arXiv:hep-th/0205017 v5 11 Jul 2002

THE QUANTUM MECHANICS SUSY ALGEBRA: AN INTRODUCTORY REVIEW

R. de Lima Rodrigues^∗ Centro Brasileiro de Pesquisas Físicas Rua Dr. Xavier Sigaud, 150 CEP 22290-180, Rio de Janeiro-RJ, Brazil

Abstract

Starting with the Lagrangian formalism with N = 2 supersymmetry in terms of two Grassmann variables in Classical Mechanics, the Dirac canonical quantization method is implemented. The N = 2 supersymmetry algebra is associated to one-component and two-component eigenfunctions considered in the Schrödinger picture of Nonrelativistic Quantum Mechanics. Applications are contemplated.

PACS numbers: 11.30.Pb, 03.65.Fd, 11.10.Ef

Typeset using REVTEX

∗Departamento de Ciências Exatas e da Natureza, Universidade Federal de Campina Grande, Cajazeiras - PB, 58.900-000, Brazil. E-mail: rafaelr@cbpf.br or rafael@fisica.ufpb.br

I. INTRODUCTION

We present a review work considering the Lagrangian formalism for the construction of one dimension supersymmetric (SUSY) quantum mechanics (QM) with N = 2 supersymmetry (SUSY) in a non-relativistic context. In this paper, the supersymmetry with two Grassmann variables (N = 2) in classical mechanics is used to implement the Dirac canonical quantization method and the main characteristics of the SUSY QM is considered in detail. A general review on the SUSY algebra in quantum mechanics and the procedure on like to build a SUSY Hamiltonian hierarchy in order of a complete spectral resolution it is explicitly applied for the Pöschl-Teller potential I. We will follow a more detailed discussion for the case of this problem presents unbroken SUSY and broken SUSY. We have include a large number of references where the SUSY QM works, with emphasis on the one-component eigenfunction under non-relativistic context. But we indicate some articles on the SUSY QM from Dirac equation of relativistic quantum mechanics. The aim of this paper is to stress the discussion how arise and to bring out the correspondence between SUSY and factorization method in quantum mechanics. A brief account of a new scenario on SUSY QM to two-component eigenfunctions, makes up the last part of this review work.

SUSY first appeared in field theories in terms of bosonic and fermionic fields^1, and the possibility was early observed that it can accommodate a Grand-Unified Theory (GUT) for the four basic interactions of Nature (strong, weak, electromagnetic and gravitational) [1]. Recently the SUSY QM has also been investigated with pedagogical purpose in some booktexts [2] on quantum mechanics giving its connections with the factorization method [3]. Starting from factorization method a one-parameter family of potentials in one dimension has been constructed with the energy spectrum coincident with that of the harmonic oscillator by Mielnik [4].

Fernandez et al. have considered the connection between factorization method and generation of solvable potentials [5]. The SUSY algebra in quantum mechanics initiated with the work of Nicolai [6] and elegantly formulated by Witten [7], has attracted interest and found many applications in order to construct the spectral resolution of solvable potentials in various fields of physics. However, in this work, SUSY N = 2 in classical mechanics [8,9] in a non-relativistic scenario is considered using the Grassmann variables [10]. Recently, we have shown that the N = 1 SUSY in classical mechanics depending on a single commuting supercoordinate exists only for the free case [11].

Nieto has shown that the generalized factorization observed by Mielnik [4] allow us to do the connection between SUSY QM and the inverse method [12].

J. W van Holten et al. have written a number of papers dealing with SUSY mechanical systems [13–22]. The canonical quantization of N = 2 (at the time called N = 1) SUSY models on spheres and hyperboloids [14] and on arbitrary Riemannian manifolds have been considered in [15]; its N = 4 (at that time called N = 2) generalization is found in [16]; SUSY QM in Schwarzchild background was studied in [17]; New so-called Killing-

1A bosonic field (associated with particles of integral or null spin) is one particular case obeying the Bose-Einstein statistic and a fermionic field (associated to particles with semi-integral spin) is that obey the Fermi-Dirac statistic.

Yano supersymmetries were found and studied in [18–20]; General multiplet calculus for locally supersymmetric point particle models was constructed in [21] and the relativistic and supersymmetric theory of fluid mechanics in 3+1 diemnsions has been investigated by Nyawelo-van Holten [22]. The vorticity in the hydrodynamics theory is generated by the fermion fields [23].

In the interest of setting an accurate historical record of the subject, we point out that, by using the Dirac’ procedure for two-dimensional supersymmetric non-linear σ-model, Eq. (13) of the paper by Corrigan-Zachos [24] works certainly for a SUSY system in classical mechanics.

D’Hoker and Vinet have also written a number of papers dealing with classical and quantum mechanical supersymmetric Lagrangian mechanical systems. They have shown that a non-relativistic spin^1_2 particle in the field of a Dirac magnetic monopole exhibits a large SUSY invariance [25]. Later, they have published some other interesting works on the construction of conformal superpotentials for a spin^1_2 particle in the field of a Dyon and the magnetic monopole and^1_{r2} −potential for particles in a Coulomb potential [26]. However, the supersymmetrizatin of the action for the charge monopole system have been also developed by Balachandran et al. [27].

A new SUSY QM system given by a non-relativistic charged spin-^1_2 particle in an extended external eletromagnetic field was obtained by Dias-Helayel [28].

Using a general formalism for the non-linear quantum-mechanical σ model, a mechanism of spontaneous breaking of the supersymmetry at the quantum level related to the uncertainty of the operator ordering has been obtained by Akulov-Pashnev [29]. In [29] is noted the simplicity of the supersymmetric O(3)-or O(2, 1)-ivariant Lagrangian deduce there when compared with the analogous obtained using real superfields [15].

Barcelos and others have implemented the Dirac quantization method in superspace and found the SUSY Hamiltonian operator [30]. Recently, Barcelos-Neto and Oliveira have investigated the transformations of second-class into first-class constraints in supersymmetric classical theories for the superpoint [31].

In the interest of setting an accurate historical record of the subject, we point out that, by using the Dirac’ procedure for two-dimensional supersymmetric non-linear σ-model, Eq. (13) of the paper by Corrigan-Zachos [24] works certainly for a SUSY system in classical mechanics.

Supersymmetric Quantum Mechanics is of intrinsic mathematical interest in its own as it connects otherwise apparently unrelated (Cooper and Freedman [33]) differential equations.

For a class of the dynamically broken supersymmetric quantum-mechanical models proposed by Witten [7], various methods of estimating the ground-state energy, including the instanton developed by Salomonson-van Holten [9] have been examined by Abbott-Zakrzewski [34]. The factorization method [3] was generalized by Gendenstein [35] in context of SUSY QM in terms of the reparametrization of potential in which ensure us if the resolution spectral is achieved by an algebraic method. Such a reparametrization between the supersymmetric potential pair is called shape invariance condition.

In the Witten’s model of SUSY QM the Hamiltonian of a certain quantum system is represented by a pair H_±, for which all energy levels except possibly the ground energy eigenvalue are doubly degenerate for both H_±. As an application of the simplest of the graded Lie algebras of the supersymmetric fields theories, the SUSY Quantum Mechanics embodies the essential features of a theory of supersymmetry, i.e., a symmetry that generates transformations between bosons and fermions or rather between bosonic and the fermionic sectors associated with a SUSY Hamiltonian. SUSY QM is defined (Crombrugghe and Rittenberg [36] and Lancaster [37]) by a graded Lie algebra satisfied by the charge operators Q_i(i = 1, 2, . . . , N) and the SUSY Hamiltonian H. The σ model and supersymmetric gauge theories have been investigated in the context of SUSY QM by Shifman et al. [38].

While in field theory one works with SUSY as being a symmetry associated with transformations between bosonic and fermionic particles. In this case one has transformations between the component fields whose intrinsic spin differ by^1_2h̄. The energy of potential models of the SUSY in field theory is always positive semi-defined [1,39,40]. Here is the main difference of SUSY between field theory and quantum mechanics. Indeed, due to the energy scale to be of arbitrary origin the energy in quantum mechanics is not always positive.

After a considerable number of works investigating SUSY in Field Theory, confirmation of SUSY as high-energy unification theory is missing. Furthermore, there exist phenomenological applications of the N = 2 SUSY technique in quantum mechanics [41].

The SUSY hierarchical prescription [42] was utilized by Sukumar [43] to solve the energy spectrum of the Pöschl-Teller potential I (PTPI). We will use their notation.

The two first review work on SUSY QM with various applications were reported by Gendenshtein-Krive and Haymaker-Rau [44] but does they not consider the Sukumar’s method [43]. In next year to the review work by Gendenshtein-Krive, Gozi implemented an approach on the nodal structure of supersymmetric wave functions [45] and Imbo-Sukhatme have investigated the conditions for nondegeneracy in supersymmetric quantum mechanics [46].

In the third in a series of papers dealing with families of isospectral Hamiltonians, Pursey has been used the theory of isometric operators to construct a unified treatment of three procedures existing in literature for generating one-parameter families of isospectral Hamiltonian [47]. In the same year, Castaños et al. have also shown that any n-dimensional scalar Hamiltonian possesses hidden supersymmetry provided its spectrum is bounded from below [48].

Cooper-Ginocchio have used the Sukumar’s method [43] gave strong evidence that the more general Natanzon potential class not shape invariant and found the PTPI as particular case [49]. In the works of Gendenshtein [35] and Dutt et al. [50] only the energy spectrum of the PTPI was also obtained but not the excited state wave functions. The unsymmetric case has been treated algebraically by Barut, Inomata and Wilson [51]. However in these analysis only quantized values of the coupling constants of the PTPI have been obtained.

Roy-Roychoudhury have shown that the finite-temperature effect causes spontaneous breaking of SUSY QM, based on a superpotential with (non-singular) non-polynomial character and Casahorran has investigated the superymmetric Bogomol’nyi bounds at finite temperature [52].

Jost functions are studied within framework of SUSY QM by Talukdar et al., so that it is seen that some of the existing results follow from their work in a rather way [53].

Instanton-type quantum fluctuations in supersymmetric quantum mechanical systems with a double-well potential and a tripe-well potential have been discussed by Kaul-Mizrachi [54] and the ground state energy was found via a different method considered by Salomonsonvan Holten [9] and Abbott-Zakrzewski [34].

Stahlhofen showed that the shape invariance condition [35] for supersymmetric potentials and the factorization condition for Sturm-Liouville eigenvalue problems are equivalent [55]. Fred Cooper et al. starting from shape invariant potentials [35] applied an operator transformation for the Pöschl-Teller potential I and found that the Natanzon class of solvable potentials [56]. The supersymmetric potential partner pair through the Fokker- Planck superpotential has been used to deduce the computation of the activation rate in one-dimensional bistable potentials to a variational calculation for the ground state level of a non-stable quantum system [57].

A systematic procedure using SUSY QM has been presented for calculating the accurate energy eigenvalues of the Schrödinger equation that obviates the introduction of large-order determinants by Fernandez, Desmet and Tipping [58].

SUSY has also been applied for Quantum Optics. For instant, let us point out that the superalgebra of the Jaynes-Cummings model is described and the presence of a gap in the energy spectrum indicates a spontaneous SUSY breaking. If the gap tends to zero the SUSY is restored [59]. In another work, the Jaynes-Cummings model for a two-level atom interacting with an electromagnetic field is analyzed in terms of SUSY QM and their eigenfunctions are deduced [60]. Other applications on the SUSY QM to Quamtum Optics can be found in [61].

Mathur has shown that the symmetries of the Wess-Zumino model put severe constraints on the eigenstates of the SUSY Hamiltonian simplifying the solutions of the equation associated with the annihilation conditions for a particular superpotential [62]. In this interesting work, he has found the non-zero energy spectrum and all excited states are at least eightfold degenerate.

The connection of the PTPI with new isospectral potentials has been studied by Drigo Filho [63]. Some remarks on a new scenario of SUSY QM by imposing a structure on the raising and lowering operators have been found for the 1-component eigenfunctions [64]. The unidimensional SUSY oscillator has been used to construct the strong-coupling limit of the Jaynes-Cummings model exhibiting a noncompact ortosymplectic SUSY by Shimitt-Mufti [65].

The propagators for shape invariant potentials and certain recursion relations for them both in the operator formulation as well as in the path integrals were investigated with some examples by Das-Huang [66].

At third paper about a review on SUSY QM, the key ingredients on the quantization of the systems with anticommuting variables and supersymmetric Hamiltonian was constructed by emphasizing the role of partner potentials and the superpotentials have been discussed by Lahiri, Roy and Bagchi [67]. In which Sukumar’s supersymmetric procedure was applied for the following potentials: unidimensional harmonic oscillator, Morse potential and sech^2x potential.

The formalism of SUSY QM has also been used to realize Wigner superoscillators in order to solve the Schrödinger equation for the isotonic oscillator and radial oscillator [68].

Freedman-Mende considered the application in supersymmetric quantum mechanics for an exactly soluble N-particle system with the Calogero interaction [70]. The SUSY QM formalism associated with 1-component eigenfunctions was also applied to a planar physical system in the momentum representation and its connection with a PTPI system. There, such a system considered was a neutron in an external magnetic field [69].

A supersymmetric generalization of a known solvable quantum mechanical model of particles with Calogero interactions, with combined harmonic and repulsive forces investigated by Freedman-Mende [70] and the explicit solution for such a supersymmetric Calogero were constructed by Brink et al. [71].

Dutt et al. have investigated the PTPI system with broken SUSY and new exactly solvable Hamiltonians via shape invariance procedure [72].

The formulation of higher-derivative supersymmetry and its connection with the Witten index has been proposed by Andrianov et al. [73] and Beckers-Debergh [74] have discussed a possible extension of the super-realization of the Wigner quantization procedure considered by Jayaraman-Rodrigues [68]. In [74] has been proposed a construction that was called of a parastatistical hydrogen atom which is a supersymmetric system but is not a Wigner system. Results of such investigations and also of the pursuit of the current encouraging indications to extend the present formalism for Calogero interactions will be reported separately.

In another work on SUSY in the non-relativistic hydrogen atom, Tangerman-Tjon have been stressed the fact that no extra particles are needed to generate the supercharges of N = 2 SUSY algebra when we use the spin degrees of freedom of the electron [75].

In next year, Jayaraman-Rodrigues have also identified the free parameter of the Celka- Hussin’s model with the Wigner parameter [68] of a related super-realized general 3D Wigner oscillator system satisfying a super generalized quantum commutation relation of the σ_3- deformed Heisenberg algebra [76].

In stance in the literature, there exist four excellent review articles about SUSY in non-relativistic quantum mechanics [44,67,77]. Recently the standard SUSY formalism was also applied for a neutron in interaction with a static magnetic field in the coordinate representation [78] and the SUSY QM in higher dimensional was discussed by Das-Pernice [79].

Actually it is well known that the SUSY QM formalism is intrinsically bound with the theory of Ricatti equation. Dutt et al. have ilusted the ideia of SUSY QM and shape invariance conditions can be used to obtain exact solutions of noncentral but separable potentials in an algebraic fashion [80]. A procedure for obtaining the complete energy spectrum from the Ricatti equation has been illustrated by detailed analysis of several examples by Haley [81].

Including not only formal mathematical objects and schemes but also new physics, many different physical topics are considered by the SUSY technique (localization, mesoscopics, quantum chaos, quantum Hall effect, etc.) and each section begins with an extended introduction to the corresponding physics. Various aspects of SUSY may limit themselves to reading the chapter on supermathematics, in a book written by Efetov [82].

SUSY QM of higher order have been by Fernandez et al. [83]. Starting from SUSY QM, Junker-Roy [84], presented a rather general method for the construction of so-called conditionally exactly sovable potentials [85]. A new SUSY method for the generation of quasi-exactly solvable potentials with two known eigenstates has been proposed by Tkachuk [86].

Recently Rosas-Ortiz has shown a set of factorization energies generalizing the choice made for the Infeld-Hull [3] and Mielnik [4] factorizations of the hydrogen-like potentials [87]. The SUSY technique has also been used to generate families of isospectral potentials and isospectral effective-mass variations, which may be of interest, e.g., in the design of semiconductor quantum wells [88].

The soliton solutions have been investigated for field equations defined in a space-time of dimension equal to or higher than 1+1. The kink of a field theory is an example of a soliton in 1+1 dimensions. Recently, the connection between SUSY QM and the kinks has been established for relativistic systems of a real scalar field [89–94].

The shape-invariance conditions in SUSY [35] have been generalized for systems described by two-component wave functions [95], and a two-by-two matrix superpotential associated to the linear classical stability from the static solutions for a system of two coupled real scalar fields in (1+1)-dimensions have been found [96–98,101]. In Ref. [98] has been shown that the classical central charge, equal to the jump of the superpotential in two-dimensional models with minimal SUSY, is additionally modified by a quantum anomaly, which is an anomalous term proportional to the second derivative of the superpotential. Indeed, one can consider an analysis of the anomaly in supersymmetric theories with two coupled real scalar fields [100] as reported in the work of Shifman et al. [98]. Besides, the stability equation for a Q-ball in 1 dimension has also been related to the SUSY QM [99].

A systematic and critical examination, reveals that when carefully done, SUSY is manifest even for the singular quantum mechanical models when the regularization parameter is removed [102]. The Witten’s SUSY formulation for Hamiltonian systems to also a system of annihilation operator eigenvalue equations associated with the SUSY singular oscillator, which, as was shown, define SUSY canonical supercoherent states containing mixtures of both pure bosonic and pure fermionic counterparts have been extended [103]. Besides, Fernandez et al. have investigated the coherent states for SUSY partners of the oscillator [104].

In the first work in Ref. [105], Plyushchay has used arguments of minimal bosonization of SUSY QM and R-deformed Heisenberg algebra in order to get in the second paper in the same Ref. a super-realization for the ladder operators of the Wigner oscillator [68]. While Jayaraman and Rodrigues, in Ref. [68], adopt a super-realization of the WH algebra as effective spectral resolution for the two-particle Calogero interaction or isotonic oscillator, in Ref. [105], using the same super-realization, Plyushchay showed how a simple modification of the classical model underlying Witten SUSY QM results in appearance of N = 1 holomorphic non-linear supersymmetry.

In the context of the symmetry of the fermion-monopole system [25], Pluyschay has shown that this system possesses N =^3_2 nonlinear supersymmetry [106]. The spectral problem of the 2D system with the quadratic magnetic field is equivalent to that of the 1D quasi-exactly solvable systems with the sextic potential, and the relation of the 2D holomorphic n-supersymmetry to the non-holomorphic N-fold supersymmetry has been investigated [107].

In [108], it was shown that the problem of quantum anomaly can be resolved for some special class of exactly solvable and quasi-exactly solvable systems. So, in this paper it was discovered that the nonlinear supersymmetry is related with quasi-exact solvability. Besides, in this paper it was observed that the quantum anomaly happens also in the case of the linear quantum mechanics and that the usual holomorphic-like form of SUSYQM (in terms of the holomorphic-like operators W (x) ± i^d_{dx} ) is special: it is anomaly free.

Macfarlane [109] and Azcárraga-Macfarlane [110] have investigated models with only fermionic dynamical variables. Azcárraga et all. generalises the use of totaly antisymmetric tensors of third rank in the definition of Killing-Yano tensors and in the construction of the supercharges of hidden supersymmetries that are at most third in fermionic variables [111]. On the other hand, Macfarlane [112] has considered a hidden supersymmetry in SUSY QM on the sphere S^6 and your results are compared with the theory of a spin-^1_2 particle moving in the field of a Dirac monopole [25,26,20].

Recently, Klishevich-Plyuschay have shown that the universal algebraic construction of N = 1 holomorphic non-linear supersymmetry is based on some very simple modification of the non-linear Dolan-Grady relations. As a result, the Onsager algebra, intimately related to integrable systems, is in the basis of the N = 1 non-linear holomorphic supersymmetry [113].

A radically different theory for SUSY was recently putted forward, which is concerned with collision problems in SUSY QM by Shimbori-Kobayashi [114].

The spectral resolution for the Pöschl-Teller potential I has been studied as shapeinvariant potentials and their potential algebras [115]. For this problem we consider as complete spectral resolution the application of SUSY QM via Hamiltonian Hierarchy associated to the partner potential respective [116].

Rencently the group theoretical treatment of SUSY QM has also been investigated by Fernandez et al. [117]. The SUSY techniques has been applied to periodic potentials SUSY QM by Dunne-Feinberg [118] and by Fernandez et al. [119].

This present work is organized in the following way. In Sec. II we start by summarizing the essential features of the formulation of one dimensional supersymmetric quantum mechanics. In Sec. III the factorization of the unidimensional Schrödinger equation and a SUSY Hamiltonian hierarchy considered by Andrionov et al. [42] and Sukumar [43] is presented. We consider in Sec. IV the close connection for SUSY method as an operator technique for spectral resolution of shape-invariant potentials. In Sec. V we present our own application of the SUSY hierarchical prescription for the first Pöschl-Teller potential. It is known that the SUSY algebraic method of resolution spectral via property of shape invariant which permits to work are unbroken SUSY. While the case of PTPI with broken SUSY in [72,115] has after suitable mapping procedures that becomes a new potential with unbroken SUSY, here, we show that the SUSY hierarchy method [43] can work for both cases. In Section VI, we present a new scenery on the SUSY when it is applied for a neutron in interaction with a static magnetic field of a straight current carrying wire, which is described by two-component wave functions [78,120].

Section VII contains the concluding remarks.

II. N=2 SUSY IN CLASSICAL MECHANICS

Recently, we present a review work on Supersymmetric Classical Mechanics in the context of a Lagrangian formalism, with N = 1−supersymmetry. We have shown that the N = 1 SUSY does not allow the introduction of a potential energy term depending on a single commuting supercoordinate, ϕ(t; Θ) [11].

In the construction of a SUSY theory with N > 1, referred to as extended SUSY, for each space commuting coordinate, representing the degrees of freedom of the system, we associate one anticommuting variable, which are known that Grassmannian variables. However, we consider only the N = 2 SUSY for a non-relativistic point particle, which is described by the introduction of two real Grassmannian variables Θ_1 and Θ_2, in the configuration space, but all the dynamics are putted in the time t [9,30,31,33,67].

SUSY in classical mechanics is generated by a translation transformation in the superspace, viz.,

Θ_1 → Θ^′_1 = Θ_1 + ϵ_1, Θ_2 → Θ^′_2 = Θ_2 + ϵ_2, t → t^′ = t + iϵ_1Θ_1 + iϵ_2Θ_2, (1)

whose are implemented for maintain the line element invariant

dt − iΘ_1dΘ_1 − iΘ_2dΘ_2 = invariant, (Jacobian = 1), (2)

where Θ_1, Θ_2 and ϵ_1 and ϵ_2 are real Grassmannian paramenters. I insert the i = √ −1 in (1) and (2) to obtain the real character of time.

The real Grassmannian variables satisfy the following algebra:

[Θ_i, Θ_j ]_+ = Θ_iΘ_j + Θ_j Θ_i = 0 ⇒ (Θ_1)^2 = 0 = (Θ_2)^2. (3)

They also satisfy the Berezin integral rule [10] ∫ dΘΘ = 1 ⇒ 2∑ i=1 ∫ dΘ_iΘ_i = 2, ∫ dΘ_i = 0 = ∂_{Θi} 1, (i = 1, 2), (4)

where ∂_{Θi} =^∂_{∂Θ1} so that

[∂_{Θi} , Θ_j ]_+ = ∂_{Θi} Θ_j + Θ_j ∂_{Θi} = δ_{ij} , (i, j = 1, 2), (5)

with i = j ⇒ δ_{ii} = 1; and if i ≠ j ⇒ δ_{ij} = 0.

Now, we need to define the derivative rule with respect to one Grassmannian variable. Here, we use the right derivative rule i.e. considering f(Θ_1, Θ_2) a function of two anticommuting variables, the right derivative rule is the following:

f(Θ_α) = f_0 + 2∑ α=1 f_αΘ_α + f_3Θ_1Θ_2 δf = 2∑ α=1 ∂f ∂Θ_α δΘ_α. (6)

where δΘ_1 and δΘ_2 appear on the right side of the partial derivatives.

Defining Θ and Θ̄ (Hermitian conjugate of Θ) in terms of Θ_i(i = 1, 2) and Grassmannian parameters ϵ_i, Θ = 1 √ 2 (Θ_1 − iΘ_2),

Θ̄ = 1√ 2 (Θ_1 + iΘ_2), ϵ = 1 √ 2 (ϵ_1 − iϵ_2),

ϵ̄ = 1 √ 2 (ϵ_1 + iϵ_2), (7) the supertranslations become:

Θ → Θ^′ = Θ + ϵ, Θ̄ → Θ̄^′ = Θ̄ + ϵ̄, t → t^′ = t − i(Θ̄ϵ − ϵ̄Θ). (8) In this case, we obtain [∂_Θ, Θ]_+ = 1, [∂¯_Θ, Θ̄]_+ = 1, Θ^2 = 0. (9) The Taylor expansion for the real scalar supercoordinate is given by ϕ(t; Θ, Θ̄) = q(t) + iΘ̄ψ(t) + iΘψ̄(t) + ΘΘ̄A(t), (10) which under infinitesimal SUSY transformation law provides δϕ = ϕ(t^′; Θ^′, Θ̄^′) − ϕ(t; Θ, Θ̄) = ∂_tϕδt + ∂_ΘϕδΘ + ∂¯_ΘϕδΘ̄ = (ϵ̄Q + Q̄ϵ)ϕ, (11) where ∂_t =^∂_{∂t} and the two SUSY generators Q ≡ ∂¯_Θ − iΘ∂_t, Q̄ ≡ −∂_Θ + iΘ̄∂_t. (12) Note that the supercharge Q̄ is not the hermitian conjugate of the supercharge Q. In terms of (q(t); A) bosonic (even) components and (ψ(t), ψ̄(t)) fermionic (odd) components we get: δq(t) = i{ϵψ̄(t) + ϵ̄ψ(t)}, δA = ϵ ˙ψ̄(t) − ϵ̄ψ̇(t) = d dt {ϵψ̄ − ϵ̄ψ), (13) δψ(t) = −ϵ{q̇(t) − iA}, δψ̄(t) = −ϵ̄{q̇(t) + iA}. (14) Therefore making a variation in the even components we obtain the odd components and vice-versa i.e. SUSY mixes the even and odd coordinates.

A super-action for the superpoint particle with N=2 SUSY can be written as the following tripe integral^2 S[ϕ] = ∫ ∫ ∫ dtdΘ̄dΘ{ 1 2 (Dϕ)(D̄ϕ) − U(ϕ)}, D̄ ≡ ∂_Θ + iΘ̄∂_t, (15) where D is the covariant derivative (D = −∂¯_Θ − iΘ∂_t), ¯∂¯_Θ = −∂_Θ and ∂_Θ =^∂_{∂Θ} , built so that [D, Q]_+ = 0 = [D̄, Q̄]_+ and U(ϕ) is a polynomial function of the supercoordinate.

The covariant derivatives of the supercoordinate ϕ = ϕ(Θ, Θ̄; t) become D̄ϕ = (∂_Θ + iΘ̄∂_t)ϕ = −iψ̄ − Θ̄A + iΘ̄∂_tq + ΘΘ̄ ˙ψ̄, Dϕ = (−∂¯_Θ − iΘ∂_t)ϕ = iψ − ΘA − iΘq̇ + ΘΘ̄ψ̇ (Dϕ)(D̄ϕ) = ψψ̄ − Θ̄(ψq̇ − iAψ) + −Θ(iAψ̄ + ψ̄q̇) + ΘΘ̄ ( q̇^2 + A^2 + iψ ˙ψ̄ + iψ̇ψ̄ ) . (16)

2In this section about supersymmetry we use the unit system in which m = 1 = ω, where m is the particle mass and ω is the angular frequency.

Expanding in series of Taylor the U(ϕ) superpotential and maintaining ΘΘ̄ we obtain:

U(ϕ) = ϕU^′(ϕ) + ϕ^2 2 U^{′′}(ϕ) + · · · = AΘΘ̄U^′(ϕ) + 1 2 ψψ̄Θ̄ΘU^{′′} + 1 2 ψ̄ψΘΘ̄U^{′′} + · · · = ΘΘ̄{AU^′ + ψ̄ψU^{′′}} + · · · , (17)

where the derivatives (U^′ and U^{′′}) are such that Θ = 0 = Θ̄, whose are functions only the q(t) even coordinate. After the integrations on Grassmannian variables the super-action becomes S[q; ψ, ψ̄] = 1 2 ∫ { q̇^2 + A^2 − iψ̇ψ̄ + iψ ˙ψ̄ − 2AU^′(q) − 2ψ̄ψU^{′′}(q) } dt ≡ ∫ Ldt. (18) Using the Euler-Lagrange equation to A, we obtain: d dt ∂L ∂∂_tA − ∂L ∂A = A − U^′(q) = 0 ⇒ A = U^′(q). (19)

Substituting Eq. (19) in Eq. (18), we then get the following Lagrangian for the superpoint particle: L = 1 2 { q̇^2 − i(ψ̇ψ̄ + ψ ˙ψ̄) − 2 (U^′(q))^2 − 2U^{′′}(q)ψ̄ψ } , (20)

where the first term is the kinetic energy associated with the even coordinate in which the mass of the particle is unity. The second term in bracket is a kinetic energy piece associated with the odd coordinate (particle’s Grassmannian degree of freedom) dictated by SUSY and is new for a particle with a potential energy. The Lagrangian is not invariant because its variation result in a total derivative and consequently is not zero, however, the super-action is invariant, δS = 0, which can be obtained from D_Θ |_{Θ=0}= Q_Θ |_{Θ=0} .

The canonical Hamiltonian for the N = 2 SUSY is given by:

H_c = q̇ ∂L ∂q̇ + ∂L ∂(∂_tψ) ψ̇ + ∂L ∂(∂_tψ̄) ˙ψ̄ − L = 1 2 { p^2+ ( U^′(q)

)_2 + U^{′′}(q)[ψ̄, ψ]_− } , (21)

which provides a mixed potential term.

A. Canonical quantization in superspace

The supersymmetry in quantum mechanics, first formulated by Witten [7], can be deduced via first canonical quantization or Dirac quantization of above SUSY Hamiltonian which inherently contain constraints. The first work on the constraint systems without SUSY was implemented by Dirac in 1950. The nature of such a constraint is different from the one encountered in ordinary classical mechanics.

Salomonson et al. [9], F. Cooper et al., Ravndal do no consider such the constraints. However, they have maked an adequate choice for the fermionic operator representations corresponding to the odd coordinates ψ̄ and ψ. The question of the constraints in SUSY classical mechanics model have been implemented via Dirac method by Barcelos-Neto and Das [30,31]. According the Dirac method the Poisson brackets {A, B} must be substituted by the modified Posion bracket (called Dirac brackets) {A, B}_D, which between two dynamic variables A and B is given by: {A, B}_D = {A, B} − {A, Γ_i}C^{−1}_{ij} {Γ_j , B} (22) where Γ_i are the second-class constraints. These constraints define the C matrix

C_{ij} ≃ {Γ_i, Γ_j }, (23)

which Dirac show to be antisymmetric and nonsingular. The fundamental canonical Dirac brackets associated with even and odd coordinates become: {q, q̇}_D = 1, {ψ, ψ̄}_D = i and {A, q̇}_D = ∂^2U(q) ∂q^2 . (24)

All Dirac brackets vanish. It is worth stress that we use the right derivative rule while Barcelos-Neto and Das in the Ref. [30] have used the left derivative rule for the odd coordinates. Hence unlike of second Eq. (24), for odd coordinate there appears the negative sign in the corresponding Dirac brackets, i.e., {ψ, ψ̄}_D = −i.

Now in order to implement the first canonical quantization so that according with the spin-statistic theorem the commutation [A, B]_− ≡ AB − BA and anti-commutation [A, B]_+ ≡ AB + BA relations of quantum mechanics are given by {q, q̇}_D = 1 → 1 i [q̂, ^̇q]_− = 1 ⇒ [q̂, ^̇q]_− = q̂^̇q − ^̇qq̂ = i, {ψ, ψ̄}_D = i → 1 −i [ψ̂, ^̄ψ]_+ = i ⇒ [ψ̂, ^̄ψ]_+ = ψ̂ ^̄ψ + ^̄ψψ̂ = 1. (25)

Now we will consider the effect of the constraints on the canonical Hamiltonian in the quantized version. The fundamental representation of the odd coordinates, in D = 1 = (0 + 1) is given by:

ψ̂= σ_+ = 1 2 (σ_1 + iσ_2) = ( 0 0 1 0 ) ≡ b^+ ^̄ψ= σ_+ = 1 2 (σ_1 − iσ_2) = ( 0 1 0 0 ) ≡ b^− [ψ̂, ^̄ψ]_+ = 1_{2×2}, [^̄ψ, ψ̂]_− = σ_3, (26)

where σ_3 is the Pauli diagonal matrix, σ_1 and σ_2 are off-diagonal Pauli matrices. On the other hand, in coordinate representation, it is well known that the position and momentum operators satisfy the canonical commutation relation ([x̂, p̂_x]_− = i) with the following representations: x̂ ≡ q̂(t) = x(t), p̂_x = mẋ(t) = −ih̄ d dx = −i d dx , h̄ = 1. (27)

In next section we present the various aspects of the SUSY QM and the connection between Dirac quantization of the SUSY classical mechanics and the Witten’s model of SUSY QM.

III. THE FORMULATION OF SUSY QM

The graded Lie algebra satisfied by the odd SUSY charge operators Q_i(i = 1, 2, . . . , N) and the even SUSY Hamiltonian H is given by following anti-commutation and commutation relations:

[Q_i, Q_j]_+ = 2δ_{ij} H, (i, j = 1, 2, . . . , N), (28a)

[Q_i, H]_− = 0. (28b)

In these equations, H and Q_i are functions of a number of bosonic and fermionic lowering and raising operators respectively denoted by a_i, a^†_i (i = 1, 2, . . . , N_b) and b_i, b^†_i (i = 1, 2, . . . , N_f ), that obey the canonical (anti-)commutation relations:

[a_i, a^†_j ]_− = δ_{ij} , (29a)

[b_i, b^†_j ]_+ = δ_{ij}, (29b)

all other (anti-)commutators vanish and the bosonic operators always commute with the fermionic ones.

If we call the generators with these properties ”even” and ”odd”, respectively, then the SUSY algebra has the general structure [even, even]_− = even [odd, odd]_+ = even [even, odd]_− = odd which is called a graded Lie algebra or Lie superalgebra by mathematicians. The case of interest for us is the one with N_b = N_f = 1 so that N = N_b + N_f = 2, which corresponds to the description of the motion of a spin^1_2 particle on the real line [7].

Furthermore, if we define the mutually adjoint non-Hermitian charge operators

Q_± = 1 √ 2 (Q_1 ± iQ_2), (30)

in terms of which the Quantum Mechanical SUSY algebraic relations, get recast respectively into the following equivalent forms:

Q^2_+ = Q^2_− = 0, [Q_+, Q_−]_+ = H (31)

[Q_±, H]_− = 0. (32)

In (31)), the nilpotent SUSY charge operators Q_± and SUSY Hamiltonian H are now functions of a^−, a^+ and b^−, b^+. Just as [Q_i, H] = 0 is a trivial consequence of [Q_i, Q_j ] = δ_{ij} H, so also (32) is a direct consequence of (31) and expresses the invariance of H under SUSY transformations.

We illustrate the same below with the model example of a simple SUSY harmonic oscillator (Ravndal [33] and Gendenshtein [44]). For the usual bosonic oscillator with the Hamiltonian^3

H_b = 1 2 ( p^2_x + ω^2_b x^2 ) = ω_b 2 [a^+, a^−]_+ = ω_b ( N_b + 1 2 ) , N_b = a^+a^−, (33)

a^± = 1 √ 2ω_b (±ip_x − ω_{bx}) = ( a^∓ )_† , (34)

[a^−, a^+]_− = 1, [H_b, a^±]_− = ±ω_ba^±, (35)

one obtains the energy eigenvalues

E_b = ω_b ( n_b + 1 2 ) , = 0, 1, 2, . . . , (36)

where n_b are the eigenvalues of the number operator indicated here also by N_b.

For the corresponding fermionic harmonic oscillator with the Hamiltonian

H_f = ω_f 2 [b^+, b^−]_− = ω_f ( N_f − 1 2 ) , N_f = b^+b^−, (b^+)^† = b^−, (37)

[b^−, b^+]_+ = 1 , (b^−)^2 = 0 = (b^+)^2 , [H_f , b^±]_− = ±ω_f b^±, (38)

we obtain the fermionic energy eigenvalues

E_f = ω_f ( η_f − 1 2 ) , η_f = 0, 1, (39)

where the eigenvalues η_f = 0, 1 of the fermionic number operator N_f follow from N_f^2 = N_f .

Considering now the Hamiltonian for the combined system of a bosonic and a fermionic oscillator with ω_b = ω_f = ω, we get:

H = H_b + H_f = ω ( N_b + 1 2 + N_f − 1 2 ) = ω(N_b + N_f ) (40)

and the energy eigenvalues E of this system are given by the sum E_b + E_f , i.e., by

E = ω(n_b + n_f ) = ωn, (n_f = 0, 1; n_b = 0, 1, 2, . . . ; n = 0, 1, 2, . . .). (41)

Thus the ground state energy E^{(0)} = 0 in (41) corresponds to the only non-degenerate case with n_b = n_f = 0, while all the excited state energies E^{(n)}(n ≥ 1) are doubly degenerate with (n_b, n_f ) = (n, 0) or (n − 1, 1), leading to the same energy E^{(n)} = nω for n ≥ 1.

3 NOTATION: Throughout this section, we use the systems of units such that c = h̄ = m = 1.

The extra symmetry of the Hamiltonian (40) that leads to the above of double degeneracy (except for the singlet ground state) is in fact a supersymmetry, i.e., one associated with the simultaneous destruction of one bosonic quantum n_b → n_b − 1 and creation of one fermionic quantum n_f → n_f + 1 or vice-versa, with the corresponding symmetry generators behaving like a^−b^+ and a^+b^−. In fact, defining,

Q_+ = √ ωa^+b^−, Q_− = (Q_+)^† = √ ωa^−b^+, (42)

it can be directly verified that these charge operators satisfy the SUSY algebra given by Eqs. (31), (32).

Representing the fermionic operators by Pauli matrices as given by Eq. (26), it follows that

N_f = b^+b^− = σ_−σ_+ = 1 2 (1 − σ_3), (43)

so that the Hamiltonian (12) for the SUSY harmonic oscillator takes the following form: H = 1 2 p^2_x + 1 2 ω^2x^2 − 1 2 σ_3ω, (44)

which resembles the one for a spin^1_2 one dimensional harmonic oscillator subjected to a constant magnetic field. Explicitly, H= (_1

2 p^2_x +^1_2 ω^2x^2 −^1_2 ω 0 0^1_2 p^2_x +^1_2 ω^2x^2 +^1_2 ω )

= ( ωa^+a^− 0

0 ωa^−a^+ ) = ( H_− 0 0 H_+ ) (45)

where, from Eqs. (26) and (42), we get

Q_+ = √ ω ( 0 a^+ 0 0 ) , Q_− = √ ω ( 0 0 a^− 0 ) . (46)

The eigenstates of N_f with the fermion number n_f = 0 is called bosonic states and is given by χ^− = χ^↑ = ( 1 0 ) . (47)

Similarly, the eigenstates of N_f with the fermion number n_f = 1 is called fermionic state and is given by

χ^+ = χ^↓ = ( 0 1 ) . (48)

The subscripts −(+) in χ_−(χ_+) qualify their non-trivial association with H_−(H_+) of H in (45). Accordingly, H_− in (45) is said to refer to the bosonic sector of the SUSY Hamiltonian H while H_+, the fermionic sector of H. (Of course this qualification is only conventional as it depends on the mapping adopted in (26) of b^∓ onto σ^±, as the reverse mapping is easily seen to reverse the above mentioned qualification.)

A. Witten’s Quantization with SUSY

Witten’s model [7] of the one dimensional SUSY quantum system is a generalization of the above construction of a SUSY simple harmonic oscillator with √ ωa^− → A^− and √ ωa^+ → A^+, where

A^∓ = 1 √ 2 (∓ip_x − W (x)) = (A^±)^†, (49)

where, W = W (x), called the superpotential, is an arbitrary function of the position coordinate. The position χ and its canonically conjugate momentum p_x = −i^d_{dx} are related to a^− and a^+ by (34), but with ω_b = 1:

a^∓ = 1 √ 2 (∓ip_x − x) = (a^±)^†. (50)

The mutually adjoint non-Hermitian supercharge operators for Witten’s model [7,77] are given by

Q_+ = ( 0 A^+ 0 0 ) , Q_− = ( 0 0 A^− 0 ) , (51)

so that the SUSY Hamiltonian H takes the form

H = [Q_+, Q_−]_+ = 1 2 ( p^2_x + W^2(x) − σ_3 d dx W (x) )

= ( H_− 0 0 H_+ ) = ( A^+A^− 0

0 A^−A^+ ) (52)

where σ_3 is the Pauli diagonal matrix and, explicitly,

H_−= A^+A^− = 1 2 ( p^2_x + W^2(x) − d dx W (x) )

H_+= A^−A^+ = 1 2 ( p^2_x + W^2(x) + d dx W (x) ) . (53)

In this stage we present the connection between the Dirac quantization and above SUSY Hamiltonian. Indeed, from Eq. (26) and (21), and defining W (x) ≡ U^′(x) ≡ dU dx , (54)

the SUSY Hamiltonian given by Eq. (52) is reobtained.

Note that for the choice of W (x) = ωx one reobtains the unidimensional SUSY oscillator (44) and (45) for which

A^−= 1 √ 2 ( − d dx − ωx ) = ψ^{(0)}_− ( − 1 √ 2 d dx ) 1 ψ^{(0)}_−

A^+= (A^−)^† = 1 √ 2 ( d dx − ωx ) = 1 ψ^{(0)}_− ( 1 √ 2 d dx ) ψ^{(0)}_− , (55) where ψ^{(0)}_− ∝ exp ( − 1 2 ωx^2 ) (56)

is the normalizable ground state wave function of the bosonic sector Hamiltonian H_−.

In an analogous manner, for the SUSY Hamiltonian (52), the operators A^± of (49) can be written in the form

A^−= ψ^{(0)}_− ( − 1 √ 2 d dx ) 1 ψ^{(0)}_− = 1 √ 2 − d dx + 1 ψ^{(0)}_− dψ^{(0)}_− dx (57)

A^+= (A^−)^† = 1 ψ^{(0)}_− ( 1 √ 2 d dx ) ψ^{(0)}_−

= 1 √ 2 d dx + 1 ψ^{(0)}_− dψ^{(0)}_− dx , (58) where ψ^{(0)}_− ∝ exp ( − ∫_x W (q)dq ) (59) and 1 ψ^{(0)}_−

= ψ^{(0)}_+ ∝ exp (∫_x W (q)dq ) (60)

are symbolically the ground states of H_− and H_+, respectively. Furthermore, we may readily write the following annihilation conditions for the operators A^±:

A^−ψ^{(0)}_− = 0, A^+ψ^{(0)}_+ = 0. (61)

Whatever be the functional form of W (x), we have, by virtue of Eqs. (47), (48), (51), (52), (59), (60) and (61),

Q_−ψ^{(0)}_− χ_− = 0, |ϕ_− >≡ ψ^{(0)}_− χ_− ∝ exp ( − ∫_x W (q)dq ) ( 1 0 ) (62) and Q_+ψ^{(0)}_+ χ_+ = 0, |ϕ_+ >≡ ψ^{(0)}_+ χ_+ ∝ exp (∫_x W (q)dq ) ( 0 1 ) , (63)

so that the eigensolution |ϕ_− > and |ϕ_+ > of (62) and (63) are both annihilated by the SUSY Hamiltonian (52), with Q_−χ_+ = 0 and Q_+χ_− = 0, trivially holding good. If only one of these eigensolution, |ϕ_− > or |ϕ_+ >, are normalizable, it then becomes the unique eigenfunction of the SUSY Hamiltonian (52) corresponding to the zero energy of the ground state. In this situation, SUSY is said to be unbroken. In the case when neither |ϕ_− >, Eq. (62), nor |ϕ_+ >, Eq. (63), are normalizable, then no normalizable zero energy state exists and SUSY is said to be broken. It is readily seen from (62) and (63) that if W (x) → ∞(−∞), as x → ±∞, then |ϕ_− > (|ϕ_+ >) alone is normalizable with unbroken SUSY while for W (x) → −∞ or +∞, for x → ±∞ neither |ϕ_− > nor |ϕ_+ > are normalizable and one has broken SUSY dynamically [7,34,45,77]. In this case, there are no zero energy for the ground state and so far the spectra to H_± are identical.

Note from the form of the SUSY Hamiltonian H of (52), that the two differential equations corresponding to the eigenvalue equations of H_− and H_+ of Eq. (53), by themselves apparently unconnected, are indeed related by SUSY transformations by Q_±, Eq. (51), on H, which operations get translated in terms of the operators A^± in Q_± as discussed below.

1. FACTORIZATION OF THE SCHRÖRDINGER AND A SUSY HAMILTONIAN

Considering the case of unbroken SUSY and observing that the SUSY Hamiltonian (52) is invariant under x → −x and W (x) → −W (x) there is no loss of generality involved in assuming that |ϕ_− > of (62) is the normalizable ground state wave function of H so that ψ^{(0)}_− is the ground state wave function of H_−. Thus, from (52), (53), (57) and (62), it follows that

H_−ψ^{(0)}_− = 1 2 ( p^2_x + W^2(x) − W^′(x) ) ψ^{(0)}_− = A^+A^−ψ^{(0)}_− = 0, (64)

E^{(0)}_− = 0, V_−(x) = 1 2 W^2(x) − 1 2 W^′(x), W^′(x) = d dx W (x). (65)

Them from (52) and (55),

H_+ = A^−A^+ = A^+A^− − [A^+, A^−]_− = H_− − d^2 dx^2 ℓnψ^{(0)}_− , (66)

V_+(x) = V_−(x) − d^2 dx^2 ℓnψ^{(0)}_− = 1 2 W^2(x) + 1 2 W^′(x). (67)

¿From (64) and (65) it is clear that any Schrödinger equation with potential V_−(x), that can support at least one bound state and for which the ground state wave function ψ^{(0)}_− is known, can be factorized in the form (64) with V_− duly readjusted to give E^{(0)}_− = 0 (Andrianov et al. [42] and Sukumar [43]). Given any such readjusted potential V_−(x) of (65), that supports a finite number, M, of bound states, SUSY enables us to construct the SUSY partner potential V_+(x) of (67). The two Hamiltonians H_− and H_+ of (52), (64) and (66) are said to be SUSY partner Hamiltonians. Their spectra and eigenfunctions are simply related because of SUSY invariance of H, i.e., [Q_±, H]_− = 0.

Denoting the eigenfunctions of H_− and H_+ respectively by ψ^{(n)}_− and ψ^{(n)}_+ , the integer n = 0, 1, 2 . . . indicating the number of nodes in the wave function, we show now that H_− and H_+ possess the same energy spectrum, except that the ground state energy E^{(0)}_− of V_− has no corresponding level for V_+.

Starting with H_−ψ^{(n)}_− = E^{(n)}_− ψ^{(n)}_− =⇒ A^+A^−ψ^{(n)}_− = E^{(n)}_− ψ^{(n)}_− (68) and multiplying (68) from the left by A^− we obtain

A^−A^+(A^−ψ^{(n)}_− ) = E^{(n)}_− (A^−ψ^{(n)}_− ) ⇒ H_+(A^−ψ^{(n)}_− ) = E^{(n)}_− (A^−ψ^{(n)}_− ). (69) Since A^−ψ^{(0)}_− = 0 [see Eq. (61)], comparison of (69) with H_+ψ^{(n)}_+ = A^−A^+ψ^{(n)}_+ = E^{(n)}_+ ψ^{(n)}_+ , (70) leads to the immediate mapping:

E^{(n)}_+ = E^{(n+1)}_+ , ψ^{(n)}_+ ∝ A^−ψ^{(n+1)}_− , n = 0, 1, 2, . . . . (71) Repeating the procedure but starting with (70) and multiplying the same from the left by A^+ leads to A^+A^−(A^+ψ^{(n)}_+ ) = E^{(n)}_+ (A^+ψ^{(n)}_+ ), (72) so that it follows from (68), (71) and (72) that ψ^{(n+1)}_− ∝ A^+ψ^{(n)}_+ , n = 0, 1, 2, . . . . (73) The intertwining operator A^−(A^+) converts an eigenfunction of H_−(H_+) into an eigenfunction of H_+(H_−) with the same energy and simultaneously destroys (creates) a node of ψ^{(n+1)}_− ( ψ^{(n)}_+ ) . These operations just express the content of the SUSY operations effected by Q_+ and Q_− of (51) connecting the bosonic and fermionic sectors of the SUSY Hamiltonian (52).

The SUSY analysis presented above in fact enables the generation of a hierarchy of Hamiltonians with the eigenvalues and the eigenfunctions of the different members of the hierarchy in a simple manner (Sukumar [43]). Calling H_− as H_1 and H_+ as H_2, and suitably changing the subscript qualifications, we have

H_1 = A^+_1 A^−_1 + E^{(0)}_1 , A^{(−)}_1 = ψ^{(0)}_1 ( − 1 √ 2 d dx ) 1 ψ^{(0)}_1

= (A^+_1 )^†, E^{(0)}_1 = 0, (74) with supersymmetric partner given by H_2 = A^−_1 A^+_1 + E^{(0)}_1 , V_2(x) = V_1(x) − d^2 dx^2 ℓnψ^{(0)}_1 . (75) The spectra of H_1 and H_2 satisfy [see (71)] E^{(n)}_2 = E^{(n+1)}_1 , n = 0, 1, 2, . . . , (76) with their eigenfunctions related by [see (73)]

ψ^{(n+1)}_1 αA^+_1 ψ^{(n)}_2 , n = 0, 1, 2, . . . . (77)

Now factoring H_2 in terms of its ground state wave function ψ^{(0)}_2 we have

H_2 = − 1 2 d^2 dx^2 + V_2(x) = A^+_2 A^−_2 + E^{(0)}_2 , A^−_2 = ψ^{(0)}_2 ( − 1 √ 2 d dx ) 1 ψ^{(0)}_2

, (78)

and the SUSY partner of H_2 is given by

H_3 = A^−_2 A^+_2 + E^{(0)}_2 , V_3(x) = V_2(x) − d^2 dx^2 ℓnψ^{(0)}_1 . (79)

The spectra of H_2 and H_3 satisfy the condition

E^{(n)}_3 = E^{(n+1)}_2 , n = 0, 1, 2, . . . , (80)

with their eigenfunctions related by

ψ^{(n+1)}_2 αA^+_2 ψ^{(n)}_3 , n = 0, 1, 2, . . . . (81)

Repetition of the above procedure leads to the generation of a hierarchy of Hamiltonians given by

H_n = − 1 2 d^2 dx^2 + V_n(x) = A^+_n A^−_n + E^{(0)}_n = A^−_{n−1}A^+_{n−1} + E^{(0)}_{n−1}, (82)

A^−_n = ψ^{(0)}_n ( − 1 √ 2 d dx ) 1 ψ^{(0)}n = ( A^+_n )_† , (83)

V_n(x)= V_{n−1}(x) − d^2 dx^2 ℓnψ^{(0)}_{n−1} = V_1(x) − d^2 dx^2 ℓn(ψ^{(0)}_1 ψ^{(0)}_2 . . . ψ^{(0)}_{n−1}), n = 2, 3, . . . , M, (84)

whose spectra satisfy the conditions

E^{n−1}_1 = E^{n−2}_2 = . . . = E^{(0)}_n , n = 2, 3, . . . , M, (85)

ψ^{n−1}_1 ∝ A^+_1 A^+_2 . . . A^+_{n−1}ψ^{(0)}_n . (86)

Note that the nth-member of the hierarchy has the same eigenvalue spectrum as the first member H_1 except for the missing of the first (n−1) eigenvalues of H_1. The energy eigenvalue of the (n-1)th-excited state of H_1 is degenerate with the ground state of H_n and can be constructed with the use of (86) that involves the knowledge of A_i(i = 1, 2, . . . , n − 1) and ψ^{(0)}_n .

2. SUSY METHOD AND SHAPE-INVARIANT POTENTIALS

It is particularly simple to apply (86) for shape-invariant potentials (Gendenshtein [35], Cooper et al. [49], Dutt et al. [50] and in review article [77]) as their SUSY partners are similar in shape and differ only in the parameters that appear in them. More specifically, if V_−(x; a_1) is any potential, adjusted to have zero ground state energy E^{(0)}_− = 0, its SUSY partner V_+(x; a_1) must satisfy the requirement

V_+(x; a_1) = V_−(x; a_2) + R(a_2), a_2 = f(a_1), (87)

where a_1 is a set of parameters, a_2 a function of the parameters a_1 and R(a_2) is a remainder independent of x. Then, starting with V_1 = V_−(x; a_2) and V_2 = V_+(x; a_1) = V_1(x; a_2)+R(a_2) in (87), one constructs a hierarchy of Hamiltonians

H_n = − 1 2 d^2 dx^2 + V_−(x; a_n) + Σ^n_{s=2}R(a_s), (88)

where a_s = f^s(a_1), i.e., the function f applied s times. In view of Eqs. (87) and (88), we have

H_{n+1} = − 1 2 d^2 dx^2 + V_−(x; a_{n+1}) + Σ^{n+1}_{s=2} R(a_s) (89)

= − 1 2 d^2 dx^2 + V_+(x; a_n) + Σ^n_{s=2}R(a_s). (90)

Comparing (88), (89) and (90), we immediately note that H_n and H_{n+1} are SUSY partner Hamiltonians with identical energy spectra except for the ground state level

E^{(0)}_n = Σ^n_{s=2}R(a_s) (91)

of H_n, which follows from Eq. (88) and the normalization that for any V_−(x; a) , E^{(0)}_− = 0. Thus Eqs. (85) and (86) get translate simply, letting n → n + 1, to

E^n_1 = E^{n−1}_1 = . . . = E^{(0)}_{n+1} = n+1∑ s=2 R(a_s), n = 1, 2, . . . (92) and ψ^{(n)}_1 ∝ A^+_1 (x; a_1)A^+_2 (x; a_2) . . . A^+_n (x; a_n)ψ^{(0)}_{n+1}(x; a_{n+1}). (93)

Equations (92) and (93), succinctly express the SUSY algebraic generalization, for various shape-invariant potentials of physical interest [35,43,50], of the method of constructing energy eigenfunctions (ψ^{(n)}_{osc} ) for the usual ID oscillator problem. Indeed, when a_1 = a_2 = . . . = a_n = a_{n+1}, we obtain ψ^{(n)}_{osc} ∝ (A^+_1 )^nψ^{(0)}_1 , ψ^{(n)}_{osc} = ψ^{(0)}_{n+1}.

The shape invariance has an underlying algebraic structure and may be associated with Lie algebra [121]. In next Section of this work, we present our own application of the Sukumar’s SUSY method outlined above for the first Pöschl-Teller potential with unquantized coupling constants, while in the earlier SUSY algebraic treatment by Sukumar [43] only the restricted symmetric case of this potential with quantized coupling constants was considered.

IV. THE FIRST PÖSCHL-TELLER POTENTIAL VIA SUSY QM

We would like to stress the interesting approaches for the Pöschl-Teller I potential. Utilizing the SUSY connection between the particle in a box with perfectly rigid walls and the symmetric first Pöschl-Teller potential, the SUSY hierarchical prescription (outlined in Section III) was utilized by Sukumar [43] to solve the energy spectrum of this potential. The unsymmetric case has recently been treated algebraically by Barut, Inomata and Wilson [51]. However in these analysis only quantized values of the coupling constants of the Pöschl-Teller potential have been obtained. In the works of Gendenshtein [35] and Dutt et al. [50] treating the unsymmetric case of this potential with unquantized coupling constants by the SUSY method for shape-invariant potentials, only the energy spectrum was obtained but not the excited state wave functions. Below we present our own application of the Sukumar’s SUSY method obtaining not only the energy spectrum but also the complete excited state energy eigenfunctions.

It is well known that usual shape invariance procedure [35] is not applicable for computation energy spectrum of a potential without zero energy eigenvalue. Recently, an approach was implemented with a two-step shape invariant in order to connect broken and unbroken SUSY QM potentials [72,115]. In this references it is considered the Pöschl-Teller I potential, showing the types of shape invariance it possesses. In Ref. [115], the PTPI and the three-dimensional harmonic oscillator both with broken SUSY have been investigated, for the first time, in terms of a novel two-step shape invariance approach via a group theoretic potential algebra approach. In the work present is the first spectral resolution, to our knowledge, of SUSY hierarchy in order to construct explicitly the energy eigenfunctions of the Pöschl-Teller I potential.

Starting with the first Pöschl-Teller Hamiltonian [122]. H_{P T} = − 1 2 d^2 dx^2 + 1 2 α^2 { k(k − 1) sin^2αx + λ(λ − 1) cos^2αx } , (94)

where 0 ≤ αx ≤ π/2; k > 1, λ > 1; α = real constant. The substitution Θ = 2αx, 0 ≤ Θ ≤ π, in (94) leads to

H_{P T} = 2α^2H_1 (95)

where

H_1= − d^2 dΘ^2

+ V_1(Θ)

V_1(Θ)= 1 4 [ k(k − 1)sec^2(Θ/2) + λ(λ − 1)cossec^2(Θ/2) ] . (96)

Defining

A^±_1 = ± d dΘ − W_1(Θ) (97) and

H_1= A^+_1 A^−_1 + E^{(0)}_1 = − d^2 dΘ^2

+ W^2_1 (Θ) − W^′_1(Θ) + E^{(0)}_1 (98)

where the prime means a first derivative with respect to Θ variable. From both above definitions of H_1 we obtain the following non-linear first order differential equation

W^2_1 (θ) − W^′_1(Θ) = 1 4 { k(k − 1) sin^2(Θ/2) + λ(λ − 1) cos^2(Θ/2) } − E^{(0)}_1 , (99)

which is exactly a Ricatti equation.

Let be superpotential Ansatz

W_1(Θ) = − k 2 cot(Θ/2) + λ 2 tan(Θ/2), E^{(0)}_1 = 1 4 (k + λ)^2. (100)

According to Sec. III, the energy eigenfunction associated to the ground state of PTI potential becomes

ψ^{(0)}_1 = exp { − ∫ W_1(θ)dΘ } ∝ sin^k(Θ/2)cos^λ(Θ/2). (101) In this case the first order intertwining operators become

A^−_1 = − d dΘ + k 2 cot(Θ/2) − λ 2 tan(Θ/2) = ψ^{(0)}_1 ( − d dΘ ) 1 ψ^{(0)}_1

(102) and A^+_1 = (A^−_1 )^† = 1 ψ^{(0)}_1 ( d dΘ ) ψ^{(0)}_1 = d dΘ + k 2 cot(Θ/2) − λ 2 tan(Θ/2). (103) In Eqs. (102)) and (103), ψ^{(0)}_1 is the ground state wave function of H_1.

The SUSY partner of H_1 is H_2, given by

H_2= A^−_1 A^+_1 + E^{(0)}_1 = H_1 − [A^+_1 , A^−_1 ]_−

V_2(Θ)= V_1(Θ) − 2 d^2 dΘ^2 ℓnψ^{(0)}_1

= V_1(Θ) − 2 d^2 dΘ^2 ℓn [ sin^k (Θ/2)cos^λ(Θ/2) ]

= 1 4 ( k(k + 1) sin^2(Θ/2) + λ(λ + 1) cos^2(Θ/2) ) . (104)

Let us now consider a refactorization of H_2 in its ground state

H_2 = A^+_2 A^−_2 + E^{(0)}_2 , A^−_2 = − d dΘ − W_2(Θ). (105)

In this case we find the following Ricatti equation

W^2_2 (θ) − W^′_2(Θ) = 1 4 { k(k + 1) sin^2(Θ/2) + λ(λ + 1) cos^2(Θ/2) } − E^{(0)}_2 , (106)

which provides a new superpotential and the ground state energy of H_2

W_2(Θ) = −

(k + 2) 2 cot(Θ/2) + (λ + 2) 2 tan(Θ/2), E^{(0)}_2 = 1 4 (k + λ + 2)^2. (107)

Thus the eigenfunction associated to the ground state of H_2 is given by

ψ^{(0)}_2 = exp { − ∫ W_2(θ)dΘ } ∝ sin^{k+1}(Θ/2)cos^{λ+1}(Θ/2). (108)

Hence in analogy with (102) and (103) the new intertwining operators are given by

A^±_2 = ± d dΘ − W_2(Θ) = ± d dΘ + (k + 1) 2 cot(Θ/2) − (λ + 1) 2 tan(Θ/2) A^−_2 = ψ^{(0)}_2 ( − d dΘ ) 1 ψ^{(0)}_2

, A^−_2 ψ^{(0)}_2 = 0. (109)

Note that the V_2(Θ) partner potential has a symmetry, viz.,

V_2(Θ) = 1 4 ( k(k + 1) sin^2(Θ/2) + λ(λ + 1) cos^2(Θ/2) ) = V_1(k → k + 1, λ → λ + 1) (110)

which is leads to the shape-invariance property for the unbroken SUSY potential pair

V_−= 1 4 ( k(k − 1) sin^2(Θ/2) + λ(λ − 1) cos^2(Θ/2) ) − 1 4 (k + λ)^2

V_+= 1 4 ( k(k + 1) sin^2(Θ/2) + λ(λ + 1) cos^2(Θ/2) ) − 1 4 (k + λ)^2

= V_−(k → k + 1, λ → λ + 1) + (λ + k + 1). (111)

In this case, one can obtain energy eigenvalues and eigenfunctions via the power of the shapeinvariance condition. However, we derived the excited state in an algebraic way exploiting the Sukumar’s method for the construction of SUSY hierarchy [43]. Furthermore, note that ψ^{(0)}_− = ψ^{(0)}_1 is normalizable with zero energy for the ground state of H_− = H_1 − E^{(0)}_1 and the energy eigenvalue for the ground state of H_+ = H_2 − E^{(0)}_1 is exactly the first excited state of H_−, but the eigenfunction^1_{ψ(0)1} is not the ground state of H_+.

Let us again consider the Sukumar’s method in order to find the partner potential of V_2(Θ) is

V_3(Θ)= V_1(Θ) − 2 d^2 dΘ^2 ℓnψ^{(0)}_2 = V_1(Θ) + 1 2 ( (2k + 1) sin^2(Θ/2) + (2λ + 1) cos^2(Θ/2) )

= 1 4 ( (k + 2)(k + 1) sin^2(Θ/2) + (λ + 2)(λ + 1) cos^2(Θ/2) ) = V_1(k → k + 2, λ → λ + 2). (112)

Now one is able to implement the generalization for nth-member of the hierarchy, i.e. the general potential may be written for all integer values of n, viz.,

V_n(Θ)= V_1(Θ) + 1 4 (n − 1) { 2k + n − 2 sin^2(Θ/2) + 2λ + n − 2 cos^2(Θ/2) }

= [k^2 − k + k(n − 1) + (n − 1)(n − 2)] 4sin^2(Θ/2) + [λ^2 − λ + λ(n − 1) + (n − 1)(n − 2)] 4cos^2(Θ/2) = 1 4 { (k + n − 1)(k + n − 2) sin^2(Θ/2) + (λ + n − 1)(λ + n − 2) cos^2(Θ/2) } . (113)

Note that V_n(Θ) = V_1(x; k → k + n − 1, λ → λ + n − 1) so that the (n+1)th-member of the hierarchy is given by

H_{n+1} = A^+_{n+1}A^−_{n+1} + E^{(0)}_{n+1}, E^{(0)}_{n+1} = 1 4 (k + λ + 2n)^2 (114)

where

A^−_{n+1}= ψ^{(0)}_{n+1} ( − d dΘ ) 1 ψ^{(0)}_{n+1}

= (A^+_{n+1})^†

ψ^{(0)}_{n+1}∝ sin^{k+n}(Θ/2)cos^{λ+n}(Θ/2). (115)

Applying the SUSY hierarchy method (92), one gets the nth-excited state of H_1 from the ground state of H_{n+1}, as given by

ψ^{(n)}_1 ∝ A^+_1 A^+_2 . . . A^+_n sen^{k+n}(Θ/2)cos^{λ+n} (Θ/2) = n−1∏ s=0 [ 1 sen^{k+s}(Θ/2)cos^{λ+s}(Θ/2) ( d dΘ ) sin^{k+s}(θ/2)cos^{λ+s} (Θ/2) ] sen^{k+n}(Θ/2)cos^{λ+n} (Θ/2) ∝ 1 sen^{k−1}(Θ/2)cos^{λ−1}(Θ/2) ( 1 sen(Θ/2) d dΘ )_n sin^{2(k+n)−1}(Θ/2)cos^{2(λ+n)−1}(Θ/2) ∝ (1 − u)^{k2} (1 + u)^{λ2} [ (1 − u)^{−k+ 12} (1 + u)^{−λ+ 12} ( d^n du^n ) (1 − u)^{k− 12 +n}(1 + u)^{λ− 12 +n} ] , (116)

where (u = cosΘ), so that the ground state of nth-member of hierarchy is given by

ψ^{(0)}_n ∝ sin^{k+n−1}(Θ/2)cos^{λ+n−1}(Θ/2) (117)

and the nth-excited state of PTI potential become

ψ^{(n)}_1 (Θ) ∝ sin^k(Θ/2)cos^λ(Θ/2)F ( −n, n + k + λ; k + 1 2 ; sin^2(Θ/2) ) , (118)

which follows on identification of the square bracketed quantity in (116) with the Jacobi polynomials (Gradshteyn and Ryzhik [123])

J (k−^1_2 ,λ−^1_2 ) n ∝ F ( −n, n + k + λ; k + 1 2 ; 1 − u 2 ) . Here F are known as the confluent hypergeometric functions which clearly they are in the region of convergency and defined by [44]

F (a, b; c; x) = 1 + ab c x + a(a + 1)(b(b + 1) 1.2.c(c + 1) x^2 + a(a + 1)(a + 2)b(b + 1)(b + 2) 1.2.c(c + 1)(c + 2) x^3 + · · ·

and its derivative with respect to x becomes d dx F (a, b; c; x) = ab c F (a + 1, b + 1; c + 1; x).

The excited state eigenfunctions (118) here obtained by the SUSY algebraic method agree with those given in Flügge [122] using non-algebraic method. Note that the coupling constants k and λ in above analysis are unquantized. Besides from Sec. III, Eq. (114) and Eq. (95) we readily find the following energy eigenvalues for the PTI potential

E^{(n)}_1 = E^{(n−1)}_2 = · · · = 2α^2E^{(0)}_{n+1} = α^2 4 (k + λ + 2n)^2,

E^{(n)}_{P T} = 2α^2E^{(n)}_1 = α^2 4 (k + λ + 2n)^2, n = 0, 1, 2, · · · . (119)

Now we stress the existence of various possibilities in order to supersymmetrize the PTI Hamiltonian. Indeed, we see that other combinations of the k and λ parameters are also possibles to provide distinct superpotentials. Note that ψ^{(0)}_{1+} and ψ^{(0)}_{1−} are normalizable only when k > 1, λ > 1 and superpotential W → −∞, for Θ = 0; W → +∞, for Θ = π. In this case one has unbroken SUSY, because E^{(0)}_{1−} = 0.

However if k < 1 and λ < 0 ψ^{(0)}_1 (Θ) is divergent and W → +∞, at Θ = 0 and Θ = π, which lead us ψ^{(0)}_{1+} normalizable providing also unbrokem SUSY. Thus, in both cases the energy eigenvalues may be determined via property of shape invariant potentials.

Let us point out two cases in that both ground eigenstates have no zero energy, so that one has a broken SUSY. Indeed when k > 1 and λ < 1 both eigenvalue functions ψ^{(0)}_{1−} and ψ^{(0)}_{1+} are not normalizable because their divergences in Θ = 0 and Θ = π, respectively. If k < 1 and λ > 1 such eigenstates are also not normalizables. In this case the the shape invariant procedure is not valid but the Sukumar’s SUSY hierarchy procedure [43] yield can be applied.

V. NEW SCENARIO OF SUSY QM

In this Section we apply the SUSY QM for a neutron in interaction with a static magnetic field of a straight current carrying wire. This planar system is described by two-component wave functions, so that the development considered so far must be adapted. The essential reason for the necessity of modification is due to the Ricatti equation may be reduced to a set of first-order coupled differential equations. In this case the superpotential is not defined as

W (x) = −^d_{dx} ℓn (ψ_0(x)) , where ψ_0(x) is the two-component eigenfunction of the ground state. Only in the case of 1-component wave functions one may write the superpotential in this form. Recently two superpotentials, energy eigenvalue and the two-component eigenfunction of the ground state have been found [78,120].

In this Section we investigate a symmetry between the supersymmetric Hamiltonian pair H_± of this system. After some transformations on the original problem which corresponds to a one-dimensional Schrödinger-like equation associated with the two-component wavefunctions in cylindrical coordinates, satisfying the following eigenvalue equation

H_±Φ^{(nρ,m)}_± = E^{(nρ,m)}_± Φ^{(nρ,m)}_± , n_ρ = 0, 1, 2, · · · , (120)

where n_ρ is the radial quantum number and m is the orbital angular momentum eigenvalue in the z-direction. The two-component energy eigenfunctions are given by Φ^{(nρ ,m)} ± = Φ^{(nρ ,m)}_± (ρ, k) = ( ϕ^{(nρ,m)} 1± (ρ, k) ϕ^{(nρ,m)} 2± (ρ, k) ) (121)

and the supersymmetric Hamiltonian pair

H_−≡ A^+A^− = −I d^2 dρ^2 + m^2 −^1_4

ρ^2 + 1 8(m+1)^2 1 ρ 1 ρ (m+1)^2−^1_4 ρ^2 + 1 8(m+1)^2

H_+≡ A^−A^+ = H_− − [A^+, A^−]_−

= −I d^2 dρ^2 + V_+, (122)

where

A^± = ± d dρ + W(ρ). (123)

Thus in this case the Ricatti equation in matrix form, becomes

W^′(ρ) + W^2(ρ) =

(m +^1_2 )(m +^1_2 − σ_3) ρ^2 + σ_1 ρ + 1 8(m + 1)^2

, (124)

where the two-by-two hermitian superpotential matrix recently calculated in [120], which is given by

W(ρ; m) = W^† = (m + 1 2 ) 1 2ρ (I + σ_3) + (m + 3 2 ) 1 2ρ (I − σ_3) + σ_1 2m + 2

, (125)

where σ_1, σ_3 are the well known Pauli matrices.

The hermiticity condition on the superpotential matrix allows us to construct the following supersymmetric potential partner

V_+(ρ; m)= V_− − 2W^′(ρ) = W^2(ρ) − W^′(ρ) = (m+^1_2 )(m+^3_2 ) ρ^2 1 ρ 1 ρ (m+^1_2 )(m+^7_2 )+2

ρ^2 + I 8(m + 1)^2

. (126)

Note that in this case we have unbroken SUSY because the ground state has zero energy, viz., E_−(0) = 0, with the annihilation conditions

A^−Φ^{(0)}_− = 0 (127) and A^+Φ^{(0)}_+ = 0. (128)

Due to the fact these eigenfunctions to be of two components one is not able to write the superpotential in terms of them in a similar way of that one-component eigenfunction belonging to the respective ground state.

Furthermore, we have a symmetry between V_±(ρ; m). Indeed, it is easy to see that

V_+(ρ; m)=

(m + 1)^2 −^1_4 ρ^2

I + (2m + 3)

(I − σ_3) 2ρ^2 + σ_1 ρ + I 8(m + 1)^2 = V_−(ρ; m → m + 1) + R_m, (129)

where R_m = −^I_8 (2m + 3)(m + 1)^{−2}(m + 2)^{−2}. Therefore, we can find the energy eigenvalue and eigenfunction of the ground state of H_+ from those of H_− and the resolution spectral of the hierarchy of matrix Hamiltonians can be achieved in an elegant way via the shape invariance procedure.

VI. CONCLUSIONS

We start considering the Lagrangian formalism for the construction of one dimension supersymmetric quantum mechanics with N=2 SUSY in a non-relativistic context, viz., two Grassmann variables in classical mechanics and the Dirac canonical quantization method was considered.

This paper also relies on known connections between the theory of Darboux operators in factorizable essentially isospectral partner Hamiltonians (often called as supersymmetry in quantum mechanics ”SUSY QM”). The structure of the Lie superalgebra, that incorporates commutation and anticommutation relations in fact characterizes a new type of a dynamical symmetry which is SUSY, i.e., a symmetry that converts bosonic state into fermionic state and vice-versa with the Hamiltonian, one of the generators of this algebra, remaining invariant under such transformations. This aspect of it as well reflects in its tremendous physical content in Quantum Mechanics as it connects different quantum systems which are otherwise seemingly unrelated.

A general review on the SUSY algebra in quantum mechanics and the procedure on like to build a SUSY Hamiltonian hierarchy in order of a complete spectral resolution it was explicitly applied for the Pöschl-Teller potential I. We will now do a more detail discussion for the case of this problem presents broken SUSY.

It is well known that usual shape invariant procedure [35,147] is not applicable for computation energy spectrum of a potential without zero energy eigenvalue. Recently, the approach implemented with a two-step shape invariance in order to connect broken and unbroken [72] is considered in connections [115]. In these references it is considered the

Pöschl-Teller potential I (PTPI), showing the types of shape invariance it possesses. In this work we consider superpotential continuous and differentiable that provided us the PTPI SUSY partner with the nonzero energy eigenvalue for the ground state, a broken SUSY system, or containing a zero energy for the ground state with unbroken SUSY. We have presented our own application of the SUSY hierarchy method, which can also be applied for broken SUSY [43]. The potential algebras for shape invariance potentials have been considered in the references [115,121].

We have also applied the SUSY QM formalism for a neutron in interaction with a static magnetic field of a straight current carrying wire, which is described by two-component wave functions, and presented a new scenario in the coordinate representation. Parts of such an application have also been considered in [78,120].

Furthermore, we stress that defining k = −2(m +^1_2 ) and λ = 2(m +^1_2 ), where m is angular moment along z axis, in the PTPI it is possible to obtain the energy eigenvalue and eigenfunctions for such a planar physical system as an example of the 2-dimensional supersymmetic problem in the momentum representation [69]. We see from distinct superpotentials may be considered distinct supersymmetrizations of the PTPI potential [116].

In this article some applications of SUSY QM were not commented. As examples, the connection between SUSY and the variational and the WKB methods. In [67,77] the reader can find various references about useful SUSY QM and in improving the old WKB and variational method. However, the WKB approximations provide us good results for higher states than for lower ones. Hence if we apply the WKB method in order to calculate the ground state one obtain a very poor approximation. The N = 2 SUSY algebra and many applications including its connection with the variational method and supersymmetric WKB have been recently studied in the literature [124,125]. Indeed, have been suggested that supersymmetric WKB method may be useful in studying the deviation of the energy levels of a quantum system due to the presence of spherically confining boundary [125]. There they have observed that the confining geometry removes the angular-momentum degeneracy of the electronic energy levels of a free atom. Khare-Yarshi have studied the bound state spectrum of two classes of exactly solvable non-shape-invariant potentials in the SWKB approximation and shown that it is not exact [126]. A method to obtain wave function in a uniform semiclassical approximation to SUSY QM has been applied for the Morse, Rosen-Morse, and anharmonic oscillator potentials [127].

Another important approach is the connection between SUSY QM and the Dirac equation, so that many authors have considered in their works. For example, Ui [128] has shown that a Dirac particle coupled to a Gauge field in three spacetime dimensions possesses a SUSY analogous to Witten’s model [7] and Gamboa-Zanelli [129] have discussed the extension to include non-Abelian Gauge fields, based on the ground-state wavefunction representation for SUSY QM. Njock et al. [130] have investigated the Dirac equation in the central approximation with the Coulomb potential, so that they have derived the SUSYbased quantum defect wave functions from an effective Dirac equation for a valence that is solvable in the limit of exact quantum-defect theory.

The SUSY QM has also been applied for the Dirac equation of the electron in an attractive central Coulomb field by Sukumar [131], to a massless Dirac particle in a magnetic field [132], and to second-order relativistic equations, based on the algebra of SUSY by Jarvis- Stedman [133] and for a neutral particle with an anomalous magnetic moment in a central electrostatic field by Fred et al. [134] and Semenov [135]. Beckers et al. have shown that 2n fermionic variables of the spin-orbit coupling procedure may generate a grading leading to a unitary Lie superalgebra [136].

Using the intertwining of exactly solvable Dirac equations with one-dimensional potentials, Anderson has shown that a class of exactly solvable potentials corresponds to solitons of the modified Korteweg de Vries equation [137].

The energy eigenvalues of a Dirac electron in a uniform magnetic field has been completely analyzed via SUSY QM [138]. The relation between superconductivity and Dirac SUSY has been generalized to a multicomponent fermionic system [139].

An interesting quantum system is the so-called Dirac oscillator, first introduced by Moshinsky-Szczepaniak [141]; its spectral resolution has been investigated with the help of techniques of SUSY QM [142]. The Dirac oscillator with a generalized interaction has been treated by Castaños et al. [143]. In another work, Dixit et al. [144] have considered the Dirac oscillator with a scalar coupling whose non-relativistic limit leads to a harmonic oscillator Hamiltonian plus a ⃗S ·⃗r̂ coupling term. The wave equation is not invariant under parity. They have worked out a parity-invariant Dirac oscillator with scalar coupling by doubling the number of components of the wave function and using the Clifford algebra Cℓ_7. These works motivate the construction of a new linear Hamiltonian in terms of the momentum, position and mass coordinates, through a set of seven mutually anticommuting 8x8-matrices yielding a representation of the Clifford algebra Cℓ_7. The seven elements of the Clifford algebra Cℓ_7 generate the three linear momentum components, the three position coordinates components and the mass, and their squares are the 8x8-identity matrix I_8x_8.

Recently, the Dirac oscillator have been approached in terms of a system of two particles [145] and to Dirac-Mörsen problem [146] and relativistic extensions of shape invariant potential classes [147].

Results of our analysis on the SUSY QM and Dirac equation for a linear potential [146,148] and for the Dirac oscillator via R-deformed Heisenberg algebra [68,105], and the new Dirac oscillator via Clifford algebra Cℓ_7 are in preparation.

Crater and Alstine have applied the constraint formalism for two-body Dirac equations in the case of general covariant interactions [149,150], which has its origin in the work of Galvão-Teitelboim [8]. This issue and the discussion on the role SUSY plays to justify the origin of the constraint have recently been reviewed by Crater and Alstine [151].

In [152], Robnit purposes to generate the superpotential in terms of arbitrary higher excited eigenstates, but there the whole formalism of the 1-component SUSY QM is needed of an accurate analysis due to the nodes from some excited eigenstates. Results of such investigations will be reported separately.

Now let us point out various other interesting applications of the superymmetric quantum mechanics, for example, the extension dynamical algebra of the n-dimensional harmonic oscillator with one second-order parafermionic degree of freedom by Durand-Vinet [153]. Indeed, these authors have shown that the parasupersymmetry in non-relativistic quantum mechanics generalize the standard SUSY transformations [154]. The parasupersymmetry has also been analyzed in the following references [155–159].

Other applications of SUSY QM may be found in [160–165,167,166,168–203]. All realizations of SUSY QM in these works is based in the Witten’s model [7]. However, another approach on the SUSY has been implemented in classical and quantum mechanics. Indeed, a N=4 SUSY representation in terms of three bosonic and four fermionic variables transforming as a vector and complex spinor of rotation group O(3) has been proposed, based on the supercoordinate construction of the action [204]. However, the superfield SUSY QM with 3 bosonic and 4 fermionic fields was first described by Ivanov-Smilga [205].

It is well known that N=4 SUSY is the largest number of extended SUSY for which a superfield (supercoordinate) formalism is known. However, using components fields and computations the N > 4 classification of N-extended SUSY QM models have been implemented via irreducible multiplets of their representation by Gates et al. [206]. Recently, Pashnev-Toppan have also shown that all irreducible multiplets of representation of N extended SUSY are associated to fundamental short multiplets in which all bosons and all fermions are accommodated into just two spin states [207].

N = 4 supersymmetric quantum mechanics many-body systems in terms of Calogero models and N = 4 superfield formulations have been investigated by Wyllard [208]. This Ref. and the N=4 superfield formalism used there are actually based on the paper [209].

SUSY N=4 in terms of the dynamics of a spinning particle in a curved background has also been described using the superfield formalism [210]. There are a few more of works where SUSY QM in higher dimensions is investigated [211,213,214]. However, the Ref. [211] is a further extension of the results obtained earlier in the basic paper [212].

The paper of Claudson-Halpern, [215], was the first to give the N = 4 and N = 16 SUSY gauge quantum mechanics, the latter now called M(atrix) theory [216]. Recently, Ruan-Huang have shown that the general form of N=4 SUSY QM may be studied in detail by means of the Clifford algebras C(4, 0) and C(0, 3); a new multi-dimensional physical realization for the N=4 SUSY QM are obtained by solving the constraint conditions, and the usual dynamical conformal symmetries in terms of two simple superpotentials^k_x and ωx are investigated [217].

ACKNOWLEDGMENTS

The author is grateful to J. Jayaraman, whose advises and encouragement were useful and also for having made the first fruitful discussions on SUSY QM. Thanks are also due to J. A. Helayel Neto for teaching me the foundations of SUSY QM and for the hospitality at CBPF-MCT. This research was supported in part by CNPq (Brazilian Research Agency). We wish to thank the staff of the CBPF and DCEN-CFP-UFCG for the facilities. The author would also like to thank M. Plyushchay, Erik D’Hoker, H. Crater, B. Bagchi, S. Gates, A. Nersessian, J. W. van Holten, C. Zachos, Halpern, Gangopadhyaya, Fernandez, Azcárraga and Ivanov for the kind interest in pointing out relevant references on the subject of this paper. The author is also grateful to A. N. Vaidya, E. Drigo Filho, R. M. Ricotta, Nathan Berkovits, A. F. de Lima, M. Teresa C. dos Santos Thomas, R. L. P. Gurgel do Amaral, M. M. de Souza, V. B. Bezerra, P. B. da Silva Filho, J. B. da Fonseca Neto, F. Toppan and A. Das for the encouragement and interesting discussions.

REFERENCES

[1] R. Arnowitt and P. Nath, ”Supersymmetry and supergravity and grand unification,” Proceedings of the VII J. A. Swieca Summer School on the Particles and Fields, Editors O. J. P. Eboli and V. O. Rivelles, pp. 3-63, 1993; X. Tata, ”What is supersymmetry and how do we find it?” Proceedings of the IX J. A. Swieca Summer School on the Particles and Fields, Editors J. C. A. Barata, A. P. C. Malbouisson and S. F. Novaes, pp. 445-483, (1997).

[2] B. Bagchi, ”Supersymmetry in quantum and classical mechanics,” published by Chapman and Hall, Florida (USA), (2000); O. L. de Lange and R. E. Raab, ”Operator methods in quantum mechanics,” Oxiford University Press, New York, pp. 109-122, 179-181 and 354 (1991); A. Das, ”Field theory: a path integral approach,” World scientific, Singapure, chapter 6 (1993); Richard W. Robinett, ”Quantum Mechanics, classical results, modern systems, and vizualized examples,” Oxiford University Press, New York, p. 229-303 (1997); Richard L. Liboff, ”Introductory Quantum Mechanics,” third edition, Addison Wesley Longaman, p. 343 (1998).

[3] L. Infeld and T. E. Hull, ”The factorization method,” Rev. of Mod. Phys. 23, 21-68 (1951).

[4] B. Mielnik, ”Factorization method and new potentials with the oscillator spectrum,” J. Math. Phys. 25, 3387-3389 (1984).

[5] D. J. Fernandez, “New hydrogen-like potentials,” Lett. Math. Phys. 8, 337-343 (1984), (quant-ph/0006119); D. J. Fernandez, J Negro and M. A. del Olmo, “Group approach to the factorization of the radial oscillator equation,” Ann. Phys. N.Y. 252, 386-412 (1996).

[6] H. Nicolai, ”Supersymmetry and spin systems,” J. Phys. A: Math. Gen. 9, 1497-1506 (1976).

[7] E. Witten, ”Dynamical breaking of supersymmetry,” Nucl. Phys. B185, 513-554 (1981).

[8] C. A. P. Galvão and C. Teitelboim, ”Classical supersymmetric particle,” J. Math.

Phys. 21, 1863-1880, (1980).

[9] P. Salomonson and J. W. van Holten, ”Fermionic coordinates and supersymmetry in quantum mechanics,” Nucl. Phys. B196, 509-531, (1982).

[10] F. Berezin, ”The Method of Second Quantization” (Academic Press, New York, 1966). [11] R. de Lima Rodrigues, Wendel Pires de Almeida and Israel Fonseca Neto, ”Supersymmetric classical mechanics: free case,” e-preprint hep-th 0201242 (Jan. 2002).

[12] M. M. Nieto, ”Relationship between supersymmetry and the inverse method in quantum mechanics,” Phys. Lett. B145, 208-210 (1984).

[13] J. W. van Holten and A. Van Proeyen, ”N = 1 supersymmetry algebra in d= 2, 3, 4 mod 8,” J. Phys. A: Math. Gen. A15, 3763-3783 (1982).

[14] A. C. Davis, A. J. Macfarlane, P. C. Popat and J. W. van Holten, ”The quantum mechanical supersymmetric O(3) and O(2,1) σ−models,” Nucl. Phys. B216, 493-507 (1983); ibid., ”The quantum mechanics of the supersymmetric nonlinear σ−model,” J. Phys. A: Math. Gen. 17, 2945-2954 (1984).

[15] A. C. Davis, A. J. Macfarlane and J. W. van Holten, ”Quantum theory of compact and non-compact σ models,” Nucl. Phys. B232, 473-510 (1984).

[16] A. J. Macfarlane, P. C. Popat, ”The quantum mechanics of the N = 2 extended supersymmetric nonlinear σ−model,” J. Phys. A: Math. Gen. 17, 2945-2954 (1984).

[17] R. H. Rietdijk and J. W. van Holten, Class. Quantum Grav. 10, 575 (1993). [18] G. W. Gibbons, R. H. Rietdijk and J. W. van Holten, ”SUSY in the sky,” Nucl. Phys.

B404, 42-64 (1993).

[19] J. W. van Holten, ”Supersymmetry and the geometry of Taub-NUT,” Phys. Lett.

B342, 47-52 (1995).

[20] F. De Jonghe, A. J. Macfarlane, K. Peeters and J. W. van Holten, ”New supersymmetry of the monopole,” Phys. Lett. B359, 114-117 (1995).

[21] J. W. van Holten, ”From field theory to quantum groups,” eds. B. Jancewicz and J.

Sobczyk, Word Scientific, Singapure, (1996).

[22] T. S. Nyawelo, J. W. van Holten and S. Groot Nibbelink, ”Superhydrodynamics,” Phys. Rev. D64, 021701(R) (2001).

[23] R. Jackiw and A. P. Polychronakos, Phys. Rev. D62, 085019 (2000). [24] Corrigan-Zachos, Phys. Lett. B88, 273-275 (1979).

[25] E. D’Hoker and L. Vinet, ”Superspace formulation of the dynamical symmetries of the Dirac magnetic monopole,” Lett. Math. Phys. 8, 439-449, (1984); E. D’Hoker and L. Vinet, ”Supersymmetry of the Pauli equation in the presence of a magnetic monopole,” Phys. Lett. B137, 72-76 (1984).

[26] E. D’Hoker and L. Vinet, ”Constant of motion for a spin 1/2 particle in the field of a dyon,” Phys. Rev. Lett. 55, 1043-1046, (1985); E. D’Hoker and L. Vinet, ”Dynamical supersymmetry of magnetic monopole and the^1_{r2} -potential,” Commun. Math. Phys. 97, 391-427, (1985); E. D’Hoker and L. Vinet, ”Spectrum (super)-symmetries of particles in a Coulomb potential,” Nucl. Phys. B260, 79-102, (1985).

[27] A. P. Balachandran, G. Marmo, B. S. Skagerstam and A. Stern, ”Supersymmetric point particles and monopoles with no strings,” Nucl. Phys. B164, 427-444, (1980).

[28] G. S. Dias and J. A. Helayel-Neto, “N=2-supersymmetric dynamics of a spin−^1_2 particle in an extended external field,” hep-th/0204220.

[29] V. P. Akulov and A. I. Pashnev, “Supersymmetric quantum mechanics and spontaneous breaking of supersymmetry at the quantum level,” Theor. Math. Phys. 65, 1027-1032 (1985).

[30] J. Barcelos-Neto and Ashok Das, ”Dirac quantization,” Phys. Rev. D33, 2863-2869, (1986); J. A. de Azcárraga, J. Lukierski and P. Vindel, ”Superfields and canonical methods in superspace,” Mod. Phys. Lett. A1, 293-302, (1986).

[31] J. Barcelos-Neto and W. Oliveira, ”Transformations of second-class into first-class constraints in supersymmetric theories,” Int. J. Mod. Phys. A12, 5209-5221, (1997).

[32] E. Corrigan and Cosmas K. Zachos, ”Nonlocal charges for the supersymmetric sigma model,” Phys. Lett. B88, 273-275, (1979).

[33] F. Cooper and B. Freedman, ”Aspect of supersymmetry in quantum mechanics,” Ann.

Phys., NY 146, 262-288 (1983); F. Ravndal, ”Elementary supersymmetry,” Proc. CERN School of Physics, (Geneva: CERN) pp. 300-306, (1984).

[34] R. B. Abbott, ”Estimating Ground-State Energies in Supersymmetric Quantum Mechanics: (1) Broken Case,” Phys. C - Particles and Fields 20, 213-225 (1983); R. B. Abbott and W. J. Zakrzewski, ”Estimating Ground-State Energies in Supersymmetric: (2) Unbroken Case,” Phys. C - Particles and Fields 20, 227-236 (1983).

[35] L. E. Gendenshtein, ”Derivation of exact spectra of the Schrödinger equation by means of SUSY,” Zh. Eksp. Fis. Piz. Red. 38, 299-302 [JETP Lett., 356-359 (1983)].

[36] M. de Crombrugghe and V. Rittenberg, ”Supersymmetric Quantum Mechanics,” Ann.

of Phys. (N.Y.) 151, 99-126 (1983).

[37] D. Lancaster, ”Supersymmetry breakdown in supersymmetric quantum mechanics,” IL Nuovo Cimento A79, 28-44 (1984).

[38] M. A. Shifman and A. V. Smilga, ”On the Hilbert space of supersymmetric quantum systems,” Nucl. Phys. B299 79-90 (1988).

[39] Some papers on super-Gauge transformations, superfields and Fermi-Bose symmetry: A. Salam and J. Strathdee, Nucl. Phys. B76, 477-482, (1974); A. Salam and J. Strathdee, ”Superfields and Fermi-Bose symmetry,” Phys. Rev. D11, 1521, (1975); P. Fayet and S. Ferrara, Phys. Rep. 32, 249 (1977); M. F. Sohnius, Phys. Rep. 128, 39 (1985).

[40] S. J. Gates Jr, M. Grisaru, M. Rocek, W. Siegel, Superspace or one Thousand and one Lessons in Supersymmetry (Benjamen/Cummings, Reading, Mass. 1983).

[41] M. Bernstein and L. S. Brown, Phys. Rev. Lett. 52, ”Supersymmetric and the Bistable Fokker-Planck Equation,” 1933-1935, (1984); V. A. Kostelecky and M. M. Nieto, ”Evidence for a phenomenologicl supersymmetry,” Phys. Rev. Lett. 53, 2285-2288, (1984); V. A. Kostelecky and M. M. Nieto, ”Analytical wave function for atomic quantumdefect theory,” Phys. Rev. A32, 1293, 3243-3246, (1985); A. Valence and H. Bergeron, ”Supersymmetry and molecular efetive Hamiltonians,” Phys. Lett. A135, 276- 279 (1989).

[42] A. A. Andrionov, N. V. Borisov and M. V. Ioffe, ”The factorization method and quantum systems with equivalent energy spectra,” Phys. Lett. A105, 19-22 (1984); A. A. Andrionov, N. V. Borisov and M. V. Ioffe, ”The factorization method and quantum systems with equivalent energy spectra,” Sov. Phys. JETP Lett. 39, 93-96 (1984); A. A. Andrionov, N. V. Borisov, M. I. Eides and M. V. Ioffe, ”Supersymmetic equivalent quantum systems,” Phys. Lett. A109, 143-148 (1985).

[43] C. Sukumar, ”SUSY, factorization of the Schrödinger equation and a Hamiltonian hierarchy,” J. Phys. A: Math. Gen. 18, L57-L61 (1985); C. Sukumar, ”Supersymmetric quantum mechanics of one-dimensional systems,” J. Phys. A: Math. Gen. 18, 2917- 2936 (1985).

[44] L. E. Gendenshtein and I. V. Krive, ”Supersymmetry in quantum mechanics,” Sov.

Phys. Usp 28, 645-666, (1985); R. W. Haymaker and A. R. P. Rau, ”Supersymmetry in quantum mechanics,” Am. J. Phys. 54, 928-936, (1986).

[45] E. Gozzi, ”Nodal structure of supersymmetric wave functions,” Phys. Rev. D32, 3665- 3669 (1986).

[46] Tom D. imbo and U. Sukhatme,”Conditions for nondegeneracy supersymmetric quantum mechanics,” Phys. Rev. D33, 3147-3149 (1986).

[47] D. L. Pursey, ”Isometric operators, isospectral Hamiltonian, and supersymmetric quantum mechanics,” Phys. Rev. D33, 2267-2279 (1986).

[48] O. Castaños, J. C. D’Olivo, S. Hojman and L. F. Urrutia, ”Supersymmetric embedding of arbitrary n-Dimensional scalar Hamiltonians,” Phys. Lett. B174 307-308 (1986).

[49] F. Cooper, J. N. Ginocchio and A. Khare, ”Relationship between supersymmetry and solvable potentials,” Phys. Rev. D36, 2458-2473 (1987).

[50] R. Dutt, A. Khare and U. P. Sukhatme, ”Supersymmetry, shape invariance, and exactly solvable potentials,” Am. J. Phys. 56, 163-168 (1988); J. W. Dabrowska, A. Khare and U. Sukhatme, ”Explicit wavefunctions for shape-invariant potentials by operator techniques,” J. Phys. A: Math. Gen. 21, L195-200 (1988); A. Larhiri, P. Kumar Roy, B. Bagchi ”A Scenario of Supersymmetry in Quantum Mechanics,” J. Phys. A: Math. Gen. 22, 100 (1988).

[51] A. O. Barut, A. Inomata and R. Wilson, ”Algebraic treatment of second Pöschl-Teller, Morse-Rosen and Eckart equations,” J. Phys. A: Math. Gen. 20, 4083-4096 (1987).

[52] P. Roy and R. Roychoudhury, ”Remarks on the finite temperature effect in Supersymmetric quantum mechanics,” J. Phys. A: Math. Gen. 21, 3187-3192 (1988); J. Casahorran, ”Superymmetric Bogomol’nyi bounds at finite temperature,” J. Phys. A: Math. Gen. 22, L1167-L1171 (1989).

[53] B. Talukdar, K. Roy, C. Bhattacharya and U. Das, ”Jost Functions in supersymmetric QM,” Phys. Lett. 136, 93-95 (1989).

[54] R. K. kaul and L Mizrachi, ”On non-perturbative contributions to vacuum energy in Supersymmetric quantum mechanics medels,” J. Phys. A: Math. Gen. 22, 675-685 (1989).

[55] A. Stahlhofen, ”Remarks on the equivalence between the shape-invariance condition and the factorization condition,” J. Phys. A: Math. Gen. 22, 1053-1058 (1989).

[56] F. Cooper, J. N. Ginocchio and A. Wipf, ”SUSY, operator transformations and exactly solvable potentials,” J. Phys. A: Math. Gen. 22, 3707-3716 (1989).

[57] F. Marchesoni, C. Presilla and P. Sodano, ”Supersymmetry and activation rates,” Phys. Lett. A134, 465-468 (1989).

[58] F. M. Fernandez, Q. Ma, D. J. Desmet and R. H. Tipping, ”Calculation of energy eigenvalues via supersymmetric quantum mechanics,” Can. J. Phys. 67, 931-934 (1989).

[59] V. A. Andreev and P. B. Lerner, ”Supersymmetry in Jaynes-Cummings model,” Phys.

Lett. A134, 507-511 (1989).

[60] C. J. Lee, ”Spectropic transitions in a two-level and supersymmetry,” Phys. Lett.

A145, 177-181 (1990).

[61] Sergey M. Chumacov and Kurt Bernardo Wolf, ”Supersymmetric in Helmholtz optics,” Phys. Lett. A193 51-53 (1994); Yin-Sheng Ling and Wei Zhang, ”Supersymmetry and its application in quantum optics”, Phys. Lett. A193 47-50 (1994).

[62] M. Mathur, ”Symmetries and ground states of N = 2 SUSY Wess-Zumino Quantum Mechanics, Ann. Phys. (N. Y.) 204, 223-234 (1990).

[63] E. D. Filho, ”Supersymmetric quantum mechanics and new potentials,” Braz. J. of Phys. 20, 258-266 (1990).

[64] A. Jannussis, I. Tsohantzis and D. Vavougious, ”Some Remarks on a Scenario of SUSY QM,” Il Nuovo Cimento B105, 1171-1175 (1990).

[65] H. D. Schimitt and A. Mufti, ”Noncompact orthosympletic supersymmetry: an example from N = 1, d = 1 supersymmetric quantum mechanics,” Can. J. Phys. 68, 1454-1455 (1990).

[66] A. Das and Wen-Jui Huang, ”Propagators for shape-invariant potentials,” Phys. Rev.

D32, 3241-3247 (1990).

[67] A. Larhiri, P. K. Roy and B. Bagchi, ”Supersymmetry in quantum mechanics,” Int. J.

Mod. Phys. A5, 1383-1456 (1990).

[68] J. Jayaraman and R. de Lima Rodrigues, ”The Wigner-Heisenberg algebra as an effective operator technique for simpler spectral resolution of general oscillator-related potentials and the connection with the SUSY QM algebra,” J. Phys. A: Math. Gen. 23, 3123-3140 (1990).

[69] I. Voronin, ”Neutron in the magnetic field of a linear conductor with current as an example of the two-dimensional supersymmetric problem,” Phys. Rev. A43, 29-34 (1991).

[70] D. Z. Freedman and P. F. Mende, ”An exactly sovable N-particle system in SUSY QM,” Nucl. Phys. B344, 317-344 (1990).

[71] L. Brink, T. H. Hansson, S. Konstein and M. A. Vasiliev ”The Calogero model-anyonic representation, fermionic extension and supersymmetry,” Nucl. Phys. B401, 591-612 (1993).

[72] R. Dutt, A. Gangopadhyaya, A. Khare, A. Pagnamenta and U. Sukhatme, ”Solvable quantum mechanical examples of broken SUSY,” Phys. Lett. A174, 363-367 (1993); D. T. Barclay, R. Dutt, A. Gangopadhyaya, A. Khare, A. Pagnamenta and U. Sukhatme, ”New exactly solvable Hamiltonians: Shape invariance and self-similarity,” Phys. Rev. A48, 2786-2797 (1993).

[73] A. A. Andrianov, M. V. Ioffe and V. P. Spiridonov, ”Higher-derivative supersymmetry and the Witten index,” Phys. Lett. A174, 273-279 (1993).

[74] J. Beckers and N. Debergh, ”On a parastatistical hydrogen atom and ist supersymmetric properties,” Phys. Lett. A178, 43-46 (1993).

[75] R. D. Tangerman and J. A. Tjon, ”Exact supersymmetry in the nonrelativistic hydrogen atom,” Phys. Lett. A178, 43-46 (1993).

[76] Jambunatha Jayaraman and R. de Lima Rodrigues, ”SUSY breaking in Celka and Hussin’s model general 3D model oscillator Hamiltonian and te Wigner parameter,” Mod. Phys. Lett. A9, 1047-1058 (1994).

[77] F. Cooper, A. Khare, U. Sukhatme, ”Supersymmetry in quantum mechanics,” Phys.

Rep. 251, 267-285, (1995) and references therein.

[78] L. Vestergaard Hau, J. A. Golovchenko and Michael M. Burns, ”Supersymmetry and the binding of a magnetic atom to a filamentary current,” Phys. Rev. Lett. 74, 3138- 3140 (1995).

[79] A. Das and S. A. Pernice, ”Higher dimensional SUSY QM,” Phys. Lett. A12, 581-588 (1997).

[80] R. Dutt, A. Gangopadhyaya and U. P. Sukhatme, ”Noncentral potentials and spherical harmonics using supersymmetry and shape invariance,” Am. J. Phys. 65, 400-403 (1997).

[81] S. B. Haley, ”An underrated entanglement: Ricatti and Schrödinger equations,” Am.

J. Phys. 65, 237-243 (1997).

[82] Konstantin Efetov, Supersymmetry in Disorder and chaos, Cambridge University Press (1997).

[83] D. J. Fernandez, “SUSUSY Quantum Mechanics,” Int. J. Mod. Phys. A12, 171- 176 (1997), (quant-ph/9609009); D. J. Fernandez, M. L. Glasser, L. M. Nieto, “New Isospectral Oscillator Potentials,” Phys. Lett. A240, 15-20 (1998); D. J. Fernandez, V. Hussin, B. Mielnik, “A simple generation of exactly solvable anharmonic oscillators,” Phys. Lett. A244 309-316 (1998).

[84] G. Junker, ”Conditionally exactly sovable potentials: A supersymmetric construction method,” Ann. of Phys. 270, 155-177 (1998).

[85] A. de Souza Dutra, ”Exact solution of the Schrödinger equation for a Coulombian atoms in the presence of some anharmonic oscillator potentials,” Phys. Lett. A 131, 319-321 (1988); R. Adhikhari, R. Dutt and Y. P. Varshni, ”Exact solutions for polynomial potentials using supersymmery inspired factorization method,” Phys. Lett. A 131, 1-8 (1989); A. de Sousa Dutra, A. S. de Castro and H. Boschi-Filho, ”Approximate analytic expression for the eigenergies of the anharmonic oscillator V (x) = Ax^6 +Bx^2,” Phys. Rev. A51, 3480-3484, (1995).

[86] V. M. Tkachuk, “Quase-exactly solvable potentials with two known eigenstates,” Phys.

Lett. A245, 177-182 (1998).

[87] J. Oscar Rosas-Ortiz, ”Exactly solvable hydrogen-like potentials and the factorization method,” J. Phys. A: Math. Gen. 31, 10163-10179 (1998).

[88] V. Milanovic and Z. Ikonic, “Generation of isoespectral combinations of the potential and the effective-mass variations by supersymmetric quantum mechanics,” J. Phys. A: Gen. A32, 7001-7015 (1999).

[89] C. N. Kumar, ”Isospectral Hamiltonians: generation of the soliton profile,” J. Phys.

A: Math. Gen. 20, 5397-5401 (1987).

[90] L. J. Boya. and J. Casahorran, ”General scalar bidimensional models including kinks,” Ann. Phys. (N. Y.) 196, 361-385 (1989).

[91] C. Aragão de Carvalho, C. A. Bonato and G. B. Costamilan, ”Polarons in ϕ^4,” J. Phys.

A: Math. Gen. 22, L1153-L1157 (1989).

[92] R. de Lima Rodrigues, ”New potential scalar models via the kink of the λϕ^4 theory,” Mod. Phys. Lett A10, 1309-1316 (1995).

[93] G. Junker and P. Roy, ”Construction of (1+1)-dimensional field models with exactly sovable fluctuation equations about classical finite-energy configurations,” Ann. Phys. (N. Y.) 256, 302-319 (1997).

[94] P. Barbosa da Silva Filho, R. de Lima Rodrigues, and A. N. Vaidya, J. Phys. A: Math.

Gen. ”A class of double-well like potentials in 1+1 dimensions via SUSY QM,” 32, 2395-2402 (1999); V. Gomes Lima, V. Silva Santos and R. de Lima Rodrigues, ”On the Scalar Potential Models from the Isospectral Potential Class,” Phys. Lett. A298, 91-97 (2002), hep-th/0204175.

[95] T. Fukui, ”Shape-invariant potentials for systems with multi-component wave functions,” Phys. Lett. A178, 1-6 (1993); T. K. Das and B. Chakrabarti, ”Application of SUSY to coupled system of equation: the concept of a superpotential matrix,” J. Phys. A: Math. Gen. 32, 2387-2394 (1999).

[96] R. de Lima Rodrigues and A. N. Vaidya, ”SUSY QM for the Two-Component Wave Functions”, XVII Brazilian National Meeting on Particles and Fields, pp. 622-624 (1996).

[97] R. de Lima Rodrigues, P. B. da Silva Filho and A. N. Vaidya, ”SUSY QM and solitons from two coupled scalar fields in two dimensions,” Phys. Rev. D58, 125023-1-6 (1998).

[98] M. Shifman, A. Vainshtein and M. Voloshin, ”Anomaly and Quantum Corrections to Solitons in two-dimensional theories with minimal supersymmetry,” Phys. Rev. D59, 045016 (1999).

[99] R. B. MacKenzie and M. B. Paranjape, ”From Q-walls to Q-balls,” JHEP 0108, 03,

(2001), hep-th/0104084.

[100] R. de Lima Rodrigues, ”Anomaly associated at kinks from supersymmetry in 1+1 dimensions,” XX Brazilian National Meeting on Particles and Fields, São Lourenço- MG. [101] R. de Lima Rodrigues, W. Pires de Almeida, P. B. da Silva Filho and A. N. Vaidya, ”On a matrix superpotential for solitons of two coupled scalar fields in 1+1 dimensions,” XXI Brazilian National Meeting on Particles and Fields, São Lourenço-MG.

[102] A. Das and S. A. Pernice, ”SUSY and singular potential,” Nucl. Phys. 561B, 357-384 (1999).

[103] J. Jayaraman and R. de Lima Rodrigues, ”A SUSY formulation à la Witten for the SUSY isotonic oscillator canonical supercoherent states,” J. Phys. A: Math. Gen. 32, 6643-6643 (1999).

[104] D. J. Fernandez, V. Hussin, L. M. Nieto, “Coherent States for Isospectral Oscillator Hamiltonians,” J. Phys. A: Math. Gen. 27, 3547-3564 (1994); D. J. Fernandez, L. M. Nieto, O Rosas-Ortiz, “Distorted Heisenberg algebra and coherent states for isospectral oscillator Hamiltonians,” J. Phys. A: Math. Gen. 28, 2693-2708 (1995), (hepth/9501035); D. J. Fernandez, V. Hussin, “Higher order SUSY, Linearized Non-linear Heisenberg Algebras and Coherent States,” J. Phys. A: Math. Gen. 32, 3603-3619 (1999).

[105] S. M. Plyushchay, ”Minimal bosonization of supersymmetry,” Mod. Phys. Lett. A11, 397-408 (1996); S. M. Plyushchay, ”R-deformed Heisenberg algebra, ”Hidden nonlinear supersymmetries in pure parabosonic systems,” Int. J. Mod. Phys. A15, 3679-3698, (2000).

[106] M. S. Plyushchay, ”On the nature of fermion-monopole supersymmetry,” Phys. Lett.

B485, 187-192 (2000), hep-th/0005122.

[107] S. M. Klishevich and M. S. Plyushchay, ”Nonlinear supersymmetry on the plane in magnetic field and quasi-exactly solvable systems,” Nucl. Phys. B616 (2001), 403-418 hep-th/0105135 (2001).

[108] S. M. Klishevich and M. Plyushchay, ”Nonlinear Supersymmetry, Quantum Anomaly and Quasi-Exactly Solvable Systems,” Nucl.Phys. B606, 583-612 (2001), hepth/0012023.

[109] A. J. Macfarlane, “Supersymmetric quantum mechanics without dynamical bosons,” Phys. Lett. B394, 99-104 (1997).

[110] J. A. de Azcárraga and A. J. Macfarlane, “Fermionic realizations fo simple Lie algebra,” Nucl. Phys. B581, 743-760 (2000), hep-th/0003111.

[111] J. A. de Azcárraga, J. M. Izquierdo and A. J. Macfarlane, “Hidden supersymmetries in supersymmetric quantum mechanics,” Nucl. Phys. B604, 75-91 (2001), hepth/0101053.

[112] A. J. Macfarlane, “A hidden supersymmetry in supersymmetric quantum mechanics on the sphere S^6,” Nucl. Phys. B621, 712-722 (2002).

[113] S. M. Klishevich and M. S. Plyushchay, ”Nonlinear holomorphic supersymmetry, Dolan-Grady relations and Onsager algebra,” Nucl. Phys. B628, 217-233 (2002), hepth/0112158 (2002).

[114] T. Shimbori and T. Kobayashi, ”SUSY QM of Scattering,” Phys. Lett. 501B, 245-248 (2001).

[115] A. Gangopadhyaya, J. V. Mallow and U. P. Sukhatme, ”Broken Supersymmetric Shape Invariant Systems and their Potential Algebras,” Phys. Lett. A283, 279-284 (2001), hep-th/0103054, and references therein.

[116] R. de Lima Rodrigues, “THE SUSY METHOD FOR THE SPECTRUM OF THE FIRST PÖSCHL-TELLER POTENTIAL,” Contribution for the XXII Brazilian National Meeting on Particles and Fields (XXII ENCONTRO NACIONAL DE FÍSICA DE PARTÍCULAS E CAMPOS), São Lourenço-MG, from 22 to 26-Oct./2001.

[117] J. F. Carinena, A. Ramos, D. J. Fernandez, “Group theoretical approach to the intertwined Hamiltonians,” Ann. Phys. N. Y. 292, 42-66 (2001); D. J. Fernandez, H. C. Rosu, Quantum mechanical spectral engineering by scaling intertwining, Phys. Scripta 64, 177-183 (2001), (quant-ph/9910125).

[118] G. Dunne and J. Feinberg, ”Self-isospectral periodic potentials and supersymmetric quantum mechanics,” Phys. Rev. D57, 1271-1276, (1986).

[119] D. J. Fernandez, J. Negro, L. M. Nieto, “Second order supersymmetric periodic potentials,” Phys. Lett. A275, 338-349 (2000); D. J. Fernandez, B. Mielnik, O. Rosas-Ortiz, B. F. Samsonov, “The phenomenon of Darboux displacements,” Phys. Lett. A294, 168-174 (2002); D. J. Fernandez, B. Mielnik, O. Rosas-Ortiz, B. F. Samsonov, “Nonlocal SUSY deformations of periodic potentials,” J. Phys. A: Math. Gen. 35, 4279-4291 (2002).

[120] R. de Lima Rodrigues, V. B. Bezerra and A. N. Vaidya, ”An application of supersymmetric quantum mechanics to a planar physical system”, Phys. Lett. A287, 45-49 (2001), hep-th/0201208.

[121] A. B. Balantekin, “Algebraic approach to shape invariance,” Phys. Rev. A57, 4188 (1998), quant-ph/9712018; A. N. F. Aleixo, A. B. Balantekin and M. A. Cândido Ribeiro, “Supersymmetric and Shape-Invariant Generalization for Nonresonant and Intensity-Dependent Jaynes-Cummings Systems,” J. Phys. A: Math. Gen. 34, 1109- 1128 (2001), quant-ph/0101024, and references therein.

[122] S. Flügge, Pratical Quantum Mechanics I, New York, Springer-Verlag, pp. 89-93 (1971). [123] I. S. Gradshteyn and I. M. Ryzhik, Table of integrals, Series, and Products (4th edition translation edited by A. Jefferey, Academic, New York, 1965).

[124] E. D. Filho, ”Explicit solutions for truncated Coulomb potential obtained from supersymmetry,” Mod. Phys. Lett. A9, 411-417 (1994); E. D. Filho and R. M. Ricotta, ibid. A10, 1613 (1995); ibid., “Induced variational method from supersymmetric quantum mechanics and the screened Coulomb potential,” Mod. Phys. Lett. A15, 1253-1259 (2000); ibid., “Morse potential potential energy spectra through the variational method and supersymmetry,” Phys. Lett. A269, 269-276 (2000).

[125] R. Dutt, A. Mukherjee and Y. P. Varshni, ”Supersymmetic semiclassical approach to confined quantum problems,” Phys. Rev. A52, 1750-1753 (1995).

[126] A. Khare and Y. P. Yarshni, ”Is shape invariance also necessary for lowest order supersymmetric WKB to be exact?” Phys. Lett., A142 (1989).

[127] S. H. Fricke, A. B. Balantekin and P. J. Hatchell, ”Uniform semiclassical approximation to supersymmetric quantum mechanics,” Phys. Rev. A37, 2797-2804 (1988).

[128] H. Ui, ”Supersymmetric quantum mechanics in three-dimensional space. I,” Prog.

Theor. Phys. 72, 813-820 (1984); H. Ui and G. Takeda, ”Does accidental degeneracy imply a symmetry group?” Prog. Theor. Phys. 72, 266-284 (1984); A. B. Balantekin, ”Accidental degeneracies and supersymmetric quantum mechanics,” Ann. of Phys. 164, 277-287 (1985); P. Celka and V. Hussin, ”Supersymmetry and accidental degeneracy,” Mod. Phys. Lett. A2, 391-395 (1987).

[129] J. Gamboa and J. Zanelli, ”Supersymmetric quantum mechanics of fermions minimally coupled to gauge fields,” J. Phys. A: Math. Gen. 21, L283-L286 (1988).

[130] M. G. Kwato Njock, S. G. Nana Engo, L. C. Owono and G. Lagmago, ”Supersymmetrybased quantum-defect theory of the Dirac equation in the central-potential approximation,” Phys. Lett. A187, 191-196 (1994).

[131] C. V. Sukumar, ”Supersymmetry and the Dirac equation for a central Coulomb field,” J. Phys. A: Math. Gen. 18, L697-L701 (1985).

[132] Richard J. Hughes, V. Alan Kostelecky and M. Martin Nieto, ”Supersymmetric quantum mechanics in a first-order Dirac equation,” Phys. Rev. D34, 1100-1107 (1986).

[133] P. D. Jarvis and G. E. Stedman, ”Supersymmetry in second-order relativistic equations for the hydrogen atom,” J. Phys. A: Math. Gen. 19, 1373-1385 (1986).

[134] C. Fred, K. Avinash, R. Musto and A. Wipf, ”Supersymmetry and the Dirac Equation,” Ann. of Phys. 187, 1-28 (1988).

[135] V. V. Semenov, ”Supersymmetry and the Dirac equation of a neutral particle witch an anomalous magnetic moment in a central electrostatic field,” J. Phys. A: Math. Gen. 23, L721-L723 (1990).

[136] J. Beckers, N. Debergh, V. Hussin and A. Sciarrino, ”On unitary Lie superalgebras from the spin-orbit supersymmetrisation procedure,” J. Phys. A: Math. Gen. A23 3647-3659 (1990).

[137] A. Anderson, ”Intertwining of exactly solvable Dirac equations with one-dimensional potentials,” Phys. Rev. A43, 4602-4610 (1991).

[138] C. J. Lee, ”Supersymmetry fo a relativistic electron in a uniform magnetic field,” Phys.

Rev. A61, 2053-2057 (1994).

[139] M. Moreno, R. M. Méndez-Moreno, S. Órozco, M. A. Ortíz and M. de Llano, ”Superconductivity in a new supersymmetric scheme,” Phys. Lett. A208, 113-116 (1995).

[140] J. M. Cerveró, ”Supersymmetric quantum mechanics: another nontrivial quantum superpotential,” Phys. Lett. A153, 1-4 (1991).

[141] M. Moshinsky and A. Szczepaniak, ”The Dirac oscillator,” J. Phys. A: Math. Gen.

22, L817 (1989); C. Quesne and M. Moshinsky, ”Symmetry Lie algebra of the Dirac oscillator,” J. Phys. A: Math. Gen. 23, 2263-2272 (1990); O. L. de Lange,”Algebraic properties Operators of the Dirac oscillator,” J. Phys. A 24, 667-677 (1991).

[142] J. Benítez, R. P. Martínez y Romero, H. N. Núñez-Yépez and A. L. Salas-Brito, Phys.

Rev. Lett. 64, 1643-1645 (1990); O. L. de Lange, ”Shift operators for a Dirac oscillator,” J. Math. Phys. 32, 1296-1300 (1991).

[143] O. Castaños, A. Frank, R. López and L.F Urrutia, Phys. Rev. D43, 544 (1991). [144] V. V. Dixit, T. S. Santhanam and W. D. Thacker, ”A supersymmetric Dirac oscillator with scalar coupling,” J. Math. Phys. 33, 1114-1117 (1992).

[145] M. Moshinsky and Y. F. Simirnov, The Dirac oscillator in modern physics, Harwood academic publishers, Universidad Nacional Autónoma de México (1996).

[146] A. D. Alhaidari, ”Energy spectrum of the relativistic Dirac-Morse problem,” Phys.

Rev. Lett. 87, 210405 (2001); A. N. Vaidya and R. de Lima Rodrigues, ”Comment on solution of the relativistic Dirac-Morse problem,” to appear in Phys. Rev. Lett. (2002), hep-th/0203067.

[147] A. D. Alhaidari, ”Relativistic shape invariant potentials,” J. Phys. A: Math. Gen. 34, 9827 (2001), hep-ht/0112007; A. N. Vaidya and R. de Lima Rodrigues, ”Comment on relativistic shape invariant potentials,” to appear in J. Phys. A: Math. Gen. (2002), hep-th/0204022; A. S. de Castro, ”Comment on relativistic extension of shape-invariant potentials,” hep-th/0204006.

[148] M. L. Classer and N. Shawagfeh, ”Dirac equation of a linear potential,” J. Math. Phys.

25, 2533 (1984).

[149] P. Van Alstine and H. W. Crater, ”Scalar interactions of supersymmetric relativistic equation particles,” J. Math. Phys. 23, 1697-1699 (1982); H. W. Crater and P. Van Alstine, ”Two-Body Dirac Equations,” Ann. of Phys. (Y. Y.) 148, 57-94 (1983).

[150] H. W. Crater and P. Van Alstine, ” Two-Body Dirac Equations for particles interating through world scalar and vector potentials,” Phys. Rev. D36, 3007-3036 (1987).

[151] H. W. Crater and P. Van Alstine, ”Two-body Dirac equation for relativistic bound states of quantum field theory,” hep-th/9912386 (6 Jan 2000).

[152] M. Robnit, ”Supersymmetry in quantum mechanics based on higher excited states,” J. Phys. A: Math. Gen. 30, 1287-1294, (1997).

[153] S. Durand and L. Vinet, ”Dynamical parasuperalgebras and harmonic oscillator,” Phys. Lett. A146, 299-304 (1990).

[154] S. Durand and L. Vinet, ”Dynamical parasuperalgebras in quantum mechanics,” Proc.

V J. A. Swieca Summer School on Particles and Fields, (World Scientific, Singapore, 1989).

[155] J. Beckers and N. Debergh, ”On colour superalgebras in parasupersymmetric quantum mechanics,” J. Phys. A: Math. Gen. A24 597-603 (1991).

[156] T. Mitsuyoshi, ”Comment on generalized parasupersymmetric quantum mechanics,” J. Phys. A: Math. Gen. A25 4699-4704 (1992).

[157] C. Quesne, ”Generalized deformed parafermions, nonlinear deformations of SO(3) and exactly solvable potentials,” Phys. Lett. A193 245-250 (1994).

[158] V. A. Andreev, ”Parasupersymmetric in quantum optics,” Phys. Lett. A194 272-278 (1994).

[159] C. Quesne and N. Vansteenkiste, ”C_λ−extended harmonic oscillator and (para)supersymmetric quantum mechanics,” Phys. Lett. A240 21-28 (1998).

[160] L. E. Gendenshtein, ”Supersymmetric quantum mechanics, the electron in a magnetic field, and vacuum degeneracy,” Sov. J. Nucl. Phys. 41, 166-171 (1985).

[161] P. Nayana Swamy, ”Transformations of q-boson and q-fermion algebras” Sov. J. Nucl.

Phys. 41, 166-171 (1985).

[162] P. Roy and R. Roychoudhury, ”Role of Darboux’s theorem in supersymmetry in quantum mechanics” Phys. Rev. D33, 594-595 (1986).

[163] K. Raghunathan and T. S. Santhanam, ”Supersymmetric oscillator and the phase problem,” Phys. Rev. D33 3790-3791 (1986).

[164] A. Jafee, A. Lesniewski and M. Lewenstein, ”Ground state structure in supersymmetric quantum mechanics,” Ann. of Phys. (Y. Y.) 178, 313-329 (1987).

[165] A. Jafee, A. Lesniewski and J. Weitsman, ”The two-dimensional, N = 2 wess- Zumino model on a cylinder” Commun. Math. Phys. 114, 147-165 (1988); A. Jafee, A. Lesniewski and J. Weitsman, ”The Loop S^1 → R and supersymmetric quantum mechanics,” Ann. of Phys. 183, 337-351 (1988).

[166] J. J. M. Verbaarschot, P. West and T. Tsun Wu, ”Large-Order behavior of the Supersymmetric anharmonic oscillator,” J. Phys. A: Math. Gen. 42, 1276-1284 (1990).

[167] P. Fendley, S. D. Marthur, C. Vafa and N. P. Warner, ”Integrable deformations and scattering matrices for the N = 2 supersymmetric discrete series,” Phys. Lett. B243, 257-264 (1990).

[168] A. Frydyszak, ”Supersymmetric mechanics with an odd action functional,” J. Phys.

A: Math. Gen. 26, 7227-7234 (1993).

[169] A. Alan Kostelecky, V. I. Man’ko, M. M. Nieto and D. R. Truax, ”Supersymmetry and a time-dependent Landau system,” Phys. Rev. A48, 951-963 (1993).

[170] Z. Popowicsz, ”The extended Supersymmetrization of the nonlinear Schrödinger equation” Phys. Lett. A194, 375-379 (1994).

[171] A. Inomata and G. Junker, ”Quasiclassical path-integral approach to supersymmetric quantum mechanics,” Phys. Rev. A50, 3638-3649 (1994).

[172] Haret C. Rosu, Marco Reyes, Kurt Bernardo Wolf and Octavio Obregón, ”Supersymmetry of Demkov-Ostrovsky effective potentials in the R_0 = 0 sector,” Phys. Lett. A208 33-39 (1995).

[173] N. Nagyt and Rajkumar Roychoudhury, ”Some observations on Darboux’s theorem, isospectral Hamiltonians and supersymmetry,” J. Phys. A: Math. Gen. 28, 3525-3532 (1995).

[174] B. F. Samsonov,”On the equivalence of the integral and differential exact solution generation methods for the one-dimensional Schrödinger equation,” J. Phys. A: Math. Gen. 28, 6989-6998 (1995).

[175] P. Létourneau and L. Vinet, ”Superintegrable Systems: Polynomial Algebras and Quasi-Exactly Solvable Hamiltonians,” J. Phys. A: Math. Gen. 243, 144-168 (1995).

[176] C. V. Sukumar and P. Guha, ”Tau functions, Korteweg-de Vries flows, and Supersymmetric quantum mechanics,” J. Math. Phys. 36, 321-330 (1995).

[177] H. C. Rosu and O. Obregón, ”Two-dimensional Fokker-Planck Solutions and Grassmann variables,” J. Phys. A: Math. Gen. 29, 1825-1829 (1996).

[178] S. Janes Gates Jr. and L. Rana, ”A proposal for N_0 extended supersymmetry in integrable systems,” Phys. Lett. B369, 269-276 (1996).

[179] F. Finster, ”Ground state structure of a coupled 2-fermion system in supersymmetric quantum mechanics,” Ann. of Phys. (Y. Y.) 256, 135-143 (1997).

[180] S. Chaturvet, R. Dutt, A. Gangopadhyaya, P. Panigrahi, C. Rasinariu and U.

Sukhatme, ”Algebraic shape invariant models,” Phys. Lett. A248, 109-113 (1998). [181] M. P. Plyushchay, ”Integrals of motion, supersymmetric quantum mechanics and dynamical supersymmetry,” hep-th/9808130 (28 Aug 1998).

[182] P. K. Roy, ”Supersymmetric Generalization of Boussinesq-Burger system,” Int. J. Mod.

Phys. A13, 1623-1627 (1998).

[183] L. Brink, A. Turbiner and Niclas Wyllard, ”Hidden algebras of the (super) Calogero and Suterland models,” J. Math. Phys. 39, 1285-1315 (1998).

[184] A. A. Andrianov, M. V. Ioffe and D. N. Nishnianidze, ”Classical integrable twodimensional models inspired by SUSY quantum mechanics,” J. Phys. A: Math. Gen. 32, 4641-4654 (1999).

[185] W-S. Chung, ”q-deformed SUSY algebra for SU(N)-covariant q-fermions,” Phys. Lett.

A259, 437-440 (1999).

[186] Jian-Zu, Qiang Xu and H. J. W. Muller-Kirstein, ”Dynamical behavior of supersymmetric Paul trap in semi-unitary formulation of supersymmetric quantum mechanics” Phys. Lett. A258, 1-5 (1999).

[187] C. M. Hull, ”The geometry of supersymmetric quantum mechanics,” hep-th/9910028 [188] Miloslav Znojil, ”Comment on conditionally exactly soluble class of quantum potentials,” J. Phys. A: Math. Gen. 61, 66-101 (2000).

[189] E. D. Filho and R. M. Ricotta, ”The hierarchy of Hamiltonians for restricted class of Natanzon potentials,” Bras. J. of Phys. 31, 334-339 (2001).

[190] D. J. Fernández C. and H. C. Rosu, “On first-order scaling intertwining in quantum mechanics,” Rev. Mex. de Física 46, 153-156 (2001).

[191] A. Ritz, M. Shifman, A. Vainshtein and M. Voloshin, ”Marginal stability and the metamorphosis of BPS States,” Phys. Rev. D63, 065018 (2001), e-print hep-th/0006028 (6 Dec 2000); A. Losev, M. Shifman and A. Vainshtein, ”Single state supermutiple in 1+1 dimensions,” hep-th/0011027 (5 Nov 2000); A. Losev and M. Shifman, ”Reduced N = 2 Quantum Mechanics: Descendants of the Kähler Geometries,” Mod. Phys. Lett. A16, 2529 (2001), hep-th/0108151.

[192] A. Hideaki, S. Masatoshi and T. Toshiaki, ”General Forms of a N −fold Supersymmetric Family,” Phys. Lett. B503, 423-429 (2001).

[193] A. Hideaki, S. Masatoshi, T. Toshiaki and Y. Mariko, ”N −fold supersymmetry for a periodic potential,” Phys. Lett. B498, 117-122 (2001).

[194] H. Aoyama, M. Sato and T. Tanaka, ”N-fold supersymmetry in quantum mechanics:

general formalism,” Nucl. Phys. B619 105-127 (2001).

[195] R. D. Mota, J. García and V. D. Granados, ”Laplace-Tunge-Lenz vector, ladder operators and supersymmetry,” J. Phys. A: Math. Gen. 34, 2041-2049 (2001).

[196] S. Kim and C. Lee, ”Supersymmetry-based Approach to Quantum Particle Dynamics on a Curved Surface with Non-zero Magnetic Field,” hep-th/0112120 (14 Dec 2001).

[197] R. S. Kausal, ”On the quantum mechanics of complex Hamiltonian system in one dimension,” J. Phys. A: Math. Gen. 34, L709-L714 (2001).

[198] P. K. Ghosh, ”Super-Calogero-Moser-Sutherland systems and free super-oscillator: a mapping,” Nucl. Phys. 595B, 514-535 (2001).

[199] V. Milanović and Z. Ikonić, ” Supersymmetry generated complex potential with complete real spectrum,” Phys. Lett. A293, 29-35 (2002).

[200] B. Bagchi and C. Quesne, ”PT-symmetric non-polynomial oscillators and hyperbolic potential with two known real eigenvalues in a SUSY framework,” hep-th/0201063 (16 Jan 2002).

[201] B. Demircioglu, S. Kuru, M. Önder, and A. Verçin, ”Two families of superintegrable and isospectral potentials in two dimensions,” hep-th/0201099 (22 Jan 2002).

[202] H. C. Rosu and J. M. Morán-Mirabal, ”One-parameter nonrelativistic supersymmetry for microtubules,” hep-th/0204099 (18 Apr 2002).

[203] B. Bagchi, S. Mallik and C. Quesne, ”PT-symmetric square well and the associated SUSY hierarchy,” hep-th/0205003 (1 May 2002).

[204] V. P. Berrezovoj and A. Pashnev, ”Three-dimensional N=4 extended supersymmetric quantum mechanics,” Class. Quantum Grav. 8, 2141-2147 (1991).

[205] E. A. Ivanov and A. V. Smilga, “Supersymmetric gauge quantum mechanics: Superfield description,” Phys. Lett. B257, 79 (1991).

[206] S. Janes Gates Jr. and L. Rana, ”A theory of spining particles for large N-extended supersymmetry,” Phys. Lett. B352, 50-58, (1995); S. Janes Gates Jr. and L. Rana, ”A theory of spining particles for large N-extended supersymmetry (II),” Phys. Lett. B369, 262-268, (1996).

[207] A. Pashnev and F. Toppan, ”On the classification of N-extended supersymmetric quantum mechanical system, J. Math. Phys. 42, 5257-5271 (2001); H. L. Carrion, M. Rojas and F. Toppan, ”An N=8 superaffine Malcev algebra and its N=8 Sugawara construction, Phys. Lett. A291, 95-102 (2001).

[208] N. Wyllard, ”(Super)conformal many-body quantum mechanics with extended supersymmetry,” J. Math. Phys. 41, 2826-2838 (2000), hep-th/9910160.

[209] E. Ivanov, S. Krivonos and V. Leviant, “Geometric superfield approach to superconformal mechanics,” J. Phys A: Math. Gen. 22, 4201 (1989).

[210] E. E. Donets, A. Pashnev, V. O. Rivelles, D. P. Sorokin and M. M. Tsulaia ”N=4 supersymmetric conformal and the potential structure of Ads spaces,” Phys. Lett. B484, 337-346 (2000), hep-th/0004019.

[211] E. E. Donets, A. Pashnev, J. J. Rosales and M. M. Tsulaia ”N=4 supersymmetric multidimensional quantum mechanics, partial SUSY breaking and superconformal quantum mechanics,” Phys. Rev. D61, 043512 (2000), hep-th/9907224.

[212] E.A. Ivanov, S.O. Krivonos and A.I. Pashnev, “Partial supersymmetry breaking in N=4 supersymmetric quantum mechanics,” Class. Quant. Grav. 8, 19 (1991).

[213] S. Bellucci and A. Nersessian, ”Kähler geometry and SUSY mechanics,” Nucl. Phys.

Proc. Suppl. 102, 227 (2001), hep-th/0103005.

[214] S. Bellucci and A. Nersessian, ”A note on N=4 supersymmetric mechanics on Kaehler manifolds, Phys. Rev. D64, 021702 (2001), hep-th/0101065.

[215] M. Claudson and M. B. Halpern, ”Supersymmetric ground state wave functions,” Nucl.

Phys. B250, 689-715 (1985).

[216] M. B. Halpern and C. Schwartz, ”Asymptotic search for ground states of SU(2) matrix theory,” Int. J. Mod. Phys. A13, 4367-4408 (1998); S. Janes Gates Jr. and H. Nisinho, ”Deliberations on 11D superspace for the M-theory effective action,” Univ. of MD preprint UMDEPP-032, hep-th0101037, revised; S. Janes Gates Jr., ”Superconformal symmetry in 11D superspace and the M-theory effective action,” Nucl. Phys. B616, 85-105 (2001).

[217] D. Ruan and W. Huang, ”General realization of N = 4 supersymmetric quantum mechanical and its applications,” quant-ph/0204048 (9 April 2002).