence of the equation X_9 = 4W , it follows that supernumerary Killing spinors are independent of x^+ if and only if they are independent of z_9.

Case 2:

When the 3-form Φ_{(3)} is given by (15), it follows that we shall have X_8 = X_9 = 2W , and so from (22) we shall have μ^2_8 = μ^2_9 =^1_{36} μ^2 λ^2, where λ is one of the eigenvalues of W . These are now given by λ_8 in (19), together with λ_i for 1 ≤ i ≤ 7 as described below (19). Without loss of generality, since the μ_α have not yet been specified, we may choose

μ^2_8 = μ^2_9 =^1_{36} μ^2 λ^2_8 =^1_{36} μ^2 (m_1 + m_2 + m_3 − m_4 + m_5 + m_6 + m_7)^2 . (26)

For the other constants μ_i, we shall therefore have

μ^2_i =^1_{144} μ^2 (λ_8 − 3λ_i)^2 , 1 ≤ i ≤ 7 . (27)

where λ_8 and λ_i are given by (19) and below. For example, we shall have μ^2_1 =^1_{36} μ^2 (2m_1 + 2m_2 + 2m_3 + m_4 − m_5 − m_6 − m_7)^2.

2.4 Supersymmetry of type IIA pp-waves and D0-branes Having obtained the M-theory pp-waves, we can dimensionally reduce the solutions to D = 10, giving rise to D0-branes if we reduce on the x^+ coordinate, or to type IIA ppwaves if we reduce instead on any of the z^i coordinates. Of course a reduction on a particular z^i coordinate is possible only if it is a Killing direction, which means that the associated coefficient μ_i in the metric function H must vanish.^1

First let us consider a reduction on x^+. This is a Killing direction for all pp-wave solutions. However, some or all of the Killing spinors in a given solution may be dependent on the x^+ coordinate, in which case they will not survive in the reduction of the solution to type IIA supergravity. As we saw from (12), the criterion for a Killing spinor to be independent of x^+ is that it should be annihilated by W . For the standard Killing spinors, the fraction of the 16 Killing spinors that will survive the reduction on x^+ depends on

1There are, of course, many other Killing vectors in the pp-wave metric, which could be used for Kaluza- Klein reduction, but we are not considering these here (see, however, section 2.5). Some examples are discussed in [20]; these typically give rise to an extra (constant) flux in the lower dimension, coming from a non-vanishing Kaluza-Klein vector potential.

the detailed structure of W . The 16 standard Killing spinors exist for any solution for H, subject to (5). In particular, they exist when the D0-brane charge Q is turned on. The supernumerary Killing spinors, on the other hand, are all eigenvectors of W with the same eigenvalue, and hence they are all x^+-independent if W χ = 0, but x^+-dependent if W χ ≠ 0. The supernumerary Killing spinors exist only if Q = 0 and the μ_i are distributed appropriately.

For a reduction on one of the transverse coordinates z^i, the the corresponding constant μ_i in the expression for H in the metric (1) must vanish, in order that ∂/∂z^i be a Killing vector. As we saw in (23), the Killing spinors are then also independent of the coordinate z^i, and hence they will all survive in the reduction. In section 2.2, it was observed that the 16 standard Killing spinors are all independent of z^i.

When Φ_{(3)} is contained within the Case 1 in (14), the direction z_9 is singled out. It was observed in the discussion of Case 1 in section 2.3 that if μ_9 = 0 then we have also W χ = 0, and so this implies that if z_9 is a Killing direction then the supernumerary Killing spinors will not only be independent of z_9, but also of x^+.

In Case 2, where Φ_{(3)} is given by (15), the directions z_8 and z_9 are singled out. If we arrange for μ_8 = μ_9 = 0 (they are always equal), then as shown in 2.3 we also have W χ = 0, and so the supernumerary Killing spinors will be independent of x^+ as well as the reduction coordinate z_8 or z_9.

In fact these various reductions to type IIA can be related to the general type IIB ppwaves obtained in [17], by means of T-duality. If we dimensionally reduce on z_9 in Case 1, or on z_8 or z_9 in Case 2, which is possible if parameters are chosen so that the corresponding μ_i coefficient vanishes, the resulting supernumerary Killing spinors are all independent x^+. This implies that the type IIA string action then has linearly-realised supersymmetries.

We can also obtain large classes of type IIA pp-wave solutions in which other μ_i parameters are instead zero. (That is to say, μ_i other than μ_9 in Case 1, or μ_8 = μ_9 in Case 2.) In these circumstances, there can exist supernumerary Killing spinors that are dependent on x^+. One would then obtain a type IIA solution where some, or all, of the world-sheet supersymmetries were non-linearly realised.

2.5 An explicit example Here we consider an explicit example where only m_1 and m_2 are non-vanishing. (This can equally well be for either Case 1 in (14) or Case 2 in (15), since the two are then equivalent after coordinate relabellings.) Taking m_1 and m_2 as given, we can then arrange for two choices for the μ_i coefficients that will give rise to supernumerary Killing spinors. These are summarised in the following table:

μ^2_1 = μ^2 μ^2_3 = μ^2_4 μ^2_5 = μ^2_6 μ^2_7 = μ^2_8 μ^2_9 1 36 (−2m_1 + m_2)^{2 1}_{36} (m_1 − 2m_2)^{2 1}_{36} (m_1 + m_2)^{2 1}_{36} (m_1 + m_2)^{2 1}_9 (m_1 + m_2)^2 1 36 (2m_1 + m_2)^{2 1}_{36} (m_1 + 2m_2)^{2 1}_{36} (m_1 − m_2)^{2 1}_{36} (m_1 − m_2)^{2 1}_9 (m_1 − m_2)^2

Table 1: Choices for μ_i with fixed m_1 and m_2 that give supernumerary Killing spinors

The second choice is nothing but the first, with one of the two m_i reversed in sign. However, if the m_α are given, fixed parameters, then these two choices for the μ_α correspond to two independent solutions.^2

For generic but fixed values of m_α, each choice in Table 1 gives rise to 8 supernumerary Killing spinors. When m_1 = m_2 in the second choice, the 8 supernumerary Killing spinors are all independent of x^+. This then corresponds to the Penrose limit of the M2/M5-brane system (AdS_3 × S^3 × T^4). By contrast, in the first choice in Table 1 the 8 supernumerary Killing spinors depend on the x^+ coordinate. For both choices, 8 of the 16 standard Killing spinors are independent of x^+. Another special case arises when either m_1 = ±2m_2 or m_2 = ±2m_1, which implies that μ_1 = μ_2 = 0 or μ_3 = μ_4 = 0. Interestingly enough, this case is T-dual to the maximally supersymmetric pp-wave arising from the Penrose limit of AdS_5 × S^5. Suppose, for example, we have the choice giving μ_1 = μ_2 = 0. We can then reduce on z_1 and T-dualise on z_2. The resulting type IIB solution is the maximallysupersymmetric pp-wave, in a slightly non-standard coordinate system that was introduced in [20] to make certain Killing directions in the transverse space manifest. The reverse procedure of T-dualisation and lifting was performed in [20], to give the pp-wave in D = 11.

2.6 AdS Penrose limits Various AdS spacetimes can arise in M-theory as near-horizon limits of M-brane intersections. The M2-brane and M5-brane themselves have near-horizon limits AdS_4 × S^7 and

2In our previous discussion, we adopted an “active” viewpoint when discussing the possible occurrences of supernumerary Killing spinors, rather than the “passive” viewpoint we are adopting here. Namely, we previously took a fixed choice for how the eigenvalues were to be expressed in terms of the mα, and then covered the spectrum of possibilities by allowing the mα to be chosen freely. The two viewpoints are clearly equivalent, if appropriate care is taken.

AdS_7 × S^4 respectively; these both have the same Penrose limit. The resulting pp-wave is maximally supersymmetric, and is the one obtained in [6], with

H = c_0 −^1_9 μ^2 (z^2_1 + z^2 + z^2_3 ) −^1_{36} μ^2 (z^2_4 + · · ·z^2_9 ) , Φ_{(3)} = μ dz^{123} . (28)

(The constant c_0 was not included in the Penrose limit taken in [6], but it can easily be included, as was shown in [17] for any Penrose limit.) There is no isometry along any of the z^i directions. All the Killing spinors depend on x^+, and so a dimensional reduction on the x^+ coordinate will result in a type IIA supergravity solution that breaks all the supersymmetry.

The Penrose limits of intersecting M-branes that give rise to AdS structure were discussed in [8]. An M2/M5 brane intersection gives rise to AdS_3 ×S^3 ×T^4 in the near-horizon limit. The Penrose limit is then given by

H = c_0 −^1_4 μ^2(z^2_1 + z^2 + z^2_3 + z^2_4) , Φ_{(3)} = μ (dz^{129} + dz^{349}) . (29)

There are in total 24 Killing spinors, of which 16 are the standard Killing spinors, together with 8 supernumerary Killing spinors. Out of the 16 standard Killing spinors, 8 are independent of x^+. All 8 supernumerary Killing spinors are independent of x^+, giving a total of 16 Killing spinors independent of x^+. Thus the D0-brane brane after reduction to type IIA will have 16 Killing spinors, but reduced to 8 if the D0-brane charge Q is turned on (since then the supernumerary Killing spinors will already be lost in D = 11). The solution has also isometries along the five z^i coordinates with i = 5, 6, 7, 8, 9. All 24 Killing spinors are independent of these coordinate, and so they will all survive if the M-theory solution is instead reduced on any of these five z^i coordinates, giving a pp-wave in type IIA. In particular, if we reduce the solution on the z^9 coordinate the pp-wave will have a constant (NS-NS) 3-form F_{(3)} , and in fact this pp-wave is itself the Penrose limit of the NS1/NS5 system in type IIA. If instead we reduce the D = 11 solution on z_5, z_6, z_7 or z_8, the ten-dimensional pp-wave is supported by a constant R-R 4-form F_{(4)} .

M2/M2/M2 and M5/M5/M5 brane intersections give rise to AdS_2 × S^3 and AdS_3 × S^2 respectively. Both have the same Penrose limit, which can be written as

H = c_0 −^1_4 μ^2 (z^2_7 + z^2_8 ) − μ^2 z^2_9 , Φ_{(3)} = μ(dz^{129} + dz^{349} + dz^{569}) , (30)

In this case there are the 16 standard Killing spinors plus 4 supernumerary Killing spinors, giving a total of 20 in all. All the Killing spinors depend on x^+, and hence after reduction on x^+ to type IIA the resulting D0-brane will have no supersymmetry. There are also isometries in the z^i coordinates with i = 1, . . .6. Since none of the Killing spinors depends on any of these coordinates, the type IIA pp-wave that results from reducing instead on one of these will have all 20 Killing spinors.

The M2/M2/M5/M5 brane intersection system gives an AdS_2 × S^2 in its near-horizon limit. The Penrose limit is given by H = c_0 − μ^2 (z^2_1 + z^2_6 ) , Φ_{(3)} = μ (dz^{123} + dz^{145} + dz^{246} + dz^{356}) . (31)

In this case, 4 out of the 16 standard Killing spinors are independent of x^+. Additionally, there are 4 supernumerary Killing spinors, which are all x^+-independent.

3 Matrix model and type II string actions

3.1 Type IIA string action Whenever there is an isometry in any of the z^i directions, the D = 11 pp-wave can be dimensionally reduced on such a coordinate, to give a pp-wave in the type IIA theory. In general, the resulting pp-wave can have non-vanishing constant backgrounds both for the NS-NS 3-form and R-R 4-form. The precise details depend in the usual way on the structure of Φ_{(3)} in D = 11.

The Green-Schwarz action for the type IIA string in an arbitrary bosonic background was derived, in component form up to and including second-order in the fermionic coordinates θ, in [30] (the form of the R-R couplings had previously been obtained schematically in [31]):

L_2 = −^1_2 √ −h h^{ij} ∂_iX^μ ∂_j X^ν g_{μν} +^1_2 ϵ^{ij} ∂_i X^μ ∂_j X^ν A_{μν} −i θ̄ β^{ij} Γ_μ D_j θ ∂_iX^μ +^i_8 ∂_iX^μ ∂_j X^ν θ̄ β^{ij} Γ_{11} Γ_μ^{ρσ} θ F_{νρσ} (32) −^i_{16} ∂_iX^μ∂_j X^ν e^ϕ θ̄ β^{ij} ( Γ_{11} Γ_μ Γ^{ρσ} Γ_ν F_{ρσ} +^1_{12} Γ_μ Γ^{ρσλτ} Γ_ν F_{ρσλτ} ) θ , where β^{ij} ≡ √ −h h^{ij} − ϵ^{ij} Γ_{11} , D_iθ ≡ ∂_iθ +^1_4 ∂_iX^μ ω_μ^{mn} Γ_{mn} θ . (33) The field strengths are given by

F_{(4)} = dA_{(3)} − A_{(1)} ∧ dA_{(2)} , F_{(3)} = dA_{(2)} , F_{(2)} = dA_{(1)} . (34)

The fermionic coordinates θ are non-chiral, and can be written as θ = ( θ^1 θ^2 ) , where

Γ_{11} θ = ( θ^1 −θ^2 ) . In a notation adapted to the passage to light-cone gauge, we can introduce world-sheet Dirac matrices ϱ_i, with ϱ_0 = −i τ_2, ϱ_1 = τ_1 and ϱ_2 = τ_3, where τ_i are the Pauli matrices. The ϱ_i act on the upper and lower 16 components θ^1 and θ^2 of the column vector Ψ = ( θ^1 θ^2 ) , and ϱ_2 is the chirality operator. The conjugate spinor in this notation is then Ψ̄ = Ψ^† Γ_0 ϱ_0, and we therefore have the “dictionary” θ̄ O θ −→ −Ψ̄ ϱ_0 O Ψ and θ̄ Γ_{11} O θ −→ Ψ̄ ϱ_1 O Ψ, where O is any matrix or operator constructed from the Γ_i matrices. In the light-cone gauge, where X^+ = τ, Γ_− θ = 0 and √ −h h^{ij} = η^{ij}, the fermionic part of the type IIA Green-Schwarz action (32) therefore becomes

L_F = i Ψ̄ Γ_+ D̸ Ψ −^i_4Ψ̄ ϱ_1 Γ_+ F̸_{(3)} Ψ −^i_4 e^ϕ Ψ̄ Γ_+ (ϱ_1 F̸_{(2)} − ϱ_0 F̸_{(4)} ) Ψ , (35)

where we have defined

F̸_{(2)} ≡ Γ^i F_{+i} , F̸_{(3)} ≡^1_2 Γ^{ij} F_{+ij} , F̸_{(4)} ≡^1_6 Γ^{ijk} F_{+ijk} . (36)

In the pp-wave backgrounds we are considering here, the world-sheet Dirac operator D̸ just reduces to ∂̸ in the light-cone gauge.

If the dimensional reduction from the D = 11 pp-wave to D = 10 is performed on a Killing direction z^i whose differential dz^i does not appear in the expression for Φ_{(3)} in D = 11, then the solution in D = 10 is a pp-wave with only the R-R 4-form F_{(4)} as a source. This situation can be achieved for any Φ_{(3)} contained within Case 2, provided that one reduces on the z_8 or z_9 coordinate. Since Case 1 is encompassed by Case 2 (after appropriate coordinate relabellings) in all situations except where all four m_α are nonvanishing, it is only in this last circumstance that one is forced into a dimensional reduction in which the differential dz^i of the reduction coordinate is present in Φ_{(3)} in D = 11. Of course in other cases too, one may choose to perform the dimensional reduction on such a coordinate z^i, provided that the associated coefficient μ_i in the quadratic metric function H vanishes, implying that ∂/∂z^i is a Killing vector.

Let us first consider the case where the differential dz^i of the reduction coordinate z^i does not appear in Φ_{(3)} in D = 11. It then follows from (32) and (35) that after choosing the light-cone gauge, the associated type IIA string action will be^3 L = 8∑ i=1 (^1_2ż^2_i −^1_2 z^{′2}_i −^1_2 μ^2_i z^2_i ) + Ψ̄(i ∂̸ +^1_4 μ ϱ_0 W ) Γ_+ Ψ . (37) Thus the masses of the fermions will be given by the eigenvalues of W .

Suppose now that we instead perform a reduction on a coordinate z^i whose differential dz^i does appear in Φ_{(4)} in D = 11. We now find that F_{(4)} in D = 11 reduces as F_{(4)} −→ F_4 + dz ∧ F_{(3)} (38) in D = 10, where z is the reduction coordinate. We now have the non-vanishing NS-NS field F_{(3)} in the type IIA background, together, possibly, with a non-vanishing R-R 4-form F_{(4)} . If the reduction of the 3-form Φ_{(3)} is written as Φ_{(3)} −→ Φ_3 + dz ∧ Φ_2, and if we define Y ≡^i_2 Φ_{ij} Γ^{ij} , (39) then it follows from (32) and (35) that after choosing the light-cone gauge, we shall obtain the string action L = 8∑ i=1 (^1_2ż^2_i −^1_2 z^{′2}_i + μ z^′_i B_i −^1_2 μ^2_i z^2_i ) + Ψ̄(i ∂̸ +^1_4 μ ϱ_0 W +^1_4 μ ϱ_0 Y ) Γ_+ Ψ . (40) Here, B_i denotes the components of the 1-form B_{(1)} whose exterior derivative gives Φ_{(2)} = dB_{(1)}. Since Φ_{(2)} =^1_2 Φ_{ij} dz^i ∧ dz^j where Φ_{ij} are constants, we may therefore take B_i to be given by B_i =^1_2 Φ_{ji} z^j . (41) Thus the string action in this case is given by L = 8∑ i=1 (^1_2ż^2_i −^1_2 (z^′_i −^1_2 μ Φ_{ij} z_j )^2 −^1_2 μ^2_i z^2_i ) +^1_8 μ^2Φ_{ik} Φ_{jk} z^j z^k +Ψ̄(i ∂̸ +^1_4 μ ϱ_0 W +^1_4 μ ϱ_0 Y ) Γ_+ Ψ . (42) Thus the boson masses, as well as the fermion masses, are modified by the presence of the NS-NS 3-form field. This is a generalisation of a result obtained in [5].

As an example, let us consider the pp-wave in D = 11 resulting from taking Φ_{(3)} to be given by Case 1, as in (14). After dimensional reduction on the coordinate z_9, which will be a Killing direction provided that m_1 + m_2 + m_3 + m_4 = 0 (43)

3See also [32] for a related discussion of the type IIA Green-Schwarz action in a gravitational wave background.

(see (24)), the type IIA light-cone action will be given by L = 8∑ i=1 (^1_2ż^2_i −^1_2 (z^′_i −^1_2 μ Φ_{ij} z_j )^2 −^1_2 μ^2_i z^2_i ) +^1_8 μ^2[m^2_1 (z^2_1 + z^2 ) + · · · + m^2_4 (z^2_7 + z^2_8)] +Ψ̄(i ∂̸ +^1_4 μ ϱ_0 Y ) Γ_+ Ψ , (44) with Y given by Y = i m_1 Γ_{12} + i m_2 Γ_{34} + i m_3 Γ_{56} + i m_4 Γ_{78} . (45) (The matrix W is absent here, since all terms in Φ_{(3)} in D = 11 involved a factor dz_9. Thus the D = 10 background is purely NS-NS in this example.)

Note that the choice of gauge for writing B_{(1)} ≡ B_i dz^i is not unique. In this example we could, for instance, choose, instead of writing it in the “symmetrical” gauge B_{(1)} =^1_2 Φ_{ij} z^i dz^j =^1_2 m_1 (z_1 dz_2 − z_2 dz_1) + · · · +^1_2 m_4 (z_7 dz_8 − z_8 dz_7) , (46) to write it in the “asymmetrical” form B_{(1)} = m_1 z_1 dz_2 + m_2 z_3 dz_4 + m_3 z_5 dz_6 + m_4 z_7 dz_8 (47) In this choice of gauge we would instead obtain the string action L = 8∑ i=1 (^1_2ż^2_i −^1_2 (z^′_i −^1_2 μ Φ_{ij} z_j )^2 −^1_2 μ^2_i z^2_i ) +^1_2 μ^2[m^2_1 z^2_1 + m^2z^2_3 + m^2_3 z^2_5 + m^2_4 z^2_7 ] +Ψ̄(i ∂̸ +^1_4 μ ϱ_0 Y ) Γ_+ Ψ . (48) Of course the different gauge choices just change the action by a total derivative, and so they are equivalent in the closed string sector.

3.2 Type IIB string action Many of our examples can be T-dualised to pp-waves in type IIB theory when there are two μ_i that vanish. In some cases, when the type IIA pp-wave is supported only by the F_{(3)} , the solution is also valid in type IIB theory supported by the NS-NS F_{(3)} or the R-R F_{(3)} , or both using S-duality rotation. Thus in this section, we consider the light-cone type IIB string action in such a background.

In [30], the Green-Schwarz action for the type IIB string in an arbitrary bosonic background was derived, giving all terms up to and including quadratic order in the fermionic coordinates. In the notation of [30], the two Majorana-Weyl fermions were denoted by θ^1 and θ^2. If we put these in a column vector θ ≡ ( θ^1 θ^2 ) , and define world-sheet Dirac matrices ϱ_i by ϱ_0 = −i τ_2, ϱ_1 = τ_1 and ϱ_2 = τ_3, where τ_i are the Pauli matrices, then we find the following “dictionary” for converting the notation in [30] to the one we wish to use here. For any matrix or operator O constructed from the target-space Dirac matrices, we shall have

θ̄ ϱ_0 O θ = −θ̄^1 O θ^1 − θ̄^2 O θ^2 , θ̄ ϱ_1 O θ = θ̄^1 O θ^1 − θ̄^2 O θ^2 , θ̄ O θ = 2θ̄^{[1} O θ^{2]} , θ̄ ϱ_2 O θ = −2θ̄^{(1} O θ^{2)} , (49)

where the conjugate of θ is defined by θ̄ = θ^† Γ_0 ϱ_0 = (−θ̄^2, θ̄^1). Substituting into equation (3.29) of [30] (in the updated v2. where a minor typographical error has been corrected and conventions adjusted), the type IIB Green-Schwarz action up to O(θ^2) is given by

L = −^1_2 √ −h h^{ij} ∂_iX^μ ∂_j X^ν g_{μν} +^1_2 ϵ^{ij} ∂_iX^μ ∂_j X^ν B_{μν} +i ∂_iX^μ θ̄ γ^{ij} ϱ_0 Γ_μ D_j θ−^i_8 ∂_iX^μ ∂_j X^ν θ̄ γ^{ij} ϱ_1 Γ_μ^{ρσ} θ G_{νρσ} (50) +^i_8 e^ϕ ∂_iX^μ ∂_j X^ν θ̄ γ^{ij} Γ_μ [Γ^ρ ∂_ρχ+^1_6 ϱ_2 Γ^{ρ1 ρ2ρ3} F_{ρ1 ρ2ρ3} +^1_{240} Γ^{ρ1 ···ρ5} F_{ρ1 ···ρ5} ] Γ_ν θ ,

where G_{(3)} = dB_{(2)} is the NS-NS 3-form, ϕ and χ are the dilaton and axion, and F_{(3)} and F_{(5)} are the R-R 3-form and self-dual 5-form, and we have defined γ^{ij} ≡ √ −h h^{ij} − ϵ^{ij} ϱ_2 . (51)

In the light-cone gauge, X^+ = τ, θ = Ψ with Γ_− Ψ = 0, and √ −h h^{ij} = η^{ij}, we therefore find that the fermionic part of the action becomes

L_F = i Ψ̄ Γ_+ D̸ Ψ +^i_4Ψ̄ ϱ_1 Γ_+ G̸_3 Ψ −^i_4 e^ϕ Ψ̄ Γ_+ (∂_+χ + ϱ_2 F̸_{(3)} +^1_2 F̸_{(5)} ) Ψ , (52)

where we have defined

G̸_{(3)} ≡^1_2 Γ^{ij} G_{+ij} , F̸_{(3)} ≡^1_2 Γ^{ij} F_{+ij} , F̸_{(5)} ≡^1_{24} Γ^{ijkℓ} F_{+ijkℓ} . (53)

Note that for all the pp-waves, it follows from (3) that D̸ is just ∂̸.

To apply this action to our examples, let us first consider Case 2, with μ_8 = μ_9 = 0. This example can be T-dualised to type IIB, where it gives rise to pp-waves of the sort described in [17]. In these cases the pp-wave is supported only by the self-dual R-R 5-form. The action was obtained in [17].

For another example consider Case 1, with all four of the m_α non-vanishing, but chosen so that μ_9 = 0, thus permitting a reduction in the z_9 direction to give a type IIA solution. The solution is then supported purely by the NS-NS 3-form. There is in general no further isometry direction among the remaining z_i coordinates that could allow us to perform a T-duality transformation. However, since only the NS-NS 3-form field is involved, we can clearly take the identical configuration and view it as a solution instead of the type IIB theory, again supported by the NS-NS 3-form. Having done so, we can then choose to perform an S-duality transformation, thereby introducing a non-vanishing R-R 3-form as well (or instead). It is then straightforward to see from (52) and (53), together with imposing the light-cone gauge in the bosonic part of (50), that these type IIB pp-wave backgrounds will have a light-cone string action given by L = 8∑ i=1 (^1_2ż^2_i −^1_2 (z^′_i −^1_2 B_{ij} z^j )^2 −^1_2 μ^2_i z^2_i ) + Ψ̄(i ∂̸ +^i_4 ϱ_1 G̸_{(3)} −^i_4 ϱ_2 F̸_{(3)} ) Γ_+ Ψ , (54)

where G̸_{(3)} and F̸_{(3)} are the NS-NS and R-R 3-form contributions respectively.

3.3 Matrix model action There are many examples in our general discussion where all the coefficients μ_i in the metric function H are non-vanishing, implying that the pp-wave is intrinsically eleven-dimensional. In these cases, the system is best described by a D0-brane action. Namely, one can perform a DLCQ compactification [33]-[36] along the light-cone coordinate x^− ≡ x^− + 2πR, and consider the sector with momentum 2p^+ = −p^− = N/R. The dynamics of this sector is then described by a U(N) matrix model with the strength of interactions governed by g ∼ 2R. The procedure as it applies to the case of the Penrose limit of AdS_4 × S^7 or AdS_7 × S^4 was given in [5]. The form of the action for the general, constant W , as studied in this paper, can be derived along the same lines, and is structurally of the same form. This is due to the fact that the 4-form field strength enters the D0-brane particle action in the light-cone gauge (i.e. the U(N) matrix model) only through W =^i_6 Φ_{ijk} Γ^{ijk} . The form of the action is thus given by L = 9∑ i=1 [(Ẋ^i)^2 − μ^2_i (X^i)^2] + Ψ^T Ψ̇ +^i_4 μ Ψ^T W Ψ

−^2_3 μ g 9∑ i,j,k=1 Tr(X^i X^j X^k) Φ_{ijk} + 2g^2 Tr([X^i, X^j]^2) + 2ig Tr(Ψ^T Γ^i [Ψ, X^i]) .(55)

Note that in addition to the standard matrix-model interactions there are also the fermionic and bosonic mass terms, and additionally the term tri-linear in X^i that is related to the Myers effect [37].

The supersymmetry of this quantum mechanical matrix model fixes the coefficients in front of the fermionic mass terms and the interaction terms in the same way as it was derived for the special case of W = Φ_{123} Γ^{123} in [5]. Indeed, the existence of supersymmetry is dictated by the existence of the supernumerary Killing spinors. In fact, the supersymmetry transformation parameter is exactly the supernumerary Killing spinor:

δX^i = Ψ Γ^i ϵ , δΨ = ( Ẋ^i Γ_i + μ X^i (−^1_4 W Γ_i +^1_{12} Γ_i W ) + i g [X^i, X^j] Γ_{ij} ) ϵ , ϵ = e^{μ W t} ϵ_0 . (56)

The case where W = Γ_{123} was given in [5]. In that case, the system is fully supersymmetric, and hence ϵ_0 is an arbitrary constant spinor. Furthermore, since W has no zero eigenvalues in that example, all the supersymmetry parameters ϵ are time-dependent.

For the more general W ’s that we have considered in this paper, ϵ_0 is subject to further projection constraints, in accordance with the supernumerary Killing spinors. In our more general cases W can annihilate ϵ_0, implying that ϵ is then time-independent. In such an example, the pp-wave can also be reduced to give rise to a pp-wave in type IIA, thus giving an exactly-solvable string action. The existence of two routes, one corresponding to the matrix model of the D0-particle action, and the other corresponding to the free massive Type IIA string action, therefore suggests that these are dual descriptions of the theory when the background is of this particular type.

4 Conclusions

In this paper, we studied a general class of supersymmetric pp-waves in M-theory, by turning on constant 3-forms, motivated by the orbifold (flat) limit of a special holonomy transverse space for the pp-wave. These 3-forms fall into two classes, one motivated by the Kähler form of the eight-dimensional special holonomy transverse space, and the other motivated by the associative 3-form of a seven-dimensional transverse space of G_2 holonomy.

This general class of pp-waves encompass the Penrose limits of AdS_p × S^q with (p, q) = (4, 7), (7, 4), (3, 3), (3, 2), (2, 3), (2, 2) which are associated with the near horizon limits of the M2-brane, M5-brane, and M2/M5, M5/M5/M5, M2/M2/M2 and M2/M2/M5/M5 intersections, respectively. In addition this general class contains many additional examples of pp-waves that are do not correspond to any known Penrose limit.

We focused on the study of the target space supersymmetry. In addition to 16 “standard” Killing spinors that always arise, we determined the conditions under which additional “supernumerary” Killing spinors appear. We also analysed the conditions under which the Killing spinors are independent of the light cone x^+ coordinate, or of one or more of the nine transverse coordinates. These conditions determine whether the reduction of the Mtheory pp-waves to type IIA supergravity, and subsequent T-dualisation to type IIB, remain supersymmetric.

Since x^+ is always a Killing direction the M-theory pp-wave can always be reduced on this coordinate, leading to a D0-brane configuration of the type IIA theory. Its worldparticle action corresponds to a DLCQ description of a matrix-theory action for M-theory, with unbroken supersymmetry governed by x^+-independent supernumerary supersymmetries of the M-theory pp-wave background.

On the other hand the independence of a Killing spinor on a transverse coordinate allows for a reduction on this coordinate down to a supersymmetric type IIA pp-wave. The light cone string actions in these backgrounds correspond to exactly-solvable free massive string theories, and again the supernumerary supersymmetries play a key role in determining the supersymmetry of the string action.

Note Added

We have updated the discussion of the type IIA and type IIB string actions in this version of the paper, taking into account the corrections and improvements in v2. of [30]. There was only one minor typographical in the type IIB action in the earlier version of [30], but there were various inelegant notations and conventions, all of which have now been changed, and these changes are incorporated in this version of the present paper. A detailed discussion of the changes is given in the Addendum section in v2. of [30]. We are grateful to Kelly Stelle for discussions leading to these improvements.

Acknowledgements

We are grateful to Gary Gibbons, Jim Liu and Justin Vázquez-Poritz for conversations. H.L. and C.N.P. are grateful to UPenn for hospitality and financial support during the course of this work.

References

[1] R. Penrose, Any space-time has a plane wave as a limit, in Differential geometry and relativity, Reidel, Dordrecht, 1976.

[2] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, A new maximally supersymmetric background of IIB superstring theory, JHEP 0201 (2002) 047, hepth/0110242.

[3] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, Penrose limits and maximal supersymmetry, hep-th/0201081.

[4] R.R. Metsaev,Type IIB Green-Schwarz superstring in plane wave Ramond-Ramond background, Nucl. Phys. B625, 70 (2002), hep-th/0112044.

[5] D. Berenstein, J. Maldacena and H. Nastase, Strings in flat space and pp waves from N = 4 super Yang Mills, hep-th/0202021.

[6] J. Kowalski-Glikman, Vacuum States In Supersymmetric Kaluza-Klein Theory, Phys.

Lett. B134, 194 (1984).

[7] R.R. Metsaev and A.A. Tseytlin, Exactly solvable model of superstring in plane wave Ramond-Ramond background, hep-th/0202109.

[8] M. Blau, J. Figueroa-O’Farrill and G. Papadopoulos, Penrose limits, supergravity and brane dynamics, hep-th/0202111.

[9] N. Itzhaki, I.R. Klebanov and S. Mukhi, PP wave limit and enhanced supersymmetry in gauge theories, hep-th/0202153.

[10] J. Gomis and H. Ooguri, Penrose limit of N = 1 gauge theories, hep-th/0202157.

[11] J.G. Russo and A.A. Tseytlin, On solvable models of type IIB superstring in NS-NS and R-R plane wave backgrounds, hep-th/0202179.

[12] L.A. Pando-Zayas and J. Sonnenschein, On Penrose limits and gauge theories, hepth/0202186.

[13] M. Alishahiha and M.M. Sheikh-Jabbari, The pp-wave limits of orbifolded AdS_5 × S^5, hep-th/0203018.

[14] M. Billo’ and I. Pesando, Boundary states for GS superstrings in an Hpp wave background, hep-th/0203028.

[15] N. Kim, A. Pankiewicz, S-J. Rey and S. Theisen, Superstring on pp-wave orbifold from large-N quiver gauge theory, hep-th/0203080.

[16] T. Takayanagi and S. Terashima, Strings on orbifolded pp-waves, hep-th/0203093. [17] M. Cvetič, H. Lü and C.N. Pope, Penrose limits, pp-waves and deformed M2-branes, hep-th/0203082.

[18] U. Gursoy, C. Nunez and M. Schvellinger, RG flows from Spin(7), CY 4-fold and HK manifolds to AdS, Penrose limits and pp waves, hep-th/0203124.

[19] E. Floratos and A. Kehagias, Penrose limits of orbifolds and orientifolds, hepth/0203134.

[20] J. Michelson, (Twisted) toroidal compactification of pp-waves, hep-th/0203140. [21] C.S. Chu and P.M. Ho, Noncommutative D-brane and open string in pp-wave background with B-field, hep-th/0203186.

[22] S.W. Hawking and M.M. Taylor-Robinson, Bulk charges in eleven dimensions, Phys.

Rev. D58, 025006 (1998), hep-th/9711042.

[23] M.J. Duff, J.M. Evans, R.R. Khuri, J.X. Lu and R. Minasian, The octonionic membrane, Phys. Lett. B412, 281 (1997), hep-th/9706124.

[24] M. Cvetič, H. Lü and C.N. Pope, Brane resolution through transgression, Nucl. Phys.

B600, 103 (2001),hep-th/0011023.

[25] K. Becker, A note on compactifications on Spin(7)-holonomy manifolds, JHEP 0105, 003 (2001), hep-th/0011114.

[26] M. Cvetič, G.W. Gibbons, H. Lü and C.N. Pope, Ricci-flat metrics, harmonic forms and brane resolutions, hep-th/0012011.

[27] M. Cvetič, G.W. Gibbons, H. Lü and C.N. Pope, Hyper-Kähler Calabi metrics, L^2 harmonic forms, resolved M2-branes, and AdS_4/CFT_3 correspondence, Nucl. Phys. B617, 151 (2001), hep-th/0102185.

[28] M. Cvetič, G.W. Gibbons, H. Lü and C.N. Pope, New complete non-compact Spin(7) manifolds, Nucl. Phys. B620, 29 (2002), hep-th/0103155.

[29] K. Becker and M. Becker, M-Theory on Eight-Manifolds, Nucl. Phys. B477, 155 (1996), hep-th/9605053.

[30] M. Cvetic, H. Lü, C.N. Pope and K.S. Stelle, T-duality in the Green-Schwarz formalism, and the massless/massive IIA duality map, Nucl. Phys. B573, 149 (2000), hep-th/9907202.

[31] A.A. Tseytlin,On dilaton dependence of type II superstring action, Class. Quant. Grav.

13, L81 (1996), hep-th/9601109.

[32] S. Hyun and H. Shin, Supersymmetry of Green-Schwarz superstring and matrix string theory, Phys. Rev. D64, 046008 (2001), hep-th/0012247.

[33] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, M theory as a matrix model: A conjecture, Phys. Rev. D55, 5112 (1997), hep-th/9610043.

[34] L. Susskind, Another conjecture about M(atrix) theory, hep-th/9704080. [35] A. Sen, D0 branes on T^n and matrix theory, Adv. Theor. Math. Phys. 2, 51 (1998), hep-th/9709220.

[36] N. Seiberg, Why is the matrix model correct?, Phys. Rev. Lett. 79, 3577 (1997), hepth/9710009.

[37] R.C. Myers, Dielectric-branes, JHEP 9912, 022 (1999), hep-th/9910053.