arXiv:hep-th/0204257 v2 12 Jul 2002

KUNS-1782 YITP-02-30

hep-th/0204257

April 2002

Comment on Field Redefinitions in the AdS/CFT Correspondence

Masafumi Fukuma^1 and So Matsuura^2

1Department of Physics, Kyoto University, Kyoto 606-8502, Japan 2Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan

ABSTRACT

We carry out field redefinitions in ten-dimensional Type IIB supergravity and show that they do not give rise to any physical corrections to the holographic renormalization group structure in the AdS/CFT correspondence. We in particular show that the holographic Weyl anomaly of the N = 4 SU(N) super Yang-Mills theory does not change under the field redefinition of the ten-dimensional metric of the form G_{M N} → G_{M N} + αRG_{M N} + βR_{M N} . These results are consistent with the fact that classical supergravity represents the on-shell structure of massless modes of superstrings, which should not change under redefinitions of fields.

1E-mail: fukuma@gauge.scphys.kyoto-u.ac.jp
2E-mail: matsu@yukawa.kyoto-u.ac.jp

1 Introduction

The AdS/CFT correspondence [1]–[4] asserts that the classical theory of (d+1)-dimensional gravity in an AdS background is related to a d-dimensional CFT at the boundary of the AdS geometry. More precisely, we can regard an on-shell field in the gravity theory as the source coupled to a scaling operator in the CFT at the boundary. Among many applications of the AdS/CFT correspondence, the holographic renormalization group (RG) [5]–[16] is one of the most important. In the holographic RG, we regard the radial coordinate of the (d + 1)-dimensional manifold as a scaling parameter of the corresponding boundary field theory. Using this scheme, we can describe many aspects of the RG structure of the d-dimensional boundary field theory using the (d + 1)-dimensional classical gravity theory. For example, we can derive the Callan-Symanzik equation of the corresponding d-dimensional boundary field theory from the Hamilton-Jacobi equation of the (d + 1)-dimensional gravity theory [17], which gives us a systematic formulation of the holographic RG (see also [18][19][20]).

There have been numerous quantitative studies to check the validity of the AdS/CFT correspondence and the holographic renormalization group. Among such studies are calculations of the chiral anomaly [15] and the Weyl anomaly [16] of the four-dimensional N = 4 SU(N) super Yang-Mills theory (SYM_4), which is believed to be realized on the boundary of AdS_5 after the ten-dimensional spacetime is factorized as AdS_5 × S^5. Both calculations were carried out purely on the basis of five-dimensional supergravity theory and correctly reproduce the field-theoretical results in the large N limit.

In this article, as another study to check the validity of the AdS/CFT correspondence, we show that the holographic RG structure does not undergo any physical corrections under field redefinitions of ten-dimensional supergravity. The AdS/CFT correspondence should have this property, since classical supergravity represents the on-shell structure of massless modes of superstrings, and the on-shell amplitudes (more precisely, the residues of one-particle poles of correlation functions) should be invariant under redefinitions of fields [21] (see also [22] for discussions in the context of string theory).^1 It is easy to demonstrate the invariance of the holographic RG structure for point-

1See also [23] for recent discussion about scheme independence in the renormalization group structure.

transformations of scalar fields in supergravity,

ϕ^I → ϕ^{′ I} = f^I (ϕ), (1.1)

because the superpotential W (ϕ) transforms as a scalar over the space parametrized by ϕ^I : W (ϕ) → W^′(ϕ) = W (f(ϕ)), so that the beta function of the boundary field theory transforms as a vector field over such space [17][18]:^2

β^I (ϕ) ( = − 2(d − 1) W (ϕ) L^{IJ} (ϕ) ∂ ∂ϕ^J W (ϕ) ) → β^{′ I} (ϕ) = ∂ϕ^I ∂f^J β^J (f(ϕ)). (1.2)

Similar arguments can be applied to field redefinitions that include derivatives of fields, such as the redefinition of the ten-dimensional metric of the form G_{M N} → G_{M N} + αRG_{M N} + βR_{M N} . In this case, however, the resulting gravity action obtained after such redefinitions possesses higher-order derivative terms. Thus, after the compactification on S^5, one needs to treat the five-dimensional gravity theory with curvature squared terms.

The structure of the holographic RG for higher-derivative gravity was investigated generally in Refs. [25][26][27][28], where it is shown that if the five-dimensional gravity action is given by^3

S_5 = 1 2κ^2_5 ∫ d^5x √ −^g [ 12 L^2 − 80a + 16b + 8c

L^4 + ^R + a ^R^2 + b ^R^2_{μν} + c ^R^2_{μνρσ} ] , (1.3)

then the Weyl anomaly of the corresponding boundary CFT is ⟨T^i_i ⟩ = 2L^3 2κ^2_5 [( 1 + 8(5a + b + c) L^2 )( − 1 24 R^2 + 1 8 R^2_{ij} ) + c 2L^2 R^2_{ijkl} ] . (1.4)

From this, it is seen that if c vanishes, then it may be possible to absorb the change (1 + 8(5a + b)/L^2) into the five-dimensional Newton constant 2κ^2_5. In fact, for the field redefinitions of the form G_{M N} → G_{M N} + αRG_{M N} + βR_{M N} , no terms including the Riemann tensor R_{KLM N} are induced, so that we only have to consider the case where c = 0. Furthermore, as we show in the following sections, the field equation in ten dimensions changes the radius of S^5 exactly in such a way that the change of the fivedimensional Newton constant, 2κ^2_5 = 2κ^2_{10}/volume(S^5), cancels the factor (1+8(5a+b)/L^2) together with the contribution from the Ramond-Ramond terms.

2L_{IJ} (ϕ) is the metric on the space {ϕ^I} and c(ϕ) = ( −W (ϕ) )_{−(d−1)} can be identified with the cfunction.

3The cosmological constant is parametrized in such a way that the classical solution can have an AdS spacetime with radius L.

In §2, we derive the ten-dimensional Type IIB supergravity action that is obtained through the field redefinition, and then we discuss its AdS_5 × S^5 solution. In §3, after explaining how to determine the five-dimensional gravity action when the geometry is compactified on S^5, we calculate the holographic Weyl anomaly for N = 4 SU(N) SYM_4 and show that the result is exactly the same with that for the original anomaly before the field redefinition. Section 4 is devoted to conclusions.

2 Field Redefinition of Type IIB Supergravity and the AdS_5×

S^5 Solutions

In this section, we consider a field redefinition in the ten-dimensional type IIB supergravity theory. We first give the usual IIB supergravity action and its AdS_5×S^5 solution. We then carry out a field redefinition of the ten-dimensional metric and derive the corresponding action with its AdS_5 × S^5 solution.

We start with the bosonic part of the ten-dimensional Type IIB supergravity action given by^4 S_{10} = 1 2κ^2_{10} ∫ d^{10}X √ −G [ e^{−2ϕ} ( R + 4 |dϕ|^2 ) − 1 4 |F_5|^2 ] . (2.1)

Here ϕ and F_5 are the dilaton and the self-dual Ramond-Ramond 5-form field strength, respectively, and we have set other fields of Type IIB supergravity to zero. In this equation, we have used the definitions |dϕ|^2 ≡ G^{M N} ∂_M ϕ ∂_N ϕ, |F_5|^2 ≡ 1 5! G^{M1N1} · · · G^{M5N5} (F_5)_{M1···M5} (F_5)_{N1···N5} . (2.2) The self-duality of F_5 is imposed on the field equations (not in the action) as a constraint.

In the context of the AdS_5/CFT_4 correspondence, we are interested in an AdS_5 × S^5 solution that is realized as the near horizon limit of the black 3-brane solution [29]:

ds^2 = l^2_0 r^2 dr^2 + r^2 l^2_0 η_{ij} dx^idx^j + l^2_0 dΩ^2_5,

(F_5)_{r0123} = − 4 g_s r^3 l^4_0

, (F_5)_y1_{···y}5 = 4 g_s l^4_0,

e^ϕ = g_s. (2.3)

4The coefficient of |F_5|^2 is chosen to be (−1/4), which is one half of the canonical value (−1/2). This is necessary for the action to be invariant under T -duality transformations (see, e.g., [24]).

Here, dΩ^2_5 = (δ_{ab} + y_ay_b/(1 − y^2))dy^ady^b (−1 ≤ y^a ≤ 1, a, b = 1, · · · , 5) is the metric of the unit five-sphere and i, j ∈ {0, 1, 2, 3}. In this case, the AdS_5 and S^5 have the same radius, l_0, whose value is determined by the D3-brane charge as

l_0 = (4πg_sN)^{1/4}, (2.4)

where N is the number of the coincident D3-branes, and we have set the string length √ α^′ to 1.

As discussed in the Introduction, we can make an arbitrary field redefinition δG_{M N} = X_{M N} without changing the content of the Type IIB supergravity theory [22]. Now we make an infinitesimal change of the metric as G_{M N} → G^′_{M N} ≡ G_{M N} + αRG_{M N} + βR_{M N} ( F^′_5 ≡ F_5, ϕ^′ ≡ ϕ ) . (2.5)

Then the new gravity action is obtained as

~S_{10}[G_{M N} ] ≡ S_{10}[G^′_{M N} ] = S_{10}[G_{M N} + αRG_{M N} + βR_{M N} ], (2.6)

which is expressed explicitly as

~S_{10} = 1

2κ^2_{10} ∫ d^{10}X √ −G { e^{−2ϕ} [ R + 4 |dϕ|^2 + aR^2 + bR^2_{M N} + aR |dϕ|^2 + b R^{M N} ∂_M ϕ ∂_N ϕ ]

− 1 4 |F_5|^2 + b 8 R |F_5|^2 − b 4 1 4! R_{M N} (F_5)^{M P QRS} (F_5)^N_{P QRS} } . (2.7) Here a and b are defined as

a = 4α + 1 2 β, b = −β. (2.8) Since G^′_{M N} and F_5 can be expressed as in Eq. (2.3),

ds^{′2} = G^′_{M N} dX^M dX^N = l^2_0 r^2 dr^2 + r^2 l^2_0 η_{ij} dx^idx^j + l^2_0 dΩ^2_5,

(F_5)_{r0123} = − 4 g_s r^3 l^4_0

, (F_5)_y1_{···y}5 = 4 g_s l^4_0, e^ϕ = g_s, (2.9) we can easily construct an AdS_5 × S^5 solution for the action (2.7):

ds^2 = G_{M N} dX^M dX^N = ( G^′_{M N} − αR^′G^′_{M N} − βR^′_{M N} ) dX^M dX^N = ( 1 − 8b l^2 ) l^2 r^2 dr^2 + r^2 l^2 η_{ij} dx^idx^j + l^2dΩ^2_5,

(F_5)_{r0123} = 4 g_s ( 1 + 8b l^2 ) r^3 l^4

, (F_5)_y1_{···y}5 = 4 g_s ( 1 − 8b l^2 ) l^4, e^ϕ = g_s. (2.10)

Here we have used the fact that with the solution (2.3), the Ricci tenser becomes R_{μν} = − 4 l^2_0 G_{μν} , R_{ab} = + 4 l^2_0

G_{ab} (2.11)

for μ, ν ∈ {r, 0, 1, 2, 3} and a, b ∈ {y^1 · · · y^5}, and have rewritten the expression using the radius l of the new S^5, which is calculated as l = ( 1 + 2b l^2_0 ) l_0. (2.12)

Note that after the field redefinition, the radius of S^5, l, differs from that of AdS_5, L, which is expressed as L ≡ ( 1 − 4b l^2 ) l = ( 1 − 2b l^2_0 ) l_0. (2.13)

3 Five-Dimensional Effective Action and the Weyl Anomaly

In this section, we calculate the four-dimensional holographic Weyl anomaly from the higher-derivative gravity action (2.7) using the classical solution (2.10), and show that the resulting anomaly exactly reproduces the anomaly of the original gravity theory before making the field redefinition.

To derive the five-dimensional gravity action, we use the following strategy. First, we assume that the geometry of the ten-dimensional spacetime is a direct product of a five-dimensional Lorentzian manifold M_5 and a five-dimensional sphere S^5. Next, we decompose all terms in the action into two parts, one of which is expressed by the fields on M_5 with metric ^g_{μν} and the other of which is expressed over S^5 of radius l. For example, the scalar curvature R in the ten-dimensional gravity action becomes ^R + 20/l^2. (Here ^R is the scalar curvature of M_5.) However, there appears a problem in decomposing the kinetic part of the self-dual five-form field strength F_5. In fact, inserting the classical solution of F_5 into the action would give a trivial, vanishing result due to the self-duality of F_5 (∗F_5 = F_5).^5 To avoid this problem, we use the ansatz that F_5 has non-zero values only for the S^5 components, and we rescale F_5 in the action by the factor √ 2: F_5 → √ 2F_5. Finally, we integrate over the S^5 in the ten-dimensional action and obtain the five-dimensional gravity action.

Following this strategy, we first calculate the Weyl anomaly of N = 4 SU(N) SYM_4 from the action (2.1). Since R = ^R + 20/l^2_0 and −(1/4) | |√2F_5 | |^2 = −8/l2_0, we have the

five-dimensional action

S_5 = π^3l^5_0 2κ^2_{10}g^2_s ∫ d^5x √ −^g ( 12 l^2_0 + ^R ) . (3.1)

This action actually has an AdS_5 solution with radius l_0, which justifies our ansatz. Using the formula (1.4), we obtain the Weyl anomaly as ⟨T^i_i ⟩ = 2π^3l^8_0 2κ^2_{10}g^2_s ( − 1 24 R^2 + 1 8 R^2_{ij} )

= N^2 4π^2 ( − 1 24 R^2 + 1 8 R^2_{ij} ) . (3.2)

Here we have used 2κ^2_{10} = (2π)^7 and (2.4).

Next we apply our strategy to the action (2.7). From the solution (2.10), we compactify ten-dimensional spacetime on S^5 of radius l. Then, the (dimensionally reduced) fivedimensional action is obtained as

~S_5 = π^3l^5 2κ^2_{10}g^2_s ( 1 + 40a + 4b l^2 ) × ∫ d^5x √ −^g [( 12 l^2 − 80a − 80b l^4 ) + ^R + a ^R^2 + b ^R^2_{μν} ] . (3.3)

This action has an AdS_5 solution with radius (1 − 4b/l^2) l, which is consistent with the AdS_5 ×S^5 solution (2.10). From this solution, we can read off the parameters in Eq. (1.3); 1 2κ^2_5 = π^3l^5 2κ^2_{10}g^2_s ( 1 + 40a + 4b l^2 ) , L = ( 1 − 4b l^2 ) l, c = 0. (3.4) 5√ −G |F_5|^2 = F_5 ∧ ∗F_5 = F_5 ∧ F_5 = 0.

Thus the corresponding Weyl anomaly is calculated again by using the formula (1.4) as ⟨T^i_i ⟩ = 2L^3 2κ^2_5 ( 1 − 40a + 8b l^2 ) ( − 1 24 R^2 + 1 8 R^2_{ij} )

= 2π^3l^8 2κ^2_{10}g^2_s ( 1 − 16b l^2 ) ( − 1 24 R^2 + 1 8 R^2_{ij} )

= 2π^3l^8_0 2κ^2_{10}g^2_s ( − 1 24 R^2 + 1 8 R^2_{ij} )

= N^2 4π^2 ( − 1 24 R^2 + 1 8 R^2_{ij} ) . (3.5)

This is identical to the result (3.2).

4 Conclusion

In this paper, we quantitatively checked the validity of the AdS/CFT correspondence by showing that the holographic RG structure is invariant under field redefinitions in Type IIB supergravity. In particular, we carried out a redefinition of the ten-dimensional metric of the form G_{M N} → G_{M N} + αRG_{M N} + βR_{M N} (Eq. (2.5)) and calculated explicitly the modified Type IIB action. We then constructed effective five-dimensional gravity when ten-dimensional spacetime is compactified on S^5 and calculated the holographic Weyl anomaly. We showed that the obtained anomaly is identical to that of the N = 4 SU(N) SYM_4 in the large N limit, even though the five-dimensional action contains higherorder derivative terms. This result is consistent with the assertion of the AdS/CFT correspondence that on-shell fields in the gravity theory are coupled to scaling operators of the corresponding CFT at the boundary of the AdS geometry. In fact, the theorem of Kamefuchi, O’Raifeartaigh and Salam guarantees that a field redefinition does not change the on-shell structure of the theory.

We finally point out that this invariance of the holographic Weyl anomaly under a redefinition of the metric holds only if there is a simultaneous change of the ten-dimensional metric given by (2.5). In fact, if we only change the five-dimensional metric in the effective five-dimensional action, ^g_{μν} → ^g_{μν} + α ^R ^g_{μν} + β ^R_{μν} , then the resulting Weyl anomaly differs from the field-theoretical anomaly in the large N limit. However, this is not a contradiction, because if field redefinitions are carried out only for five-dimensional components, generally the on-shell conditions for a ten-dimensional field theory are broken.

Thus, there is no reason to expect that the AdS/CFT correspondence holds for such redefinitions.

Acknowledgments

The authors would like to thank T. Sakai for discussions and collaboration in the early stage of this work. They also thank M. Ninomiya, S. Ogushi and T. Yokono for helpful discussions.

References

[1] J. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200.

[2] E. Witten, “Anti De Sitter Space And Holography,” Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150.

[3] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge Theory Correlators from Non-Critical String Theory,” Phys. Lett. B428 (1998) 105, hep-th/9802109.

[4] O. Aharony, S. S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, “Large N Field Theories, String Theory and Gravity,” hep-th/9905111, and references therein.

[5] L. Susskind and E. Witten, “The holographic bound in anti-de Sitter space,” hepth/9805114.

[6] E. T. Akhmedov, “A remark on the AdS/CFT correspondence and the renormalization group flow,” Phys. Lett. B442 (1998) 152, hep-th/9806217.

[7] E. Alvarez and C. Gomez, “Geometric Holography, the Renormalization Group and the c-Theorem,” Nucl. Phys. B541 (1999) 441, hep-th/9807226.

[8] D.Z. Freedman, S.S. Gubser, K. Pilch and N.P. Warner, “Renormalization Group Flows from Holography–Supersymmetry and a c-Theorem,” Adv. Theor. Math. Phys. 3 (1999) 363, hep-th/9904017.

[9] L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, “Novel Local CFT and Exact Results on Perturbations of N=4 Super Yang Mills from AdS Dynamics,” J. High Energy Phys. 12 (1998) 022, hep-th/9810126.

[10] L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni “The Supergravity Dual of N=1 Super Yang-Mills Theory,” Nucl. Phys. B569 (2000) 451, hep-th/9909047.

[11] M. Porrati and A. Starinets, “RG Fixed Points in Supergravity Duals of 4-d Field Theory and Asymptotically AdS Spaces,” Phys. Lett. B454 (1999) 77, hepth/9903085.

[12] V. Balasubramanian and P. Kraus, “Spacetime and the Holographic Renormalization Group,” Phys. Rev. Lett. 83 (1999) 3605, hep-th/9903190.

[13] K. Skenderis and P. K. Townsend, “Gravitational Stability and Renormalization- Group Flow,” Phys. Lett. B468 (1999) 46, hep-th/9909070.

[14] O. DeWolfe, D. Z. Freedman, S. S. Gubser and A. Karch, “Modeling the fifth dimension with scalars and gravity,” Phys. Rev. D62 (2000) 046008, hep-th/9909134.

[15] D. Z. Freedman, S. D. Mathur, A. Matusis and L. Rastelli, “Correlation Functions in the CFT_D/ADS_{D+1} Correspondence,” Nucl. Phys. B546 (1999) 96, hep-th/9804058.

[16] M. Henningson and K. Skenderis, “The Holographic Weyl anomaly,” J. High Energy Phys. 07 (1998) 023, hep-th/9806087.

[17] J. de Boer, E. Verlinde and H. Verlinde, “On the Holographic Renormalization Group,” J. High Energy Phys. 08 (2000) 003, hep-th/9912012.

[18] M. Fukuma, S. Matsuura and T. Sakai, “A Note on the Weyl Anomaly in the Holographic Renormalization Group,” Prog. Theor. Phys. 104 (2000) 1089, hepth/0007062.

[19] M. Fukuma and T. Sakai, “Comment on Ambiguities in the Holographic Weyl Anomaly,” Mod. Phys. Lett. A15 (2000) 1703, hep-th/0007200.

[20] S. Nojiri, S. D. Odintsov and S. Ogushi, “Scheme-dependence of holographic conformal anomaly in d5 gauged supergravity with non-trivial bulk potential,” Phys. Lett. B 494 (2000) 318, hep-th/0009015.

[21] S. Kamefuchi, L. O’Raifeartaigh and A. Salam, “Change Of Variables And Equivalence Theorems In Quantum Field Theories,” Nucl. Phys. 28 (1961) 529.

[22] D. J. Gross and E. Witten, “Superstring Modifications Of Einstein’s Equations,” Nucl. Phys. B277 (1986) 1.

[23] J. I. Latorre and T. R. Morris, “Exact scheme independence,” JHEP 0011 (2000) 004 hep-th/0008123.

[24] M. Fukuma, T. Oota and H. Tanaka, “Comments on T-dualities of Ramond-Ramond potentials,” Prog. Theor. Phys. 103 (2000) 425 hep-th/9907132.

[25] S. Nojiri and S. D. Odintsov, “On the conformal anomaly from higher derivative gravity in AdS/CFT correspondence,” Int. J. Mod. Phys. A15 (2000) 413, hepth/9903033;

[26] M. Blau, K. S. Narain and E. Gava “On Subleading Contributions to the AdS/CFT Trace Anomaly,” J. High Energy Phys. 9909 (1999) 018, hep-th/9904179.

[27] M. Fukuma, S. Matsuura and T. Sakai, “Higher-Derivative Gravity and the AdS/CFT Correspondence,” Prog. Theor. Phys. 105 (2001) 1017, hep-th/0103187.

[28] M. Fukuma and S. Matsuura, “Holographic renormalization group structure in higherderivative gravity,” hep-th/0112037.

[29] G. T. Horowitz and A. Strominger, “Black strings and P-branes,” Nucl. Phys. B360 (1991) 197.