arXiv:hep-th/0204116 v1 15 Apr 2002

hep-th/0204116

Time-dependent driven anharmonic oscillator and the adiabaticity

Hyeong-Chan Kim^{† 1} and Jae Hyung Yee^{†⋆ 2} †Institute of Basic Science, Yonsei University, Seoul 120-749, Korea ⋆Institute of Physics and Applied Physics, Yonsei University, Seoul 120-749, Korea

(April 16, 2002)

Abstract

We use the Liouville-von Neumann (LvN) approach to study the dynamics and the adiabaticity of a time-dependent driven anharmonic oscillator as an example of non-equilibrium quantum dynamics. We show that the adiabaticity is minimally broken in the sense that a gaussian wave packet at the past infinity evolves to coherent states, however slowly the potential changes, its coherence factor is order of the coupling. We also show that the dynamics are governed by an equation of motion similar to the Kepler motion which satisfies the angular momentum conservation.

Keywords: harmonic, anharmonic oscillator, driven, adiabatic, Liouville-von Neumann approach

PACS numbers:

1E-mail: hckim@phya.yonsei.ac.kr
2E-mail: jhyee@phya.yonsei.ac.kr

1 Introduction

The quantization of a time-dependent harmonic oscillator has been important in many branches of physics such as the coherent states and the squeezed states [1], the quantum statistical properties of radiation [2], the information theory [3], and the quantum theory out of thermal equilibrium [4]. As a more realistic system anharmonic oscillator has been widely studied for various purposes. In this direction, considerable efforts have been devoted to constructing systematic procedures to improve the variational approximation method of quantum mechanics and quantum field theory [5, 6, 7]. These methods give appropriate effective potentials which are adequate for describing time-independent systems. However, if one is interested in the explicit time evolution of time-dependent systems, above methods are limited in their uses.

The path integral approach [8] was developed to study several kinds of time-dependent oscillators with perturbative external forces. The LvN approach to the generalized driven oscillator [9] was developed and its geometric phases and wave functions were discussed [10]. The LvN approach to the time-dependent harmonic [11] and anharmonic oscillators [12] have also been developed. A merit of LvN approach is that it can be directly applied to both time-independent and time-dependent quantum systems without any modification.

In the case of a driven harmonic oscillator, it was shown [13] that, the transition amplitudes between different states are zero in the adiabatic limit of a driving force of the form F e^{−t2/τ 2} . The adiabatic assumption, that this phenomena holds for a general type of quasi-static potentials is usually accepted but no concrete proof has been given in general situation. In this paper we test this assumption by checking the evolution of a gaussian ground state of the time-dependent driven anharmonic oscillator. We formulate the quantization of a time-dependent driven anharmonic oscillator with general timedependent mass, frequency, and driving force. The present formulation can also be applicable to the study of phase transition using the inverted mass square [12].

The organization of this paper is as follows. In Sec. II, the LvN approach is elaborated to be applicable to the driven anharmonic oscillator and we find the Fock space and expectation values of some operators. Sec. III is devoted to study driven anharmonic oscillator system which is appropriate to analyze the adiabatic assumption. We show that the initial gaussian states evolve to final coherent states with its squeezing varies in time by O(λ). In Sec. IV, we consider the weak coupling limit of the oscillator in Sec. III and we show that the squeezing becomes time-independent in the adiabatic limit. Therefore, the adiabatic assumption is broken minimally. In Sec. V, we summarize our results and give some discussions. We have two appendices which present some calculational details.

2 Time-dependent driven anharmonic oscillator

The quantization of a time-dependent anharmonic oscillator using the LvN approach was tried in Ref [12]. It was shown that their approach is equivalent to the variational perturbation method [14] and the mean-field, Hartree-Fock method. In this section, we extend the LvN method to be applicable to the driven anharmonic oscillator, whose hamiltonian is given by

Ĥ(t) = p̂^2(t) 2m(t) + 1 2 m(t)ω^2(t)q̂^2(t) − √ m(t)F (t)q̂(t) + m^2(t)λ(t) 4! q̂^4(t), (1)

where we have introduced the mass m(t) in front of the coupling and the external force for simplicity of the later equations. The mass dimensions of f and λ are 3/2 and 3, respectively.

The LvN approach resorts to find a pair of invariant operators Â = i [v^∗(t)p̂(t) − m(t)v̇^∗(t)q̂(t) + x^∗(t)] , (2) Â^† = −i [v(t)p̂(t) − m(t)v̇(t)q̂(t) + x(t)] , which satisfy the LvN equation, dÂ dt = ∂Â ∂t − i[Â, Ĥ] = 0, (3) dÂ^† dt = ∂Â^† ∂t − i[Â, Ĥ] = 0, and the standard commutation relation

[Â, Â^†] = 1. (4)

The commutation relation identifies Â and Â^† as annihilation and creation operators respectively and it gives a Wronskian condition for v(t):

h̄[ ˙ṽ^∗(t)ṽ(t) − ˙ṽ(t)ṽ^∗(t)] = i, (5)

where v(t) = ṽ(t)/ √ m(t). Later in this paper, we use the unit which makes h̄ = 1.

The ground state is the one annihilated by Â and the n th number state is obtained by applying Â^† n times to the vacuum state: Â|0⟩ = 0, (6) |n⟩ = [Â^†]^n √ n! |0⟩. (7) The wave function of the ground state to this order of approximation is given by

Ψ_0(q, t) = [ 1 2πv^∗(t)v(t) ]_{1/4} exp [ i m(t)v̇^∗(t) 2v^∗(t) q^2 − i x^∗(t) v^∗(t) q ] . (8)

The LvN equation (3) reduces to the following operator equations: ẋ(t) = −F (t)ṽ(t), (9) [ ¨ṽ(t) + ω̃^2(t)ṽ(t) ] q̂(t) + m(t)λ(t)ṽ(t) 3! q̂^3(t) = 0, (10)

with the new frequency ω̃^2(t) = ω^2(t) −^1√_{m(t)}^{d2} √_{m(t)} dt^2 . Differentiating Eq. (10) with

respect to q(t) and taking the vacuum expectation value, which is equivalent to the variational approximation [12], one gets

¨ṽ(t) + [ ω̃^2(t) + m(t)λ(t) 2 ⟨0|q̂^2(t)|0⟩ ] ṽ(t) = 0. (11)

From the first basic comparison theorem of ordinary differential equation, one can naturally conclude that the solution for ṽ(t) should be oscillatory if ω̃^2 and^{m(t)λ(t)}_2 ⟨0|q̂^2(t)|0⟩ is positive definite. The quantum operators q̂(t) and p̂(t) can be written in terms of the creation and the annihilation operators as q̂(t) = v(t)Â + v^∗(t)Â^† + 2ℑ[v(t)x^∗(t)], (12) p̂(t) = m(t) { v̇(t)Â + v̇^∗(t)Â^† + 2ℑ[v̇(t)x^∗(t)] } , where ℑ means the imaginary part and x(t) = − ∫_t −∞ F (t)ṽ(t)dt. (13) The vacuum expectation values of operators are then given by ⟨0|q̂(t)|0⟩ = 2ℑ[v(t)x^∗(t)], (14) ⟨0|p̂(t)|0⟩ = 2m(t)ℑ[v̇(t)x^∗(t)], ⟨0|q̂^2(t)|0⟩ = |v(t)|^2 + 4 |ℑ[v(t)x^∗(t)]|^2 , ⟨0|p̂^2(t)|0⟩ = m^2(t)|v̇(t)|^2 + 4m^2(t) |ℑ[v̇(t)x^∗(t)]|^2 .

The quantum mechanical dynamics of the forced anharmonic oscillator system are then contained in one classical equation of motion (11), which becomes ¨ṽ(t) + ω^2_{ef f} (t)ṽ(t) = 0 (15) where

ω^2_{ef f} (t) = ω̃^2(t) + λ(t) 2 [ |ṽ(t)|^2 + |ṽ(t)x^∗(t) − ṽ^∗(t)x(t)|^2 ] . (16) In summary, we have reduced the problem of quantization of driven anharmonic oscillator into the problem of solving one classical differential equation (15). All information of the dynamics are encoded in a single function ṽ(t). Once the explicit form of ṽ(t) is known, we have time evolution of the quantum operators p̂(t) and q̂(t), and time evolution of any other physical quantities are derived from these operators and the states (6).

3 Anharmonic oscillator with a linearly growing external force

In this section, we present the evolution of the driven anharmonic oscillators with constant and linearly increasing forces. Let us first analyze the case of time-independent driven oscillator. We assume ω̃(t) and F (t) to be time-independent. The mass m(t) and the frequency ω(t) may be dependent on time, whose time dependency leads to no trouble as long as they are determined to give time-independent ω̃.

An exact solution of Eq. (15) can be found by assuming

x(t) = −F r exp(−iΩt), ṽ_0(t) = −iΩr exp(−iΩt), (17)

where F and r are constants. The value of r should be given from the Wronskian formula (5), and the resulting solution is

v_0(t) = 1 √ 2Ω e^{−iΩt}. (18) Substituting (18) to (15) one gets the gap equation

Ω^2 = ω̃^2 + λ 4Ω + λF^2 2Ω^4

, (19)

which has only one positive root for Ω. Note that this gap equation exactly reproduces the result of Ref. [12] if one turns off the external force (F = 0).

The expectation values of operators with respect to the ground states defined by (6)are ⟨0|q̂(t)|0⟩ = F √ m(t)Ω^2 , ⟨0|p̂(t)|0⟩ = − ṁ(t)F 2Ω^2 √ m(t) ,

⟨0|q̂^2(t)|0⟩ = 1 2m(t)Ω + F^2 m(t)Ω^4

, (20) ⟨0|p̂^2(t)|0⟩ = m(t)Ω 2 [ 1 + ṁ^2(t) 4Ω^2m^2(t) ] + ṁ^2(t)F^2 4Ω^4m(t) , ⟨0|(Δq̂)^2(Δp̂)^2|0⟩ = 1 4 [ 1 + ṁ^2(t) 4Ω^2m^2(t) ] . Note that the state |0⟩ satisfies the minimal uncertainty relation. In fact, |0⟩ is the minimum energy state of the Fock space. The force dependence on the uncertainty enter only through the frequency indirectly.

Now let us go into the main problem in this section: a time-dependent anharmonic oscillator with the driving force linearly increasing to a maximum value f. For simplicity of the problem, we remove the time-dependence of the parameters except for the force.

As a typical type of linear driving force, we consider the force of the form,

F (t) =

0, t < 0 , ft Δ , 0 ≤ t < Δ , f, t ≥ Δ. (21)

For notational simplicity, we use t_− (= 0) and t_+ (= Δ) when it is convenient. The x(t) in Eq. (13) then becomes

x(t) = − ∫_t −∞ F (t^′)ṽ(t^′)dt^′ =

0, t < 0 , − ft Δ ∫_t 0 ṽ(t^′)dt^′ + f Δ ∫_t 0 dt^′ ∫_t′ 0 dt^{′′}ṽ(t^{′′}), 0 ≤ t < Δ, −f ∫_t 0 ṽ(t^′)dt^′ + f Δ ∫_Δ 0 dt^′ ∫_t′ 0 dt^{′′}ṽ(t^{′′}), t ≥ Δ. (22)

Now let us solve Eq. (15) at each regions of time. For t < 0, the external force vanishes, and we find an exact solution of Eq. (15) which describes the evolution of the ground state of the oscillator:

ṽ_−(t) = 1 √ 2Ω_− e^{−iΩ− t}, (23) where Ω_− denotes the value of Ω(t) in Eq. (19) with no external force, F = 0.

For t > 0, we cannot find exact solution of the full equation Eq. (15). Instead, we try to find approximate solution based on the WKB-type solution. x(t) is proportional to f and the |vx^∗ − v^∗x|^2 term in Eq. (16) would be O(λf^2/ω^6 · ω^2). Therefore, we introduce the approximation for f^2λ ≪ Ω^6 and find the solution for ṽ(t) up to linear order in λf^2/Ω^6. Any types of forces can be treated approximately if it satisfies λf^2 ≪ 8ω̃^6. Note that since it restricts only the product of the coupling and the driving force squared, the driving force need not be small. The present method used in this paper can cover any time-dependent external forces which approaches to a finite value at t → ∞ if the coupling is small enough, which is usually required even in the absence of driving force. One may try to find an approximate solution of Eq. (15) by considering linearized equation for ṽ(t)−ṽ_−(t) and by using ṽ_−(t) as a zeroth order solution. But this approach based on ṽ_−(t) fails to give appropriate description of the system because the size of the perturbation linearly increases as ΩΔ at t = Δ, which gives divergent result in the adiabatic limit (Δ → ∞). In fact, more appropriate zeroth order solution is the WKB type:

v_0(t) = 1 √ 2Ω(t) e^{−iψ(t)}, (24)

where ψ(t) = ∫_t 0 Ω(t^′)dt^′, and the frequency Ω(t) is determined by the gap equation (19), in which the driving force F (t) is now time-dependent. Let us set the two values of frequencies, Ω(0) and Ω(Δ) as Ω_∓, which are determined by

Ω^2_− = ω̃^2 + λ 4Ω_−

, Ω^2_+ = ω̃^2 + λ 4Ω_+ + λf^2 2Ω^4_+

. (25)

For later uses let us define two dimensionless constants: ν = λ 16Ω^3_− , ϵ = λf^2 8Ω^6_−(1 + 2ν)

. (26)

The phase in the intermediate time between 0 ≤ t < Δ can be calculated up to O(ϵ) as: ψ(t) = ∫_t 0 Ω(t^′)dt^′ = Ω_−t +

2ϵΩ_−Δ 3 t^3 Δ^3

, 0 ≤ t ≤ Δ. (27)

Now we replace ṽ(t) in |ṽ(t)x^∗(t) − v^∗(t)x(t)|^2 term of Eq. (16) by its zeroth order solution v_0(t). Note that we do not replace |ṽ(t)|^2 term by its zeroth order solution, since we now expand the solution in ϵ = λf^2/(8Ω^6). Therefore |ṽ(t)|^2 term is zeroth order in this parameter. We calculate all physical quantities up to this order. The equation of motion (15) then becomes

¨ṽ(t) + ω̃^2(t)ṽ(t) + λ 2 { |ṽ(t)|^2 + f^2 Ω^4(t) f̄^2(t) } ṽ(t) = 0, (28)

where f̄(t) is a dimensionless function defined by

f̄(t) = −iΩ^2(t) f [ṽ(t)x^∗(t) − ṽ^∗(t)x(t)] ≃ −i Ω^2(t) f [ṽ(t)x^∗(t) − ṽ^∗(t)x(t)]_{ṽ(t)=v0(t)} (29)

≃ 0, t < 0 , 1 ΔΩ(t)

[ψ(t) − sin ψ(t)] , 0 ≤ t < Δ, 1 − sin(Ω_+Δ/2) Ω_+Δ/2 cos Ω_+ ( t − Δ 2 ) , t ≥ Δ. During the calculation, one may find the following term, − sin [(ψ(Δ) − Ω_+Δ)/2] ΔΩ/2 cos [Ω_+t + Ω_+Δ/2 − ψ(Δ)/2] , (30)

added to the last line of Eq. (29). This term can be removed by the following arguments: First, consider the case ΔΩ_− ≪ 1/ϵ. Then, the argument of the sine function, ψ(Δ) − Ω_+Δ 2 = − 1 3 ϵΩ_−Δ in Eq. (30) is O(ϵ), which makes above terms to be O(ϵ). On the other hand, if Δ ≫ 1, the denominator in Eq. (30) diverges. Therefore, this term can be set to zero safely to O(ϵ^0). There appears many similar terms in the calculations, which we simply omit without explicitly referring to it.

Because the driving term in Eq. (28) is linear in ṽ(t), the driving term in the potential which gives Eq. (28) is quadratic in ṽ(t). If there is no higher power of ṽ(t) in the potential one cannot prevent the solution resonating to the driving source and becoming divergent, which is unwanted result. Therefore, the higher power term in the potential is necessarily needed, which is the λ|ṽ(t)|^2 term in Eq. (28). Even though we cannot solve this non-linear time-dependent differential equation exactly, it is possible to obtain the general properties of the solution by separating ṽ(t) into its size r(t) and phase ϕ(t): ṽ(t) = r(t)e^{−iϕ(t)}. (31) Then the equation of motion (28) is reduced to the following two equations: r̈(t) − L^2 r^3(t) + λ 2 r^3(t) + { ω̃^2 + λf^2 2Ω^4 f̄^2(t) } r(t) = 0, (32)

r^2(t)ϕ̇(t) = L^2, (33)

where L is a constant of motion determined by

L = r^2(t)ϕ̇(t) = r^2(Δ)ϕ̇(Δ) = r^2(0)ϕ̇(0) = 1 2 . (34)

Note that Eq. (34) is very similar to the conservation law of the angular momentum. Moreover, Eq. (32) is very similar to the radial equation of 2-dimensional rotating particle, except that the r dependence on Eq. (32) is 1/r^3 rather than 1/r^2. The effective potential, which gives Eq. (32), can be written as V (r, t) = L^2 2r^2 + λ 8 r^4 + { ω̃^2 + λf^2 2Ω^4 f̄^2(t) } r^2 2 (35)

= V_±(r) + λf^2 2Ω^4 [ f̄^2(t) − f_± ] r^2 2 , where f_+ = 1, f_− = 0, and V_∓(r) =^{L2}_{2r2} +^λ_8 r^4 + [ ω̃^2 +^{λf 2}_{2Ω4} f_± ]_{r2} 2 are the adiabatic (Δ → ∞) potential at t < 0, and t > Δ respectively. If the system is quasi-static (ΩΔ ≫ 1), the function f̄(t) in the potential (35) monotonically increases from 0 (t = 0) to 1 (t = Δ) in time, which define V_±(r). The two stable circular orbit r = r_− (at t < 0) and r_+ (at t > Δ) are determined by the formula V^′_±(r) = 0, where prime denotes the derivative with respect to r, and are given by

r_− = 1 √ 2Ω_−

, r_+ = 1 √ 2Ω_+

. (36)

The evolution of (r(t), ϕ(t)), therefore, can be seen as an orbit change of a circulating particle by a varying frequency with somewhat odd angular momentum dependence.

Now let us approximate the potential up to quadratic order in ϵ near r = r_±: V (r, t) ≃ V_{ef f} (r, t) = V_±(r_±) + 1 2 V^{′′}_± (r_±)(r − r_±)^2 − λf^2r_± 2Ω^4(t) J(t)(r − r_±), where we have written the time-dependent term up to the first order in r − r_± since it is of O(ϵ) already and the source

J(t) = θ(t)[θ(Δ − t) − f̄^2(t)], (37)

is dimensionless.

Let the orbit difference be ρ_{I−}(t) = 1 ϵ_−r_− [r(t) − r_−], 0 ≤ t < Δ, (38)

ρ_{I+}(t) = 1 ϵ_+r_+ [r(t) − r_+], t ≥ Δ,

where ϵ_± = λf^2 2Ω^4_±ω̄^2_± is a dimensionless expansion parameter, and ω̄^2_± = V^{′′}_± (r_±). The equation of motion for ρ(t) is given by

ρ̈_{I±}(t) + ω̄^2_±ρ_{I±}(t) = ω̄^2_±J(t), (39)

where the subscripts ± are used for t ≥ Δ and 0 ≤ t < Δ, respectively. This is just the equation of motion of a harmonic oscillator with a driving force, and its inhomogeneous solution can be written explicitly using the Green’s function method: ρ_{I±}(t) = ∫_t t_± ω̄_±dt^′J(t^′) sin ω̄_±(t − t^′). (40)

Note that this inhomogeneous solution satisfies ρ_{I±}(t_±) = 0 = ρ̇_{I±}(t_±). We present the explicit form of ρ_{I±}(t) in Appendix A.

With this ρ_{I±}(t) in hand, it is easy to write the solution for r(t) which satisfies the appropriate boundary condition at t = t_±:

r(t) = r_± + ϵr_±ρ_{I±}(t) + [r(t_±) − r_±] cos ω̄_±(t − t_±) + ṙ(t_±) ω̄_± sin ω̄_±(t − t_±) (41)

= r_± + s_±(t),

where s_±(t) denotes the time-dependent parts of r(t) in the region t ≥ Δ and 0 ≤ t < Δ, respectively. We have omitted the sign ± in ϵ here and later since ϵ_± are the same to this order. Usually, the homogeneous terms are first order in the expansion coefficient (ϵ here).

The boundary condition at t = 0 is

r(0) = 1 √ 2Ω_−

, ṙ(0) = 0, ϕ(0) = 0, ϕ̇(0) = Ω_−, (42) where r(0) was determined by Eq. (5). After matching these boundary conditions we get L = 1 2 , r_− = r(0), ω̄^2_− = 4ω̃^2 + 3λ 2Ω_−

= 4Ω^2_−(1 + 2ν), (43) and r(t) = 1 √ 2Ω_−

[1 + ϵρ_{I−}(t)] . (44)

The solution for r(t) in the region t ≥ Δ, which matches the boundary condition at t = Δ, is given by r(t) = r_+ + s_+(t) (45) = r_+ + ϵr_+ρ_{I+}(t) + ϵ √ 2Ω_−

[ρ_{I−}(Δ) + 1] cos ω̄_+(t − Δ) + ϵ √ 2Ω_− ρ̇_{I−}(Δ)

ω̄_+ sin ω̄_+(t − Δ),

where ω̄^2_+ = V^{′′}_+ (r_+) = 4Ω^2_+(1 + 2ν).

In the region 0 ≤ t < Δ, the phase function can be written (See Appendix B for details.) as ϕ(t) = ψ(t) + ϵδϕ_−(t). (46) where ψ(t) is given by (27) and δϕ_−(t) is a finite oscillating function defined in Eq. (84). With these results we obtain ṽ(t) in the region, 0 ≤ t < Δ, ṽ(t) = v_−(t) + ϵv_−(t)w_−(t), (47) where

v_−(t) = 1 √ 2Ω(t) e^{−iψ(t)}, (48) and w(t) is a function of O(1). Then x(t) in Eq. (13) is given by x(t) = − fv_−(t) ΔΩ^2_− [ 1 + iΩ_−t − e^{iψ(t)} ] ( 1 + ϵ t^2 Δ^2 ) + fv_−(t) Δ ϵx_1(t), (49)

where x_1(t) is defined in Eq. (88) in Appendix B. Now we compute the expectation value of operators: ⟨0|q̂(t)|0⟩ = f ΔΩ^3 {[Ωt − sin ψ(t)] {1 + ϵℜ[w(t)]} − ϵ [1 − cos ψ(t)] ℑ[w(t)] − ϵℑ(x_1)} , ⟨0|p̂(t)|0⟩ m = f ΔΩ^2 { [1 − cos ψ(t)] [ 1 + 2ϵt^2 Δ^2 + ϵℜ ( w(t) + i ẇ(t) Ω )] (50)

− ϵℜ[x_1(t)] + ϵ[Ωt − sin ψ(t)]ℑ ( w(t) + i ẇ(t) Ω )} .

In the region t > Δ we get quite good approximation of the phase up to O(ϵ): ϕ(t) ≃ t − t_1 2r̄^2

+ ϵδϕ_+(t), (51)

where δϕ(t) is an oscillating function of O(1), and r̄ = r_+ [ 1 + ϵ^{sin2 ΩΔ/2}

(ΩΔ/2)^2 ] is given in Eq. (91). Then ṽ(t) and x(t) can be written to this order,

ṽ(t) ≃ [1 + ϵw_+(t)] v_+(t) = [1 + ϵw_+(t)] r̄e^{−i(t−t1)/(2r̄2)}, (52) x(t) ≃ −2ir̄^2fv_+(t) [ 1 − sin[Δ/(4r̄^2)] Δ/(4r̄^2) e^{i 2t−Δ}4r̄^2 − ϵye^{i t−Δ}2r̄^2 + ϵz(t) ] , (53)

where t_1, w_+(t), y, and z(t) are given in Appendix B. Using these we calculate the expectation values of operators p̂(t) and q̂(t) at t > Δ which shows the effects of the driving force. The expectation value of q(t) and p(t) in this order are given by ⟨0|q̂(t)|0⟩ (54) = 4fr̄^4 { 1 − sin Δ/(4r̄^2) Δ/(4r̄^2) cos t − Δ/2 2r̄^2 − ϵ [ e^{−i t−Δ}2r̄^2 y^∗ + e^{i t−Δ}2r̄^2 y + −z^∗(t) − z(t) ]} , ⟨0|p̂(t)|0⟩ m = 2fr̄^2 { [ 1 + ϵℜ ( w_+(t) + 2ir̄^2ẇ_+(t)

)] sin Δ/(4r̄^2)

Δ/(4r̄^2) sin t − Δ/2 2r̄^2 +ϵℑ ( w_+(t) + 2ir̄^2ẇ_+(t) ) ( 1 − sin Δ/(4r̄^2) Δ/(4r̄^2) cos t − Δ/2 2r̄^2 )} (55)

+ 2ϵfr̄^2 [ ye^{i t−Δ}2r̄^2 − y^∗e^{−i t−Δ}2r̄^2 − z(t) + z^∗(t) ] . The fluctuations of q̂(t) and p̂(t) are given by

⟨0|[Δq̂(t)]^2|0⟩ = |ṽ(t)|^2 = r̄^2 m [1 + 2ϵg(t)] , (56)

⟨0|[Δp̂(t)]^2|0⟩ = m^2| ˙ṽ(t)|^2 = m 4r̄^2 [1 − 2ϵg(t)], where g(t) is a purely oscillating function of time of order O(1) defined in Appendix B (90). Therefore, the uncertainty to order ϵ becomes

⟨(Δp̂)^2(Δq̂)^2⟩ = 1 4 + O(ϵ^2). (57)

If one compares Eq. (56) with Eq. (20) one can naturally identify that 1/(2r̄^2) plays the role of frequency of the oscillator.

The main effects of the driving force to the dispersions of q̂(t) and p̂(t) come in two fold: First, driving force makes the dispersions fluctuating [s(t)]. Secondly, it permanently squeezes the wave-packet by distorting its frequency, [1/(2r̄^2)]. Note that the adiabatic limit, r̄ = r_+, is the least squeezing state of the system. An interesting point is that there are other systems with Δ/(4r̄^2) = nπ which reveals the same least squeezing as the adiabatic limit. The interpretation on this phenomenon is given in the last section.

4 Weak coupling limit

In this section we consider the weak coupling limit (ν = λ/(16Ω^3) ≪ 1) of the timedependent anharmonic oscillator with driving force given by Eq. (21). One should note that there are terms of O(1/ν) given in ρ_{I±}(t) in the Appendix A, if the coupling is very small. The inhomogeneous solutions are approximated in the weak coupling limit as ρ_{I−}(t) = − 1 4νΔ^2Ω^2_−

[cos ω̄_−t − cos 2ψ(t)] − ψ^2(t) Δ^2Ω^2_−

+ g^′(t), (58)

ρ_{I+}(t) = − sin^2(Ω_+Δ/2) 2ν(Ω_+ Δ/2)^2 sin (ω̄_+ + 2Ω_+)t − ω̄_+Δ 2 sin (ω̄_+ − 2Ω_+)(t − Δ) 2 (59) − sin^2(Ω_+Δ/2) 2(Ω_+Δ/2)^2 + g^{′′}(t), where g^′(t) and g^{′′}(t) are functions, whose integrals over time from 0 to t are of O(ϵ^0). We ignore O(λ) terms in ṽ(t) and discuss these terms later. To this order, ṽ(t) is given by ṽ(t) = { ṽ_−(t), 0 ≤ t < Δ, ṽ_+(t), t ≥ Δ,

(60)

where

ṽ_−(t) = v_−(t) { 1 + iβ sin [ ψ(t) − ω̄_−t 2 ] e^{i[ψ(t)+ω̄−t/2]} } , (61)

ṽ_+(t) = [ 1 + iṡ_−(Δ) r̄ω̄_− ] v_+(t) + [ s_−(Δ) − iṡ_−(Δ) ω̄_+ ] e^{i(ω̄+−Δ)t} v_+(t) r̄ (62)

+ 2iαv_+(t)e^{iψ+(t)} sin ψ_−(t),

where the functions ψ_±(t), v_+(t), and the coefficients are defined by

ψ_+(t) = (ω̄_+ 2 + Ω_+ ) (t − Δ) + Ω_+Δ, ψ_−(t) = (ω̄_+ 2 − Ω_+ ) (t − Δ), (63) v_+(t) = r̄e^{−iΩ̄(t−t1)}, α = f^2 sin^2(Ω_+Δ/2) 2Ω^3_+(Ω_+Δ/2)^2 , β = f^2 Δ^2Ω^5_−

, Ω̄ = 1 2r̄^2 . The initial condition (45) at t = Δ is given by

s_−(Δ) = −r_−β { sin [ω̄_−Δ 2 + ψ(Δ) ] sin [ω̄_−Δ 2 − ψ(Δ) ]} , (64)

ṡ_−(Δ) = −βΩ_−r_− { cos [ω̄_−Δ 2 + ψ(Δ) ] sin [ω̄_−Δ 2 − ψ(Δ) ]} . (65)

Note that these terms can be removed by the following arguments: First, consider the case ΩΔ ≪ 1/ν. Then, the argument of the sine function,^{ω̄−Δ}_2 − ψ(Δ) = Ω_−Δ ( ν −^{2ϵ}_3 )

in Eq. (64) is O(ϵ) which makes above terms to be O(ϵ). On the other hand, if Δ ≫ 1, β goes to zero in this case. Therefore, the homogeneous terms in the region t > Δ can be set to zero safely to this order. There appears many similar terms in the calculations, which we simply omit without explicitly referring to it.

What we want to know is the expectation values of operators at t ≥ Δ. Therefore we should calculate x(t) in this region of time. At t = Δ, by integrating −F (t)ṽ_−(t) in Eq. (61), we have

x(Δ) = − ifv_−(Δ) Ω_− [ 1 − sin ψ(Δ)/2 Ω_−Δ/2 e^{iψ(Δ)/2} ] . (66)

In general, for t ≥ Δ, x(t) = x(Δ) − f ∫_t Δ ṽ(t^′)dt^′ = x_+(t) + x(Δ) − x_+(Δ), (67)

where

x_+(t) = − ∫_t 0 F (t)ṽ_+(t^′)dt^′ (68) = − ifv_+(t) Ω_+ { 1 − sin(Ω_+Δ/2) Ω_+Δ/2 e^{iΩ̄(t−Δ/2)} − 2iα sin ψ_−(t)e^{iψ+(t)} } . At t = Δ the following equality holds:

ṽ_−(Δ) = v_−(Δ) = v_+(Δ) + O(ϵ). (69)

We therefore have,

x(t) = x_+(t) + O(ϵ). (70)

The expectation value of q̂(t) is then given by ⟨0|q̂(t)|0⟩ = f √ mΩ^2_+

[1 + 2α cos ψ_+(t) sin ψ_−(t)] · [ 1 − sin(Ω_+Δ/2)

Ω_+Δ/2 cos[Ω̄(t − Δ/2)] + 2α cos ψ_+(t) sin ψ_−(t) ]

− 2αf √ mΩ^2_+ sin ψ_+(t) sin ψ_−(t) [ sin(Ω_+Δ/2) Ω_+Δ/2 sin[Ω̄(t − Δ/2)] (71)

−2α sin ψ_+(t) sin ψ_−(t)] + O(ϵ).

The solution is composed of the multiplication of two parts: the rapidly oscillating part, ψ_+(t), and slowly oscillating part, ψ_−(t) ≃ ν(t − Δ). The Eq. (71) is exact answer to all order in α for α ≫ ϵ. The correction to Eq. (71) begins only at the O(ϵ). It is not needed to calculate the expectation value of p̂(t), because it is simply given by ⟨p̂(t)⟩ = m d⟨q̂(t)⟩ dt . This proves that the adiabatic theorem holds in the absence of O(ϵ) correction. The O(ϵ) corrections are given by Eq. (54) with the replacement g(t) in Eq. (83) by g^′(t), g(t) in Eq. (89) by g^{′′}(t). The adiabatic limit of weak coupling expansion is written explicitly in Eq. (75). The dispersions are given by

⟨0|[Δq̂(t)]^2|0⟩ = 1 2mΩ̄ [ 1 − 4α sin ψ_+(t) sin ψ_−(t) + 4α^2 sin^2 ψ^2_−(t) ] , (72)

⟨0|[Δp̂(t)]^2|0⟩ = mΩ̄ 2 [ 1 + 4α sin ψ_+(t) sin ψ_−(t) + 4α^2 sin^2 ψ^2_−(t) ] . Note that the uncertainty is 1/4 to O(α) even though the dispersions are fluctuating in O(α). In the adiabatic limit, the uncertainty becomes exactly 1/4, which is the minimal one.

The O(ϵ) calculation is not important except for the adiabatic limit and the case ΔΩ_+ = nπ. In the adiabatic case we explicitly calculate each functions again up to O(ϵ) and we get, in the region t ≥ Δ,

ṽ(t) = 1 √ 2Ω_+ e^{−iΩ+ (t−Δ)−iψ(Δ)}, (73) x(t) = −ifṽ(t) Ω_+ [ 1 + 4ϵe^{−iΩ+ (t−Δ)} ] . (74)

Therefore the expectation values of operators are given by ⟨0|q̂(t)|0⟩ = f Ω^2_+

{1 + 4ϵ cos[Ω_+(t − Δ)]} , (75) ⟨0|p̂(t)|0⟩ = − 4ϵf Ω^2_+ sin[Ω_+(t − Δ)]. (76)

The dispersions are

⟨0|[Δq̂(t)]^2|0⟩ = 1 2mΩ_+

, (77)

⟨0|[Δp̂(t)]^2|0⟩ = mΩ_+ 2 . (78)

The uncertainty takes the minimal value. Therefore, in the adiabatic limit of weak coupling expansion, the initial ground state becomes a gaussian wave-packet, which is very close to the new ground state except that the center of the packet is oscillating, whose amplitude is of O(ϵ).

5 Discussions

We have formulated the quantization procedure of a time-dependent driven anharmonic oscillator using the Liouville-von Neumann approach, and then applied it to the case of anharmonic oscillator with linearly varying driving force. We have found a new gap equation for the driven oscillator and examined whether or not the adiabatic conjecture hold for the anharmonic oscillator. We also have calculated the weak coupling limit of the system. It was shown that the adiabatic conjecture breaks down at the first order of the coupling and the gaussian ground state evolves into a coherent state with the O(ϵ) correction of squeezing parameter.

The weak coupling expansion is most interesting because there appears a new expansion parameter α ≫ ϵ (63), which are closely related with the force gradient f/Δ. In the adiabatic limit of weak coupling expansion, all dynamics related to the new parameter α disappears and only the very small O(ϵ) correction remains. The expectation values of operators in the adiabatic limit of the weak coupling, at t > Δ are given in Eq. (75). The dispersion (77) implies that the wave-packet has the shape of a ground state of an oscillator with frequency Ω_+. This state of the adiabatic limit is the coherent state with the coherence parameter of O(ϵ). Explicitly, the invariant operator can be rewritten as

Â = iṽ^∗(t) { p̂(t) − imΩ_+ [ q̂(t) − f mΩ^2_+ ]} + 4ϵf Ω_+ e^{iψ(Δ)} (79)

= e^{iΩ+ (t−Δ)+iψ(Δ)}B̂(t) + 4ϵf Ω_+ e^{iψ(Δ)}, where B̂(t) is an annihilation operator of the harmonic oscillator whose center of the potential is fixed at^{f√}_{mΩ2+} with natural frequency Ω_+. This observation naturally shows that all initial states of the anharmonic oscillators are mapped into the corresponding states of the new vacuum except for O(ϵ) displacement.

There are infinitely many ways which gives states satisfying Eq. (75). If Δ/(4r̄^2) = nπ in Eqs. (54,55), Eq. (75) naturally holds and the corresponding final state is very close to the new ground state. These arguments hold also in the weak coupling limit of the system Eq. (72). The natural interpretation of this phenomena is the following: After turning on the driving force, the center of gaussian wave-packet starts to move. It periodically passes the bottom of the potential, and accidentally, if the driving force stop to increase when the center stays the bottom of the potential, the packet stop to move thereafter.

Acknowledgments

This work was supported in part by Korea Research Foundation under Project number 99-005-D00010 (H.-C.K. and J.H.Y.).

Appendix A. Source integration.

The Green’s function in Eq. (40) can be explicitly integrated to ρ_{I−}(t) = ∫_t 0 dt^′ ω̄_− Δ^2Ω^2(t)

[ψ(t^′) − sin ψ(t^′)]^2 sin ω̄_−(t − t^′) (80) = 1 2Δ^2Ω^2_− { − ( 1 − 4ξ^2 ) (1 − cos ω̄_−t) + 2 1 − 4ξ^2 sin [ω̄_−t 2 + ψ(t) ] sin [ω̄_−t 2 − ψ(t) ]

− 16ξ^2 (1 − ξ)^2(1 + ξ)^2 sin [ ω̄_−t + ψ(t) 2 ] sin [ ω̄_−t − ψ(t) 2 ]

+ 4 1 − ξ^2 ψ(t) sin ψ(t) − 2ψ^2(t) } , where ξ = Ω_−/ω̄_−. Note that this inhomogeneous solution have a quadratically increasing term in time. There is a term of O(1/λ) in the λ → 0 limit because (1 − 4ξ^2) ≃ 2ν in this limit.

After integration of the Green’s function ρ_{I+}(t) is given by

ρ_{I+}(t) = ∫_t Δ dt^′ω̄_+J(t^′) sin ω̄(t − t^′) (81) = 2 sin Ω_+Δ/2

Ω_+Δ/2 sin^{(ω̄+Ω+ )t−ω̄Δ}_2 sin^{(ω̄−Ω+ )(t−Δ)}_2 1 − χ + sin^{(ω̄+Ω+ )(t−Δ)}_2 sin^{(ω̄−Ω+ )t+ω̄Δ}_2 1 + χ − sin^2(Ω_+Δ/2) 2(Ω_+Δ/2)^2

1 − cos ω̃(t − Δ) + sin^{(ω̄+2Ω+ )t−ω̄Δ}

2 sin^{(ω̄−2Ω+ )(t−Δ)}_2 1 − 2χ + sin^{(ω̄+2Ω+ )(t−Δ)}

2 sin^{(ω̄−2Ω+ )t+ω̄Δ}_2 1 + 2χ , where χ = Ω_+/ω̄_+. The solution (81) vanishes if the adiabatic limit, ΔΩ → ∞, is taken. It also vanishes if the time interval of the driving force satisfies Δ = nπ/Ω. Note that there is a term of O(1/λ), if the coupling strength vanishes, since (1 − 2χ) ≃ ν.

Appendix B. Calculation of ṽ(t) and x(t).

The phase factor ϕ(t) is given by ϕ(t) = ∫_t 0 dt^′ 2r^2(t^′)

. (82)

Because we usually exponentiate this phase with i, one should be cautious in approximating this integral by separating the indefinitely growing part from the small fluctuations.

We calculate this integral for each regions of time separately. To have a good approximation of the integral in (82) one should separate r(t) by its frequency and fluctuating parts. The integration of the frequency part continuously increases in time, which gives the phase of ṽ(t), and the integration of fluctuating part should converge to a small value of O(ϵ) so that its exponential can be Taylor expanded.

In the region 0 ≤ t < Δ, following the above prescription with the explicit form of ρ_{I−}(t) of (80), r(t) can be written as r(t) = 1 √ 2Ω_− [( 1 − ϵψ^2(t) Δ^2Ω^2_− ) + ϵg(t) ] = 1 √ 2Ω(t)

[1 + ϵg(t)] , (83)

where ψ(t) is given in Eq. (27) and the integral of g(t) = ρ_{I−}(t) + ψ^2(t) Δ^2Ω^2_− in Eq. (83) converges to a finite number for any value of t or Δ. Expanding the right hand side of (83) in ϵ the phase integral (82) is approximated as ϕ(t) ≃ ψ(t) − 2ϵΩ_− ∫_t 0 g(t^′)dt^′. With this calculation we obtain ṽ(t) in the region 0 ≤ t < Δ:

ṽ(t) = v_−(t) + ϵv_−(t)w(t), (84)

where

v_−(t) = 1 √ 2Ω_− e^{−iψ(t)}, (85) w(t) = − ψ^2(t) Δ^2Ω^2_−

+ g(t) + 2iΩ_− ∫_t 0 dt^′g(t^′). (86)

Then x(t) in Eq. (13) is given by x(t) = − fv_−(t) ΔΩ^2_− [ 1 + iΩ_−t − e^{iψ(t)} ] ( 1 + ϵ t^2 Δ^2 ) + fv_−(t) Δ ϵx_1(t), (87)

where

x_1(t) = 3e^{iψ(t)} [( t − 2i 3Ω_− ) ∫_t t^{′2} Δ^2 e^{−iψ(t′)}dt^′ − ∫_t 0 dt^′ ∫_t′ 0 dt^{′′} t^{′′2} Δ^2 e^{−iψ(t′′)} ] (88) + Ω^2_− v(t) [ −t ∫_t 0 v(t^′)w(t^′)dt^′ + ∫_t 0 dt^′ ∫_t′ 0 dt^{′′}v(t^{′′})w(t^{′′}) ] . In the region t ≥ Δ, r(t) can be written as:

r(t) = r̄[1 + ϵg(t)], (89) where ϵg(t) = r(t) r̄ − 1 (90)

is an oscillating function of O(ϵ) with vanishing time average and

r̄ = r_+ [ 1 + ϵ sin^2 Ω_+Δ/2 (Ω_+Δ/2)^2 ] . (91)

In the adiabatic limit, the inhomogeneous solution ρ_{I+}(t) vanishes. The phase variable ϕ(t) can be exactly integrated in this case:

ϕ(t) = ϕ(Δ) + ∫_t Δ L r^2(t^′) dt^′ (92)

= ϕ_0 − b 2ω̄(r^2_+ − b^2) sin^{ω̄(t−t0)}_2 r_+ + b cos^{ω̄(t−t0)}_2 + 1 ω̄r_+ √ r^2_+ − b^2 tan^{−1} √ r^2_+ − b^2 tan^{ω̄(t−t0)}_2 r_+ + b ,

≃ ϕ_0 − b 2ω̄r^3_1 sin ω̄(t − t_0) 2 + 1 ω̄r^2_+ ω̄(t − t_0) 2 − b r_+ tan ω̄(t−t_0) 2 1 +^{b2}_{r2+} tan^{2 ω̄(t−t0)}_2 , = t − t_1 2r^2_+

+ finite periodic function, (93)

where b cos ω̄(t − t_0) = [s_0(Δ) − (r_1 − r_0)] cos ω̄(t − Δ) +^{ṡ0 (Δ)}_{ω̄} sin ω̄(t − Δ) and ϕ_0, t_1 are constants which are needed to satisfy the boundary condition at t = Δ. In the case of a non-adiabatic change, we cannot integrate Eq. (82) exactly but Taylor’s expansion with Eq. (89) gives a good approximation of Eq. (82)up to O(ϵ):

ϕ(t) = ϕ(Δ) + ∫_t Δ L r^2(t^′) dt^′ (94) ≃ t − t_1 2r̄^2 − ϵ ∫_t Δ dt^′g(t^′) r̄^2 , where ϕ(Δ) is the phase at t = Δ. With these ṽ(t) is approximated as

ṽ(t) = [1 + ϵw_+(t)] v_+(t) = [1 + ϵw_+(t)] r̄e^{−i(t−t1)/(2r̄2)}, (95)

where

v_+(t) = r̄e^{−i(t−t1)/2r̄2} (96)

w_+(t) = g(t) + i ∫_t Δ g(t^′)dt^′ r̄^2

. (97)

Using x(t) = − ∫_t 0 f(t^′)[v_+(t^′) + ϵv_+(t^′)w_+(t^′)]dt^′ (98) + ∫_Δ 0 dt^′f(t^′)[v_+(t^′) + ϵv_+(t^′)w_+(t^′) − v_−(t^′) + ϵv_−(t^′)w_−(t^′)],

one finally obtains

x(t) = −2ir̄^2fv_+(t) [ 1 − sin[Δ/(4r̄^2)]

Δ/(4r̄^2) e^{i 2t−Δ}4r̄^2 − ϵye^{i t−Δ}2r̄^2 + ϵz(t) ] , (99)

where ϵy = 1 − sin[Δ/(4r̄^2)] Δ/(4r̄^2) e^{i Δ4r̄2} − e^{i(Δ−t1)/2r̄2−iψ(Δ)} (2Ω_+)^{3/2}r̄^3 [ 1 − sin[ψ(Δ)/2] ψ(Δ)/2 e^{iψ(Δ)/2} ] , (100)

−2ir̄^2v_+(t)z(t) = 1 ΔΩ^2_+ v_−(Δ)x_1(Δ) − ∫_t Δ v_+(t^′)w_+(t^′)dt^′.

References

[1] P. meyster and M. Sargent III, Elements of Quantum Physics, (Springer-Verlag, New York, 1991).

[2] W. H. Louisell, Quantum Statistical Properties of Radiation, (John Wikey & Sons, New York, 1973).

[3] W.K. Wootters and W.H. Zurek, Nature (London) 299, 802 (1982).

[4] O. Eboli, R. Jackiw, and So-Young Pi, Phys. Rev. D 37, 3557 (1988).

[5] M. Dineykhan, G. V. Effimov, G. Ganbold, and S. N. Nedelko, Oscillator Representation in Quantum Physics (Springer, Berlin, 1995).

[6] H. Kleinert, Phys. Lett. A 173, 332 (1993); P. Cea and L. Tedesco, Phys. Rev.

D55, 4967 (1997); S. K. You, K. J. Jeon, C. K. Kim, and K. Nahm, Eur. J. Phys. 19, 179 (1998).

[7] G. H. Lee and J. H. Yee, Phys. Rev. D56, 6573 (1997); G. H. Lee, T. H. Lee, and J. H. Yee, ibid. D58, 125001 (1998).

[8] D. C. Khandekar and S. V. Lawande, J. Math. Phys. 16, 384 (1975) ; C. C. Gerry, J. Math. Phys. 25, 1820 (1984); A. K. Dhara and S. V. Lawande, Phys. Rev. A 30, 560 (1984); Bin Kang Cheng and F. T. Chan, J. Phys. A 20, 3771 (1987) ; F. Benamira and L. Guechi, ”Path integral for a pair of time-dependent coupled driven oscillators”, quant-ph/0112003 (2001).

[9] H.-C. Kim, M.-H. Lee, J.-Y. Ji, and J. K. Kim, Phys. Rev. A 53 3767 (1996). [10] M.-H. Lee, H.-C. Kim, and J.-Y. Ji, J. Korean Phys. Soc. 31, 560 (1997). [11] H. R. Lewis Jr., Phys. Rev. Lett. 27, 510 (1967); H. R. Lewis Jr. and W. B.

Riesenfeld, J. Math. Phys. 10, 1458 (1969); S. P. Kim, Class. Quantum, Grav. 13, 1377 (1996); Phys. Rev. D 55, 7511 (1997); D. Bak, S. P. Kim, S. K. Kim, K-S. Soh, and J. H. Yee, J. Korean. Phys. Soc. 37, 168 (2000).

[12] S. P. Kim and C. H. Lee, Phys. Rev. D 62, 125020 (2000).

[13] B. R. Holstein, Topics in advanced quantum mechanics, (Addison-Wesley, Redwood, 1992).

[14] S. J. Chang, Phys. Rev. D 12, 1071 (1975); P. M. Stevenson, ibid.32, 1389 (1985);

P. Cea and L. Tedesco, ibid. 55, 4967 (1997).