arXiv:hep-th/0204129 v1 16 Apr 2002

A generic estimate of trans-Planckian modifications to the primordial power spectrum in inflation

Richard Easther^1, Brian R. Greene^{1,2}, William H. Kinney^1, Gary Shiu^3 1 Institute for Strings, Cosmology and Astroparticle Physics, Columbia University, New York, NY 10027, USA 2 Department of Mathematics, Columbia University, New York, NY 10027, USA 3 Department of Physics and Astronomy, University of Pennsylvania, Philadelphia, PA 19104, USA Email: easther@phys.columbia.edu, greene@phys.columbia.edu, kinney@phys.columbia.edu, shiu@dept.physics.upenn.edu (April 16, 2002) We derive a general expression for the power spectra of scalar and tensor fluctuations generated during inflation given an arbitrary choice of boundary condition for the mode function at a short distance. We assume that the boundary condition is specified at a short-distance cutoff at a scale M which is independent of time. Using a particular prescription for the boundary condition at momentum p ∼ M, we find that the modulation to the power spectra of density and gravitational wave fluctuations is of order (H/M), where H is the Hubble parameter during inflation, and we argue that this behavior is generic, although by no means inevitable. With fixed boundary condition, we find that the shape of the modulation to the power spectra is determined entirely by the deviation of the background spacetime from the de Sitter limit.

I. INTRODUCTION

There is currently significant interest in the possibility that Planck scale physics might leave an observable signature in the cosmic microwave background radiation. The common thread running through this work is that early universe quantum field fluctuations may be sensitive to short distance physics, and this sensitivity may induce small modifications to the CMB (Cosmic Microwave Background) spectrum produced by inflation. A variety of approaches have been taken to calculate the precise signature and a variety of results have been found. These include modifications to the dispersion relation for quantum modes at short distance, ω^2 ≠ p^2 + m^2 [1–4], string-inspired changes to the Heisenberg uncertainty relation [5–9], and noncommutative geometry [10–12].

In this paper, we look at the problem of modifications to the power spectrum from short-distance effects in a generic way, independent of the specific nature of the short-distance physics assumed. We make the supposition that the modification to physics at short distances has no explicit time dependence. That is, there will be a cutoff momentum p_c which is given by a physical constant such as the Planck mass or the string scale that is independent of time. Any change in standard physics at short distance or high momentum p > p_c will be completely described (in a phenomenological sense) by the boundary condition imposed on quantum modes at the cutoff scale. The boundary conditions at the cutoff are equivalent to the selection of a vacuum state for the theory. In this paper, we derive a general expression for the change in the scalar and tensor power spectra which results from an arbitrary choice of vacuum at short distance.

We apply this result to the ansatz of Danielsson [15] for selecting a boundary condition for the mode function. Danielsson’s proposal is simply that modes are “created” at the cutoff length in a local Minkowski state, even though the vacuum state of the spacetime is slightly rotated from the Minkowski vacuum. We generalize Danielsson’s result to an arbitrary non-de Sitter background. This ansatz clearly falls short of being a complete description of physics at short distances. However, it does represent a phenomenologically reasonable way to estimate the magnitude and form of the changes to the primordial power spectrum due to the presence of a short-distance cutoff. For a cutoff momentum p_c ∼ M , Kaloper et al. [13] have argued that the largest effect consistent with effective field theory was of order (H/M )^2, where H << M is the Hubble constant during inflation. This differed from the conclusion of Easther, et al. [7,8] that the effect in a particular well-motivated model [5] was of order H/M , potentially large enough to have an observable effect on the primordial power spectrum. Brandenberger and Martin [14] and subsequently Danielsson [15] have argued that deviations of the quantum state of the field from the local vacuum state generically result in an effect of order H/M , and we adopt this point of view here. Certainly the final resolution of this issue awaits the formulation of a more complete theory of physics at short distances. In the meantime, a phenomenological perspective can potentially allow us to constrain the form of such a theory using astrophysical observations, which is a tantalizing prospect.

The paper is structured as follows: Section II contains the calculation of the scalar and tensor power spectra for a general choice of vacuum. Section III considers the case of the Danielsson ansatz for an adiabatic vacuum. Section IV contains a summary and conclusions. A review of the generation of perturbations in inflation, including definitions of some parameters used in the paper, are contained in an Appendix.

II. THE MODE FUNCTION FOR ARBITRARY VACUUM

It can be shown that the scalar fluctuation modes u_k and tensor fluctuation modes v_k generated during inflation obey the following equations of motion:

y^2 (1 − ϵ)^2 d^2u_k dy^2 + 2yϵ (ϵ − η) du_k dy + [ y^2 − F (ϵ, η, ξ) ] u_k = 0, (1)

where F (ϵ, η, ξ) ≡ 2 ( 1 + ϵ − 3 2 η + ϵ^2 − 2ϵη + 1 2 η^2 + 1 2 ξ^2 ) , (2) and y^2 (1 − ϵ)^2 d^2v_k dy^2 + 2yϵ (ϵ − η) dv_k dy + [ y^2 − (2 − ϵ) ] v_k = 0. (3)

Here ϵ, η, ξ are slow-roll parameters (see Appendix), and the “time” variable y is defined to be the wavelength of the mode relative to the horizon size: y ≡ k aH . (4)

The variable y can be related to the conformal time τ by:

dy = −k (1 − ϵ) dτ, (5) where during an inflationary phase the conformal time is negative, τ < 0, with dτ > 0 and ϵ < 1. We emphasize that these equations are exact in the sense that no assumption of slow roll has been made.

We will assume that at wavelengths much longer than some cutoff distance, λ ≫ λ_C , the mode equations (1) and (3) describe the evolution of the scalar and tensor mode functions, respectively. For definiteness, we begin with the powerlaw inflation case and then extend the calculation to the slow-roll case. For power-law inflation, ϵ = η = ξ = const., and the scale factor obeys a ∝ t^{1/ϵ}. In this case, the mode equations for scalars and tensors become identical:

y^2 (1 − ϵ)^2 d^2u_k dy^2 + [ y^2 − (2 − ϵ) ] u_k = 0 (6)

for scalar fluctuations and

y^2 (1 − ϵ)^2 d^2v_k dy^2 + [ y^2 − (2 − ϵ) ] v_k = 0 (7)

for tensor fluctuations. We will confine our discussion of the mode behavior to the scalar fluctuations with the understanding that the properties of the solutions apply equally well to tensor modes. Since ϵ = const., the exact solution to the mode equations is

u_k = 1 2 √ π k √ y 1 − ϵ [ C_+H_ν ( y 1 − ϵ ) + C_−H^∗_ν ( y 1 − ϵ )] . (8)

Here the variable y is just the wavelength of the mode relative to the horizon size, y ≡ k/ (aH), and ν = 3 − ϵ 2 (1 − ϵ)

. (9)

Note in particular that this solution is equally valid for modes inside the horizon and modes outside the horizon. If the solution is fixed by a boundary condition well inside the horizon, y = k/ (aH) ≫ 1, this solution can be seamlessly followed to the long-wavelength limit, y → 0 without the need for “matching” solutions at horizon crossing (y = 1). The case of a Bunch-Davies vacuum is then exactly equivalent to selecting C_+ = 1 and C_− = 0 in the general solution (8). The canonical commutation relation for the field requires |C_+|^2 − |C_−|^2 = 1. Note that since the fluctuation amplitude P_R ∝ |u_k| depends only on the amplitude of the mode function, the problem contains an arbitrary overall phase.

Previous investigations of whether an observable signature of short-distance physics in inflation is possible [1–8,11,12] have approached the problem by defining a particular model of short-distance physics and then evaluating the influence of that ansatz on the amplitude of the modes at long wavelength. Here we use a more generic approach: whatever the nature of the short-distance physics, if we assume that the mode equations (1) and (3) are valid at long wavelength, then the only influence the short-distance physics can have on the behavior of the modes at long wavelength is through the choice of the coefficients C_±. (This fact was noted by Starobinsky [16].) However, the coefficients C_± in general need not be constant: they may also have an intrinsic k-dependence. An important question is: can we determine the k-dependence of the coefficients without knowing the precise nature of the short-distance physics? In this section we show that the dependence of C_± (k) on k depends only on the nature of the background spacetime, as long as there is no explicit time-dependence in the boundary condition at short wavelength. (This condition will be made precise below.)

We wish to introduce a modification to standard quantum field theory at short distances. That is, for states with momentum higher than some cutoff p > p_c, the standard equations of motion for the modes no longer apply. Brandenberger and Martin [1,2] and Niemeyer [3] proposed modifying the dispersion relation of the modes at high momentum ω^2 ≠ p^2 + m^2. Kempf proposed a cutoff based on a modification to the uncertainty relation [5,6] ΔxΔp ≥ (1/2) [ 1 + β (Δp)^2 + · · · ] . Other choices are certainly possible [11,12]. However, whatever choice we wish to make for the nature of the physics at momentum p > p_c, once a given state is redshifted to low momentum p ≪ p_c, the standard mode equation (6) holds and the solutions will be of the form (8). Thus, any choice of short-distance physics can be mapped to a choice of the coefficients C_± (k). We will therefore consider an arbitrary boundary condition fixing the C_± at the cutoff momentum p_c:

C_± = C_± (k/a = p_c) . (10)

We will make the assumption that this boundary condition contains no explicit time dependence: that is, the cutoff momentum p_c is constant in time. Taking the cutoff to be at a scale much smaller than the horizon, p_c ≫ H, the mode function becomes u_k → C_+e^{iy/(1−ϵ)} + C_−e^{−iy/(1−ϵ)}, y ≫ 1. (11) Since at short wavelength the mode function u_k depends only on y = k/ (aH) = p/H, the boundary condition on the mode function is set by specifying the values of u_k (y) and its derivative at y = y_c ≡ p_c/H:

C_+ = 1 2 e^{−iyc/(1−ϵ)} [u_k (y_c) − i (1 − ϵ) u^′_k (y_c)] C_− = 1 2 e^{+iyc/(1−ϵ)} [u_k (y_c) + i (1 − ϵ) u^′_k (y_c)] . (12)

Note that the k-dependence of the coefficients is then entirely contained in the boundary value y_c. This is due to the dependence of y_c on the Hubble parameter, which is in general time dependent:

y_c (k) ≡ k aH | | |_{(k/a)=pc} . (13) That is, y_c (k) is defined to be the value of k/ (aH) at the time when a given comoving mode k is at the cutoff scale (k/a) = p_c in physical units. Especially important is that in the limit of de Sitter space, H = const. and therefore y_c = const., so that the coefficients C_± are generically independent of k in the de Sitter limit. The power spectrum P_R is defined in the long-wavelength limit y → 0, where

|u_k| → 2^{ν−3/2} √ 2k Γ (ν) Γ (3/2)

|C_+ (k) + C_− (k)| ( y 1 − ϵ )_{1/2−ν} . (14)

The scalar power spectrum is then

P^{1/2}_R = √ k^3 2π^2 | | | u_k z | | | = 2^{ν−3/2} 2π Γ (ν) Γ (3/2) ( H m_{Pl} √ ϵ ) |C_+ (k) + C_− (k)| ( y 1 − ϵ )_{3/2−ν} , (15)

where the C_± are given by Eq. (12), and in the case of power-law inflation, ν is given by Eq. (9). This is trivially

generalized to the case of slow-roll inflation, which assumes ϵ and η are constant and small but unequal, so that F (ϵ, η, ξ) ≃ 2 ( 1 + ϵ − 3 2 η ) ≃ const. (16)

The solutions to the mode equation are then of the form (15), but with ν = 3 2 + 2ϵ − η. (17)

Note that for the power-law case, ϵ = η, this is simply the small ϵ limit of Eq. (9). Similarly, the tensor fluctuation

amplitude is

P^{1/2}_T (k) = √ k^3 2π^2 | | | v_k m_{Pl}a | | | = 2^{ν−3/2} 2π Γ (ν) Γ (3/2) ( H m_{Pl} ) |C_+ (k) + C_− (k)| ( y 1 − ϵ )_{3/2−ν} , (18)

where ν = 3 − ϵ 2 (1 − ϵ)

(19)

in the power law case, and ν = 3 2 − ϵ (20)

in the slow roll case. We assume that the boundary conditions are identical for the scalar and the tensor modes, and

thus that the C_± (k) are identical for scalars and tensors. In the case of Bunch-Davies vacuum, C_+ = 1 and C_− = 0,

the spectra P_R and P_T are power-law in k, and we can calculate the spectral indices:

n_R ≡ 1 + d log P_R d log k = 1 + d log P_R d log y | | | |_{(aH)=const.} = 4 − 2ν, (21)

for the scalar modes and n_T ≡ d log P_T d log k = d log P_T d log y | | | |_{(aH)=const.} = 3 − 2ν. (22)

These are the standard results. However, a choice of vacuum different from Bunch-Davies will in general lead to an

additional k-dependence in the spectrum. One possible observational signature of a modulation of the power spectrum is a violation of the inflationary “consistency condition”, which relates the ratio of the tensor and scalar amplitudes to the tensor spectral index: P_T P_R = − 1 2 n_T . (23) Modulation of the power spectra leaves the tensor/scalar ratio unchanged, but alters the spectral index n_T , leading to a violation of the consistency condition [17].

To determine the specific form of the change in the power spectra, we must determine y_c (k). This can be done as follows. Take the function k (τ ) as the wavenumber corresponding to the cutoff scale p_c at conformal time τ , k (τ ) ∝ a (τ ) . (24) Then we can calculate d log y_c d log k = d log H^{−1} d log a = d log H^{−1} dϕ dϕ dτ dτ d log a

. (25) Working out the terms individually, we have (see Appendix) d log H^{−1} dϕ = − H^′ (ϕ) H (ϕ) , (26) dϕ dτ = aϕ̇ = − m^2_{Pl} 4π aH^′ (ϕ) , (27) and dτ d log a = 1 aH . (28) Then d log y_c d log k = m^2_{Pl} 4π [ H^′ (ϕ) H (ϕ) ]_2 = ϵ. (29) This equation is exact. Therefore the dependence of y_c on k is particularly simple y_c (k) ∝ k^ϵ, (30) a result which holds in general, including the power-law and slow-roll cases. We then have a very simple expression for the modification to the standard spectra arising from a choice of vacuum different from Bunch-Davies: P_{R,T} = |C_+ (k) + C_− (k)|^2 P^{B−D}_{R,T} , (31) where the coefficients C_±(k) are given by Eq. (12) and y_c(k) ∝ k^ϵ. This solution is valid in both the slow roll and power-law cases. The important feature is that the k-dependence of the modulation depends entirely on the behavior of the background spacetime, that is the time dependence of y_c ≡ k/aH. In particular, in the de Sitter limit ϵ → 0, and y_c → const., so that there is no additional k-dependence in the power spectrum, although the normalization can be altered. A concrete example of this was studied in [7]. In the general (non-de Sitter) case, the boundary value y_c is time-dependent, and we expect a modulation of the power spectrum [8].

III. BOUNDARY CONDITIONS FOR THE ADIABATIC VACUUM

Danielsson [15] has proposed a general ansatz for parameterizing the choice of vacuum in an inflationary spacetime.

The choice of Bunch-Davies vacuum can be expressed as a relation between the field and its conjugate momentum in

the ultraviolet limit, dϕ_p dt −→ −ipϕ_p, p → ∞. (32) Danielsson’s prescription for an adiabatic vacuum is to enforce this relation at a finite momentum p_c: dϕ_p dt ≡ −ipϕ_p, p = p_c. (33) This is simply translated into comoving variables, 1 a d dτ ( u_k a ) ≡ −i k a^2 u_k, (k/a) = (k/a)_c. (34) In terms of the variable y, the Danielsson boundary condition becomes

u^′_k (y_c) = [ iy_c − 1 y_c (1 − ϵ) ] u_k (y_c) . (35)

The adiabatic vacuum can be translated into coefficients C_± using Eq. (12), that is using the asymptotic (k → ∞)

form of the mode function u_k^1:

C_+= 1 2 e^{−iyc/(1−ϵ)} ( 2y_c + i y_c ) u_k (y_c) C_−= − 1 2 e^{+iyc /(1−ϵ)} ( i y_c ) u_k (y_c) , (36) Or, C_− = −e^{2iyc/(1−ϵ)} ( i 2y_c + i ) C_+. (37)

This is a generalization of the result of Danielsson to arbitrary background. Note that this condition completely

specifies the modulation to the power spectrum, since the Wronskian condition |C_+|^2 − |C_−|^2 = 1 constrains C_+:

|C_+|^2 =

1 + 4y^2_c 4y^2_c

. (38)

In the limit y_c → ∞, we have |C_+| → 1, as expected. We are free to choose the overall phase, so we can write the

two coefficients as

1We note that if we use the exact solution for the mode function (8) instead of the asymptotic version (11), the vacuum rotation will necessarily be exactly zero. The essential physics of this ansatz is that we assume the mode is “created” in the local Minkowski state, but the true vacuum of the spacetime is slightly non-Minkowski.

C_+ =

2y_c + i 2y_c e^{−iyc /(1−ϵ)}, C_− = − i 2y_c e^{+iyc /(1−ϵ)}. (39) With y_c ∝ k^ϵ, the modulation of the power spectrum is then completely determined. Note also that the amplitude of the vacuum rotation C_− is of order y^{−1}_c . If we consider a theory with a cutoff at a scale p_c ∼ M , the modulation of the power spectrum is then first order in H/M : C_− ∼ y^{−1}_c ∼ H M . (40)

We expect in general that if short-scale physics results in a rotation of the vacuum, then the lowest-order correction to C_± will be of this form [15,7,8]. From Eq. (31), the correction to the power spectrum is then also generically of order H/M . This is consistent with the modulation found in Refs. [7,8,14,15]. However, it must be emphasized that this answer depends on the choice of boundary condition for the mode, and is not forced on us by the physics. Other choices are possible – including the choice of Bunch-Davies vacuum with C_− = 0! Only a more complete understanding of short scale physics will fix the boundary conditions from first principles.

Figs. 1 and 2 show the power spectrum and modulation, respectively, for power-law inflation with ϵ = 0.01. We have chosen y_c ∼ (M/H) = 100, a value consistent with a cutoff determined by the string scale in conventional string theory, which can be as much as two orders of magnitude larger than the Planck length [18]. The modulation to the power spectrum is of order one percent – a potentially observable value.

FIG. 1. Power spectrum P^{1/2}(k) as a function of k, for ϵ = 0.01 and yc(k0) = 100.

FIG. 2. The modulation ΔP^{1/2}/P^{1/2} = 1 − |C+ + C−| as a function of wavenumber k, for ϵ = 0.01 and yc(k0 ) = 100.

IV. CONCLUSIONS

We have shown that, since any new physics at short distance will influence the modes generated during inflation through the choice of boundary condition, it is possible to derive a generic formula for the form of the quantum modes at long wavelength. In the limit of de Sitter space, we recover a scale-invariant perturbation spectrum regardless of the choice of boundary condition, although with altered amplitude. However, for non-de Sitter backgrounds, the selection of boundary condition has a potentially large effect on the form of the primordial power spectrum, both for scalar modes and tensor modes. Allowing freedom in the choice of vacuum opens up a very rich set of possibilities for the primordial power spectrum, since particular instances of the general solution (31) can in principle take on a very complex form. Tilting the spectra toward the red or the blue is possible, as well as introducing single features or oscillatory behavior, depending on the background and the choice of boundary condition. However, we find in general that the scale-dependence of the modulation is determined by the deviation of the background spacetime from the de Sitter limit and not by the particular form of the boundary conditions.

We study the particular case of the ansatz proposed by Danielsson for selecting the boundary condition for the mode function at the short-distance cutoff [15], and extend the result of Ref. [15] to the case of arbitrary background. We find that deviations from the standard power spectra are generically of order H/M , where H is the Hubble constant during inflation, and M is the cutoff scale. This scenario provides a much simpler realization of the effects studied in Refs. [7,8] and suggests that the relevant physics determining the amplitude of the modulation is due to the presence of a fixed cutoff scale M , and not, for example, due to the breaking of Lorentz invariance. While the amplitude of the modulation depends sensitively on boundary conditions set by unknown short-scale physics, we find it exciting that there are well-motivated choices that yield changes to the primordial power spectrum at the edge of detectability

with presently foreseen experiments [8].

ACKNOWLEDGMENTS

We would like to thank Lam Hui for many helpful conversations. The work of BG is supported in part by DOE

grant DE-FG02-92ER40699B and the work of GS was supported in part by the DOE grants DE-FG02-95ER40893,

DE-EY-76-02-3071 and the University of Pennsylvania School of Arts and Sciences Dean’s funds. ISCAP gratefully

acknowledges the generous support of the Ohrstrom Foundation.

[1] R. Brandenberger and J. Martin, Mod. Phys. Lett. A16, 999 (2001), astro-ph/0005432. [2] J. Martin and R. Brandenberger, Phys. Rev. D 63, 123501 (2001), hep-th/0005209. [3] J. Niemeyer, Phys. Rev. D 63, 123502 (2001), astro-ph/0005533. [4] J. Niemeyer and R. Parentani, Phys. Rev. D 64, 101301 (2001), astro-ph/0101451. [5] A. Kempf, Phys. Rev D 63, 083514 (2001), astro-ph/0009209. [6] A. Kempf and J. Niemeyer, Phys. Rev. D 64, 103501 (2001), astro-ph/0103255. [7] R. Easther, B. R. Greene, W. H. Kinney, and G. Shiu, Phys. Rev. D 64, 103502 (2001), hep-th/0104112. [8] R. Easther, B. R. Greene, W. H. Kinney, and G. Shiu, hep-th/0110226. [9] S. F. Hassan and M. S. Sloth, hep-th/0204110.

[10] C. S. Chu, B. R. Greene and G. Shiu, Mod. Phys. Lett. A 16, 2231 (2001), hep-th/0011241. [11] F. Lizzi, G. Mangano, G. Miele, M. Peloso, hep-th/0203099. [12] R. Brandenberger, P.-M. Ho, hep-th/0203119.

[13] N. Kaloper, M. Kleban, A. Lawrence, S. Shenker, hep-th/0201158. [14] R. H. Brandenberger and J. Martin, hep-th/0202142. [15] U. H. Danielsson, hep-th/0203198.

[16] A. A. Starobinsky, JETP Lett. 73, 371 (2001), astro-ph/0104043. [17] L. Hui and W. H. Kinney, astro-ph/0109107.

[18] V. S. Kaplunovsky, Nucl. Phys. B307, 145 (1988), hep-th/9205070: Erratum: ibid. B382, 436 (1992). [19] L. P. Grishchuk and Yu. V. Sidorav, in Fourth Seminar on Quantum Gravity, eds M. A. Markov, V. A. Berezin and V. P.

Frolov (World Scientific, Singapore, 1988). [20] A. G. Muslimov, Class. Quant. Grav. 7, 231 (1990). [21] D. S. Salopek and J. R. Bond, Phys. Rev. D 42, 3936 (1990). [22] J. E. Lidsey et al., Rev. Mod. Phys. 69, 373 (1997), Report No. astro-ph/9508078. [23] E. J. Copeland, E. W. Kolb, A. R. Liddle and J. E. Lidsey, Phys. Rev. D 48, 2529 (1993). [24] A. R. Liddle, P. Parsons and J. D. Barrow, Phys. Rev. D 50, 7222 (1994). [25] E. W. Kolb and S. L. Vadas, Phys. Rev. D 50, 2479 (1994).

[26] V. F. Mukhanov, H. A. Feldman, and R. H. Brandenberger, Phys. Rep. 215, 203 (1992). [27] V. F. Mukhanov, JETP Lett. 41, 493 (1985). [28] V. F. Mukhanov, Sov. Phys. JETP 67, 1297 (1988). [29] E. D. Stewart and D. H. Lyth, Phys. Lett. 302B, 171 (1993). [30] I. J. Grivell and A. R. Liddle, Phys. Rev. D 54, 7191 (1996). [31] W. H. Kinney, Phys. Rev. D 56, 3207 (1997).

APPENDIX: INFLATION AND THE PRODUCTION OF FLUCTUATIONS

In this section we review the basics of scalar field dynamics in inflationary cosmology with emphasis on the very

useful Hamilton-Jacobi formalism [19–21]. The emphasis is pedagogical; a more formal review can be found in Ref.

[22]. The first basic ingredient is a cosmological metric, which we shall take to be of the flat Robertson-Walker form

ds^2 = dt^2 − a^2 (t) |dx|^2 = a^2 (τ ) [ dτ^2 − |dx|^2 ] . (41)

The quantity τ is the conformal time, with dt = adτ . The second ingredient is a spatially homogeneous scalar field ϕ with potential V (ϕ) and equation of motion

ϕ̈ + 3Hϕ̇ + V^′ (ϕ) = 0, (42)

where the Hubble parameter H is defined as H ≡ ( ȧ a ) . (43)

An overdot denotes a derivative with respect to the coordinate time t. If the stress energy of the universe is dominated by the scalar field ϕ, the Einstein field equations for the evolution of the background metric G_{μν} = 8πGT_{μν} can be written as

H^2 = ( ȧ a )_2 = 8π 3m^2_{Pl} [ V (ϕ) + 1 2 ϕ̇^2 ] (44) and ( ä a ) = 8π 3m^2_{Pl} [ V (ϕ) − ϕ̇^2 ] , (45)

where m_{Pl} = G^{−1/2} ≃ 10^{19} GeV is the Planck mass. These background equations, along with the equation of motion (42), form a coupled set of differential equations describing the evolution of the universe. The fundamental quantities to be calculated are ϕ (t) and a (t), and the potential V (ϕ) is input from some model. Inflation is defined to be a period of accelerated expansion ( ä a ) > 0, (46)

indicating an equation of state in which vacuum energy dominates over the kinetic energy of the field ϕ̇^2 < V (ϕ). In the limit that ϕ̇ = 0, the expansion of the universe is of the de Sitter form, with the scale factor increasing exponentially in time: H = √( 8π 3m^2_{Pl} ) V (ϕ) = const, a ∝ e^{Ht}. (47) Note that with the Hubble distance H^{−1} constant and the scale factor increasing exponentially, comoving length scales initially smaller than the horizon are rapidly redshifted outside the horizon. In general, the Hubble parameter H will not be exactly constant, but will vary as the field ϕ evolves along the potential V (ϕ). A convenient approach to the more general case is to express the Hubble parameter directly as a function of the field ϕ instead of as a function of time, H = H (ϕ). This is consistent as long as t is a single-valued function of ϕ. Differentiating Eq. (44) with respect

to time,

2H (ϕ) H^′ (ϕ) ϕ̇ = ( 8π 3m^2_{Pl} ) [ V^′ (ϕ) + ϕ̈ ] ϕ̇ = − ( 8π m^2_{Pl} ) H (ϕ) ϕ̇^2. (48)

The equation of motion (42) was used to simplify the right-hand side. Substituting back into the definition of H in

Eq. (44) results in the system of two first-order equations

ϕ̇ = − m^{2Pl} 4π H^′ (ϕ) , [H^′ (ϕ)]^2 − 12π m^2_{Pl}

H^2 (ϕ) = −

32π^2 m^4_{Pl}

V (ϕ) . (49)

These equations are completely equivalent to the second-order equation of motion (42). The second of these is referred

to as the Hamilton-Jacobi equation, and can be written in the useful form

H^2 (ϕ) [ 1 − 1 3 ϵ (ϕ) ] = ( 8π 3m^2_{Pl} ) V (ϕ) , (50)

where the parameter ϵ is defined as ϵ ≡ m^2_{Pl} 4π ( H^′ (ϕ) H (ϕ) )_2

. (51)

The physical meaning of the parameter ϵ can be seen by expressing Eq. (45) as ( ä a ) = H^2 (ϕ) [1 − ϵ (ϕ)] , (52)

so that the condition for inflation (46) is given simply by ϵ < 1. Equivalently, ϵ can be viewed as parameterizing the

equation of state of the scalar field matter, with the pressure p and energy density ρ related as p = ρ ( 2 3 ϵ − 1 ) . (53)

The condition for inflation ϵ < 1 is the same as ρ + 3p < 0. The de Sitter case is ϵ = 0 or p = −ρ. In what follows, it

will be convenient to define the additional parameters [23,24] η ≡ m^2_{Pl} 4π ( H^{′′} (ϕ) H (ϕ) ) (54) and ξ ≡ m^2_{Pl} 4π ( H^′ (ϕ) H^{′′′} (ϕ) H^2 (ϕ) )_{1/2} . (55)

These are often referred to as “slow-roll” parameters, but the definition here is independent of the assumption of slow

roll.

The metric perturbations created during inflation are of two types: scalar, or curvature perturbations, which couple to the stress energy of matter in the universe and form the “seeds” for structure formation, and tensor, or gravitational wave perturbations, which do not couple to matter. Both scalar and tensor perturbations contribute to CMB anisotropy. Scalar fluctuations can also be interpreted as fluctuations in the density of the matter in the universe. The power spectrum of curvature perturbations is given by [26]

P^{1/2}_R (k) = √ k^3 2π^2 | | | u_k z | | | (56)

where k is a comoving wave number, and the mode function u_k satisfies the differential equation [27–29]

d^2u_k dτ^2 + ( k^2 − 1 z d^2z dτ^2 ) u_k = 0. (57)

The quantity z is defined as z ≡ 2 √ π ( aϕ̇ H ) = −m_{Pl}a √ ϵ, (58) and 1 z d^2z dτ^2 = 2a^2H^2 ( 1 + ϵ − 3 2 η + ϵ^2 − 2ϵη + 1 2 η^2 + 1 2 ξ^2 ) . (59)

Solutions to the second-order differential equation for the mode u_k in general contain two integration constants which can be taken to be phase and normalization. Normalization is fixed by the canonical quantization condition for the fluctuations, which in terms of the u_k is a Wronskian condition u^∗_k du_k dτ − u_k du^∗_k dτ = −i. (60)

Note that in the short wavelength limit, the equation of motion is just a wave equation. In a standard analysis, the phase is fixed at short wavelengths by selecting the so-called “Bunch-Davies” vacuum, which is equivalent to specifying that u_k receive a contribution only from a negative-frequency component. u_k ∝ e^{−ikτ} , k → ∞. (61) The solution in the long wavelength limit k → 0 is just u_k ∝ z. It is the second condition (61) that we relax in this analysis, allowing contributions from both positive- and negative-frequency components: u_k ∝ C_+e^{−ikτ} + C_−e^{+ikτ} , k → ∞. (62) The usual method of obtaining general solutions to the mode equation (57) is to solve for the quantity (aH) as a function of the conformal time τ . To do this, take the exact relation dτ = d (aH) (aH)^2 (1 − ϵ)

(63) and integrate by parts: τ = − 1 (aH) (1 − ϵ) + ∫ d (aH) (aH) d d (aH) ( 1 1 − ϵ )

= − 1 (aH) (1 − ϵ) + ∫ 2ϵ (ϵ − η) (aH)^2 (1 − ϵ)^3 d (aH). (64) In the limit of power-law inflation ϵ = η = const. the second integral in Eq. (64) vanishes, and the conformal time is exactly τ = − 1 (aH) (1 − ϵ) . (65)

The mode equation (57) then becomes a Bessel equation, with the solution

u_k = 1 2 √ −πτ [C_+H_ν (−kτ ) + C_−H^∗_ν (−kτ )] , (66)

where H_ν is a Hankel function of the first kind, and ν = 3 − ϵ 2 (1 − ϵ)

. (67)

Here we have normalized u_k so that the Wronskian condition (60) is equivalent to the condition

|C_+|^2 − |C_−|^2 = 1 (68)

on the constants C_±. Note that Eq. (68) is valid in general, not just in the short wavelength (k → ∞) limit. Thus the choice of the Bunch-Davies vacuum at short wavelength is equivalent to setting C_− = 0 in the general solution (66). The limit of de Sitter expansion is ϵ → 0, and this reduces to ν = 3/2, which is the case of a scale invariant spectrum P (k) ∝ k. Thus, de Sitter expansion can be considered to be a limiting case of power-law inflation. The so-called “slow-roll expansion” is an expansion in small parameters about the de Sitter limit. In cases where ϵ ≠ η, but both ϵ and η are small, the conformal time is given by the (now approximate) relation τ ≃ − 1 (aH) (1 − ϵ) ≃ − 1 (aH) (1 + ϵ) . (69)

Note that despite the formal similarity between this and the power-law case, slow roll involves distinct assumptions [30]: the slow-roll and power-law solutions are the same only in the de Sitter limit. Higher-order corrections can be obtained by continuing the integration by parts, τ = − 1 (aH) (1 − ϵ) [ 1 + 2ϵ (ϵ − η) (1 − ϵ)^2 + O ( ϵη^2 ) + · · · ] . (70)

As long as this series converges, the conformal time is well defined as a series in slow-roll parameters. In the slow-roll approximation ϵ, η ≪ 1, it is consistent to take ϵ and η to be approximately constant, and the solutions are again Hankel functions of the form (66), with ν = 3 2 + 2ϵ − η (71) to first order in the slow-roll parameters.

Instead of expressing the mode equation (57) as a differential equation in the conformal time τ , it is convenient to

switch variables to the wavelength of the fluctuation mode relative to the horizon size [31], y ≡ ( k aH ) ≃ ( d_H λ ) . (72)

Then dy = −k d (aH) (aH)^2 = −k (1 − ϵ) dτ, (73) and the mode equation (57) can be expressed exactly as

y^2 (1 − ϵ)^2 d^2u_k dy^2 + 2yϵ (ϵ − η) du_k dy + [ y^2 − F (ϵ, η, ξ) ] u_k = 0, (74)

where F (ϵ, η, ξ) ≡ 2 ( 1 + ϵ − 3 2 η + ϵ^2 − 2ϵη + 1 2 η^2 + 1 2 ξ^2 ) . (75)

The case of tensor fluctuations is exactly analogous. The tensor fluctuation amplitude is defined as:

P^{1/2}_T (k) = √ k^3 2π^2 | | | | v_k m_{Pl}a | | | | , (76)

where the mode function v_k obeys the equation of motion:

d^2v_k dτ^2 + ( k^2 − 1 a d^2a dτ^2 ) v_k = 0. (77)

This can be written in a form similar to Eq. (74),

y^2 (1 − ϵ)^2 d^2v_k dy^2 + 2yϵ (ϵ − η) dv_k dy + [ y^2 − (2 − ϵ) ] v_k = 0. (78)

This equation is also exact. We can then take Eqs. (1) and (3) as the starting point for an analysis of the effect of

the choice of vacuum at short wavelengths.