arXiv:hep-th/0204014 v1 2 Apr 2002

BIHEP-TH-2002-17

Dynamics of Massive Scalar Fields in dS Space and the dS/CFT Correspondence

Zhe Chang^1 and Cheng-Bo Guan^2 Institute of High Energy Physics, Academia Sinica P.O.Box 918(4), Beijing 100039, China

Global geometric properties of dS space are presented explicitly in various coordinates. A Robertson-Walker like metric is deduced, which is convenient to be used in study of dynamics in dS space. Singularities of wavefunctions of massive scalar fields at boundary are demonstrated. A bulk-boundary propagator is constructed by making use of the solutions of equations of motion. The dS/CFT correspondence and the Strominger’s mass bound is shown.

1Email: changz@mail.ihep.ac.cn. 2Email: guancb@mail.ihep.ac.cn.

1 Introduction

Recent astronomical observations of supernovae and cosmic microwave background [1]- [10] indicate that the universe is accelerating and can be well approximated by a world with a positive cosmological constant. If the universe would accelerate indefinitely, the standard cosmology leads to an asymptotic de Sitter (dS) universe. De Sitter space expands so rapidly that inertial observers see an event horizon. Like the Bekenstein- Hawking entropy[11] of a black hole, the dS entropy [12]-[15] can be written as

S = A 4G , where G is Newton’s constant, and A is area of the event horizon. The holographic principle then implies that the Hilbert space of quantum gravity in dS is finite dimensional. As pointed out by Witten[16], if the Hilbert space of quantum gravity really has a finite dimension this gives a strong hint that the general relativity cannot be quantized and must be derived from a more fundamental theory. However, persistent efforts by many researchers have so far all failed to find any clear-cut way to get dS from superstring theory or M-theory. In fact, there is no positive conserved energy and there cannot be unbroken supersymmetry in dS space. Thus, a universe with an positive cosmological constant poses serious challenges for superstring theory and M-theory. However, string theory may not be the only route to understanding of dS space. In fact, the AdS/CFT correspondence was first discussed from a general analysis of the asymptotic symmetries of AdS[17]. One can suspect that the AdS/CFT correspondence is a manifestation of the more fundamental holographic principle. Along this direction, in the similar sense of the AdS/CFT duality, Strominger [18] has suggested dS/CFT correspondence to relates quantum gravity on dS space with boundary conformal field theory[19]-[21].

In this paper, we study dynamics for massive scalar fields in dS by solving exactly the equations of motion. Global geometric properties of dS is presented in various coordinates. A Robertson-Walker like metric is deduced from the familiar SO(1, n + 1) invariant one in an (n + 2)-dimensional embedding space. Singularities of wavefunctions at the boundary are demonstrated explicitly. A bulk-boundary propagator is constructed explicitly by making use of the solutions of equations of motion for massive scalar fields. The dS/CFT correspondence and the Strominger’s mass bound is shown.

The paper is organized as follows. In Section 2, global geometric properties of dS in various coordinates are presented. The Penrose diagram is drawn. Relations between the explicit SO(1, n + 1) invariant metric and the Hua’s metric[22, 23] are shown. In Section 3, We solve exactly the equations of motion for massive scalar fields by making use of the variable-separating method[24]. A bulk-boundary propagator is constructed in section 4. The dS/CFT correspondence and the Strominger’s mass bound is discussed.

2 Penrose diagram and global geometric properties

In an (n + 2)-dimensional embedding space, the (n + 1)-dimensional dS space can be written as

ξ^0ξ^0 − n∑ i=1 ξ^iξ^i − ξ^{n+1}ξ^{n+1} = −1 , (1) with induced metric

ds^2 = dξ^0dξ^0 − n∑ i=1 dξ^i dξ^i − dξ^{n+1}dξ^{n+1} . (2)

It is easy to check that the isometric symmetry of dS_{n+1} is SO(1, n+1). It is not difficult to see that, at least, (n + 1) charts of coordinates U_α (ξ^α ≠ 0, α = 1, 2, · · · , n + 1) should be needed to describe dS_{n+1} globally. In the chart dS_{n+1} ∩ U_α, we introduce a coordinate x^μ = ξ^μ ξ^α , (μ ≠ α; ξ^α ≠ 0) . (3) for both the parts U^+_α (ξ^α > 0) and U^−_α (ξ^α < 0) . The chart dS_{n+1} ∩ U_α, in the coordinate (x^μ), is described by dS_{n+1} ∩ U_α : σ(x^μ, x^ν ) > 0 , σ(x^μ, x^ν ) ≡ 1 + ∑ μ,ν≠α η_{μν} x^μx^ν , η = diag(−1, 1, 1, · · · , 1 n+1 ) . (4)

At the overlap region dS_{n+1} ∩ U_α ∩ U_β of the two charts U_α and U_β , we have relations between the coordinates (x^μ) ∈ U_α and (y^ν ) ∈ U_β

y^α = 1 x^β , y^ν = x^ν x^β (ν ≠ α). (5) This shows clearly a differential structure of dS space. The boundary M^n of the slice dS_{n+1} ∩ U^+_α of dS is

M^n : 1 + η_{μν} x^μx^ν = 0 . (6)

In the coordinate (x^μ), the metric is reduced as

ds^2 = − dxJ(I − x^′xJ)^{−1}dx^′ 1 − xJx^′ , (7) where J ≡ diag(−1, 1, 1, · · · , 1 n ) , x ≡ (x^0, x^1, · · · , x^{α−1}, x^{α+1}, · · · , x^n) , and x^′ the transport of the vector x. This is obviously a generalization of the Hua’s metric for manifolds with Lorentz signature.

It should be noticed that the transformations D among the coordinate variables (x^μ, μ ≠ 0) form a group D ∈ SO(n) as subgroup of SO(1, n + 1). Thus, we can refer to these transformations as space-like ones. The x^0 element of (x^μ) is not invariant under the so-called space-like transformations. We can not got a time-like Killing vector using of the x^0. To draw explicitly time-like geodesics, one should investigate space-like transformation invariance variables. In fact, we find that under the transformations D, ξ^0(≡ σ^{− 1}2 (x^μ, x^ν )x^0) is invariant. Therefore, it is convenient to use the coordinate (ξ^0, x^1, · · · , x^n).

By making use of the relations between the coordinates (x^μ) and (ξ^0, x^i)

σ(x^μ, x^ν ) =

1 + xx^′ 1 + ξ^0ξ^0 , x^0x^0 = ξ^0ξ^0 1 + ξ^0ξ^0

(1 + xx^′) , (8)

we get a deduced Robertson-Walker like metric in terms of the coordinate (ξ^0, x^i)

ds^2 = dξ^0dξ^0 1 + ξ^0ξ^0

− (1 + ξ^0ξ^0) dx(I + x^′x)^{−1}dx^′ 1 + xx^′

, (9) where the vector x denotes (x^1, x^2, · · · , x^{α−1}, x^{α+1}, · · · , x^{n+1}) and x^′ the transport of the vector x.

In the spherical coordinate (x^1, x^2, · · · , x^{α−1}, x^{α+1}, · · · , x^{n+1}) −→ (ρ, θ_1, · · · , θ_{n−1}), the Robertson-Walker like metric is of the form

ds^2 = dξ^0dξ^0 1 + ξ^0ξ^0

− (1 + ξ^0ξ^0) [ (1 + ρ^2)^{−2}dρ^2 + (1 + ρ^2)^{−1}ρ^2dΩ^2_{(n−1)} ] , (10)

where dΩ^2_{(n−1)} is the metric on (n − 1)-sphere.

The boundary σ(x^μ, x^ν ) = 0 of dS space is represented by ξ^0 = ±∞ in the coordinate (ξ^0, x), and so called future and past boundary, respectively.

To further investigate global geometric properties of dS space, we would like to introduce other sets of coordinates.

A global coordinate can be introduced by relations ξ^0 = sinh t , ξ^i = cosh t · u^i , (i = 1, 2, · · · , n + 1) , where u^i are coordinates of n-sphere. It is easy to see that dS space is topologically equivalent to R × S^n. With this global coordinate, the metric deduced from the

SO(1, n + 1) invariant one is of the form ds^2 = dξ^0dξ^0 − n∑ i=1 dξ^idξ^i − dξ^{n+1} dξ^{n+1} (11) = dt^2 − cosh^2 tdΩ^2_{(n)} .

Generally, the metric on n-sphere can be written as dΩ^2_{(n)} = dr^2 + sin^2 rdΩ^2_{(n−1)} , with u^{n+1} = cos r and 0 ≤ r ≤ π , thus, we have ds^2 = dt^2 − cosh^2 tdr^2 − cosh^2 t sin^2 rdΩ^2_{(n−1)} .

Suppressing the dimension of S^{n−1} and using the diffeomorphism transformation { η = 2 tan^{−1} (e^t) , (0 < η < π) , θ = r (0 ≤ θ ≤ π) , we obtain ds^2 = f(η)(dη^2 − dθ^2) , (12) f(η) = 1 sin^2 η

= cosh^2 t .

The Penrose diagram of dS space is shown in figure 1. Let ξ^0 + ξ^{n+1} = e^t , (> 0) , ξ^i = e^t · x^i , (i = 1, 2, · · · , n) , ξ^0 − ξ^{n+1} = r^2e^t − e^{−t} , (r^2 = ∑ x^ix^i) , the metric can be written as

ds^2 = dt^2 − e^{2t} n∑ i=1 dx^idx^i , (13) where the subspace of (x^i) or (t = constant) is Euclidean. With relation

e^t = ξ^0 + ξ^{n+1} = cos θ − cos η

sin η > 0 ,

Fig.1 Penrose diagram for de-Sitter space

Fig.2 Planar coordinate for de-Sitter space

Fig.3 Statical coordinate for a slice of de-Sitter space

we can see clearly that this coordinate describes upper-left half of dS space as shown in figure 2. Let ξ^0 + ξ^{n+1} = (1 − r^2)^{1/2}e^t , (> 0) , ξ^0 − ξ^{n+1} = −(1 − r^2)^{1/2}e^{−t} , (< 0) , ∑ ξ^iξ^i = r^2 , (< 1) , (i = 1, 2, · · · , n), then, we get

ds^2 = (1 − r^2)dt^2 − dr^2 1 − r^2

− r^2dΩ^2_{(n−1)} . (14)

With relations

ξ^0 + ξ^{n+1} = cos θ − cos η sin η > 0 , ξ^0 − ξ^{n+1} = − cos θ + cos η sin η < 0 , we can see that this coordinate describes a quarter of dS space as shown in figure 3.

3 Dynamics of massive scalar fields

The equation of motion for massive scalar fields is of the form

(□ + m^2_0)ϕ(x) = 0 , (15) where □ denotes the Laplace operator in dS space □ = 1 √ g ∂_i( √ gg^{ij} ∂_j ) = (1 + ξ^0ξ^0)∂^2_ξ0 + (n + 1)ξ^0∂_ξ0 −(1 + ξ^0ξ^0)^{−1} [ (1 + ρ^2)^2∂^2_ρ + ρ^{−1}(1 + ρ^2)(n − 1 + 2ρ^2)∂_ρ ] (16) −(1 + ξ^0ξ^0)^{−1}(1 + ρ^2)ρ^{−2}Δ_{(n−1)} , here Δ_{(n−1)} is the Laplace operator on S^{n−1}. Rewriting the scalar field ϕ into variable-separating form ϕ(ξ^0, ρ, Θ) = T (ξ^0)R(ρ)Y_{lm}(Θ) , we can transform the equation (15) as

(1 + ξ^0ξ^0)^2T^{′′}(ξ^0) + (n + 1)ξ^0(1 + ξ^0ξ^0)T^′(ξ^0) + [m^2_0(1 + ξ^0ξ^0) + (ϵ − m^2_0)]T (ξ^0) = 0 , ρ^2(1 + ρ^2)R^{′′}(ρ) + (n − 1 + 2ρ^2)ρR^′(ρ) + [ρ^2(1 + ρ^2)^{−1}(ϵ − m^2_0) − l(l + n − 2)]R(ρ) = 0 , [Δ_{(n−1)} + l(l + n − 2)]Y_{lm}(Θ) = 0 , (17) where Y_{lm}(Θ) is the spherical harmonic function on S^{n−1} and ϵ an arbitrary constant. Solutions for the time and radial parts are, respectively,

T (ξ^0) = (1 + ξ^0ξ^0)^{(1−n)/4} ·

P^μ_ν (iξ^0) Q^μ_ν (iξ^0)

, (18)

R(ρ) = ρ^l(1 + ρ^2)^{k/2}F (1 2 (l + k + 1), 1 2 (l + k), l + n 2 ; −ρ^2 ) , (19) where we have used the notations μ^2 = 1 4 (n − 1)^2 + (ϵ − m^2_0) ,

ν(ν + 1) = 1 4 (n^2 − 1) − m^2_0 , k^2 − (n − 1)k − (ϵ − m^2_0) = 0 .

(20)

Now we consider properties of T (ξ^0) near the boundary ξ^0ξ^0 = ∞.

For the first kind of associative Legendre function P^μ_ν (iξ^0), by making use of the formula

P^μ_ν (z) =

2^ν Γ(ν +^1_2 )z^{ν+μ}(z^2 − 1)^{−μ/2}

Γ(^1_2 )Γ(1 + ν − μ)

(21) ×F (1 − ν − μ 2 , − ν + μ 2 , 1 2 − ν, z^{−2} )

+ 2^{−ν−1} Γ(−ν −^1_2 )z^{−ν+μ−1}(z^2 − 1)^{−μ/2} Γ(^1_2 )Γ(−ν − μ) ×F (2 + ν − μ 2 , 1 + ν − μ 2 , 3 2 + ν, z^{−2} ) , we know that P^μ_ν (iξ^0) is divergent near boundary as

P^μ_ν (iξ^0) ∼ (ξ^0)^ν + (ξ^0)^{−ν−1} . (22)

For the second kind of associative Legendre function Q^μ_ν (iξ^0), by making use of the

formula

Q^μ_ν (z) = e^{μπi} 2^{ν+1}

Γ(ν + μ + 1)Γ(^1_2 )

Γ(ν +^3_2 ) (z^2 − 1)^{μ/2}z^{−ν−μ−1} ×F ( ν + μ + 1 2 , ν + μ + 2 2 , ν + 3 2 , z^{−2} ) , (23)

we know that Q^μ_ν (iξ^0) is divergent near boundary as

Q^μ_ν (iξ^0) ∼ (ξ^0)^{−ν−1} . (24)

4 The dS/CFT correspondence

One of the keystones of the dS/CFT duality is the bulk-boundary propagator. To discuss the dS/CFT correspondence explicitly, we have to construct a bulk-boundary propagator for dS space. Here, by making use of the exact solutions of the equations of motion for massive scalar fields obtained in the last section, we write down a bulkboundary propagator,

G^±_{B∂} (ξ^0, ρ, u; ϱ, v) = ∫ dϵ ∑ l ∑ m Y_{lm}(u − v)(1 + ξ^0ξ^0)^{(1−n)/4}(ρ − ϱ)^l(1 + (ρ − ϱ)^2)^{k/2} (25)

×P^μ_ν (iξ^0) · F (1 2 (l + k + 1), 1 2 (l + k), l + n 2 ; −(ρ − ϱ)^2 ) , where μ, ν and k take the same values as in the equation (20). It is not difficult to see that this bulk-boundary propagator satisfies the equations of motion for a scalar field with mass m_0, ( □ + m^2_0 ) G^±_{B∂}(ξ^0, ρ, u; ϱ, v) = 0 . (26)

The bulk field can be determined from a field living on the boundary by making use of the bulk-boundary propagator G^±_{B∂}(ξ^0, ρ, u; ϱ, v),

Φ^±(ξ^0, ρ, u) = 1 ω_n ∫ dvdϱG^±_{B∂} (ξ^0, ρ, u; ϱ, v)ϕ(ϱ, v) , (27) where ω_n denotes the normalization constant. This shows that G^±_{B∂}(ξ^0, ρ, u; ϱ, v) is really a bulk-boundary propagator in dS space for massive scalar fields. The bulk field Φ(ξ^0, ρ, u) got from this way does not approach to ϕ(ϱ, v) when limited on the boundary, but goes divergent at boundary with dimension

d = n 2 1 ∓ √ 1 − 4m^2_0 n^2 . (28)

This is in agreement with the mass bound given by Strominger. Acknowledgments We would like to thank H. Y. Guo and C. G. Huang for enlightening discussions.

The work was supported in part by the National Natural Science Foundation of China.

References

[1] P. M. Garnavich et al. [Hi-Z supernova team collaboration], Astrophys. J. 493, L53 (1998), astro-ph/9710123.

[2] B. P. Schmidt et al. [Hi-Z supernova team collaboration], Astrophys. J. 507, 46 (1998), astro-ph/9805200.

[3] A. G. Riess et al. [Hi-Z supernova team collaboration], Astron. J. 116, 1009 (1998), astro-ph/9805202

[4] P. M. Garnavich et al. [Hi-Z supernova team collaboration], Astrophys. J. 509, 74 (1998), astro-ph/9806396.

[5] S. Perlmutter et al.[Supernova cosmology project collaboration], “Measurements of the cosmological parameters Omega and Lambda from the first 7 supernovae at z >= 0.35”, Astrophys. J. 483, 565 (1997), astro-ph/9608192.

[6] S. Perlmutter et al.[Supernova cosmology project collaboration], Nature 391, 51 (1998), astro-ph/9712212.

[7] S. Perlmutter et al.[Supernova cosmology project collaboration], Astrophys. J.

517, 565 (1999), astro-ph/9812133.

[8] G. F. Smoot et al. Astrophys. J. 396, L1 (1992).

[9] A. D. Miller et al. “A measurement of the angular power spectrum of the CMB from l = 100 to 400”, astro-ph/9906421.

[10] A. Melchiorri et al. “A measurement of Omega from the north American test flight of BOOMERANG”, astro-ph/9911445.

[11] J. D. Bekenstein, “Black holes and entropy”, Phys. Rev. D7, 2333(1973). [12] W. Fischler and L. Susskind, “Holography and cosmology”, hep-th/9806039. [13] R. Bousso, “Bekenstein bounds in de Sitter and flat space”, hep-th/0012052. [14] R. Bousso, “A covariant entropy conjecture”, JHEP9907, 004 (1999), hepth/9905177.

[15] T. Banks, “Cosmological breaking of supersymmetry or little Lambda goes back to the future. II”, hep-th/0007146.

[16] E. Witten, “Quantum gravity in de Sitter space”, hep-th/0106109 [17] J. D. Brown and M. Henneaux, “Central charges in the canonical realization of asymptotic symmetries: an example from three-dimensional gravity”, Commun. Math. Phys. 104, 207 (1986).

[18] A. Strominger, “The dS/CFT correspondence”, hep-th/0106113. [19] V. Balasubramanian, P. Horava, D. Minic, “Deconstructing de Sitter”, JHEP 0105, 043 (2001), hep-th/0103171.

[20] A. J. Tolley and N. Turok, “Quantization of the massless minimally coupled scalar field and the dS/CFT correspondence”, hep-th/0108119.

[21] M. Spradlin and A. Volovich, “Vacuum states and the S-matrix in dS/CFT”, hep-th/0112223.

[22] L. K. Hua, “Harmonic analysis of functions of several complex variables in the classical domains”, Trans. Am. Math. Soc. 6 (1963).

[23] Q. K. Lu, “Classical manifolds and classical domains” (in Chinese), Sci.& Tech.

Press (Shanghai) (1963).

[24] G. Y. Li and H. Y. Guo, “Relativistic quantum mechanics for scalar particles and spinor particles in the Beltrami-de Sitter spacetime” (in Chinese), Acta Physica Sinica 31 (1982) 1501.