arXiv:hep-th/0205037 v2 14 May 2002

Big Bangs and Bounces on the Brane

by

A.J.M. Medved

Department of Physics and Theoretical Physics Institute University of Alberta Edmonton, Canada T6G-2J1 [e-mail: amedved@phys.ualberta.ca]

ABSTRACT

In view of our accelerating universe, one of the outstanding theoretical issues is the absence of a quantum-gravitational description of de Sitter space. Although speculative, an intriguing circumvention may be found in the realm of brane-world scenarios; where the physical universe can be interpreted as a non-critical 3-brane moving in a higher-dimensional, static bulk. In this paper, we focus on the cosmological implications of a positively curved brane world evolving in the background of a “topological” anti-de Sitter black hole (i.e, Schwarzschild-like but with an arbitrary horizon topology). We show that the bulk black hole will typically induce either an asymptotically de Sitter “bounce” universe or a big bang/big crunch FRW universe, depending on a critical value of mass. Interestingly, the critical mass is only non-vanishing in the case of a spherical horizon geometry. We go on to provide a holographic interpretation of this curiosity.

1 Introduction

Empirical evidence, as deduced from astronomical data, has indicated that the physical universe is presently accelerating [1]. This observation, in turn, implies that the universe has a positive cosmological constant or, at least, some exotic form of matter that mimics this constant in the current epoch.^1 Naturally, one would want to incorporate this observational evidence into our current understanding (albeit limited) of quantum gravity and cosmology. Alas, any such prospect has proven to be a formidable challenge that is far from being resolved. Along with the roadblock of explaining the observed value of the cosmological constant, there is an apparent incompatibility between a positive-valued constant and quantum gravity as we comprehend it. Let us briefly elaborate on these points.

Explaining the Cosmological Constant: On a semi-classical level, the cosmological constant is expected to represent the vacuum energy density of spacetime. Unfortunately, such expectations fail to even remotely predict the observed value of the constant: ∼ 10^{−120} (in units of Planck mass to the fourth power). Indeed, this value is many orders of magnitude smaller than that of any naive theoretical prediction; the most optimistic being ∼ 10^{−60} (if supersymmetry is broken just above the current accelerator limits). This discrepancy implies some type of subtle mechanism (or combination thereof) that essentially cancels the vacuum density while, at the same time, leaving behind a small, very stable residue. In spite of many interesting attempts in the literature, this problem has yet to be resolved in a way that does not resort to fine-tuning methods or anthropic principles. For a discussion on these attempts and the topic in general, see [4, 5] and the references within.

On a more fundamental level, one might hope that string (or M) theory^2 could, after a suitable process of compactification and supersymmetry breaking, give rise to a stable vacuum with a positive cosmological constant. Alas, this does not appear to be the case. Firstly, perturbative string theory, with broken supersymmetry, has inherent tachyonic instabilities. These instabilities, in turn, induce either a large, negative vacuum energy or the decoupling of gravity [7]. Secondly, for non-perturbative string theory (or matrix theory

1An example of the latter is a dilatonic scalar field that is slowly rolling in a stable potential; also known as “quintessence” [2, 3].

2For a lay-physicist’s review on string/M theory and supersymmetry, see [6].

[8]), the vacuum states of interest are plagued by singular behavior; with this breakdown having been attributed to a relevant “no-go” theorem [9]. Moreover, serious attempts at circumventing this theorem are found to be pathological; for instance, wrong-sign kinetic terms and non-compact “compactification” manifolds. (See [10] for further discussion and references.)

Incompatibility with Quantum Gravity: Significant to this discussion is that the current acceleration of the universe implies an asymptotically (As) de Sitter (dS) future.^3 Unfortunately, many of the quantum-gravitational aspects of dS spacetimes are poorly understood [7, 13, 14]. Much of the difficulty can be traced to dS space having a finite value for its entropy [15]. Moreover, this finite value serves as an upper bound on the observable entropy of any AsdS spacetime [16]. Consequently, it can be expected that, given a positive cosmological constant, gravity will be described by a finitedimensional Hilbert space. This finite size is, however, directly incompatible with the infinite-dimensional Hilbert space that is inherent to string theory. Furthermore, the same incompatibility issue arises when dS space is considered from a holographic perspective. (Note that the holographic principle [17, 18] is expected to play a fundamental role in any quantum theory of gravity.) That is to say, it has been conjectured that, in analogy to anti-dS holography [19, 20, 21], dS space is dual to a conformal field theory (CFT).^4 However, any CFT should be described (like string theory) by a Hilbert space of infinite dimensionality.

A further complication that arises in AsdS spacetimes (or any spacetime that gives rise to a future event horizon [11, 12]) is the unclear status of physical observables. First note that physical observables can normally^5 be defined in terms of S-matrix elements between asymptotically free particle states [34, 35]. Significant to this picture is the existence of an infinitely large

3Strictly speaking, an AsdS future need not be the case if the acceleration is explained by, for instance, a quintessence theory [2, 3]. Nevertheless, the same problematic features, as discussed in this section, have been shown to persist in this type of alternative scenario [11, 12]._4

In particular, a Euclidean CFT that lives on the boundary at temporal infinity in dS space [22]. There has, since [22], been a plethora of investigations into this dS/CFT duality. Some very recent studies include [23, 24, 25, 26, 27, 28, 29, 30, 31, 32]. Many earlier papers have been referenced in [33, 25].

5In this context, the “norm” refers to asymptotically flat or anti-dS spacetimes (which have a vanishing or negative cosmological constant).

boundary at spatial infinity. Conversely, AsdS spacetimes have no such timelike boundary and, therefore, provide no obvious means for defining physical observables. One hypothetical circumvention is to consider the spacelike boundary of an AsdS spacetime at future infinity. However, because of the inevitable event horizon, this boundary ultimately shrinks to a singular point from the perspective of any given observer [11]. Another possibility might be to define the S-matrix as a correlation between states at past and future infinity. However, such a construction would require a global view of the spacetime that is outside the realm of “mere mortals” [13, 14].

Although the above discussion paints a bleak picture (at least, it was supposed to), some resolution may be possible in the realm of brane-world scenarios [36]. That is to say, one can consider the speculative viewpoint that the physical universe is “trapped” on a 3-brane (or 3+1-dimensional hypersurface) that is immersed within a higher-dimensional bulk spacetime.^6 To be specific, we will focus on Kraus’ generalization [37] of the Randall-Sundrum model [38]; whereby a non-critical brane is moving through a static, anti-dS black hole background.^7 Let us take note of the following points of pertinence to this scenario. (i) The brane dynamics will determine the cosmological evolution of the universe; that is, an observer will interpret the brane motion as a cosmological contraction or expansion. (ii) The cosmological constant is now an effective one that can be expressed strictly in terms of bulk parameters; namely, the curvature radius of the anti-dS bulk and the brane tension [37].

The reason that this brane-world picture may represent an “improvement” (over more conventional descriptions) is that the physical universe can now, in some holographic sense [41, 42, 43], be regarded as an anti-dS one. Significantly, the quantum-gravitational aspects of anti-dS theories are much better understood than their dS counterparts. Furthermore, the cosmological constant (as measured on the brane) can now be viewed as an input parameter [7] that has its origins in the bulk theory. One could then

6It is typically assumed that, of the standard model particles, only the graviton is allowed to propagate off the brane. It is also commonly assumed that all but one of the “extra” bulk dimensions have been compactified to string-scale length. We will, henceforth, adopt these conventions.

7It is interesting to note that, although the graviton is free to propagate into the bulk, gravity will typically remain localized on the brane for the model of interest [39, 40].

hope that such a brane-world picture will eventually be realized out of a string-compactification scenario; perhaps, along the lines of [44]. Meanwhile, the extreme (deranged?) optimist may hope that string theory can even fix the bulk parameters and, therefore, vicariously fix the brane cosmology!

In the current paper, we investigate, as discussed above, the cosmological implications of a non-critical brane moving in a static, anti-dS black hole bulk. In particular, we are interested in the influence of the bulk parameters on the cosmology of a brane universe with a positive cosmological constant. This treatment can be viewed as a generalization of a recent work by Petkou and Siopsis [45]. These authors, however, studied an anti-dS Schwarzschild bulk, whereas the current analysis extends considerations to so-called “topological” anti-dS black holes [46]. Such a black hole solution is still Schwarzschild-like, but the horizon topology is allowed to be, in addition to spherical, flat or hyperbolic. We also note that the two papers interpret the results from somewhat different perspectives.

The remainder of the paper is organized as follows. In Section 2, after introducing the (arbitrary-dimensional) action and bulk solutions of interest, we consider the equation of motion for the dynamical brane. Following prior literature (for instance, [37]), we express this equation in a form that mimics the standard Friedmann cosmological equation.

In Section 3, with guidance from [45], we present solutions for the induced brane metric as a function of proper time. (Here, the focus is on the physically relevant case of a 3-brane with a positive cosmological constant.) The form of solution is shown to vary significantly, depending on the values of the relevant bulk parameters. We then classify these various solutions according to identifiable cosmologies. Particularly of interest, a “bounce” cosmology (i.e., a universe that is AsdS at both past and future infinity) is only possible when the black hole mass stays below a critical value. Moreover, this critical value is only non-vanishing when the horizon geometry is spherical.

In Section 4, we interpret the intriguing observations of the prior section from a holographic perspective. Section 5 ends with a summary and some further discussion.

2 A Brane-World Scenario

To begin the formal analysis, let us consider a Randall-Sundrum type of brane-world scenario [38]. More specifically, we are interested in an n+1- dimensional anti-dS bulk spacetime that contains an n-dimensional brane of positive tension. Assuming, for sake of simplicity, that there are no additional sources of energy/matter on the brane, we can express the gravitational action as follows: I = 1 16πG_{n+1} ∫ M d^{n+1}x √ −g (R − 2Λ_{n+1}) + 1 8πG_{n+1} ∫ ∂M d^nx √ −hK + σ 8πG_{n+1} ∫ ∂M d^nx √ −h. (1) Here, G_{n+1} is the n+1-dimensional Newtonian constant, M signifies the bulk manifold, ∂M represents the brane manifold, g_{μν} is the bulk metric, h_{μν} is the induced metric on the brane, Λ_{n+1} < 0 is the bulk cosmological constant, K is the trace of the brane’s extrinsic curvature, and σ is the brane tension. Note that the second integral is analogous to the Gibbons-Hawking surface term [47] and is necessary for a well-defined variational principle on the spacetime boundary (in this case, the brane).

For future reference, we include the following useful identities:

Λ_{n+1} = −n(n − 1)/2L^2, (2)

h_{μν} = g_{μν} − η_μη_ν , (3)

K_{αβ} = h^μ_αh^ν_β∇_μη_ν , (4)

where L is the curvature radius of the anti-dS bulk and η_μ is the unit normal vector to the brane.

It can be shown that the bulk equations of motion are solved by the following (static) black hole spacetimes [46]:

ds^2_{n+1} = −f(r)dt^2 + 1 f(r) dr^2 + r^2dΩ^2_{k,n−1}, (5)

where: f(r) = r^2 L^2 + k − ω_nM r^{n−2} , (6) ω_n = 16πG_{n+1} (n − 1)V_n . (7)

Here, dΩ^2_{k,n−1} represents the line element of an (n − 1)-dimensional constantcurvature (Euclidean) hypersurface, V_n is the dimensionless volume of this hypersurface, and k and M are constants of integration. Without loss of generality, k can be set equal to +1, 0 or -1; describing a horizon geometry that is respectively spherical (i.e., the anti-dS Schwarzschild case), flat or hyperbolic. Meanwhile, M measures the conserved mass of the black hole and will be regarded as a non-negative quantity.^8

As shown elsewhere (for instance, [37]), if one assumes an evolving brane and an otherwise static bulk, the brane dynamics can be formulated so as to describe a Friedmann-Robertson-Walker (FRW) universe [49]. For sake of completeness, let us now run through this procedure. As an appropriate starting point, we introduce Gaussian normal coordinates in the proximity of the brane:

ds^2_{n+1} = dz^2 + h_{μν} dx^μdx^ν , (8)

where z = 0 defines the position of the brane. Next, the brane coordinates should be expressed as functions of the proper time, τ , as measured by a brane observer. In view of the generic symmetry of the bulk solutions, one can write: x^μ = (t(τ ), r(τ ), θ_1, ..., θ_{n−1}) , (9) where θ_i denotes the τ -independent coordinates of dΩ^2_{k,n−1} .

At this point, it is useful to consider the velocity vector associated with a comoving test particle. That is: u^μ ≡ dx^μ dτ = ( ṫ, ṙ, 0, ..., 0 ) , (10)

where here (and throughout) a dot denotes differentiation with respect to τ . Considering that this vector must satisfy u^μu_μ = −1, we are able to obtain the following relation: f(r)ṫ^2 − 1 f(r) ṙ^2 = 1. (11)

8Technically speaking, the k = −1 hyperbolic solution supports a negative value for the mass [46]. However, we will disregard this controversial scenario, on the grounds that such a black hole is known to induce a negative energy in its holographic boundary theory [48]. Note that such a negative-energy theory would likely be a non-unitary one.

Substituting the above result into Eq.(5), we find that:

ds^2_n = −dτ^2 + r^2(τ )dΩ^2_{n−1}, (12)

which notably describes a metric having a FRW form.

We can proceed further by incorporating the unit vector, η^μ, which is normal to the brane. The explicit form of this vector can be realized by way of a pair of relations: η^μη_ν = 1 and u^μη_μ = 0. These equations are readily solved to yield: η_μ = ( −ṙ, ṫ, 0, ..., 0 ) . (13) With the above formalism, we are now suitably positioned to investigate the equations of motion for the brane. First note that the Israel jump conditions [50] lead, quite generically, to the following tensor equation (for instance, [37]): K_{μν} = T_{μν} − 1 n − 1 T^ρ_ρ h_{μν} , (14)

where T_{μν} is the stress-energy tensor of the brane. For this matter-free brane model, the stress tensor is simply T_{μν} = −σh_{μν} . Hence, the above condition conveniently reduces to: K_{μν} = σ n − 1 h_{μν} . (15)

We can calculate the extrinsic curvature by way of the prior formal definition (4). For current purposes, it is sufficient to consider the component K_{θθ} ; where θ = θ_i for any choice of i. In this case:

K_{θθ} = ∇_θη_θ = −Γ^ρ_{θθ} η_ρ = rf(r)ṫ. (16)

Equating this result with σr^2/(n − 1), as prescribed by Eq.(15), we have: ṫ = σr (n − 1)f(r) . (17)

Finally, let us substitute the above outcome into Eq.(11). Also defining the Hubble “constant” in the usual way (i.e., H ≡ ṙ/r), we obtain the following equation of motion for the brane:

H^2 = − f(r) r^2 + σ^2 (n − 1)^2 = − k r^2 + ω_nM r^n − 1 L^2 + σ^2 (n − 1)^2

, (18) where Eq.(6) has been incorporated into the lower line.

Significantly, the above expression - which describes the cosmological evolution of the brane universe - takes on a Friedmann-like form. We can make this connection even more explicit by introducing an effective cosmological constant for the brane universe. The appropriate definition turns out to be:

Λ_n ≡

(n − 1)(n − 2) 2 [ σ^2 (n − 1)^2 − 1 L^2 ]

= (n − 2) n [ n 2(n − 1) σ^2 − |Λ_{n+1}| ] , (19)

as this leads to: H^2 =

2Λ_n (n − 1)(n − 2) − k r^2 + ω_nM r^n . (20)

This above form can, in fact, be identified with the n-dimensional Friedmann equation for radiative matter (since ρ_{rad} ∼ r^{−n} is standard for an FRW universe). Notably, an anti-dS black hole in the bulk is, indeed, expected to induce radiative matter in its holographic dual [42, 43]. Also of interest, the horizon geometry of the black hole determines the topology of the spatial slicing in the brane universe.

In the “traditional” Randall-Sundrum model [38], one is supposed to fine tune the brane tension (σ) so that Λ_n precisely vanishes (i.e., a critical brane). However, there is no reason, a priori, for such a fine tuning to occur. In fact, current observational evidence is in favor of a non-vanishing, positive cosmological constant [1]. On this basis, we will assume that Λ_n > 0 is always satisfied in the analysis to follow.^9 Note that this stipulation translates into a critical value for the brane tension. More specifically, σ^2 > σ^2_c , where σ_c = (n − 1)/L. This condition, in turn, leads to an interesting but very open question: can string theory (or any other microscopic framework) be used to constrain the value of the brane tension?

3 FRW Cosmology on the Brane

In this section, we will endeavor to solve the cosmological brane equation (20) for all acceptable values of the bulk integration constants; that is, k and

9For other studies on non-critical, dynamical brane scenarios, see [51, 52, 45, 53, 54, 55, 56].

M. To be succinct, let us now focus on the physically most interesting and analytically solvable case of n = 4 (also, Λ_n > 0). We do, however, expect that the same qualitative features will persevere for larger values of n [45]; although analytical solutions may no longer be explicitly obtainable.

Let us begin here by appropriately re-expressing Eq.(20):

ṙ^2 =

Λ_4 3 r^2 − k + ω_4M r^2

. (21)

It proves to be convenient if we further incorporate the following definitions: H^2 ≡ Λ_4/3 and x ≡ r^2. The cosmological equation then takes the form: ẋ^2 4 = H^2x^2 − kx + ω_4M. (22)

One finds that the solutions of Eq.(22) naturally separate into distinct classes as k changes discretely and as the quantity 4ω_4MH^2 varies in relation to unity (or zero). Regarding the mass dependence, we can demonstrate this behavior by rewriting Eq.(22) as follows:

ẋ^2 = 4H^2 (x − x_+) (x − x_−) , (23)

where: x_± = 1 2H^2 [ k ± √ k^2 − 4ω_4MH^2 ] . (24)

In view of the above consideration, let us define the following (dimensionless) mass parameter: M̃ ≡ 4ω_4MH^2. It then follows that the solutions should be categorized according to M̃ = 0, 0 < M̃ < 1, M̃ = 1 and M̃ > 1, as well as k = +1, k = 0 and k = −1. As it turns out, Eq.(22) can readily be solved for each of these scenarios (4 × 3 = 12 in all), and we summarize the results - case by case - immediately below.^{10}

CASE (1a) M̃ = 0 and k = +1:

r^2 = 1 H^2 cosh^2(Hτ ). (25)

CASE (1b) M̃ = 0 and k = 0:

r^2 = 1 H^2 exp(±2Hτ ). (26)

10Note that we have omitted any solution in which r^2 < 0 for all values of τ .

CASE (1c) M̃ = 0 and k = −1: r^2 = 1 H^2 sinh^2(Hτ ). (27) CASE (2a) 0 < M̃ < 1 and k = +1; Scenario (I): r^2 = 1 2H^2 [ 1 + √ 1 − M̃ cosh(2Hτ ) ] , (28) Scenario (II): r^2 = 1 2H^2 [ 1 − √ 1 − M̃ cosh(2Hτ ) ] . (29) CASE (2b) 0 < M̃ < 1 and k = 0:

r^2 = √ M̃ 2H^2 sinh(±2Hτ ). (30) CASE (2c) 0 < M̃ < 1 and k = −1: r^2 = 1 2H^2 [√ 1 − M̃ cosh(2Hτ ) − 1 ] . (31) CASE (3a) M̃ = 1 and k = +1; Scenario (I): r^2 = 1 2H^2

[1 + exp(±2Hτ )] , (32) Scenario (II): r^2 = 1 2H^2

[1 − exp(±2Hτ )] . (33) CASE (3b) M̃ = 1 and k = 0: r^2 = 1 2H^2 sinh(±2Hτ ). (34) CASE (3c) M̃ = 1 and k = −1: r^2 = 1 2H^2

[exp(±2Hτ ) − 1] . (35)

CASE (4a) M̃ > 1 and k = +1:

r^2 = 1 2H^2 [ 1 + √ M̃ − 1 sinh(±2Hτ ) ] . (36)

CASE (4b) M̃ > 1 and k = 0:

r^2 = √ M̃ 2H^2 sinh(±2Hτ ). (37)

CASE (4c) M̃ > 1 and k = −1:

r^2 = 1 2H^2 [√ M̃ − 1 sinh(±2Hτ ) − 1 ] . (38)

In spite of the wide array of solutions, a careful inspection reveals that all of the above can be classified according to one of six possible cosmologies. Let us discuss each of these in turn.

(i) The brane universe is a “pure” dS spacetime, which occurs for cases 1a, 1b and 1c. This particular outcome could have easily been anticipated, inasmuch as M̃ = M = 0 translates into an FRW theory with no matter and a positive cosmological constant; cf. Eq.(21). The alert reader may have noticed that the three solutions only agree asymptotically. However, all three still describe dS space, just with different choices of spatial slicing. (For a discussion on the various ways of foliating dS space and the associated global properties, see [57].) The topology of the slicing is, as one might have expected, perfectly correlated with the horizon topology of the bulk black hole.

(ii) Depending on the choice of sign, the brane universe either begins with a “big bang” or ends with a “big crunch”; that is, begins or ends at a singular (r = 0) surface.^{11} This occurs for cases 2b, 2c, 3b, 3c, 4a, 4b and 4c. To be more specific about the form of these solutions, let us first consider the

11For the cases in question, it is readily confirmed that the curvature (of the induced brane metric) does indeed diverge when r = 0. Hence, these are “true” singularities, beyond which the spacetime should not be analytically continued.

big bang cosmological picture. In this case, the brane universe comes into existence at a time that can be regarded as τ = 0 without loss of generality.^{12} After the bang, the universe expands monotonically (with time) towards an AsdS future; that is, r grows exponentially as τ → +∞. Meanwhile, the big crunch picture is simply the time-reversed version of the preceding description.

(iii) The brane universe is AsdS in the infinite past and approaches a static universe (i.e., H = ṙ/r = 0) in the infinite future. (The solutions can also describe the time reverse of this description, depending on the choice of sign.) This quite unorthodox cosmology (first recognized in [45]) only occurs for scenario I of case 3a. Note that such an occurrence is highly model dependent; requiring a spherical horizon geometry with M̃ set precisely equal to unity.

(iv) The brane universe interpolates between a singularity (either a big bang or big crunch) and an asymptotically static universe. This somewhat pathological cosmology only occurs for scenario II of case 3a and (as discussed above) is highly model dependent.

(v) The brane universe is AsdS in both the infinite past and the infinite future (but not pure dS). This type of cosmology strictly occurs for scenario I of case 2a. Note that such a universe can be said to “bounce” when it reverses from a contracting phase to an expanding one at τ = 0. Further note that, although the size of the universe is minimal at the bounce surface, it still does not become vanishingly small. Such a cosmological model is very interesting, considering that bounce universes can not be trivially constructed. That is to say, adding a finite energy density to an otherwise purely dS spacetime typically induces a big bang or crunch [25].

(vi) The brane universe begins with a big bang and ends, after a finite time period, with a big crunch. This cosmology only occurs for scenario II of case 2a. 12The singular surfaces in question do not always coincide with τ = 0. However, r = 0 does always coincide with a finite value of τ . Hence, we are free to rescale the proper time coordinate to agree with the usual conventions.

It may be of relevance that, besides pure dS space (i), only the bounce cosmology (v) will eternally avoid the interior of the black hole horizon.^{13} The big bang cosmologies, on the other hand, actually start out at the black hole singularity. Although this latter scenario appears problematic, it can still be resolved with an analytical continuation to Euclidean time [43]. As discussed in the cited paper, the Euclidean version of the big bang (brane) universe manages to remain outside of the bulk horizon during its entire evolution.

Generally speaking, it is interesting to note that the brane cosmology knows very little about the black hole mass, except for its relation to a pair of critical values; namely, M̃ = 0 and M̃ = 1. In support of this notion, we point out that the hyperbolic and exponential functions depend only on the proper time, the brane tension and the bulk cosmological constant. (The factors in front of these functions are, of course, essentially meaningless.) Conversely, the brane universe will always be able to make a clear distinction between different choices of the bulk topological parameter, k.

4 Holographic Interpretation

To help make sense of the prior analysis, let us summarize, for each type of horizon topology, how the brane cosmology qualitatively varies as a function of increasing black hole mass.

Firstly, we consider the case of a spherical horizon geometry (i.e., k = +1), which translates into an anti-dS Schwarzschild black hole. Starting at M = 0 and then “turning on” the mass, we initially observe a bounce cosmology; that is, an AsdS spacetime in both the infinite past and infinite future.^{14} As M continues to increase, the bounce cosmology persists until a critical value of mass, M = M_c ≡ (4ω_4H^2)^{−1}, is reached.^{15} Exactly at this critical point,

13Setting f(r) = 0 and n = 4 in Eq.(6), we find the horizon location (r = r_H ) to be given by r^2_H =^{L2}_2 [√ k^2 + 4ω_4M/L^2 − k ] . 14Note that a pure dS spacetime, which occurs only for M = 0, is really just a special type of bounce cosmology and will be regarded as such in this section. It is also worth noting that the slightest perturbation to the brane world would cause an M = 0 geometry to lose whatever “esteemed” status it did have.

15This critical mass value was first identified in [45].

one finds a somewhat pathological cosmology: static in either the infinite past or future. On the other hand, for any M > M_c, we observe a typical FRW cosmological picture; either a spacetime that begins with a big bang and evolves towards an AsdS future, or else the time-reversed (big crunch) scenario.

Secondly, let us consider the flat (k = 0) and hyperbolic (k = −1) horizon geometries; that is, the topological analogues [46] of the anti-dS Schwarzchild black hole. In essence, we observe the same type of mass dependence as described above, except that the critical mass value is now a vanishing one (M_c = 0) and there is no longer a pathology at M = M_c. Keep in mind that we are interpreting a pure dS spacetime as a bounce geometry.^{16} The generic existence of such a bulk mass threshold - effectively separating bounce from big bang (or big crunch) cosmologies on the brane - can be viewed as a direct consequence of the holographic principle. To substantiate this claim, let us next consider the following discussion.

We begin here by recalling (from the literature) a pair of relevant holographic bounds. Firstly, Bousso has demonstrated [16] that the finite entropy of dS space serves as an upper bound on the observable entropy of a spacetime with a positive cosmological constant.^{17} Secondly, on the basis of the Bousso bound, Balasubramanian, de Boer and Minic have conjectured [58] a mass bound that also applies to spacetimes with a positive cosmological constant. More to the point, if such a spacetime has a total energy^{18} in excess of pure dS space, then the Balasubramanian et al conjecture predicts the existence of a cosmological singularity; that is, a big bang or big crunch. Thus, a singularity-free AsdS spacetime (i.e., a bounce cosmology) can only be possible when this mass bound has not been exceeded.

Let us now apply the above concepts to our non-critical brane universe. It is clear from Eq.(20) that a massive black hole in the bulk induces an

16The reader may have noticed that r = 0 at τ = 0 for a dS spacetime with hyperbolic spatial slicing; cf. Eq.(27). However, this surface is only an apparent singularity (i.e., the curvature remains finite), beyond which the spacetime can indeed be analytically continued [57]. Also of interest, the solution for dS space with flat spatial slices (cf. Eq.(26)) only covers one half of the total manifold. One obtains the other half by reversing the sign in the exponential.

17This bound was rigorously verified for, in particular, spherically symmetric spacetimes having “physically realistic” matter [16].

18For the purposes of this discussion, any relevant mass or energy should be defined in analogy to that of Brown and York’s quasi-localized energy [59, 60].

energy density, in the form of holographic radiative matter, on the brane. Moreover, this holographic brane matter is directly proportional to the mass of the black hole. Since M = 0 translates into a pure dS brane universe (cf. Eqs.(25-27)), one might naively expect that any M > 0 would exceed the conjectured mass bound [58]. That is to say, any non-vanishing value of M could be expected to induce a big bang or big crunch in the brane cosmology. This observation fits in very nicely with the k = 0 and k = −1 scenarios, where the critical mass value is exactly at zero. However, the situation is not so pleasantly simple when we consider a spherical (k = +1) horizon geometry. In this case, the bounce cosmology persists for M > 0, in spite of an apparent violation of the holographic mass bound.

The resolution of the above paradox lies in the precise nature of Bousso’s entropic bound [16]; again noting that this is the critical antecedent for the mass bound in question [58]. Technically speaking, the holographic entropy bound limits only the “accessible” entropy in a relevant spacetime (i.e., one with a positive-valued cosmological constant). This qualification on the entropy makes an important distinction: accessible degrees of freedom are those which can both influence and be influenced by a given experiment and inaccessible degrees of freedom are those which cannot.^{19} To put it another way, any given observer is causally limited to a specific domain of a relevant spacetime; that is, the observer’s so-called “causal diamond” [16]. Consequently, when an observer attempts to measure the “entropy of the universe”, the actual measurement will only reflect the contents of her causal diamond and not, necessarily, the entire spacetime manifold. (Keep in mind that accessible entropy is an observer-dependent property, so that, in spite of appearances, the entropic upper bound is not really a global concept.)

In view of the above discussion, it follows that the upper bound on mass should not, strictly speaking, apply to the global energy of the spacetime. Rather, the litmus test for the bound should be the “accessible energy” as determined by a given observer. Hence, a brane cosmology with M > 0 (i.e., with a total energy in excess of pure dS space) will not necessarily induce a singularity. That is to say, if no observer can capably measure a mass in excess of the conjectured bound, then the bounce cosmology should persist.

19The philosophy that underlies this distinction is the principle of black hole complementarity [61]. That is, physical consistency in a black hole setting renders causally inaccessible regions as being operationally meaningless. In this regard, it is significant that the causal structure of black hole and dS spacetimes are quite similar [15].

It is interesting to note that the existence/non-existence of a singularity is a global property, whereas the holographic mass bound is most accurately viewed as a local concept. Nonetheless, this is not a contradiction, insofar as any given observer may or may not be in causal contact with the singularity (if there is one).^{20}

One question (at least) still remains to be answered; namely, why is the critical mass value finite when k = +1 but otherwise zero? This apparent discrepancy can be qualitatively accounted for as follows. First of all, it is useful to recall that the black hole topology effectively determines the foliation of the spacetime on the brane. That is, a black hole with a spherical/flat/hyperbolic horizon geometry induces a brane universe that is foliated by spherical/flat/hyperbolic spatial slices; cf. Eq.(20). Now focusing on the flat and hyperbolic cases, let us point out that the constant-time slices in these spacetimes are typically infinite in extent (since dΩ^2_{k≤0,n−1} contains an unbounded coordinate). Hence, even the slightest increase in energy density on the brane (i.e., the slightest increase in M) can lead to significant perturbations in the underlying dS geometry. Hence, on an intuitive basis, even an infinitesimal value for M can be expected to violate the mass bound (for at least one hypothetical observer) and thus collapse the spacetime.

Next, let us concentrate on the case of a spherical topology. The constant time slices on the brane are now strictly compact (since dΩ^2_{k=1,n−1} contains only angular coordinates). Hence, a relatively small increase in energy density on the brane should give rise to a proportionally small increase in an observer’s accessible energy. It thus follows, again in an intuitive sense, that the underlying dS geometry (for k = 1) should be somewhat resilient to an increasing black hole mass, as long as M does not get too large. This notion is, of course, in agreement with the analysis of the prior section. To reiterate, the bounce universe can persist until reaching some critical value for the energy density; above which, the holographic mass bound finally fails and a singular collapse ensues. It is also worth pointing out that, for general FRW cosmologies (i.e., independent of the brane-world scenario), bounce universes are significantly more favorable when the spacetime is foliated by spherical slices [62].

20Or to put it another way, if a tree falls in the forest, does it always make a sound?

5 Conclusion

In summary, we have considered the cosmological implications of a dynamical brane-world scenario. In particular, we have studied a non-critical brane moving in the static background of an anti-de Sitter black hole. The novelty of our treatment, as compared to an earlier work [45], was in allowing for all possible horizon topologies of the Schwarzschild-like black hole in the bulk.

After introducing the relevant action and bulk solutions (of arbitrary dimensionality), we went on to formulate the equation of motion for the brane. Moreover, we were able to recast this expression into a form that mimics the Friedmann equation for radiative matter. Significantly, the energy density of this holographically induced matter is directly proportional to the mass of the bulk black hole. Meanwhile, the horizon geometry of the black hole fixes the topology of the spatial slices in the brane universe.

In the next phase of the analysis, we focused on the physically relevant scenario of a 4-dimensional brane universe with a positive cosmological constant [1]. Under these conditions, we were able to re-express the brane cosmological equation in a readily solvable form. Various solutions were presented for all relevant values of the parameters, M and k, describing the bulk geometry. The most interesting feature was the existence of a critical value for the black hole mass, M = M_c, which is finite for a spherical (k = +1) topology but is otherwise (k = 0, k = −1) vanishing. Significantly, when M ≤ M_c, one obtains singularity-free, asymptotically de Sitter bounce cosmologies (including pure de Sitter space when M = 0).^{21} Conversely, if M > M_c, then only FRW cosmologies having a big bang (or big crunch) are possible.

In the penultimate section of the paper, we went on to interpret this critical mass from a holographic perspective. In particular, we utilized holographic bounds that limit the accessible entropy [16] and matter [58] of any asymptotically de Sitter spacetime. On this basis, we were able to provide ample justification for the generic existence of such a critical mass value. Moreover, holographic arguments enabled us to explain why M_c takes on a finite value exclusively in the k = +1 case.

It should be clarified that our holographic interpretation was conspicuously of a qualitative nature. It would be interesting if one could further

21One notable exception being the finely tuned case of M = M_c and k = +1. This choice of bulk parameters yields a somewhat pathological cosmology that is asymptotically static in either the infinite past or the future.

apply holographic arguments on a quantitative level and directly predict the critical mass values. In this regard, we note the existence of two distinct holographic dualities that could well come into play. These being: (i) a dual relation between the anti-de Sitter bulk and a conformal field theory (CFT) living on the brane [19, 20, 21] and (ii) a duality between the de Sitter brane and a Euclidean CFT that lives at temporal infinity [22, 58]. However, progress along these lines may be impeded by a limited understanding of the dual boundary theories. That is to say, in spite of the success of these holographic dualities, the CFTs in question can best be classified as abstractions. Moreover, the de Sitter-based correspondence currently has an unclear status [63]. Nevertheless, we hope to address this intriguing matter in a future study.

On a less speculative note, one might extend the prior treatment by considering more exotic black holes in the bulk or by introducing other forms of matter onto the brane. With regard to the latter scenario, possibilities include conventional dust matter, stiff matter (which also appears as a natural consequence of electrostatic charge in the bulk [64]) and a M^2 term. This last contribution appears when the induced brane energy is directly calculated via a Hamiltonian method [56]. Once again, we defer such prospects to a future time.

6 Acknowledgments

The author would like to thank V.P. Frolov for helpful conversations.

References

[1] See, for instance, N. Bahcall, J.P. Ostriker, S. Perlmutter and P.J. Steinhardt, Science 284, 1481 (1999) [astro-ph/9812133].

[2] B. Ratra and P.J.E. Peebles, Phys. Rev. D37, 3406 (1988).

[3] L. Wang, R.R. Caldwell, J.P. Ostriker and P.J. Steinhardt, Astrophys.

J530, 17 (2000) [astro-ph/9901388].

[4] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989); “The Cosmological Constant Problems”, astro-ph/0005265 (2000).

[5] S.M. Carroll, Living Rev. Rel. 4, 1 (2001) [astro-ph/0004075]. [6] J. Polchinski, Int. J. Mod. Phys. A14, 2633 (1999) [hep-th/9812104]. [7] T. Banks, “Cosmological Breaking of Supersymmetry”, hep-th/0007146 (2000).

[8] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, Phys. Rev. D55, 5112 (1997) [hep-th/9610043].

[9] J. Maldacena and C. Nunez, Int. J. Mod. Phys. A16, 822 (2001) [hepth/0007018].

[10] V. Balasubramanian, P.Horava and D. Minic, JHEP 0105, 043 (2001) [hep-th/0103171].

[11] S. Hellerman, N. Kaloper and L. Susskind, JHEP 0106, 003 (2001) [hep-th/0104180].

[12] W. Fischler, A. Kashani-Poor, R. McNees and S. Paban, JHEP 0107, 003 (2001) [hep-th/0104181].

[13] E. Witten, “Quantum Gravity in De Sitter Space”, hep-th/0106109 (2001).

[14] T. Banks and W. Fischler, “M-Theory Observables for Cosmological Spacetimes”, hep-th/0102077 (2001).

[15] G.W. Gibbons and S.W. Hawking, Phys. Rev. D15, 2738 (1977). [16] R. Bousso, JHEP 0011, 038 (2000) [hep-th/0010252]; JHEP 0104, 035 (2001) [hep-th/0012052].

[17] G. ’t Hooft, “Dimensional Reduction in Quantum Gravity”, grqc/9310026 (1993).

[18] L. Susskind, J. Math. Phys. 36, 6377 (1995) [hep-th/9409089]. [19] J.M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [hepth/9711200].

[20] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Phys. Lett. B428, 105 (1998) [hep-th/9802109].

[21] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998) [hep-th/9802150];

ibid, 505 (1998) [hep-th/9803131].

[22] A. Strominger, JHEP 0110, 034 (2001) [hep-th/0106113]; JHEP 0111, 049 (2001) [hep-th/0110087].

[23] J.E. Lidsey, S. Nojiri and S.D. Odintsov, “ Braneworld Cosmology in (Anti-) de Sitter Einstein-Gauss-Bonnet-Maxwell Gravity”, hepth/0202198 (2002).

[24] A.M. Ghezelbash and R.B. Mann, “Vortices in De Sitter Spacetimes”, hep-th/0203003 (2002).

[25] A.J.M. Medved, “How Not to Construct an Asymptotically de Sitter Universe”, hep-th/0203191 (2002).

[26] G. Siopsis, “An AdS/dS duality for a Scalar Particle”, hep-th/0203208 (2002).

[27] T.R. Govindarajan, R.K. Kaul and V. Suneeta, “Quantum Gravity on dS_3”, hep-th/0203219 (2002).

[28] E. Halyo, “Holographic Inflation”, hep-th/0203235 (2002).

[29] D. Klemm and L. Vanzo, JHEP 0204, 030 (2002) [hep-th/0203268].

[30] Z. Chang and C.B. Guan, “Dynamics of Massive Scalar Fields in dS Space and dS/CFT Correspondence”, hep-th/0204014 (2002).

[31] E. Abdalla, B. Wang, A. Lima-Santos and W.G. Qiu, “Support of dS/CFT Correspondence from Perturbations of Three Dimensional Spacetime”, hep-th/0204030 (2002).

[32] S. Nojiri and S.D. Odintsov, “(Anti-) de Sitter Black Holes in Higher Derivative Gravity and Dual Conformal Field Theories”, hepth/0204112 (2002).

[33] A.J.M. Medved, “A Holographic Interpretation of Asymptotically de Sitter Spacetimes”, hep-th/0112226 (2001), to appear in Classical and Quantum Gravity.

[34] L. Susskind, “Holography in the Flat Space Limit”, hep-th/9901079 (1999).

[35] S.B. Giddings, Phys. Rev. Lett. 83, 2707 (1999) [hep-th/9903048]. [36] For a review and references, see V.A. Rubakov, Phys. Usp. 44, 871 (2001) [hep-ph/0104152].

[37] P. Kraus, JHEP 9912, 011 (1999) [hep-th/9910149]. [38] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999) [hepph/9905221]; ibid, 4690 (1999) [hep-th/9906064].

[39] I. Brevik, K. Ghoroku, S.D. Odintsov and M. Yahiro, “Localization of Gravity on Brane Embedded in AdS_5 and dS_5”, hep-th/0204066 (2002).

[40] P. Singh and N. Dadhich, “Localization of Gravity in Brane World Cosmologies”, hep-th/0204190 (2002).

[41] S. Hawking, J. Maldacena and A. Strominger, JHEP 0105, 001 (2001) [hep-th/0002145].

[42] E. Verlinde, “On the Holographic Principle in a Radiation Dominated Universe”, hep-th/0008140 (2000).

[43] I. Savonjie and E. Verlinde, Phys. Lett. B507, 305 (2001) [hepth/0102042].

[44] H. Verlinde, Nucl. Phys. B580, 264 (2000) [hep-th/9906182]. [45] A.C. Petkou and G. Siopsis, JHEP 0202, 045 (2002) [hep-th/0111085]. [46] D. Birmingham, Class. Quant. Grav. 16, 1197 (1999) [hep-th/9808032]. [47] G.W. Gibbons and S.W. Hawking, Phys. Rev. D15, 2752 (1977). [48] R.-G. Cai, Phys. Rev. D63, 124018 (2001) [hep-th/0102113].

[49] For some general background on FRW cosmologies, see (for instance) S.M. Carroll, “TASI Lectures: Cosmology for String Theorists”, hepth/0011110 (2000).

[50] W. Israel, Nuovo Cim. B44S10, 1 (1966).

[51] B. Wang, E. Abdalla and R.-K. Su, Phys. Lett. B503, 394 (2001) [hepth/0101073]; Mod. Phys. Lett. A17, 23 (2002) [hep-th/0106086].

[52] S. Nojiri and S.D. Odintsov, Class. Quant. Grav. 18, 5227 (2001) [hepth/0103078].

[53] A. Padilla, Phys. Lett. B528, 274 (2002) [hep-th/0111247]. [54] D. Youm, “The Cardy-Verlinde Formula and Asymptotically de Sitter Brane Universe”, hep-th/0111276 (2001).

[55] A.J.M. Medved, “A Note on Holography on a Curved Brane”, hepth/0112009 (2001).

[56] J.P. Gregory and A. Padilla, “Exact Braneworld Cosmology Induced from Bulk Black Holes”, hep-th/0204218 (2002).

[57] F. Leblond, D. Marolf and R.C. Myers, “Tall Tales from de Sitter Space I: Renormalization Group Flows”, hep-th/0202094 (2002).

[58] V. Balasubramanian, J. de Boer and D. Minic, “Mass, Entropy and Holography in Asymptotically de Sitter Spaces”, hep-th/0110108 (2001).

[59] J.D. Brown and J.W. York, Phys. Rev. D47, 1407 (1993). [60] V. Balasubramanian and P. Kraus. Commun. Math. Phys. 208, 413 (1999) [hep-th/9902121].

[61] L. Susskind, L. Thorlacius and J. Uglum, Phys. Rev. D48, 3743 (1993) [hep-th/9306069].

[62] K.R. Kristjansson and L. Thorlacius, “Cosmological Models and Renormalization Group Flow”, hep-th0204058 (2002).

[63] L. Dyson, J. Lindesay and L. Susskind, “Is There Really a de Sitter/CFT Duality?”, hep-th/0202163 (2002).

[64] A.K. Biswas and S. Mukherji, JHEP 0103, 046 (2001) [hep-th/0102138].