arXiv:hep-th/0204104 v3 28 Apr 2003

On (2+1)Dimensional Topologically Massive Non-linear Electrodynamics

M. Ślusarczyk^{a,b) ∗} and A. Wereszczyński^{a) †}

a) Institute of Physics, Jagiellonian University, Reymonta 4, Krakow, Poland

b) Department of Physics, University of Alberta, Edmonton, AB T6G 2J1, Canada

April 28, 2003

Abstract

The (2+1) dimensional non-linear electrodynamics, the so called Pagels–Tomboulis electrodynamics, with the Chern–Simons term is considered. We obtain ”generalized self–dual equation” and find the corresponding generalized massive Chern–Simons Lagrangian. Similar results for (2+1) massive dilaton electrodynamics have been obtained.

1 The Pagels–Tomboulis model

Among many gauge theories the Pagels–Tomboulis model [1] L = − 1 4 ( F^a_{μν} F^{aμν} Λ^4 )_{δ−1} F^a_{μν} F^{aμν} (1)

has a special place. Here F^a_{μν} = ∂_μA^a_ν − ∂_ν A^a_μ − ϵ^{abc}A^b_μA^c_ν ∗mslus@phys.ualberta.ca †wereszcz@alphas.if.uj.edu.pl

is the standard field tensor, δ is a dimensionless parameter and Λ is a dimensional constant. The gauge field is SU(2) type i.e. a = 1, 2, 3. One can check that this Lagrangian has positively defined energy for δ ≥^1_2 .

The Pagels–Tomboulis theory was originally proposed as an effective model for the low energy (3+1) QCD [1]. In fact, it was shown that in the frame of this model electrical sources are confined for δ ≥^3_2 . Energy of the electric field generated by the external charge is infinite due to the divergence at large distance. Moreover, the dipole-like external source gives a finite energy field configuration. The energy E behaves like

E = c_0|q|^{2δ2δ−1} Λ^{4δ−42δ−1} R^{2δ−32δ−1} , (2)

where c_0 is a numerical constant, q is an external charge and R is the distance between charges [2]. Interestingly enough for δ =^5_2 we obtained the √ R behaviour of the energy, which is in agreement with a phenomenological potential found in fits to spectra of heavy quarkonia [3]. The standard linear potential appears in the limit δ → ∞. Highly non-linear gauge models appear in studying of the (2+1) QCD as well. Corresponding confining force has been recently obtained in [4].

The Pagels-Tomboulis model has been also considered as an example of a field theory with the vanishing trace of the energy-momentum tensor. In case of any (n + 1)-dimensional gauge theory defined by a Lagrangian L = L(F ), where F = F^a_{μν} F^{aμν} , the trace T = T^μ_μ has the following form

T = 4 dL dF F − (n + 1)L. (3)

One can easily find that for any (n + 1)-dimensional space–time there exists the unique Lagrangian (up to a multiplicative constant) , which gives the vanishing trace of the energy–momentum tensor L = − 1 4 (F^a_{μν} F^{aμν} )^{n+14} . (4)

Only in (3+1)-dimensional space–time such a Lagrangian is a linear function of F . For instance, in (2 + 1) dimension the pertinent model takes the form

L_{2+1} = − 1 4 (F^a_{μν} F^{aμν} )^{34} . (5)

Such particular Lagrangian, in its Abelian version, have been recently used as a source in the Einstein equations. Many static spherically symmetric solutions have been obtained [5].

This short and incomplete list of applications of the Pagels–Tomboulis model in various areas of theoretical physics shows that the model is very interesting and has rich mathematical structure. Unfortunately, in contradistinction to other non-linear gauge theories (for example the Born–Infeld theory [6]) it has not been considered in the systematic way. In the present paper we focus on the (2+1) Abelian Pagels–Tomboulis model with the additional topological term - the Chern–Simons term L = − 1 4 (F_{μν} F^{μν} )^δ + m 4 ϵ^{μνρ}A_μF_{νρ}. (6) Here, for simplicity, the dimensional constant Λ has been neglected. This model is the natural generalization of the non–linear electrodynamics (5) considered in [5]. It is well known that the Chern–Simons part of the Lagrangian (6) does not enter explicitly to the expression for the energy. It is due to the fact that this term is metric independent. Thus the energy– momentum tensor remains unchanged in comparison with the pure non-linear electrodynamics case. It has been shown using the field equations that in the Maxwell limit i.e. for δ = 1 the gauge field from (6) is proportional to the dual strength tensor [8], [9]

A_μ = 1 2m ϵ_{μνρ}F^{νρ}. (7) Of course, using the U(1) gauge transformation A_μ → A_μ + ∂_μψ one can generate the whole family gauge equivalent solutions. The solution (7) corresponds to the Lorentz gauge. This self–dual equation can be derived also from the massive Chern–Simons Lagrangian [10] L_{mass} = 1 m^2 A_μA^μ − m 4 ϵ^{μνρ}A_μF_{νρ}. (8) In fact, it was shown that these Lagrangians are equivalent.

Let us now generalize these results for all δ >^1_2 . The pertinent equations of motion read ∂_ν [ (F_{σρ}F^{σρ})^{δ−1}F^{νμ} ] + m 2δ ϵ^{μνρ}F_{νρ} = 0. (9) The solution of the second order equations (9) has the generalized form of the self-dual equation (7)

A_μ = δ 2m (F_{σλ}F^{σλ})^{δ−1}ϵ^{μνρ}F_{νρ}. (10) It is immediately seen that after differentiation of both side of generalized self–dual equation and multiplication by ϵ^{αβγ} we obtain (9). As in the

Maxwell case, the generalized self–dual equation emerges as a field equation from generalized massive Chern–Simons Lagrangian L_{mass} = 1 4 (f_μf^μ)^{δ2δ−1} − Dδ 2δ − 1 ϵ^{μνρ}f_μ∂_ν f_ρ, (11) where the U(1) gauge field in the generalized generalized massive Chern– Simons is denoted by f_μ to distinguish it from the corresponding field in the original Pagels–Tomboulis Lagrangian. The field equations for (11) have the following form ϵ^{μνρ}∂_ν f_ρ − 1 4D (f_ν f^ν )^{1−δ2δ−1} f^μ = 0. (12)

In order to establish the generalized self–dual equation for the new gauge field f_μ one has to rewrite (12) as f_{μν} f^{μν} = 1 8D^2

(f_ν f^ν )^{12δ−1} . (13)

Here f_{μν} = ∂_μf_ν − ∂_νf_μ. Then we express f_μf^μ in terms of the corresponding field strength tensor and substitute this into the field equation (12). One eventually gets

f_μ = 2 · 8^{δ−1}D^{2δ−1} (f_{νρ}f^{νρ})^{δ−1} ϵ^{μλσ}f_{λσ}. (14)

This generalized self-dual equation becomes identical to (10) if the constant D reads D = ( 2δ m8^δ ) 1_{2δ−1} . (15)

One can see that equations (11) and (14) are in agreement with the results presented in [11], where the case of δ =^p_q , p, q ∈ Z was considered. The relation between the topological massive Pagels–Tomboulis model and the generalized massive Chern–Simons model (11) becomes clearly visible when we observe that they have the common origin, that is they follow from a single Lagrangian

L_M = α 4 (f_μf^μ)^{δ2δ−1} − βϵ^{μνρ}f_μ∂_ν A_ρ + m 2 ϵ^{μνρ}A_μ∂_ν A_ρ (16)

where the constants are α δ ( 2β^2 α^2 )_δ = 1, β^2 α = 2m ( 2δ m8^δ ) 1_{2δ−1} , (17)

and the fields A_μ and f_μ are treated independently. Indeed, after variation of (16) with respect to f_μ one can use the resulting equation to eliminate this field from the Lagrangian and get (6). In the same way the gauge field A_μ can be expressed in terms of f_μ. As a result we get the generalized massive Chern–Simons model. The Lagrangian (16) gives in the limit δ = 1 the so called master Lagrangian [8].

2 The dilaton model

Let us now find the analogous dual structure for the dilaton-like Lagrangian (it is possible to add a potential term for the scalar field but it does not change the result obtained below) L = − σ(ϕ) 4 F_{μν} F^{μν} + m 4 ϵ^{μνρ}A_μF_{νρ} + 1 2 (∂_μϕ)^2 (18)

In fact, as it was shown in [1] the models (6) and (18) share many features (especially in the context of the low energy QCD where the topological term is omitted). It emerges from the fact that they can be understood as the usual electrodynamics in rather an unusual medium. In the other words both models have the form L = ϵF_{μν} F^{μν} + ... where the dielectric function ϵ is a function of F_{μν} F^{μν} in the Pagels–Tomboulis model or ϕ in the dilaton model. In particular, in (18) σ(ϕ) = ϕ^{δ−1} plays the same role as ϵ(F_{μν} F^{μν} ) = (F_{μν} F^{μν} )^{δ−1} in (6) (see e.g. [2], [14]).

On the other hand, the Lagrangian (18) appears in the natural way as a part of the topological generalization of the (2+1) dilaton–Maxwell–Einstein theory [12]. This theory has been treated as the toy model of the quantum gravitation. There have been found exact solutions describing the formation of a black hole by collapsing matter. The Hawking radiation can be also described in the frame of this model. The particular form of σ function is motivated by the string theory and usually reads σ = e^{aϕ}, where a is a dimensionless constant. However, some other forms of σ have been also under consideration [13]. The equations of motion are as follows

∂_μ(σF^{μν} ) + m 2 ϵ^{νμρ}F_{μρ} = 0 (19) and ∂_μ∂^μϕ + 1 4 σ^′F_{μν} F^{μν} = 0, (20) where prime denotes the differentiation with respect to the scalar field. It is easy to notice that the solution of the equation (19) has self–dual-like form

A_μ = σ(ϕ) 2m ϵ^{μνρ}F_{νρ}. (21) The corresponding massive Chern–Simons-like Lagrangian is found to be L_{mass} = m^2 2 · 1 σ(ϕ) f_μf^μ − m 2 ϵ^{μνρ}f_μ∂_ν f_ρ + 1 2 (∂_μϕ)^2. (22)

The pertinent field equations read

f_μ = 1 2m σ(ϕ)ϵ^{μνρ}f_{νρ} (23) and ∂_μ∂^μϕ + m^2 2 · σ^′ σ^2 f_μf^μ = 0. (24)

It is immediately seen that the self–dual equation (21) for the massive Chern– Simons–dilaton model (22) is just the equation of motion. Moreover, using (23) one eliminates the field f_μ from the second field equation. After that equation (24) takes the from ∂_μ∂^μϕ + 1 4 σ^′f_{μν} f^{μν} = 0. (25)

As we have expected both Lagrangian (18) and (22) give the same equation of motion. Additionally we see mutual duality of these models. The strong coupling sector of the one theory is interchanged with the weak coupling sector in the other one.

At least at the theoretical level one can consider a model where the dielectric function depends on U(1) gauge invariant F_{μν} F^{μν} as well as on the scalar function ϕ: L = − σ 4 (F_{μν} F^{μν} )^δ + m 4 ϵ^{μνρ}A_μF_{νρ} + 1 2 (∂_μϕ)^2. (26)

We see that the Pagels–Tomboulis and the dilaton model are included in this Lagrangian and can be derived in the particular limits. It is easy to check that the corresponding generalized self-dual equation has the form

A_μ = δσ(ϕ) 2m ϵ^{μνρ}F_{νρ}(F_{σλ}F^{σλ})^{δ−1}, (27) whereas the massive Chern–Simons-like Lagrangian

L_{mass} = Aσ^{11−2δ} (f_μf^μ)^{δ2δ−1} − Dδ 2δ − 1 ϵ^{μνρ}f_μ∂_ν f_ρ + 1 2 (∂_μϕ)^2. (28)

Here the constants read D A = ( δ2^δ 2m ) 1_{1+2δ} , A (D A )_{2δ} = 2^{δ−2}(2δ − 1) (29)

3 Conclusions

In the present paper we have considered the (2+1) Pagels–Tomboulis electrodynamics with topological term. The generalized version of the self-dual equations and the corresponding massive Chern–Simons-like Lagrangian have been found. Moreover, we have proved that both models can be derived from the generalized master equation (16).

The dual structure has been also obtained in case of the (2+1) topological dilaton–Maxwell model. There are two equivalent Lagrangians (18) and (22) consisting of scalar field and U(1) field. It seems to be interesting that the strong coupling regime in the first theory is related to the weak coupling sector in the second. The non–perturbative effects in one model can be reformulated as the perturbative effects in the other one and solved applying standard methods. Knowing that (2 + 1) topological dilaton–Maxwell model plays an important role in studying (2 + 1) gravity we believe that this feature can give us possibility to find some new gravitational solutions for the modified model. It is quite remarkable that the dual structure can be found not only in U(1) gauge models. Field theories containing additional degrees of freedom (here the scalar field) possess the dual formulation as well. The problem whether such a dual structure is observed in case of more complicated additional field is still unsolved and requires separate studies.

Similar duality has been observed in the combined Pagels–Tomboulis– dilaton model.

There are two obvious directions in which the present work can be continued. First of all, as it was mentioned before, the full (2 + 1) topological dilaton–Maxwell–Einstein theory should be considered. Secondly, because of the fact that the Pagels–Tomboulis Lagrangian is mostly considered in its non–Abelian version it seems to be important to analyze the non–Abelian generalization of the results obtained here. Then the topological term takes the form of the well-known SU(2) Chern–Simons invariant. Very interesting, new results, concerning the standard δ = 1 case, have been recently obtained

[16].

We would like to thank Professor H. Arodź for many helpful comments and suggestions. This work was supported in part by the ESF programme COSLAB.

References

[1] H. Pagels, E. Tomboulis, Nucl. Phys. B143, (1978), 485. [2] H. Arodź, M. Ślusarczyk, A. Wereszczyński, Acta. Phys. Pol. B32, (2001), 2155.

[3] L. Motyka, K. Zalewski, Z. Phys. C69, (1996), 343; K. Zalewski, Acta Phys. Pol. B29, (1998), 2535.

[4] W. Dittrich, H. Gies, Phys.Rev.D54, (1996), 7619.

[5] M. Cataldo, A. Garcia, Phys. Rev. D64, (2000), 084003; M. Cataldo, N.

Cruz, S. del Campo, A. Garcia, Phys. Lett. B484, (2000), 154. [6] M. Born, L. Infeld, Proc. Roy. Soc. A144, (1934), 425. [7] P. K. Tripathy, A. Khare, Phys. Lett. B504, (2001), 152. [8] S. Deser, R. Jackiw, Phys. Lett. B139, (1984), 975; J. F Schonfeld, Nucl.

Phys. B185, (1981), 157.

[9] S. Deser, R. Jackiw, Phys. Rev. Lett. 48, (1982) 975; S. Deser, R. Jackiw, Ann. Phys. 140, (1982), 372.

[10] P. K. Townsend, K. Pilch, P. van Nieuwenhuizen, Phys. Lett. B136, (1984), 38.

[11] A. Ilha, C. Wotzasek, Phys.Lett.B519, (2001), 169.

[12] C. G. Callan, S. B. Giddings, J. A. Harvey, A. Strominger, Phys. Rev.

D45, (1992), R1005; S. Nojiri, I. Oda, Phys. Lett. B294, (1992), 317; S. Nojiri, I. Oda, Nucl. Phys. B406, (1993), 499.

[13] S. Nojiri, S. D. Odintsov, Mod.Phys.Lett. A12 (1997) 925-936. [14] M. Ślusarczyk, A. Wereszczyński, Acta Phys. Pol. B32, (2001), 2911;

Eur. Phys. J. C23, (2002), 145; Eur. Phys. J. C in press, hep-ph/0302005.

[15] R. Dick, Eur. Phys. J. C6, (1999), 701. [16] A. Ilha, C. Wotzasek, Nucl.Phys.B604, (2001), 426.