arXiv:hep-th/0205010 v3 13 Jun 2002

SOGANG-HEP 294/02

hep-th/0205010

Zero Modes and the Atiyah-Singer Index in Noncommutative Instantons

Keun-Young Kim^{a∗}, Bum-Hoon Lee^{a†} and Hyun Seok Yang^{b‡}

aDepartment of Physics, Sogang University, Seoul 121-742, Korea bDepartment of Physics, National Taiwan University, Taipei 106, Taiwan, R.O.C.

ABSTRACT

We study the bosonic and fermionic zero modes in noncommutative instanton backgrounds based on the ADHM construction. In k instanton background in U(N) gauge theory, we show how to explicitly construct 4Nk (2Nk) bosonic (fermionic) zero modes in the adjoint representation and 2k (k) bosonic (fermionic) zero modes in the fundamental representation from the ADHM construction. The number of fermionic zero modes is also shown to be exactly equal to the Atiyah-Singer index of the Dirac operator in the noncommutative instanton background. We point out that (super)conformal zero modes in non-BPS instantons are affected by the noncommutativity. The role of Lorentz symmetry breaking by the noncommutativity is also briefly discussed to figure out the structure of U(1) instantons.

PACS numbers: 11.15.-q, 11.15.Tk, 02.40.Gh

June 14, 2002

∗kykim@physics4.sogang.ac.kr †bhl@ccs.sogang.ac.kr ‡hsyang@phys.ntu.edu.tw

1 Introduction

Instantons were found by Belavin, Polyakov, Schwartz and Tyupkin (BPST) [1] almost thirty years ago, as topologically nontrivial solutions of the duality equations of the Euclidean Yang- Mills theory with finite action. Immediately instantons were realized to describe the tunnelling processes between different θ-vacua in Minkowski space and lead to the strong CP problem in QCD [2, 3]. (For the earlier development of instanton physics, see the collection of papers [4].) The non-perturbative chiral anomaly in the instanton background led to baryon number violation and a solution to the U(1) problem [5, 6]. These revealed that instantons can have their relevance to phenomenological models like QCD and the Standard model [7].

Instanton solutions also appear as BPS states in string theory. They are described by Dp-branes bound to D(p+4)-branes [8, 9]. Subsequently, in [10, 11], low-energy excitations of D-brane bound states were used to explain the microscopic degrees of freedom of blackhole entropy, for which the information on the instanton moduli space has a crucial role. In addition the multi-instanton calculus was used for a nonperturbative test of AdS/CFT correspondence [12, 13, 14, 15], where the relation between Yang–Mills instantons and D-instantons was beautifully confirmed by the explicit form of the classical D-instanton solution in AdS_5 ×S^5 background and its associated supermultiplet of zero modes.

Recently instanton solutions on noncommutative spaces have been turned out to have more richer spectrums. While commutative instantons are always BPS states, noncommutative instantons admit both BPS and non-BPS states. Especially, instanton solutions can be found in U(1) gauge theory and the moduli space of non-BPS instantons is smooth, small instanton singularities being resolved by the noncommutativity [16, 17]. Remarkably, instanton solutions in noncommutative gauge theory can also be studied by Atiyah-Drinfeld-Hitchin-Manin (ADHM) equation [18] slightly modified by the noncommutativity [16]. ADHM construction uses some quadratic matrix equations, hence noncommutative objects in nature, to construct (anti-)selfdual configurations of the gauge field. Thus the noncommutativity of space doesn’t make any serious obstacle for the ADHM construction of noncommutative instantons and indeed it turns out that it is a really powerful tool even for noncommutative instantons. Recently much progress has been made in this direction [16, 17, 68, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35].

This paper is aiming to explain how to construct bosonic and fermionic zero modes in noncommutative instanton backgrounds based on the ADHM construction and how to relate them to the Atiyah-Singer index. Recently several papers [26, 36, 37, 38, 39, 40] discussed the instanton moduli space and the instanton calculus in noncommutative spaces. This paper is organized as follows. In next section we briefly review the ADHM construction on noncommutative spaces and explain how to construct the zero modes in noncommutative instanton backgrounds from the ADHM construction. In Section 3, we discuss the moduli space M_{k,N} of k instantons in noncommutative U(N) gauge theory and how to explicitly construct fermion zero modes in adjoint and fundamental representations. In U(1) instanton background the fermionic zero modes in the fundamental representation were briefly discussed by Nekrasov [41] recently, which are precisely reproduced from our solution for the U(1) case. We point out that (super)conformal zero modes in the non-BPS background are affected by the noncommutativity and their explicit construction may be nontrivial, calling for further study. We also speculate that the U(1) instanton may be understood by the structure of Lorentz symmetry breaking by the noncommutativity. In Section 4, we show that the number of the bosonic and the fermionic zero modes constructed in Section 3 is related to the Atiyah-Singer index of the noncommutative instantons. In Section 5 we discuss the results obtained and address some issues.

2 Zero Modes in Instantons

In this section we review briefly the formalism of the ADHM construction for instantons and discuss how to find the zero modes around the instanton background from this formalism [42, 43, 44, 45, 46, 47]. Here the ADHM construction is universally valid both for commutative and for noncommutative spaces. We will specify the noncommutative case if necessary. Although we discuss both self-dual and anti-self-dual instantons, we will often consider the anti-self-dual instantons as a specific problem. The self-dual instantons could be treated similarly.

Our interest is how to construct all the finite action solutions of the (anti-)self-duality equation in U(N) gauge theory F_{μν} = ± ∗ F_{μν} = ± 1 2 ε_{μνρσ} F_{ρσ}. (2.1) where the field strength F_{μν} is given by

F_{μν} = ∂_μA_ν − ∂_ν A_μ + [A_μ, A_ν ]. (2.2)

In noncommutative space, for the field strength F_{μν} to be gauge covariant, we need the commutator term in (2.2) even for U(1) gauge group. ADHM construction provides an algebraic way for constructing (anti-)self-dual configurations of the gauge field in terms of some quadratic matrix equations on four manifolds [18].

In order to discuss the ADHM construction, it is convenient to introduce quaternions defined by x = x_μσ^μ, x̄ = x_μσ̄^μ, (2.3)

where σ^μ = (iτ^a, 1) and σ̄^μ = (−iτ^a, 1) which have the basic properties σ^μσ̄^ν = δ^{μν} + iσ^{μν} , σ^{μν} = η^a_{μν} τ^a = ∗σ^{μν} , σ̄^μσ^ν = δ^{μν} + iσ̄^{μν} , σ̄^{μν} = η̄^a_{μν} τ^a = − ∗ σ̄^{μν} . (2.4)

The σ^μ and σ̄^μ can be used to construct the Euclidean Dirac matrices as

γ^μ = 0 σ̄^μ σ^μ 0

, γ_5 = γ_1γ_2γ_3γ_4 = 1 0 0 −1 ,

{γ^μ, γ^ν } = 2δ^{μν} , [γ^μ, γ^ν ] = 2i σ̄^{μν} 0 0 σ^{μν} . (2.5)

In the ADHM construction the gauge field with instanton number k for U(N) gauge group is given in the form A_μ(x) = v(x)^†∂_μv(x) (2.6) where v(x) is (N + 2k) × N matrix defined by the equations^1

v(x)^†v(x) = 1, (2.7) v(x)^†Δ(x) = 0. (2.8)

In (2.8), Δ(x) is a (N + 2k) × 2k matrix, linear in the position variable x, having the structure

Δ(x) = a − bx, self-dual instantons, a − bx̄, anti-self-dual instantons,

(2.9)

where a, b are (N + 2k) × 2k matrices. Δ(x) can be thought of as a map from a 2k-complex dimensional space W to a N + 2k-complex dimensional space V . The matrices a, b are constrained to satisfy the conditions that Δ(x)^†Δ(x) be invertible and that it commutes with the quaternions. These conditions imply that Δ(x)^†Δ(x) as a 2k × 2k matrix has to be factorized as follows Δ(x)^†Δ(x) = f^{−1}(x) ⊗ 1_2 (2.10) where f^{−1}(x) is a k × k matrix and 1_2 is a unit matrix in quaternion space. Then the resulting field strength F_{μν} obtained by (2.6) ensures the (anti-)self-duality equation (2.1) if and only if v(x) and Δ(x) obey the completeness relation

v(x)v(x)^† + Δ(x)f(x)Δ(x)^† = 1. (2.11)

Note that the matrix v(x) in (2.7) and (2.8) is unique only up to a gauge transformation v(x) → v(x)g(x), Δ(x) → Δ(x), g(x) ∈ U(n) (2.12) which generates usual U(N) gauge transformations for the gauge field

A_μ(x) → g(x)^†A_μ(x)g(x) + g(x)^†∂_μg(x). (2.13)

1One can always normalize the matrix v in usual way even for noncommutative R^4_{NC} and R^2_{NC} × R^2_C as done in [30, 33], respectively.

Given a pair of matrices a, b, (2.7) and (2.8) define A_μ up to gauge equivalence. Different pair of matrices a, b may yield gauge equivalent A_μ since (2.7) and (2.8) are invariant under a → QaK, b → QbK, v → Qv (2.14) where Q ∈ U(N +2k) and K ∈ GL(k, C). This freedom can be used to put a, b in the canonical forms a = λ ξ , b = 0 1_{2k}

, (2.15) where λ is an N × 2k matrix and ξ is a 2k × 2k matrix. Here we decompose the matrix ξ in the quaternionic basis σ̄^μ as a matter of convenience ξ = ξ_μσ̄^μ, (2.16) where ξ_μ’s are k × k matrices. In the basis (2.15), the constraint (2.10) boils down to

tr_2τ^aa^†a = θ^{μν}η̄^a_{μν} , self-dual instantons, θ^{μν} η^a_{μν} , anti-self-dual instantons,

(2.17)

ξ^†_μ = ξ_μ, (2.18) where tr_2 is the trace over the quaternionic indices. Here we work in general in flat noncommutative Euclidean space R^4 represented by [x^μ, x^ν ] = iθ^{μν} (2.19) where θ^{μν} = −θ^{νμ}. Note that there still exists a residual U(k) symmetry of the U(N + 2k) × GL(k, C) symmetry group (2.14) to preserve the canonical form for b given in (2.15) which acts on λ and ξ_μ as λ → λU, ξ_μ → U^†ξ_μU, U ∈ U(k). (2.20) Introduce two N × k matrices I^†, J to represent the N × 2k matrix λ as λ = (I^†, J). (2.21) Then the ADHM constraints (2.17) for the anti-self-dual instantons, for example, have the following forms μ_r = [B_1, B^†_1] + [B_2, B^†_2] + II^† − J^†J = θ^{μν} η^3_{μν} (2.22) μ_c = IJ + [B_1, B_2] = 1 2 θ^{μν} (η^1_{μν} + iη^2_{μν} ), (2.23) where B_1 = ξ_2 + iξ_1, B_2 = ξ_4 + iξ_3. Now we can count the independent bosonic collective coordinates of multi-instanton solution. From the ADHM construction for k instantons in

U(N) gauge theory, the matrices λ and ξ_μ in (2.15) have 4Nk + 4k^2 real degrees of freedom. However (2.17) imposes 3k^2 constraints for λ and ξ_μ. In addition we have the U(k) residual symmetry (2.20). These remove 4k^2 degrees of freedom and thus totally 4Nk real degrees of freedom remain.^2 They describe a 4Nk-dimensional moduli space M_{k,N} which is still hyper- Kähler space. The ADHM constraints (2.22) and (2.23) are nothing but the (deformed) moment maps of the hyper-Kähler quotient construction. We will show that even for noncommutative spaces M_{k,N} is the moduli space of k instantons in U(N) gauge theory.

Let’s consider Yang-Mills theory with gauge group U(N) with action S = − 1 2 ∫ d^4xtrF_{μν} F_{μν} . (2.24)

Of course, for the noncommutative space (2.19), the integral in (2.24) may be replaced by an appropriate trace over the representation space H of the algebra (2.19): ∫ d^4x → Tr_H. (2.25)

Consider small fluctuations about a classical instanton solution satisfying (2.1)

A_μ(x) = A^{cl}_μ (x) + δA_μ(x). (2.26)

Since we are only interested in physical excitations, the fluctuations δA_μ(x) are required to be square integrable^3 and to be orthogonal to gauge transformations, i.e. ∫ d^4xtrD_μΛ(x)δA_μ(x) = − ∫ d^4xtrΛ(x)D_μδA_μ(x) = 0 (2.27)

where Λ(x) is an arbitrary gauge parameter in U(N). Since the condition (2.27) should be satisfied for any Λ(x), this orthogonality requirement is equivalent to the usual gauge condition

D_μδA_μ(x) = 0. (2.28)

If the action is expanded to second order in δA_μ, one can find the following result S[A_μ] ≈ S[A^{cl}_μ ] − 1 4 ∫ d^4xtr(δF_{μν} ∓ ∗δF_{μν})^2 (2.29)

where δF_{μν} = D_μδA_ν − D_ν δA_μ with D_μδA_ν = ∂_μδA_ν + [A^{cl}_μ , δA_ν ]. To derive the result (2.29) 4 we have used the (anti-)self-duality condition (2.1) and the equations of motion for A^{cl}_μ and

2This contains the global gauge rotations satisfying (2.28) which are non-normalizable on R^4. To obtain purely physical zero modes, the global gauge rotations are removed, leaving the number of physical zero modes as 4N k − N^2 + 1 for k ≥^N_2 , and 4k^2 + 1 for k ≤^N_2 [42, 43, 44, 45]. However the global gauge rotations appear in the k-instanton measure in the functional integral and in the calculation of the Atiyah-Singer index. So we will keep these modes.

3For noncommutative spaces, this condition means that Tr_H|δA_μ(x)|^2 < ∞. 4In the noncommutative case, one may use the cyclic property under the integral Tr_H.

the fact that the boundary contribution at infinity is trivial since the fluctuations δA_μ(x) are square integrable. The above result shows that as long as the fluctuations, satisfying the gauge condition (2.28), around a classical instanton solution A^{cl}_μ (x) satisfy the (anti-)self-duality equation, δF_{μν} = ± ∗ δF_{μν} , (2.30) they are zero modes, i.e. the action is not changed by these collective excitations. Thus one can study the space of (anti-)self-dual solutions by considering small fluctuations A^{cl}_μ (x) + δA_μ(x) about a particular solution A^{cl}_μ (x) and asking that the resulting field strength continue to be (anti-)self-dual.

Now our problem is how to find the fluctuations, the zero modes, satisfying (2.30) and (2.28). One strategy to characterize the general family of instanton solutions by all relevant collective coordinates is following [48]. One starts from some known solution and transforms it by applying all symmetry transformations. The symmetry transformations which act nontrivially generate new solutions and require an introduction of the collective coordinates. For example, for commutative SU(2) instantons, these are positions x^μ_0 by translation symmetry, size ρ by dilatation and three orientation parameters ω^a corresponding to global SU(2) rotations. However this method is not easy to generalize to noncommutative spaces although it may be interesting.

Instead we will use the ADHM construction to find the zero modes. As discussed in this section, the matrices a, b carry full information for collective coordinates up to the gauge transformation (2.14). Consider so varying Δ(x) by an amount δΔ(x) = δa − δbx (or δa − δbx̄) within the space of solutions. δΔ is given by δa and δb which describe collective variables in the moduli space M_{k,N} . After the gauge fixing (2.15), all the collective coordinates are encoded in the matrix a up to the residual U(k) symmetry (2.20). Here we will use the gauge fixed basis (2.15) and thus we will put δb = 0. Then v(x) will have to be changed to (v + δv)(x) where

δv^†Δ + v^†δΔ = 0 (2.31) and δv^†v + v^†δv = 0. (2.32)

The general solution to (2.31) is of the form [49]

δv^† = −v^†δΔfΔ^† + δu^†v^† (2.33)

where δu = v^†δv and (2.32) implies δu + δu^† = 0. (2.34)

Since we are still in the space of solutions, (Δ+δΔ)(x) has to satisfy the factorization condition (2.10) and the completeness relation (2.11). By using (2.33) and (2.34), one can easily check that (Δ+δΔ)(x) automatically satisfies the completeness relation. Since δΔ = δa, this variation is equivalent to a → a + δa. Thus, from (2.17) and (2.18), we see that δa should satisfy δμ^a = tr_2τ^a(δa^†a + a^†δa) = 0 (2.35) or explicitly δμ_r = [δB_1, B^†_1] + [B_1, δB^†_1] + [δB_2, B^†_2] + [B_2, δB^†_2]

+δII^† + IδI^† − δJ^†J − J^†δJ = 0, (2.36) δμ_c = δIJ + IδJ + [δB_1, B_2] + [B_1, δB_2] = 0. (2.37) One sees that the ADHM constraints for the variation δa are never deformed by the noncommutativity and are completely equivalent to their commutative counterparts. However, we will see later that some zero modes are still affected by the noncommutativity since they are represented by the original moduli a which should satisfy the constraints (2.17).

From the solution (2.33), δA_μ = v^†∂_μδv + δv^†∂_μv = v^†(δΔf∂_μΔ^† − ∂_μΔfδΔ^†)v + D_μδu. (2.38) The term D_μδu = ∂_μδu + [A^{cl}_μ , δu] corresponds to an infinitesimal gauge transformation. By a suitable choice of gauge for A^{cl}_μ , we will put δu = 0.^5 Thus the fluctuations δA_μ are essentially determined by δΔ = δa up to gauge transformation. As discussed in (2.28), we have to require the gauge condition (2.28) for δA_μ(x). Let’s calculate the gauge condition (2.28) for the solution (2.38) using (2.7), (2.8), (2.10) and (2.11), D_μδA_μ = v^†∂_μ(vδA_μv^†)v = −v^†(∂_μΔfΔ^†δΔf∂_μΔ^† − 2δΔf∂_μΔ^†Δf∂_μΔ^† − δΔfΔ^†∂_μΔf∂_μΔ^†)v − h.c. = −2v^†bf ( tr_2(Δ^†δΔ) − tr_2(δΔ^†Δ) ) fb^†v = 0, (2.39) where the following relations are used:

σ̄^μfσ^μ = 4f, σ^μb^†Δσ^μ = −2Δ^†b, for Δ(x) = a − bx̄, (2.40) σ^μfσ̄^μ = 4f, σ̄^μb^†Δσ̄^μ = −2Δ^†b, for Δ(x) = a − bx (2.41) and σ̄^μΔ^†δΔσ^μ = 2tr_2(Δ^†δΔ), σ^μδΔ^†Δσ̄^μ = 2tr_2(δΔ^†Δ). (2.42)

5Using the gauge degrees of freedom (2.12), we can always choose this gauge.

Thus the gauge condition (2.39) imposes another constraint [50] which we denote as μ_g = tr_2(Δ^†δΔ) − tr_2(δΔ^†Δ) = 0, or more explicitly, μ_g = [δB_1, B^†_1] − [B_1, δB^†_1] + [δB_2, B^†_2] − [B_2, δB^†_2]

+δII^† − IδI^† + δJ^†J − J^†δJ = 0. (2.43) Note that the global U(k) symmetry (2.20) is also fixed by the above gauge condition (2.43) since it generates the “global” gauge transformation a → a + δa.

Using the result (2.38), one can find δF_{μν} = D_μδA_ν − D_ν δA_μ as δF_{μν} = v^† { ∂_μ(vδA_νv^†) − ∂_ν (vδA_μv^†) } v = v^† { ∂_μΔδf∂_ν Δ^† − ∂_μΔf∂_ν Δ^†ΔfδΔ^† − δΔfΔ^†∂_μΔf∂_ν Δ^† } v − (μ ↔ ν), (2.44) where δf = −f(δΔ^†Δ + Δ^†δΔ)f. To get the result (2.44), we have used (2.7), (2.8), (2.10) and (2.11) as in the derivation of (2.39). One can easily check that the resulting δF_{μν} in (2.44) satisfies the (anti-)self-dual equation (2.30) if one notices that the function δf(x) as well as f(x) commutes with the quaternions since we required (2.36) and (2.37), i.e. the factorization condition for (Δ + δΔ)(x). So the fluctuations δA_μ(x) in (2.38) describe the zero modes around a classical instanton solution (2.6) [51]. Explicitly, for example, for the anti-self-dual instanton with Δ(x) = a − bx̄, the zero modes δA_μ has the following form δA_μ = −v^†(δafσ_μb^† − bσ̄_μfδa^†)v (2.45) and δF_{μν} = 2iv^† { bσ̄^{μν} δfb^† − bσ̄^{μν} fb^†ΔfδΔ^† − δΔfΔ^†bσ̄^{μν} fb^† } v. (2.46) Similarly, the expressions in the case of the self-dual background with Δ(x) = a − bx can also be easily obtained.

The ADHM constraints (2.36) and (2.37) for zero modes can be synthesized with (2.43) into the constraints δμ_k = [δB_1, B^†_1] + [δB_2, B^†_2] + δII^† − J^†δJ = 0, (2.47)

δμ_c = δIJ + IδJ + [δB_1, B_2] + [B_1, δB_2] = 0. (2.48) Since we now have the 4k^2 constraints, (2.47) and (2.48), δa has totally 4Nk real degrees of freedom, giving 4Nk zero modes as we already argued before. These are exactly given by (2.38). As an example, in the anti-self-dual background, they take the form (2.45).

3 Noncommutative Instantons and Their Fermionic Zero Modes

Let’s start with a brief review of commutative SU(2) instantons. The standard ansatz for A_μ(x), for example the BPST [1] or ’t Hooft ansatz [6], entangles the group and Lorentz indices.

This is basically based on the fact that the Euclidean Lorentz group O(4) is isomorphic to SU(2)_L × SU(2)_R, where two SU(2) subgroups correspond to the left-handed and right-handed chiral rotations. More concretely, the Lorentz generators L_{μν} = −L_{νμ} can be decomposed into the self-dual (L^+_{μν} =^1_2 ε_{μνρσ} L^+_{ρσ}) and the anti-self-dual (L^−_{μν} = −^1_2 ε_{μνρσ} L^−_{ρσ}) parts. According to the isomorphism O(4) ∼= SU(2)_L ×SU(2)_R, the Lorentz generators L^+_{μν} and L^−_{μν} can be mapped to SU(2)_L and SU(2)_R, respectively. The precise mapping can be achieved in terms of ’t Hooft η-symbol:

L^+_{μν} = η^a_{μν} T^a, L^−_{μν} = η̄^a_{μν} T^a, (3.1)

where T^a are Lie algebra generators in SU(2)_L or SU(2)_R. T^a =^1_2 τ^a for spinors and (T^a)_{bc} = −ε_{abc} for vector fields. It can be easily checked that each generator in (3.30) separately satisfies the O(4) algebra.

Under this decomposition the vector A_μ is indeed the representation (^1_2 ,^1_2 ). Also the antisymmetric tensor F_{μν} in O(4) having six components form a (1, 1) representation of SU(2)_L × SU(2)_R. Then one can couple the spinor indices of one of these SU(2)_{L,R} subgroups to those of SU(2)_G [52]. (Here we use the subscript G to mean the gauge group to distinguish another SU(2)’s in the Lorentz group.) Thus the (anti-)self-dual gauge field in SU(2)_G gauge theory, i.e. F^±_{μν} = ± ∗ F^±_{μν} , may be obtained by reshuffling several SU(2)’s, i.e. SU(2)_{L,R} and SU(2)_G:

F^{+a}_{μν} (x) = η^a_{μν} f(x^2), F^{−a}_{μν} (x) = η̄^a_{μν} f(x^2), (3.2)

where f(x^2) is a scalar function satisfying some harmonic equation. Thus group theory essentially determines the tensor structure of (anti-)self-dual gauge fields. (Actually this is also a reason why quaternions (∼= SU(2)) play a crucial role in the ADHM construction.)

When we try to generalize the above consideration to the noncommutative space (2.19), what happens ? Since θ^{μν} are anti-symmetric tensor, let’s decompose them into self-dual and anti-self-dual parts:

θ_{μν} = η^a_{μν} ζ^a + η̄^a_{μν} χ^a. (3.3)

Note that, as seen from (2.17), the ADHM construction depends only on the self-dual or the anti-self-dual part of θ_{μν} because η^a_{μν}η̄^b_{μν} = 0. Since the self-duality condition is invariant under SO(4) rotations (or more generally SL(4, R) transformations), one can always make the matrix θ_{μν} to a standard symplectic form by performing the SO(4) transformation R:

θ = Rθ̃R^T , (3.4)

where we choose θ̃ as

θ̃_{μν} =

0 θ_1 0 0 −θ_1 0 0 0 0 0 0 θ_2 0 0 −θ_2 0

. (3.5)

There are four important cases to consider:

• θ_1 = θ_2 = 0 : commutative R^4, (3.6)

• θ_1 = θ_2 = ζ 4 : self-dual R^4_{N C} , (3.7)

• θ_1 = −θ_2 = ζ 4 : anti-self-dual R^4_{N C} , (3.8)

• θ_1θ_2 = 0 but θ_1 + θ_2 ≠ 0 : R^2_{N C} × R^2_C . (3.9)

By the noncommutativity (2.19), the original Lorentz symmetry is broken down to its subgroup. What are the remaining spacetime symmetries for each cases ?^6 We will refer only rotational symmetry since the noncommutative space (2.19) always respects a global translational symmetry. For the commutative R^4, of course, we have full O(4) symmetry. However, for the self-dual and the anti-self-dual R^4_{N C}, the original Lorentz symmetry O(4) ∼= SU(2)_L × SU(2)_R is broken down to the subgroup:

SU(2)_L × SU(2)_R →

SU(2)_R × U(1)_L, self-dual R^4_{N C} , SU(2)_L × U(1)_R, anti-self-dual R^4_{N C} .

(3.10)

On the other hand, R^2_{N C} × R^2_C has more complicated Lorentz symmetry breaking:

SU(2)_L × SU(2)_R →

SU(2)^−_D × U(1)^+_D , for θ_1 ≠ 0, SU(2)^+_D × U(1)^−_D , for θ_2 ≠ 0,

(3.11)

where SU(2)^±_D are the diagonal subgroups of O(4) generated by L^+_{μν} ± L^−_{μν} and U(1)^±_D are their U(1) subgroups.

Let’s specify U(N) instantons in the noncommutative space (3.5). From (2.17), one sees that anti-self-dual (self-dual) instantons on self-dual (anti-self-dual) R^4_{N C} are described by deformed ADHM equation and the singularities of instanton moduli space M_{k,N} are resolved [16, 17]. While self-dual (anti-self-dual) instantons on self-dual (anti-self-dual) R^4_{N C} are described by undeformed ADHM equation and the singularities of instanton moduli space M_{k,N} still remain. While the former is not a BPS state, the latter is a BPS state. For the R^2_{N C} ×R^2_C space discussed in [33, 30], both self-dual and anti-self-dual U(N) instantons are described by the deformed ADHM equation and their moduli space is always non-singular. This case is also a non-BPS state.

For U(1) gauge theory, according to a stability theorem by Nakajima [53], we can always put J = 0. So the ADHM contraints (2.22) and (2.23) in the U(1) case reduce to in the basis (3.5)

μ_r = [B_1, B^†_1] + [B_2, B^†_2] + II^† = θ^{μν} η^3_{μν} (3.12) μ_c = [B_1, B_2] = 0. (3.13)

6Note that, by the canonical choice (3.5) of the noncommutativity, we already fixed our coordinate system. So we are considering symmetry properties with respect to this coordinate system.

The most general solution for (3.12) and (3.13) may be obtained by simultaneously triangularizing the matrices B_1 and B_2^7 while they can be simultaneously diagonalized when all instanton separations become large, i.e.

B_1 = diag(z^1, · · · , z^k_1 ), B_2 = diag(z^1_2 , · · · , z^k_2 ). (3.14)

A special solution is that one of them is identically zero, e.g. B_2 = 0. This solution describes k instantons which sit along the complex z_1-plane, so-called elongated instantons [20, 32]. Note that the moduli space M_{k,1} for k U(1) instantons is completely determined by translations of instantons, that is 4k position moduli.

Depending on the value of θ^{μν} , U(1) instantons have different properties as discussed above. If R^4_{N C} is self-dual, then μ_r = ζ. This case describes the Nekrasov-Schwarz instanton with fixed size √ ζ [16]. On the other hand, in the case of anti-self-dual R^4_{N C} , μ_r = 0 and I = 0, which describes localized instantons with zero size [54, 55, 27, 56, 31]. Since the structure of commutative instantons has been almost determined by symmetry property itself, the immediate question is whether one can understand noncommutative instantons, especially U(1) instantons, by the symmetry breaking (3.10) or (3.11). We think this may be the case although we don’t arrive at concrete answer yet. But, let’s just quote an observation that at least the anti-self-dual (or the self-dual) single U(1) instanton has this SU(2) algebra structure in the self-dual (or in the anti-self-dual) R^4_{N C} (see also [57]). For example, for the anti-self-dual U(1) instanton in the self-dual R^4_{N C}, with the notation (22) in [24] (where ζ = 2),

F_A = − 2i x^2(x^2 + 1)(x^2 + 2) η̄^a_{μν} T^adx^μ ∧ dx^ν , (3.15)

where T^+ = −T^1 + iT^2 = z_1z̄_2, T^− = −T^1 − iT^2 = z̄_1z_2 and T^3 =^1_2 (z_1z̄_1 − z_2z̄_2) and thus [T^a, T^b] = −iε^{abc}T^c.^8 Since T^a’s commute with x^2, the solution (3.15) really looks like a commutative SU(2) instanton where the gauge group is given by the unbroken SU(2)_R spacetime symmetry. Besides, the (anti-)self-dual U(1) localized instantons are purely determined by the unbroken U(1)_{L,R} symmetry.

As we discussed in Section 2, the whole family of the solutions of (2.47) and (2.48) gives 4Nk moduli. It is difficult to completely solve the constraints (2.47) and (2.48) to find the zero modes of U(1) instantons. However, when all distances between k U(1) instantons (both BPS and non-BPS instantons) become large, δB_{1,2} = diag(δz^1_{,2}, · · · , δz^k_{1,2}) and δI = 0 solve the constraints (2.47) and (2.48) since B_1 and B_2 can be diagonalized in the limit as in (3.14). The zero modes in the dilute k anti-self-dual instantons are so given by (2.45) with 4k eigenvalues of ξ_μ and δλ = δλ^† = 0. For the similar reason, it is difficult to solve the ADHM constraints

7We are grateful to Kimyeong Lee for pointing out a mistake in the earlier version of this paper. 8This SU (2) algebra may be viewed as a noncommutative Hopf fibration, as in [58], π : S^3 ∼= SU (2)_L → S^2 ∼= SU (2)_L/U (1)_L related to the symmetry breaking (3.10).

(2.47) and (2.48) completely for k U(N) instantons for which δB_{1,2} can be diagonalized only for dilute instanton gas limit.

As observed in [21, 24], a U(N) instanton always contains a U(1) instanton, the Nekrasov- Schwarz instanton or the localized instanton, in the limit that the size of SU(N) instanton vanishes which corresponds to the limit J → 0.^9 In this limit, the matrices B_1 and B_2 can be diagonalized like as (3.14) if all instantons are sufficiently distant. Then we see that δB_1 and δB_2 should also be diagonalized to satisfy (2.48) since they are independent of each other. This requires that δI = 0 because of (2.47). So, in the limit J → 0 and in the dilute instanton gas limit, the moduli from λ have to be frozen and only 4k moduli from B_1 and B_2 remain. Eventually we thus arrive at the moduli space of U(1) instantons. At this stage, an intriguing question arises. Since M_{k,N} for k noncommutative instantons is 4Nk-dimensional, this implies that the size ρ of an SU(N) instanton should be one of the 4N moduli. According to [48], we can guess that the size moduli of noncommutative instantons should be generated by conformal transformation. This naturally implies that still there exist corresponding (super)conformal zero modes in the noncommutative instanton background. However we will show that the (super)conformal zero modes in non-BPS instantons are affected by the noncommutativity.

It is easy to find some special zero modes satisfying (2.47) and (2.48) which are related to supersymmetric fermionic zero modes [52, 59]. They are given by

δa = bσ̄_μc_μ (3.16)

where c_μ is a constant real four-vector. In order to check (2.47) and (2.48) for (3.16), it is more convenient to directly check using (2.4) that δμ^a = tr_2τ^a(δa^†a + a^†δa) = 0 and μ_g = tr_2(Δ^†δa − δa^†Δ) = 0. The solution (3.16) gives δA_μ = F^{cl}_{μν} c_ν in (2.45) which have the anti-self-dual field strength δF_{μν} = −D_λF^{cl}_{μν} c_λ proved using the Bianchi identity and D_μδA_μ = D_μF^{cl}_{μν} c_ν = 0 by the equations of motion.

In the case of commutative instantons, we can have additional zero modes which are related to “superconformal zero-modes” [52, 59]: δa = aσ̄_μd_μ + b k tr_k(b^†a) (3.17)

where tr_k is the trace over k × k matrices and d_μ is a constant real four-vector. However, one can check that, in the case of non-BPS instantons, (3.17) doesn’t satisfy (2.47) and (2.48) and no longer gives zero modes. To see this, let’s calculate δμ^a and μ_g for the ansatz (3.17). It is sufficient to check the first term in (3.17) since the second term has the same structure with (3.16). A simple calculation gives

δμ^a = 2θ^{μν} (η^a_{μν} d_4 + ε^{abc}η^b_{μν} d_c)

9For example, in the case of single U (2) instanton, the ADHM constraints (2.22) and (2.23) can be solved by I = √ ρ^2 + ζ(cos αe^{iβ}, sin αe^{−iβ} ), J^† = ρ(sin αe^{i(β−γ)}, − cos αe^{−i(β+γ)}) where ρ is the size of an SU (2) instanton and (α, β, γ) are global SU (2) angles. Here we fixed the global U (1) symmetry in (2.20).

μ_g = −2iθ^{μν} η^a_{μν} d_a. (3.18)

There is no solution satisfying δμ^a = 0 and μ_g = 0 if θ^{μν} is self-dual or R^2_{N C} × R^2_C . The same conclusion arises in the self-dual instanton. Thus, for the reason discussed in Section 2, the fluctuation (3.17) in the non-BPS background fails to give a field strength satisfying (2.30).^{10} Of course, for BPS instantons, (3.17) still gives zero modes because η̄^a_{μν} η^b_{μν} = 0. It could be originated from the fact that the non-BPS instanton has a minimum size set by the noncommutative scale. Anyway it remains an open problem how to modify the ansatz (3.17) to satisfy δμ^a = 0 and μ_g = 0 for all cases.^{11}

Now let’s find the normalizable fermionic zero modes by solving a massless Dirac equation in the background of anti-self-dual k instantons. Following the same strategy in [60], (2.28) and (2.30) can be united into D_μtr_2(σ^μΦ_1σ^ν ) = 0 (3.19)

where the matrix Φ_1 has the form

Φ_1 = σ̄^μδA_μ = δA_4 − iδA_3 −δA_2 − iδA_1 δA_2 − iδA_1 δA_4 + iδA_3

(3.20)

and thus Φ_1 satisfies the reality condition

σ^2Φ^∗_1σ^2 = −Φ_1. (3.21)

Since the σ^ν are a complete set of 2 × 2 matrices, (3.19) can be reduced to

σ^μD_μΦ_1 = 0. (3.22)

Since the field equation (3.22) independently acts on each column of Φ_1 and the second column is uniquely determined by the reality condition (3.21) from the first column, one can solve the field equation (3.22) in terms of a two-component spinor χ = δA_4 − iδA_3 δA_2 − iδA_1 (3.23)

that obeys σ^μD_μχ = 0. (3.24)

10One may explicitly verify using a^†a = (f^{−1} − x^2 + 2ξ_μx_μ) ⊗ 1_2 +^1_2 θ^{μν} σ_{μν} that the first term in (2.44) breaks the self-duality property.

11One may try to add a term to cancel the right-hand side of (3.18), for example, such as −^1_2 a(a^†a)^{−1}θ^{μν} σ_{μν}σ̄_λd_λ. Note that a^†a is invertible since Δ^†Δ is so in whole space, e.g. x = 0. One may find that now δμ^a = 0 but μ_g ≠ 0. If one simply chooses δa = a −^1_2 a(a^†a)^{−1}θ^{μν} σ_{μν} instead, one will also get δμ^a = 0, μ_g ≠ 0.

Thus the spinor −σ^2χ^∗ which is the second column of Φ_1 is also a solution of the field equation (3.24). From the solution χ, one can construct a second, linearly independent matrix solution Φ_2 obtained by replacing χ by iχ:

Φ_2 = Φ_1σ^3 = δA_3 + iδA_4 −δA_1 + iδA_2 δA_1 + iδA_2 δA_3 − iδA_4

. (3.25)

In sum, for each linearly independent spinor solution, there are precisely two linearly independent solutions about the fluctuation δA_μ. So the problem of counting the number of bosonic zero modes is now translated to that of counting the fermionic zero modes in (3.24), or calculating the index of the Dirac operator.

As counted in Section 2, there are totally 4Nk bosonic zero modes in the k instanton fields. Thus we should have 2Nk adjoint fermion zero modes satisfying (3.24). We have already known from (2.38) and (2.44) what δA_μ in (3.23) are and that they satisfy the self-duality condition (2.30). Thus if we plug the solution (2.38) in (3.23), then the resulting spinor χ automatically satisfies the Dirac equation (3.22). Thus we can easily construct 2Nk adjoint fermion zero modes in this way.

The zero modes (3.16) can be translated into an adjoint fermion zero mode χ = σ̄^μδA_μ ( 1 0 ) = i 2 F^{cl}_{μν}σ̄^{μν} ϵ. (3.26) Here we expressed the translation parameters c_μ in terms of the two-component spinor ϵ: c_μ := σ_μϵ. Actually ϵ plays the role of supersymmetric partner of instanton position moduli [59]. Since the translational symmetry is still manifest in noncommutative space (2.19) and the supersymmetry is at most softly broken by the noncommutativity, the position moduli must have the supersymmetric partner. However, we observed that for the non-BPS instanton a supersymmetric partner corresponding to the size of instanton is affected by the noncommutativity. Since the non-BPS instanton has a minimum size set by the noncommutativity and this is just that of a U(1) instanton, the superconformal symmetry as well as the conformal symmetry has to act nontrivially only on the space of SU(N) instantons. But in noncommutative space it is not possible to separate U(N) into SU(N) and U(1). So the (super)conformal transformation in the noncommutative instanton background may be a challenging problem. The issue on the instanton calculus in noncommutative super Yang-Mills theory, especially the zero modes related to the superconformal symmetry as well as the conformal symmetry, definitely deserves further study.

If q denotes the fundamental representation of U(N), the adjoint representation can be obtained by decomposing q ⊗ q̄, for which

D_μ = ∂_μ + A_μ ⊗ 1 + 1 ⊗ Ā_μ. (3.27)

Following the same strategy in [46] to get instantons in higher dimensional representation,^{12} one may show that the zero modes (3.24) for the adjoint fermion can be constructed by the zero modes in the fundamental representation according to the correspondence (3.27). So it will be interesting to consider the Dirac equation for a fermion η in the fundamental representation with positive chirality σ^μD_μη = σ^μ(∂_μ + v^†∂_μv)η = 0. (3.28) Transposing (3.28) with respect to spinor indices and then multiplying it by v on the left and σ^2 on the right, we can rewrite (3.28) as

P ∂_μ(η̃σ̄^μ) = 0 (3.29)

where P = vv^† and η̃ = vη^T σ^2. (3.30) Using (2.8) and (2.11), one can show that^{13}

P ∂_μ(P bσ̄_μf) = 0. (3.31)

Hence uniqueness leads us to k independent solutions for η^T as an N × 2 matrix

η^i_{u,α} = (v^†bfσ^2)_{u,iα} (3.32)

where u = 1, · · · , N, i = 1, · · · , k and α = 1, 2.^{14} Thus we have found k fermionic zero modes in the fundamental representation.

4 Atiyah-Singer Index in Noncommutative Instantons

If we introduce the Euclidean Dirac matrices (2.5), the spinor equation (3.24) or (3.28) is equivalent to the Dirac equation γ^μD_μψ_+ = 0 (4.1)

12It is quite plausible that the tensor product of instantons á la [46] is still applicable to noncommutative instantons since the ADHM construction is complete even for noncommutative instantons; the (anti-)self-dual solution for G_1 × G_2 may be considered as a particular solution for a larger group G containing G_1 × G_2. This speculation may be understood more clearly by considering the brane configuration of corresponding D4/D0 system in the 2-form B^{NS}_{μν} background. Even though explicit demonstration on this is an interesting problem, however, it goes beyond the scope of this paper.

13The proof of (3.31) is exactly the same as the commutative case [43, 44, 45, 51]. More generally, if we introduce k (complex) vectors in the fundamental representation of U (N ), a_μ = v^†bfσ̄_μ, then D_μa_ν = v^†∂_μ(P bfσ̄_ν ) = v^†bfξ_λf(2δ_{λν} σ̄_μ + 2δ_{λμ}σ̄_ν − σ̄_μσ_νσ̄_λ), so that f_{μν} = − ∗ f_{μν} , D_μa_μ = 0 where f_{μν} = D_μa_ν − D_ν a_μ. Thus a_μ gives 2k (real) vector zero modes in the fundamental representation [51].

14One can check that the zero modes (3.32) for U (1) case exactly reproduce the solution (4.5) in [41] if one notices that our v corresponds to Ψ in [41].

for a spinor field ψ_+ with definite chirality,

γ_5ψ_+ = ψ_+ (4.2)

and transforming in the adjoint or fundamental representation of U(N), respectively. Here D_μ is the covariant derivative in the instanton background. In the previous section we showed that in noncommutative k instanton background in U(N) gauge theory the number of fermion zero modes in the adjoint representation and the fundamental representation are respectively 2Nk and k. In this section we will show that the number of the fermionic zero modes given by (4.1) is related to the topological charge of the instanton gauge field by the so-called Atiyah-Singer index theorem [61]. A reinterpretation of this theorem within the instanton calculus [60] shows that this theorem is perfectly equivalent to the anomaly in axial-vector current related to a regularization of the triangular graph. The interrelation between the Atiyah-Singer index, the chiral anomaly and the zero modes of Dirac operator in topologically nontrivial gauge fields form a Golden Triangle. Our calculation here is essentially the same as the chiral anomaly calculation in [62, 63].

We start with the Dirac equation (4.1) for a Dirac fermion instead in an arbitrary representation (fundamental, adjoint, etc) in the background of anti-self-dual instantons Ψ = ( ψ_+ ψ_− ) . (4.3)

In the basis (2.5) γ_5ψ_± = ±ψ_±. (4.4)

Since (γD)^2 = D^2 + i 2 σ̄^{μν} F^{cl}_{μν} 0 0 σ^{μν} F^{cl}_{μν} , (4.5)

in the anti-self-dual instanton background, i.e. σ^{μν} F^{cl}_{μν} = 0, only the positive chirality spinor ψ_+ can be zero modes.^{15} This means that kerD/ = kerD̄/ D/ where D/ = σ^μD_μ, D̄/ = σ̄^μD_μ since kerD̄/ = 0.

We can count the number of zero modes using index theorem. The index of the Dirac operator is defined as IndD/ = dim{kerD/} − dim{kerD̄/}. (4.6)

In order to calculate the index (4.6), let’s consider the quantity [60, 52]

T (m^2) = Tr m^2 −(γD)^2 + m^2 γ_5 = Tr { m^2 −D̄/ D/ + m^2 − m^2 −D/ D̄/ + m^2 } (4.7)

15In fact, the zero modes ψ_+ will be given by χ in (3.23) in the adjoint representation, so 2N k solutions, and by η in (3.32) in the fundamental representation, so k solutions. The space consisted of these modes is exactly kerD/ and thus they contribute to the index of the Dirac operator as we will discuss.

where the trace denotes a diagonal sum over all indices, e.g. group indices, spinor indices and Tr_H, an integration over spacetime. One can see that T (m^2) is independent of m^2 and indeed exactly equal to the index defined in (4.6). The reason is following [15]. If ψ is an eigenfunction of D̄/ D/, then D/ ψ is an eigenfunction of D/ D̄/ with the same eigenvalue. Conversely, if ψ is an eigenfunction of D/ D̄/, then D̄/ ψ is an eigenfunction of D̄/ D/ with the same eigenvalue. This means that there is a pairwise cancellation in (4.7) coming from the sum over eigenstates with nonzero eigenvalues. So the only contribution is coming from the zero modes, for which the first term simply gives one for each zero mode and the second term vanishes because kerD̄/ = 0. Thus the result is clearly independent of m^2 and moreover it is exactly equal to IndD/ since kerD̄/ D/ = kerD/. Since T (m^2) is independent of m^2, we can evaluate it in two different limits, i.e. m^2 → 0 and m^2 → ∞,

IndD/ = lim_{m2 →0} T (m^2) = Tr P_0γ_5

= lim_{m2 →∞} T (m^2) = 1 16π^2 ∫ d^4xF^{cl a}_{μν} ∗ F^{cl b}_{μν} tr(T^aT^b), (4.8)

where P_0 is a projection operator into the subspace of zero modes. Here the calculation of T (m^2) in the large m^2 limit is exactly the same as the commutative case. In this calculation we don’t meet any trouble due to the noncommutativity. So we will not repeat it here but, for example, see [60]. In the fundamental representation we normalize the generators T^a of U(N) so that tr(T^aT^b) = −^1_2 δ^{ab}. Other representations are constructed by decomposing tensor product of these and, in particular, for the adjoint representation of U(N), tr(T^aT^b) = −Nδ^{ab}. So we get

IndD/ = n_+ − n_− =

−2Nk, adjoint −k, fundamental

(4.9)

where n_+(n_−) is the number of zero modes with positive (negative) chirality. In the anti-self-dual background, n_− = 0 while n_+ = 0 in the self-dual background as we discussed above.

5 Discussion

In this paper we discussed bosonic and fermionic zero modes in noncommutative instanton backgrounds based on the ADHM construction. We showed that the number of instanton zero modes is precisely equal to the Atiyah-Singer index of chiral Dirac operator. We pointed out that (super)conformal zero modes in the non-BPS background are affected by the noncommutativity and so their explicit construction in noncommutative space remains an open problem. We would like to discuss this problem a little more.

As shown in this paper, the moduli space M_{k,N} of k instantons in U(N) gauge theory is 4kN-dimensional. If we specialize to single U(2) instanton, M_{1,2} is 8-dimensional. By the comparison to commutative SU(2) instanton, we know that the size parameter is still a modulus of the noncommutative instanton. Thus we can guess that it will be generated by the conformal transformation, more precisely, by dilatation, as in the commutative case [48]. However, as we discussed in Section 4, the size modulus should be frozen in the U(1) instanton limit which is defined by J → 0 in this paper. This implies that the scale transformation has to act nontrivially only on the SU(2) instanton sector. In other words, the dilatation acting on the U(1) instanton probably generates only pure gauge transformation and thus it can be gauged away. However, because only U(N) algebra is closed in noncommutative space and so it is not possible to separate U(1) and SU(N), it is not obvious how to define the conformal transformation for the instanton moduli. The structure of Lorentz symmetry breaking in (3.10) and (3.11) may be helpful to shed light on this problem. Anyway we put this interesting problem for future work.

We speculated that U(1) instantons may be understood by the structure of Lorentz symmetry breaking in (3.10) and (3.11). Let’s discuss it a little more. For specification, let’s consider the self-dual R^4_{N C} in which θ_{μν} = η^a_{μν} ζ^a. In this case we have the following Lorentz symmetry breaking:

SU(2)_L × SU(2)_R → SU(2)_R × U(1)_L. (5.1) We observed in (3.15) that the unbroken SU(2)_R plays a role of gauge group. Note that the size of non-BPS U(1) instanton is given by (^1_4 θ^{μν} θ_{μν} )^{14} = (ζ^aζ^a)^{14} := √ ζ. From (5.1), we can imagine ζ^a := ⃗ζ is a vector in the SU(2)_L space. Since we know that the magnitude of ⃗ζ is constant, the allowed values of ⃗ζ should lie on S^2 with radius ζ. Regardless of what direction ⃗ζ is pointing in SU(2)_L space, it is invariant with respect to U(1)_L rotations about the ^⃗ζ-axis. Thus the allowed values of ⃗ζ are parameterized by SU(2)_L/U(1)_L ∼= S^2 (compare with the footnote 8). This was the reason why the relative metric of two U(1) instantons is the Eguchi-Hanson [26]. In this spirit, the U(1) instanton here is very similar to the Abelian instanton obtained by a bundle reduction due to symmetry breaking for Einstein manifolds, as discussed by Soo in [64]. Also Braden and Nekrasov [20] argued that the noncommutative U(1) instanton corresponds to a non-singular U(1) gauge field on a commutative Kähler manifold obtained by a blowup of C^2 at a finite number of points. It will be interesting to study the noncommutative U(1) instantons from these perspectives.

In order to calculate instanton effects in quantum gauge theory, it is important to know the Green function in instanton backgrounds. In a pioneering work [65], Brown, Carlitz, Creamer, and Lee showed that the propagators for massless spinor and vector fields are determined by the massless scalar propagators. And the scalar propagator G(x, y) has a remarkably simple expression G(x, y) = v(x)^†G^{(0)}(x, y)v(y) (5.2) where G^{(0)}(x, y) =^1_{4π2(x−y)2} is the Green function for the ordinary Laplacian, i.e. −∂_μ∂_μG^{(0)}(x, y) = δ(x − y). It is not difficult to prove [43, 44, 45] that −D_μD_μG(x, y) = δ(x − y). An immediate question is how to generalize the Green function (5.2) to noncommutative instanton backgrounds. The free scalar Green function was already defined in noncommutative space in [66, 67]. Using this Green function, the propagators in the noncommutative instanton background may be obtained as long as an annoying ordering problem is carefully treated. (Recently we solved this problem in [68].) We hope to address these problems mentioned here in near future.

Acknowledgments

KYK and BHL are supported by the Ministry of Education, BK21 Project No. D-0055 and by grant No. R01-1999-00018 from the Interdisciplinary Research Program of the KOSEF. HSY is supported by NSC (NSC90-2811-M-002-019). He also acknowledges NCTS as well as CTP at NTU for partial support.

References

[1] A. A. Belavin, A. M. Polyakov, A. S. Schwartz and Yu. S. Tyupkin, Phys. Lett. 59B, 85 (1975).

[2] R. Jackiew and C. Rebbi, Phys. Rev. Lett. 37, 172 (1976). [3] C. G. Callan, R. F. Dashen and D. J. Gross, Phys. Lett. 63B, 334 (1976). [4] Instantons in Gauge Theories, edited by M. Shifman, (World Scientific, Singapore, 1994). [5] G. ’t Hooft, Phys. Rev. Lett. 37, 8 (1976).

[6] G. ’t Hooft, Phys. Rev. D14, 3432 (1976); ibid. (E) D18, 2199 (1978). [7] For a recent review, for example, see T. Schafer and E. V. Shuryak, Rev. Mod. Phys. 70, 323 (1998), hep-ph/9610451.

[8] E. Witten, Nucl. Phys. B460, 541 (1996), hep-th/9511030.

[9] M. R. Douglas, Branes within Branes, hep-th/9512077; J. Geom. Phys. 28, 255 (1998),

hep-th/9604198.

[10] A. Strominger and C. Vafa, Phys. Lett. B379, 99 (1996), hep-th/9601029. [11] C. G. Callan and J. M. Maldacena, Nucl. Phys. B472, 591 (1996), hep-th/9602043. [12] T. Banks and M. B. Green, J. High Energy Phys. 05, 002 (1998), hep-th/9804170. [13] M. Bianchi, M. B. Green, S. Kovacs and G. Rossi, J. High Energy Phys. 08, 013 (1998),

hep-th/9807033.

[14] N. Dorey, T. J. Hollowood, V. V. Khoze, M. P. Mattis and S. Vandoren, Nucl. Phys. B552, 88 (1999), hep-th/9901128.

[15] For a review on Yang-Mills and D-instantons, see A. V. Belitsky, S. Vandoren and P. van Nieuwenhuizen, Class. Quant. Grav. 17, 3521 (2000), hep-th/0004186.

[16] N. A. Nekrasov and A. Schwarz, Comm. Math. Phys. 198, 689 (1998), hep-th/9802068. [17] N. Seiberg and E. Witten, J. High Energy Phys. 09, 032 (1999), hep-th/9908142. [18] M. F. Atiyah, N. J. Hitchin, V. G. Drinfeld and Yu. I. Manin, Phys. Lett. 65A, 185 (1978). [19] K. Lee and P. Yi, Phys. Rev. D61, 125015 (2000), hep-th/9911186.

[20] H. W. Braden and N. A. Nekrasov, Spacetime Foam from Noncommutative Instantons,

hep-th/9912019.

[21] K. Furuuchi, Prog. Theor. Phys. 103, 1041 (2000), hep-th/9912047. [22] A. Kapustin, A. Kuznetsov and D. Orlov, Comm. Math. Phys. 221, 385 (2001),

hep-th/0002193.

[23] P.-M. Ho, Twisted Bundle on Noncommuative Space and U(1) Instanton,

hep-th/0003012.

[24] K.-Y. Kim, B.-H. Lee, and H. S. Yang, Comments on Instantons on Noncommutative R^4,

hep-th/0003093.

[25] K. Furuuchi, Comm. Math. Phys. 217, 579 (2001), hep-th/0005199. [26] K. Lee, D. Tong and S. Yi, Phys. Rev. D63, 065017 (2001), hep-th/0008092. [27] K. Furuuchi, J. High Energy Phys. 03, 223 (2001), hep-th/0010119. [28] A. Schwarz, Comm. Math. Phys. 221, 433 (2001), hep-th/0102182. [29] D. H. Correa, G. S. Lozano, E. F. Moreno and F. A. Schaposnik, Phys. Lett. B515, 206 (2001), hep-th/0105085.

[30] C.-S. Chu, V. V. Khoze and G. Travaglini, Nucl. Phys. B621, 101 (2002), hep-th/0108007. [31] M. Hamanaka, Phys. Rev. D65, 085022 (2002), hep-th/0109070. [32] T. Ishikawa, S.-I. Kuroki and A. Sako, J. High Energy Phys. 11, 068 (2001),

hep-th/0109111.

[33] K.-Y. Kim, B.-H. Lee, and H. S. Yang, Phys. Lett. B523, 357 (2001), hep-th/0109121. [34] O. Lechtenfeld and A. D. Popov, J. High Energy Phys. 03, 040 (2002), hep-th/0109209. [35] T. Ishikawa, S.-I. Kuroki and A. Sako, Instanton Number Calculus on Noncommutative R^4, hep-th/0201196.

[36] N. Dorey, T. J. Hollowood and V. V. Khoze, J. High Energy Phys. 03, 040 (2001),

hep-th/0011247.

[37] T. J. Hollowood, V. V. Khoze and G. Travaglini, J. High Energy Phys. 05, 051 (2001),

hep-th/0102045.

[38] N. Dorey, T. J. Hollowood and V. V. Khoze, Notes on Soliton Bound-State Problems in Gauge Theory and String Theory, hep-th/0105090.

[39] C. Kim, K. Lee and P. Yi, Phys. Rev. D65, 065024 (2002), hep-th/0109217. [40] T. J. Hollowood, J. High Energy Phys. 03, 038 (2002), hep-th/0201075. [41] N. A. Nekrasov, Lectures on Open Strings and Noncommutative Gauge Theories,

hep-th/0203109.

[42] C. W. Bernard, N. H. Christ, A. H. Guth and E. J. Weinberg, Phys. Rev. D16, 2967 (1977).

[43] E. F. Corrigan, D. B. Fairlie, P. Goddard and S. Templeton, Nucl. Phys. B140, 31 (1978). [44] H. Osborn, Nucl. Phys. B140, 45 (1978).

[45] N. H. Christ, N. K. Stanton and E. J. Weinberg, Phys. Rev. D18, 2013 (1978). [46] E. F. Corrigan, P. Goddard and S. Templeton, Nucl. Phys. B151, 93 (1979). [47] E. Corrigan and P. Goddard, Ann. Phys. 154, 253 (1984). [48] R. Jackiew, C. Nohl and C. Rebbi, Phys. Rev. D15, 1642 (1977). [49] E. Corrigan, P. Goddard, H. Osborn and S. Templeton, Nucl. Phys. B159, 469 (1979). [50] P. Mansfield, Nucl. Phys. B186, 287 (1981). [51] H. Osborn, Ann. Phys. 135, 373 (1981).

[52] R. Jackiew and C. Rebbi, Phys. Rev. D16, 1052 (1977).

[53] H. Nakajima, Ann. of Math. 145, 379 (1997), alg-geom/9507012; Lectures on Hilbert Schemes of Points on Surfaces, (American Mathematical Society, Rhode Island, 1999).

[54] M. Aganagic, R. Gopakumer, S. Minwalla and A. Stronminger, J. High Energy Phys. 04, 001 (2001), hep-th/0009142.

[55] J. A. Harvey, P. Kraus and F. Larsen, J. High Energy Phys. 12, 024 (2000),

hep-th/0010060.

[56] K. Hashimoto and H. Ooguri, Phys. Rev. D64, 106005 (2001), hep-th/0105311. [57] R. Gopakumar, S. Minwalla and A. Strominger, J. High Energy Phys. 05, 020 (2000),

hep-th/0003160.

[58] C.-T. Chan, C.-M. Chen, L.-F. Li and H. S. Yang, Nucl. Phys. B625, 327 (2002),

hep-th/0105087.

[59] V. A. Novikov, M. A. Shifman, A. I. Vainstein, V. B. Voloshin and V. I. Zakharov, Nucl.

Phys. B229, 394 (1983).

[60] L. S. Brown, R. D. Carlitz and C. Lee, Phys. Rev. D16, 417 (1977). [61] M. Atiyah and I. Singer, Ann. Math. 87, 484 (1968); M. Atiyah, R. Bott and V. Patodi, Invent. Math. 19, 279 (1973).

[62] F. Ardalan and N. Sadooghi, Int. J. Mod. Phys. A16, 3151 (2001), hep-th/0002143. [63] J. M. Gracia-Bondia and C. P. Martin, Phys. Lett. B479, 321 (2000), hep-th/0002171. [64] C. Soo, Class. Quant. Grav. 18, 709 (2001), gr-qc/0009007.

[65] L. S. Brown, R. D. Carlitz, D. B. Creamer and C. Lee, Phys. Rev. D17, 1583 (1978). [66] S. Cho, R. Hinterding, J. Madore and H. Steinacker, Int. J. Mod. Phys. D9, 161 (2000),

hep-th/9903239.

[67] D. J. Gross and N. A. Nekrasov, J. High Energy Phys. 07, 034 (2000), hep-th/0005204. [68] Bum-Hoon Lee and Hyun Seok Yang, Propagators in Noncommutative Instantons,

hep-th/0206001.