arXiv:hep-th/0205187 v4 25 Jul 2002

YITP-02-31 May 2002 hep-th/0205187

Friedmann-Robertson-Walker brane cosmological equations from the five-dimensional bulk (A)dS black hole

Shin’ichi NOJIRI^1, Sergei D. ODINTSOV^{♠2} and Sachiko OGUSHI^{♦3} Department of Applied Physics National Defence Academy, Hashirimizu Yokosuka 239-8686, JAPAN ♠ Lab. for Fundamental Study, Tomsk State Pedagogical University, 634041 Tomsk, RUSSIA ♦ Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, JAPAN ABSTRACT

In the first part of this work we review the equations of motion for the brane presented in Friedmann-Robertson-Walker (FRW) form, when bulk is 5-dimensional (A)dS Black Hole. The spacelike (timelike) FRW brane equations are considered from the point of view of their representation in the form similar to 2-dimensional CFT entropy, so-called Cardy-Verlinde (CV) formula. The following 5-dimensional gravities are reviewed: Einstein, Einstein-Maxwell and Einstein with brane quantum corrections. The second part of the work is devoted to study FRW brane equations and their representation in CV form, brane induced matter and brane cosmology in Einstein-Gauss-Bonnet (GB) gravity. In particular, we focus on the inflationary brane cosmology. The energy conditions for brane matter are also analyzed. We show that for some values of GB coupling constant (bulk is AdS BH) the brane matter is not CFT. Its energy density and pressure are not always positive. The appearence of logarithmic corrections in brane cosmology is discussed.

PACS: 98.80.Hw,04.50.+h,11.10.Kk,11.10.Wx

1nojiri@cc.nda.ac.jp 2 odintsov@mail.tomsknet.ru 3JSPS fellow, ogushi@yukawa.kyoto-u.ac.jp

Contents

1 Introduction 1

2 Brief look to Cardy-Verlinde formula 4

3 FRW brane equations in the background of

AdS and dS Schwarzschild black hole 11

4 FRW brane equations from 5-dimensional

Einstein-Maxwell gravity 21

5 Brane New World from 5-dimensional

AdS-Schwarzschild Black Hole 24

6 Brane matter induced by 5-dimensional

Einstein-Gauss-Bonnet gravity 32

7 FRW Brane Cosmology from Einstein-Gauss

-Bonnet gravity 49

8 Discussion 56

Appendix 58

A Brief review of AdS/CFT correspondence 58

B Logarithmic Corrections to Cardy-Verlinde formula 68

1 Introduction

The recent astronomical data indicate that observable universe is currentlyaccelerating [1]. This observation, in turn, indicates that the universe has a positive cosmological constant. As a result it is likely that universe evolves into the future (asymptotically) de Sitter phase.

The recent brane-world approach (as manifestation of holographical principle) to the description of the observable universe as a brane embedded in higher dimensional bulk space has brought many interesting ideas to the realization of (asymptotically) de Sitter brane universe. First of all, it became clear that brane matter may be induced by bulk space. Such brane matter which may play the role of dark matter may even violate the Dominant Energy Condition. Moreover, as a result of acceleration it looks that the cosmology with negative density energy and negative pressure does not seem to contradict to the astronomical data (for recent initial steps to study such cosmology, see [2]). The brane-world approach may be also related with Cosmic Censorship via holographic principle (see recent discussion in [3]).

It is even more important that holographic principle is somehow encoded in the usual gravitational field equations. Indeed, as it has been shown by E. Verlinde [4] the usual 4-dimensional Friedmann-Robertson-Walker (FRW) cosmological equations may be re-written in the form reminding about the entropy of 2-dimensional conformal field theory (CFT). It again appears the connection between 4-dimensional classical gravitational physics and quantum 2-dimensional CFT. The corresponding 2-dimensional CFT entropy has been extensively studied sometime ago in [5]. That is why, the 2-dimensional CFT entropy representation of FRW equations is sometimes called generalized Cardy or Cardy-Verlinde formula.

Finally, holographic principle may suggest new interpretation of the evolution of the observable universe. Indeed, using dual description one can think about de Sitter phase as preferrable solution of cosmological equations. One possibility (which is not successfully worked out so far) could be provided by fixed points of the coupling constants for corresponding dual CFT where de Sitter space is realized.

The purpose of this work is two-fold. From one side we review the FRW brane cosmology where brane is embedded in AdS or dS Black Hole (BH) and induced brane matter in various higher dimensional gravitational theories from the point of view of the representation of corresponding field equations in Cardy-Verlinde form. From another side we study brane-world cosmology in Einstein-Gauss-Bonnet (Einstein-GB) gravity where brane description is extremely complicated. It is shown that for various values of GB coupling constant and AdS or dS bulk BHs the induced brane matter may have negative energy and pressure. It is demonstrated that de Sitter brane is not preferrable solution of Einstein-GB brane-world cosmology.

The paper is organized as follows. In the next section we give simple and pedagogical introduction to the Cardy-Verlinde (CV) formula in n + 1- dimensional gravity with general state matter. In other words, FRW cosmological equations are rewritten (using several definitions of cosmological entropy) in the form similar to quantum 2-dimensional CFT entropy. In the second appearance of CV formula the calculation of the universe entropy (supposing the valid first law of thermodynamics) gives it in generalized CV form. For radiation-dominated universe the cosmological entropy reduces to the standard CV form. In section three we give the introduction to braneworld program on the example of 5-dimensional Einstein gravity. Of course, the study of brane cosmology when bulk space is AdS includes huge number of works (see [6] and references therein). We consider both types of bulks: AdS and dS BHs and discuss the brane equations of motion presented in FRW form. Moreover, for each 5-dimensional bulk the FRW equations for space-like as well as time-like branes are reviewed. The induced brane matter is introduced. The presentation of such FRW brane equations in CV form is discussed as well as cosmological entropy bounds and the relation of AdS BH entropy with cosmological entropy (second way appearance of CV formula).

Section four is devoted to the review of FRW brane equations from 5- dimensional Reissner-Nordstrom-de Sitter (RNdS) BH and their relation with CV formula. It is shown that while some contributions due to Maxwell field appear in the intermediate identifications the corresponding FRW equations may still be presented in the form similar to 2-dimensional CFT entropy. In section five we review the role of quantum brane matter to above FRW equations. Using conformal anomaly induced effective action on the brane, the quantum-corrected FRW brane equations are written. Bulk space is again AdS BH. The values (signs) of induced brane matter pressure and energy are considered in connection with Dominant and Weak Energy Conditions (DEC and WEC). The quantum-corrected de Sitter brane solution is discussed.

Section six is devoted to the study of induced brane matter from bulk AdS BH in Einstein-GB gravity. GB combination naturally appears in the next-to-leading order term of the heterotic string effective action [7]. Despite the presence of higher derivative terms, the Einstein-GB field equations (being much more complicated) include only second derivatives like in ordinary Einstein gravity. That was the reason why there was much activity in the study of brane-world aspects of Einstein-GB theory [8, 9, 10]. In particularly, we show that FRW brane equations being very complicated may be still presented in CV form. The analysis of induced brane matter shows that for some values of GB coupling constant and in different limits on scale factor the dual brane matter is not always CFT. Moreover, there are cases where matter pressure and energy are not positive. The careful analysis of DEC and WEC is presented for various types of brane matter. These two conditions are violated for some choices of GB coupling constant.

In section seven the FRW brane cosmology in Einstein-GB theory is discussed using the effective potential approach. The same cases of induced brane matter (for the same values of GB coupling) as in section 6 are considered. As is shown explicitly, there are various types of brane cosmology: de Sitter, hyperbolic and flat. Such brane universes may expand or contract, they may be singular or non-singular. De Sitter (inflationary) brane cosmology does not seem to be the preferrable solution of FRW cosmological equations. Some summary and outlook are given in the last section. In Appendix A, a brief review of the AdS/CFT is given. In Appendix B, the logarithmic corrections to CV formula (or FRW equations) are found.

2 Brief look to Cardy-Verlinde formula

In the seminal work [4] the very interesting approach to rewrite FRW cosmological equations in the form reminding about 2-dimensional quantum field theory has been suggested. In fact, E. Verlinde [4] drew an interesting analogy between the FRW equations of a standard, closed, radiation–dominated universe and the 2-dimensional entropy formula due to Cardy [5]. The physical origin of this analogy between classical gravity theory and 2-dimensional QFT remains completely hidden.

Before discussing the cosmological Cardy-Verlinde formula, we briefly explain how the 2-dimensional Cardy formula can be derived. As conformal fields we consider Majorana spinors. The Majorana spinor in 2 dimensions has the central charge c =^1_2 . We now consider the system given by N Majorana spinors. The total central charge is c = N 2 . (2.1)

The partition function Z(β) of the system is given by

ln Z(β) = N ∞∑ n=0 ln ( 1 + e^{−αβ}(^{n+ 12} ) ) . (2.2)

Here the left-moving sector of the Neveu-Schwarz fermions is considered. β is the inverse of the temperature T β = 1 T . (2.3)

If the spinors live on the circle with the radius R, the dimensional parameter α is given by α = 1 2πR . (2.4) We now approximate the sum in (2.2) by the integration

ln Z(β) = N ∫_∞ 0 dx ln ( 1 + e^{−αβx} ) . (2.5)

By changing the variable x to y = αβx, one has

ln Z(β) = N αβ ∫_∞ 0 dy ln ( 1 + e^{−y} ) = Nπ^2 12αβ . (2.6)

Here the formula ∫_∞ 0 dy ln ( 1 + e^{−y} ) = π^2 12 . (2.7) is used. Since the free energy F is given by

− βF = ln Z(β) , (2.8)

we have F = Nπ^2 12αβ^2 = Nπ^2T^2 12α . (2.9)

Then the following expressions of the entropy and the (thermal average of) the energy are: S = − ∂F ∂T = Nπ^2T 6α , (2.10) E = − ∂ (ln Z(β)) ∂β = Nπ^2 12αβ^2 = Nπ^2T^2 12α . (2.11)

Then S^2 = Nπ^2 3α E . (2.12)

Now the energy E is related with the Virasoro operator L_0 by E α = L_0 − c 24 . (2.13)

Then we obtain S^2 = Nπ^2 3 ( L_0 − c 24 ) . (2.14)

Finally using (2.1) we have

S^2 = 2cπ^2 3 ( L_0 − c 24 ) , (2.15)

which is nothing but the Cardy formula S = 2π √ c 6 ( L_0 − c 24 ) , (2.16)

It is not so difficult to calculate the entropy for massless fields even in higher dimensions although the obtained formula is not so simple. If one can, however, generalize the Cardy forumula to higher dimensions, the Virasoro operator L_0 should be related with the energy and the central charge with the Casimir energy. What E. Verlinde has shown is that such total energy and Casimir one are related with the cosmological entropies in a form similar to the Cardy formula via the FRW equation of the radiation-dominated universe. Since the radiation is, of course, the conformal matter, that is, the trace of the energy-momentum tensor vanishes, it would be natural if we expect that such a generalized Cardy formula has some physical meaning. As one sees in the next section, the meaning becomes more clear from the AdS/CFT correspondence (see Appendix A) if we consider the brane universe in the bulk spacetime, which expresses the AdS black hole [18]. The entropy of the CFT is related with the black hole entropy via AdS/CFT. On the other hand, the entropy in the brane universe is related with the black hole entropy by considering the brane equation of motion, which can be identified with the FRW equation of the brane universe.

Let us review this analogy in Einstein gravity for the usual (n + 1)- dimensional FRW Universe with a metric

ds^2 = −dτ^2 + a^2(τ )g_{ij} dx^idx^j , (2.17) where the n-dimensional spatial hypersurfaces with negative, zero or positive curvature are parametrized by K = −1, 0, 1, respectively. For example, K = −1 corresponds to hyperboloid (of one sheet), K = 0 to flat surface, and K = 1 to sphere, whose metric is given by g_{ij} dx^idx^j = dr^2 1 − Kr^2 + r^2dΩ^2_{n−1} . (2.18)

Here dΩ^2_{n−1} is the metric of n − 1-dimensional sphere with unit radius. If R_{ij} is the Ricci tensor given by g_{ij} , we have

R_{ij} = (n − 1)Kg_{ij} . (2.19)

In our discussion of cosmology based on Einstein gravity, we parametrize the curvature of the spatial hypersurfaces in terms of K = −1, 0, 1 since direct comparison with the standard cosmological equations is then straightforward. In other sections, we often use the lower letter k defined by k ≡ (n − 1)K, instead of the capital letter K. We limit our discussion mainly to that of the closed universe (K = 1), with a spatial volume defined by V = a^n ∫ d^nx √ g. The standard FRW equations, which follow from the Einstein equations may then be written as

H^2 = 16πG n(n − 1) ρ − K a^2 , Ḣ = − 8πG (n − 1)

(ρ + p) + K a^2

, (2.20)

where ρ = ρ_m +^Λ_{8πG} , p = p_m −^Λ_{8πG} , Λ is a cosmological constant and ρ_m and p_m are the energy density and pressure of the matter contributions. The energy conservation equation is

ρ̇ + n(ρ + p) ȧ a = 0 (2.21)

and for a perfect fluid matter source with equation of state p_m = ωρ_m (ω = constant) Eq. (2.21) is solved as:

ρ = ρ_0a^{−n(1+ω)} + Λ 8πG . (2.22)

When ω = 0 the pressure vanishes p = 0, which corresponds to dust and ρ behaves as ρ ∝ a^{−n}, on the other hand, if ω =^1_n , the trace of the energy momentum tensor vanishes : T^μ_μ = −ρ + np = 0 which corresponds to CFT or radiation:

ω = 0 dust p_m = 0 , ρ_m ∝ a^{−n} ω =^1_n radiation −ρ_m + np_m = 0 , p_m ∝ ρ_m ∝ a^{−(n+1)} .

(2.23)

We should note that if we identify 2π n V ρa ⇒ 2πL_0 , (n − 1)V 8πGa ⇒ c 12 , (n − 1)HV 4G ⇒ S, (2.24)

when K = 1, we can rewrite the first FRW equation (2.20) in the form of Cardy formula Eq.(2.15). Note that in (2.24),^{(n−1)HV}_{4G} is nothing but the Hubble entropy.

The definitions for the Hubble, Bekenstein [11] and Bekenstein-Hawking entropies are given as following [4]:

S_H = (n − 1) HV 4G , S_{BH} = (n − 1) V 4Ga , S_B = 2πa n E , (2.25)

where the total energy, E, is defined as E = ρV and contains the contribution from the cosmological constant term. This differs from that of the standard case, where the definitions of the entropies S_{BH} and S_B may differ slightly in their coefficients. This is specific to the presence of a cosmological constant [13, 14].

The Bekenstein entropy S_B [11] gives the bound for the total entropy S ≤ S_{BH} for the system with limited gravity. The bound is usuful for relatively low energy density or small volumes. Then the bound is not appropriate for strongly-gravitating universe, where Ha ≥ 1. In this case S_B ≥ S_{BH} . In the strongly-gravitating universe, the black hole production should be accounted for. S_{BH} grows like an area rather than the volume and for the closed universe S_{BH} reduces to the well-known expression of A/4G, where A expresses the area. (This is, of course, typical for Einstein gravity as for higher derivative gravity the area law may not hold.) In [12], however, it has been argued that, when Ha > 1, the total entropy should be bounded by the Hubble entropy S_H , which is the entropy of the black hole with the radius of the Hubble size.

By employing the definitions (2.25), one can easily rewrite the FRW equations (2.20) as a cosmological Cardy-Verlinde (CV) formula:

S_H = 2π n a √ E_{BH} (2E − KE_{BH} ) , KE_{BH} = n (E + pV − T_H S_H ) , (2.26)

where the energy and Hawking temperature of the black hole are defined as E_{BH} = n(n − 1) V 8πGa^2 , T_H = − Ḣ 2πH . (2.27)

and we have separated the energy into a matter part and a cosmological constant part, i.e., E = E_m +E_{cosm}, where E_{cosm} =^Λ_{8πG} V . This is simply a way to rewrite the FRW equations in a form that resembles the equation defining the entropy of a 2-dimensional CFT. However, the following remark is in order: the presence of cosmological constant may change some of the coefficients in Eq. (2.26) and this depends on precisely how the separation between the strongly and weakly interacting gravitational phases is made (compare with [13, 14]). In any case, the energy associated with the cosmological constant term is hidden in the expression for E, Eq. (2.26).

Later, we discuss the motion of the brane in Schwarzschild-(A)dS bulk space. The motion is again described by the FRW-like equation from which Cardy-Verlinde formula follows. The Hawking temperature T_H (2.27) coincides with that of the black hole, when the radius a of the universe is equal to the horizon radius, that is, the brane crosses the horizon.

Eq. (2.26) may also be rewritten in another form:

S^2_H = S_{BH} (2S_B − KS_{BH} ) . (2.28)

Since the definition of S_B normally contains only matter contributions, it is reasonable to define S_B ≡ S^m_B + S^{cosm}_B , where the entropy associated with the cosmological constant is given by

S^{cosm}_B = aV Λ 4nG . (2.29)

The appearance of such a new “cosmological constant” contribution to the entropy in the CV formula is quite remarkable.

Thus far, we have discussed the appearance of the CV formula as a way to rewrite the FRW equations. However, the CV formula appears in a second formulation when one calculates the entropy S, of the universe. Indeed, following Ref.[4], one can represent the total energy E = ρV of the universe as the sum of the extensive energy, E_E , and the subextensive (Casimir) energy E_C : E(S, V ) = E_E (S, V ) + 1 2 E_C (S, V ) . (2.30)

Note that unlike the case considered by Verlinde [4], the cosmological constant contribution appears in E_E . Nevertheless, the constant rescaling of the energy is given by E_E (λS, λV ) = λE_E (S, V ) , E_C (λS, λV ) = λ^{1− 2n} E_C (S, V ) . (2.31)

Now, if one assumes that the first law of thermodynamics is valid and that the expansion is adiabatic, one deduces that dS = 0 , s = a^n T (ρ + p) + s_0, (2.32)

where the entropy S ≡ s ∫ d^nx √ g, s_0 is an integration constant and T is the temperature of the universe. It then follows that the Casimir energy is given by [15] E_C = n (E + pV − T S) = −nT s_0 ∫ d^nx √ g (2.33)

and, consequently, that E_C ∼ a^{−nω} and E_E − E_{cosm} ∼ a^{−nω} . This further implies that the products E_C a^{nω} and (E_E − E_{cosm}) a^{nω} are independent of the spatial volume of the universe, V . By employing the scaling relations (2.31) one then concludes that [15]:

E_E − E_{cosm} = α 4πa^{nω} S^{ω+1} , E_C = β 2πa^{nω} S^{ω+1− 2n} , (2.34)

where α and β are some unknown constants. (They are known for CFT in 4 dimensions). Hence, the entropy is given by S = [ 2πa^{nω} √ αβ √ E_C (E_E − E_{cosm}) ] n_{(ω+1)n−1} . (2.35)

Eq. (2.35) represents the generalization of the Cardy-Verlinde formula found by Youm [15] in the absence of a contribution from the cosmological constant. The negative term associated with such a cosmological entropy is quite remarkable. In the case of a radiation-dominated universe, Eq. (2.35) reduces to the standard CV formula with the familiar square root term[5]. This formulation will be used below when one writes the equation of brane motion as FRW equation.

3 FRW brane equations in the background of AdS and dS Schwarzschild black hole

As shown in the previous section, Verlinde [4] has found that the FRW equation describing the radiation dominated universe has a structure similar to the Cardy formula which gives a relation between the entropy and the Virasoro operator. Since the Cardy-Verlinde formula follows from the comparison between the FRW equation and the Cardy formula, the physical origin or meaning of the correspondence was not clear. Savonije and Verlinde [18] have shown that the origin of the formula becomes more clear in terms of AdS/CFT set-up (Appendix A). If we consider the AdS black hole spacetime instead of the pure AdS, we can introduce the temperature and the entropy via the Hawking temperature and the Bekenstein-Hawking entropy. By the AdS/CFT correspondence, the temperature and the entropy can be related with those of the corresponding CFT. In the AdS/CFT, the CFT can be regarded to exist on the boundary which lies at infinity in the AdS. One can put the boundary at finite distance. Then the boundary can be regarded as a brane where CFT exists. The dynamics of the brane is described by FRW-like equations. If the brane is our universe, the entropy of the universe can be related with the black hole entropy. Then the Cardy-Verlinde formula would tell that the relation of the black hole entropy with the black hole energy (mass) corresponds to the relation of the entropy and the energy of the CFT at the finite temperature.

In this section, we review briefly the relationship between the entropy of AdS and dS Schwarzschild space and those of the dual CFT which lives on the brane by using Friedmann-Robertson-Walker (FRW) equations and Cardy-Verlinde formula. The holographic principle between the radiation dominated FRW universe in d-dimensions and same dimensional CFT with a dual d + 1-dimensional AdS description was studied by E. Verlinde [4]. Especially, one can see the correspondence between black hole entropy and the entropy of the CFT which is derived by making the appropriate identifications for FRW equation with the generalized Cardy formula. The Cardy formula is originally the entropy formula of the CFT only for 2 dimensions [5], while the generalized Cardy formula expresses that of the CFT for any dimensions [4]. From the point of brane-world physics [16], the CFT/FRW relation sheds further light on the study of the brane CFT in the background of AdS Schwarzschild black hole [18]. There was much activity on the studies of related questions[9, 10, 19, 20, 22, 23, 24, 25, 26] making use the connection with Cardy-Verlinde formula.

We will describe 4 kinds of FRW Eqs. following from AdS and dS Schwarzschild black hole, i.e., time(space)-like FRW Eqs. from AdS(dS) Schwarzschild background. If all the vectors tangential to the brane are space-like, we call the brane space-like one. If there is any time-like tangential vector, we call the brane time-like one. We consider the FRW Eqs. for both cases.

One first considers a 4-dimensional time-like brane in 5-dimensional AdS Schwarzschild background. From the analogy with the AdS/CFT correspondence, one can regard that 4-dimensional CFT exists on the brane which is the boundary of the 5-dimensional AdS Schwarzschild background. The bulk action is given by the 5-dimensional Einstein action with cosmological term. The dynamics of the brane is described by the boundary action:^4

L_b = − 1 8πG_5 ∫ ∂M √ −gK + κ 8πG_5 ∫ ∂M √ −g , K = K^i (3.1)

Here G_5 is 5-dimensional bulk Newton constant, ∂M denotes the surface of the brane, g is the determinant of the induced metric on ∂M, K_{ij} is the extrinsic curvature, κ is a parameter related to tension of the brane. From this Lagrangian, we can get the equation of motion of the brane as [18]: K_{ij} = κ 2 g_{ij} , (3.2)

which implies that ∂M is a brane of constant extrinsic curvature. The bulk action is given by 5-dimensional Einstein action with cosmological constant.

4In this paper, lower case Latin indices span the world–volume, (i, j) = (0, 1, 2, 3), lower case Greek indices span the bulk coordinates and a comma denotes partial differentiation.

The AdS Schwarzschild space is one of the exact solutions of bulk equations of motion and can be written in the following form, ds^2_5 = Ĝ_{μν} dx^μdx^ν = −e^{2ρ}dt^2 + e^{−2ρ}da^2 + a^2dΩ^2_3 ,

e^{2ρ} = 1 a^2 ( −μ + a^2 + a^4 l^2_{AdS} ) . (3.3)

Here l_{AdS} is the curvature radius of AdS and μ is the black hole mass. Following the method of the work [18], one rewrites AdS Schwarzschild metric (3.3) in the form of FRW metric by using a new time parameter τ . Note that the parameters t and a in (3.3) are the functions of τ , namely a = a(τ ), t = t(τ ). For the purpose of getting the 4-dimensional FRW metric, we impose the following condition,

− e^{2ρ} ( ∂t ∂τ )_2

+ e^{−2ρ} ( ∂a ∂τ )_2

= −1 . (3.4)

Thus one obtains time-like FRW metric:

ds^2_4 = g_{ij} dx^idx^j = −dτ^2 + a^2dΩ^2_3 . (3.5)

The extrinsic curvature, K_{ij} , of the brane can be calculated and expressed in terms of the function a(τ ) and t(τ ). Thus one rewrites the equations of motion (3.2) as dt dτ = − κa 2 e^{−2ρ} . (3.6)

Using (3.4) and (3.6), we can derive FRW equation for a radiation dominated universe where Hubble parameter H which is defined by H =^1_a^{da}_{dτ} is given by H^2 = − 1 l^2_{AdS} − 1 a^2 + μ a^4 + κ^2 4 . (3.7)

From the point of view of brane-world physics [16], the tension of brane should be determined without ambiguity as κ = 2/l_{AdS}, so we take it as above from now on. In fact, one can calculate κ requiring to cancel the leading divergence of bulk AdS Schwarzschild.

This equation can be rewritten by using 4-dimensional energy density ρ and volume V in the form of the standard FRW equation with the cosmological constant Λ:

H^2 = − 1 a^2 + 8πG_4 3 ρ + Λ 3 , ρ = 3μ 8πG_4a^4

, Λ = 0 . (3.8)

Here G_4 is the 4-dimensional gravitational coupling, which is defined by

G_4 =

2G_5 l_{AdS}

. (3.9)

ρ can be regarded as 4-dimensional energy density on the brane in AdS Schwarzschild background. We should note that when the bulk is pure AdS with μ = 0 and therefore ρ = 0, the FRW equation (3.8) reduces to

H^2 = − 1 a^2

. (3.10)

The equation (3.10) has no solution since l.h.s. is positive but r.h.s. is negative.

By differentiating Eq.(3.8) with respect to τ , we obtain the second FRW equation:

Ḣ = −4πG_4 (ρ + p) + 1 a^2 , p = μ 8πG_4a^4

. (3.11)

Here p is 4-dimensional pressure of the matter on the boundary.

From Eqs.(3.8) and (3.11), one finds that the energy-momentum tensor is traceless:

T^{matter μ}_μ = −ρ + 3p = 0 . (3.12) Therefore the matter on the brane can be regarded as the radiation. This result means the field theory on the brane should be CFT as in case of AdS Schwarzschild background [17, 18].

Next, one considers space-like brane in 5-dimensional AdS Schwarzschild background. Similarly, we impose the following condition to obtain space-like brane metric instead of Eq.(3.4):

− e^{2ρ} ( ∂t ∂τ )_2

+ e^{−2ρ} ( ∂a ∂τ )_2

= 1 . (3.13)

Thus the following FRW-like metric is obtained:

ds^2_4 = g_{ij} dx^idx^j = dτ^2 + a^2dΩ^2_3 . (3.14)

Note that this metric is also derived by Wick-rotation τ → iτ in Eq.(3.5). We again calculate the equations of motion and the extrinsic curvature of space-like brane instead of (3.2) and (3.6). These equations lead to FRW like equation as follows:

H^2 = 1 l^2_{AdS} + 1 a^2 − μ a^4 + κ^2 4 . (3.15)

One assumes this equation can be rewritten by using 4-dimensional energy density ρ in the form analogous to the standard FRW equations:

H^2 = 1 a^2 − 8πG_4 3 ρ − Λ 3 , (3.16) ρ = 3μ 8πG_4a^4

, Λ = − 6 l^2_{AdS} . Ḣ = 4πG_4 (ρ + p) − 1 a^2 , p = μ 8πG_4a^4

. (3.17)

The reason why the sign of FRW equations is different from the standard FRW equations (3.8) results from the condition (3.13), namely τ → iτ in Eq.(3.5). From Eqs.(3.16) and (3.17), it follows the energy-momentum tensor is traceless again. It is interesting that the cosmological constant on the brane doesn’t appear for time-like FRW metric, while it appears for space-like FRW metric in AdS Schwarzschild background. We will see what happens in dS Schwarzschild case next.

When the bulk is pure AdS, μ = 0 and therefore ρ = 0. The solution of (3.16) is given by a = l_{AdS} √ 2 sinh ( τ √ 2 l_{AdS} ) , (3.18) which is one of two sheet hyperboloid.

One assumes that there is some holographic relation between FRW universe which is reduction from dS Schwarzschild background and boundary CFT. The dS Schwarzschild space is also one of the exact solutions of bulk equations (with proper sign of bulk cosmological constant) ds^2_5 = Ĝ_{μν} dx^μdx^ν = −e^{2ρ}dt^2 + e^{−2ρ}da^2 + a^2dΩ^2_3 ,

e^{2ρ} = 1 a^2 ( −μ + a^2 − a^4 l^2_{dS} ) . (3.19)

Here l_{dS} is the curvature radius of dS and μ is the black hole mass. This metric is very similar to the AdS Schwarzschild metric (3.3). The difference of Eq.(3.3) and Eq.(3.19) is in the sign in the third term of e^{2ρ}, which corresponds to cosmological term in the bulk.

We first consider time-like brane in 5-dimensional dS Schwarzschild background. Similarly to AdS case, one imposes the same condition (3.4) in order to obtain time-like FRW metric (3.5). Then using equation of motion which has the same form as Eq.(3.6), we obtain FRW like equation as follows:

H^2 = 1 l^2_{dS} − 1 a^2 + μ a^4 + κ^2 4 . (3.20)

From the standard FRW equations (3.8),(3.11), one defines E_4, Λ and p as ρ = 3μ 8πG_4a^4

, Λ = 6 l^2_{dS} , p = μ 8πG_4a^4

. (3.21)

The cosmological constant Λ has the opposite sign to AdS Schwarzschild case in Eq.(3.16), G_4 is the 4-dimensional gravitational coupling, which is defined by G_4 =

2G_5 l_{dS}

. (3.22)

We now choose κ^2 = 4l^2_{dS}. When the bulk is pure de Sitter with μ = 0 and therefore ρ = 0, the solution of (3.21) is given by a = l_{dS} √ 2 cosh ( τ √ 2 l_{dS} ) , (3.23) which is so-called one-sheet hyperboloid.

On the other hand, by using the same method for AdS Schwarzschild background with space-like FRW metric, from FRW-like equation,

H^2 = − 1 l^2_{dS} + 1 a^2 − μ a^4 + κ^2 4 , (3.24)

one can derive the E_4, Λ and p with κ^2 = 4l^2_{dS}, as ρ = 3μ 8πG_4a^4

, Λ = 0 , p = μ 8πG_4a^4

. (3.25)

Therefore we find the energy-momentum tensor is traceless (dual QFT is CFT) for the dS Schwarzschild background too. When the bulk is pure de Sitter, the solution of (3.24) is given by

a = τ , (3.26)

which is the cone.

We point out that[20] the cosmological constant on the brane appears in AdS Schwarzschild background with space-like brane, while it appears in dS Schwarzschild background with time-like brane. The energy-momentum tensor is traceless for all cases.

Moreover, for all cases Hubble parameter H takes the same form as ±1/l_{AdS} or ±1/l_{dS} when brane crosses the horizon. Here the plus sign corresponds to the expanding brane universe and the minus one to the contracting universe. Let us choose the expanding case below. The 4-dimensional Hubble entropy is defined as[4] S = HV 2G_4

(3.27)

It takes the following forms

S_4 = V 2l_{AdS}G_4 , V 2l_{dS}G_4 = V 4G_5

. (3.28)

when brane crosses the horizon. Here Eqs.(3.9), (3.22) are used. The entropy (3.28) is nothing but the Bekenstein-Hawking entropy of 5-dimensional AdS (dS) black hole similarly to ref.[18, 19].

Coming back to the discussion of previous section where it was shown that the d-dimensional FRW equation can be regarded as an analogue of the Cardy formula of 2-dimensional CFT [4] one gets

S_4 = 2π √ c 6 ( L_0 − c 24 ) . (3.29)

Let us use the Cardy formula for AdS(dS) Schwarzschild background with time-like and space-like branes.

For time-like brane of AdS Schwarzschild background, identifying 2π 3 V ρa ⇒ 2πL_0 , V 8πG_4a ⇒ c 24 , HV 2G_4

⇒ S_4, (3.30)

one can rewrite FRW equation (3.8) in the form of Cardy formula Eq.(3.29). Note that the identification of Eq.(3.30) is identical with original one [4] exactly.

For space-like brane of AdS Schwarzschild background, identifying 2π 3 ( V ρa + ΛV a 8πG_4 ) ⇒ 2πL_0 , V 8πG_4a ⇒ c 24 , −i HV 2G_4

⇒ S_4, (3.31)

one rewrites FRW equation (3.16). Here H changes as H → −iH since H is defined by H =^1_a^{da}_{dτ} and^d_{dτ} change as −i^d_{dτ} by the Wick-rotation, τ → iτ .

For time-like brane of dS Schwarzschild background, we assume the identification as 2π 3 ( V ρa + ΛV a 8πG_4 ) ⇒ 2πL_0 , V 8πG_4a ⇒ c 24 , HV 2G_4

⇒ S_4 , (3.32)

In above two cases, space-like brane of AdS and time-like brane of dS Schwarzschild background, the effect of the cosmological constant appears in Cardy formula. We included contribution of the cosmological constant in L_0 because it shifts the vacuum energy. This means the cosmological entropy bound [4] should be changed. The Bekenstein bound in 4-dimensions is S ≤ S_B, S_B ≡ 2π 3 ρV a . (3.33)

Using Eq.(3.32), the Bekenstein entropy bound should be changed as follows: S ≤ S_B, S_B ≡ 2π 3 V a ( ρ + Λ 8πG_4 ) . (3.34)

Thus, the effect of the cosmological constant appears in the change of the Bekenstein entropy bound.

For space-like brane of dS Schwarzschild background, the identification looks as follows: 2π 3 V ρa ⇒ 2πL_0 , V 8πG_4a ⇒ c 24 , −i HV 2G_4

⇒ S_4 , (3.35)

which represents the FRW-like equation (3.24) in the form of Cardy formula Eq.(3.29) again. Thus, we presented the review of brane motion as FRW equation (or Cardy formula) in AdS (dS) Schwarzschild black hole background when the theory is Einstein gravity with cosmological constant.

In order to discuss the second way of getting the Cardy formula by using Casimir energy like in Eq.(2.35) one should use the holographic principle. For simplicity, we examine only the 5-dimensional AdS Schwarzschild black hole case here.

The horizon radius, a_H , is deduced by solving the equation e^{2ρ(aH)} = 0 in (3.3), i.e.,

a^2_H = − l^2_{AdS} 2 + 1 2 √ l^4_{AdS} + 4μl^2_{AdS} . (3.36)

The Hawking temperature, T_H , is then given by

T_H = (e^{2ρ})^′|_{a=aH} 4π = 1 2πa_H + a_H πl^2_{AdS}

, (3.37)

where a prime denotes differentiation with respect to r. One can also rewrite the mass parameter, μ, using a_H or T_H from Eq. (3.36) as follows: μ = a^4_H l^2_{AdS}

+ a^2_H = a^2_H ( a^2_H l^2_{AdS} + 1 )

= 1 4 ( πl^2_{AdS}T_H ± √ (πl^2_{AdS}T_H )^2 − 2l^2_{AdS}

)_2

× ( 1 4l^2_{AdS} ( πl^2_{AdS}T_H ± √ (πl^2_{AdS}T_H )^2 − 2l^2_{AdS}

)_2 + 1 ) . (3.38)

The entropy S and the thermodynamical energy E of the black hole are given in [18, 19] S = V_3πa^3_H 2 8 16πG_5 = V_3π 32πG_5 ( πl^2T_H ± √ (πl^2T_H )^2 − kl^2

)_3

. (3.39) E = 3V_3μ 16πG_5

. (3.40)

On the other hand, the 4-dimensional energy can be derived from the FRW equations of the brane universe in the SAdS background. It is given by Eq.(3.8)

E_4 =

3V_3l_{AdS}μ 16πG_5a

. (3.41)

Then the relation between 4-dimensional energy E_4 on the brane and 5- dimensional energy in Eq.(3.40) is as follows [18]

E_4 = l_{AdS} a E . (3.42)

It is assumed that the total entropy S of the dual CFT on the brane is given by Eq. (3.39). If this entropy is constant during the cosmological evolution, the entropy density s is given by s = S a^3V_3 = a^3_H 2a^3G_4l_{AdS}

(3.43)

If one further assumes that the temperature T on the brane differs from the Hawking temperature T_H by the factor l_{AdS}/a like energy relation, it follows that T = l_{AdS} a T_H = r_H πal_{AdS} + l_{AdS} 2πaa_H (3.44)

and, when a = a_H , this implies that T = 1 πl_{AdS} + l_{AdS} 2πa^2_H . (3.45)

If the energy and entropy are purely extensive, the quantity E_4 + pV − T S vanishes. In general, this condition does not hold and one can define the Casimir energy E_C as in case for Einstein gravity (section two):

E_C = 3 (E_4 + pV − T S) . (3.46)

Then, by using Eqs. (3.39), (3.41), and (3.44), and the relation 3p = E_4/V , we find that E_C =

3l_{AdS}a^2_H V_3 8πG_5a . (3.47)

Finally, by combining Eqs. (3.39), (3.41), and (3.47) one gets S = 4πa 3 √ 2 √| | | |E_C ( E_4 − 1 2 E_C )| | | . (3.48)

Thus, we have demonstrated how the FRW equation which is written in CV form (second way) can be related to the thermodynamics of the bulk black hole. Similarly, one can consider bulk dS black hole thermodynamics.

4 FRW brane equations from 5-dimensional Einstein-Maxwell gravity

In this section, we discuss the Cardy-Verlinde formula from the 5-dimensional Einstein-Maxwell gravity. The example of such sort is necessary in order to understand the role of non-gravitational fields in rewriting of FRW equations in the Cardy form.

Let us consider 4-dimensional brane in 5-dimensional Reissner-Nordstrom-de Sitter (RNdS) background following ref.[22]. The bulk solution is given as:^5

ds^2 = −h(a)dt^2 + 1 h(a) da^2 + a^2dΩ^2_3 , (4.1)

h(a) = e^{2ρ}

= 1 − a^2 l^2_{dS} − ω_4M a^2 + 3ω^2_4 Q^2 16a^4

, (4.2)

ω_4 =

16πG_5 3V_3

, ϕ_{dS}(a) = 3 8 ω_4Q a^2

. (4.3)

Here l_{dS} is the curvature radius of dS background, dΩ^2_3 is a unit 3-dimensional sphere with volume V_3, G_5 is the 5-dimensional Newton constant, M and Q are the conserved quantities of black hole mass and charge respectively. ϕ_{dS}(a) is a measure of the electrostatic potential at a.

To derive FRW equations, one adopts the same method of Section 3. The dynamics of the brane is assumed to be described by the boundary action (3.1) even in RNdS bulk. Then one can get the equation of motion of the brane from this Lagrangian as in (3.2). Following the method of Section 3, we rewrite RNdS metric (4.1) in the form of FRW metric by using a new time parameter τ . On the brane the coordinates t and a in (4.1) are the functions of τ , namely a = a(τ ), t = t(τ ) as in (3.5). By imposing the condition (3.4), we can rewrite the equations of motion (3.2) as (3.6), again. From Eqs. (3.4) and (3.6), one can derive FRW equation for a radiation dominated universe (Hubble parameter H is defined by H =^1_a^{da}_{dτ}

H^2 = 1 l^2_{dS} − 1 a^2 + ω_4M a^4 − 3ω^2_4 Q^2 16a^6 + κ^2 4 (4.4)

The tension of brane is chosen as κ = 2/l_{dS}. The above equation can be written in the form of the standard FRW equation with Q and the cosmological

5In our conventions, black hole mass μ represents the ω_4M in Eq.(4.2). Hereafter we adopt M as black hole mass instead of μ for later convenience.

constant Λ:

H^2 = − 1 a^2 + 8πG_4 3 ( ρ − 1 2 ϕρ_Q ) + Λ 3 , ρ = E_4 V = 3ω_4M 8πG_4a^4

, V = a^3V_3 , Λ = 6 l^2_{dS} , ρ_Q = Q V , ϕ = l_{dS} a ϕ_{dS} , G_4 =

2G_5 l_{dS}

. (4.5)

Here G_4 is the 4-dimensional gravitational coupling again and ρ and ρ_Q can be regarded as 4-dimensional energy density and charge density on the brane in RNdS background respectively.

By differentiating Eq.(4.5) with respect to τ , we obtain the second FRW equation:

Ḣ = −4πG_4 (ρ + p − ϕρ_Q) + 1 a^2 , p = ω_4M 8πG_4a^4

. (4.6)

Here p is 4-dimensional pressure of the matter on the boundary.

Next, we recall the Cardy formula of 2-dimensional CFT:

S_4 = 2π √ c 6 ( L_0 − c 24 ) . (4.7)

One can get now the Cardy formula for RNdS background with time-like branes.^6 For time-like brane on RNdS background, the following identifications may be done 2π 3 ( E_4a − 1 2 ϕQa + ΛV a 8πG_4 ) ⇒ 2πL_0 , V 8πG_4a ⇒ c 24 , HV 2G_4

⇒ S_4 , (4.8)

6For space-like brane, this may be easily repeated like for AdS(dS) Schwarzschild background.

It is clear that with above identifications FRW equations take the form of Cardy formula. Note that the effect of Q and the cosmological constant appears in Cardy formula (in the shift of energy for Hamiltonian). We included the contribution of the cosmological constant in L_0 because it shifts the vacuum energy. This means the cosmological entropy bound[4] should be changed. The Bekenstein bound in 4-dimensions is S ≤ S_B , S_B ≡ 2π 3 E_4a . (4.9)

Using Eq.(4.8), the Bekenstein entropy bound should be changed as follows: S ≤ S_B, S_B ≡ 2π 3 a ( E_4 − 1 2 ϕQ + ΛV 8πG_4 ) . (4.10)

Thus, the matter fields (vectors in the example under consideration) modify some quantities which appear in Cardy formula via the contribution of the electric potential in the operator of Virasoro algebra of zero level. Moreover, the Bekenstein entropy bound is also modified. In the same way, the other fields (fermions, tensor fields, etc) will influence to Cardy representation of FRW equations. Of course, the explicit equations may be quite complicated. Note also that similarly to the discussion of the previous section one can relate thermodynamic entropy of RNdS BH with dual CFT entropy and to get the CV formula from such relation. AdS/CFT correspondence is again used in such calculation.

5 Brane New World from 5-dimensional AdS-Schwarzschild Black Hole

The interesting question now is: what is the role of quantum brane effects to FRW brane cosmology and to representation of FRW equations in the form of 2-dimensional entropy equation? In this section based on [26], we review the appearance of quantum matter effects in the brane equations of motion.

We assume the brane connects two bulk spaces and we may also identify the two bulk spaces as in [16] by imposing Z_2 symmetry. One starts with the Minkowski signature action S which is the sum of the Einstein-Hilbert action S_{EH} with the cosmological term, the Gibbons-Hawking surface term

S_{GH}, the surface counter term S_1 and the trace anomaly induced action W:

S = S_{EH} + S_{GH} + 2S_1 + W, (5.1)

S_{EH} = 1 16πG_5 ∫ d^5x √ −g_{(5)} ( R_{(5)} + 12 l^2 ) , (5.2)

S_{GH} = 1 8πG_5 ∫ d^4x √ −g_{(4)}∇_μn^μ, (5.3)

S_1 = − 6 16πG_5l_{AdS} ∫ d^4x √ g_{(4)}, (5.4) W = b ∫ d^4x √ −~g ~F A + b^′ ∫ d^4x √ ~g { A [ 2 ~^2 + ~R_{μν} ~∇_μ~∇_ν − 4 3 ~R ~^2 + 2 3 (~∇^μ ~R)~∇_μ ] A + ( ~G − 2 3 ~ ~R ) A } (5.5) − 1 12 { b^{′′} + 2 3 (b + b^′) } ∫ d^4x √ ~g [ ~R − 6 ~A − 6(~∇_μA)(~∇^μA) ]_2 . Here the quantities in the 5-dimensional bulk spacetime are specified by the suffices_{(5)} and those in the boundary 4-dimensional spacetime are specified by_{(4)} (for details, see [27]). In (5.3), n^μ is the unit vector normal to the boundary. The Gibbons-Hawking term S_{GH} is necessary in order to make the variational method well-defined when there is boundary in the spacetime. In (5.4), the coefficient of S_1 is determined from AdS/CFT [28]. The factor 2 in front of S_1 is coming from that we have two bulk regions which are connected with each other by the brane. In (5.5), one chooses the 4- dimensional boundary metric as g_{(4)μν} = e^{2A}g̃_{μν} , where g̃_{μν} is a reference metric. G (G̃) and F (F̃ ) are the Gauss-Bonnet invariant and the square of the Weyl tensor. W can be obtained by integrating the conformal anomaly with respect to the scale factor A of the metric tensor since the conformal anomaly should be given by the variation of the quantum effective action with respect to A. Note that quantum effects of brane CFT are taken into account via Eq.(5.5).

In the effective action (5.5) induced by brane quantum conformal matter, in general, with N scalar, N_{1/2} spinor, N_1 vector fields, N_2 (= 0 or 1) gravitons and N_{HD} higher derivative conformal scalars, b, b^′ and b^{′′} are [27] b = N + 6N_{1/2} + 12N_1 + 611N_2 − 8N_{HD} 120(4π)^2 b^′ = −

N + 11N_{1/2} + 62N_1 + 1411N_2 − 28N_{HD} 360(4π)^2

, b^{′′} = 0 . (5.6)

For typical examples motivated by AdS/CFT correspondence one has: a) N = 4 SU(N) SYM theory : b = −b^′ =^{N 2−1}_{4(4π)2} , b) N = 2 Sp(N) theory : b =^{12N 2+18N −2}

24(4π)^2 and b

′ = −^{12N 2+12N −1}

24(4π)^2 . Note that b

′ is negative in the above cases. It is important to note that brane quantum gravity may be taken into account via the contribution to correspondent parameters b, b^′.

Then on the brane, we have the following equation which generalizes the classical brane equation of the motion: 0 = 48l^4_{AdS} 16πG_5 ( A_{,z} − 1 l_{AdS} ) e^{4A} + b^′ ( 4∂^4_τ A + 16∂^2_τ A ) −4(b + b^′) ( ∂^4_τ A − 2∂^2_τ A − 6(∂_τ A)^2∂^2_τ A ) . (5.7)

This equation is derived from the condition that the variation of the action on the brane, or the boundary of the bulk spacetime, vanishes under the variation over A. The first term proportional to A_{,z} expresses the bulk gravity force acting on the brane and the term proportional to^1_{lAdS} comes from the brane tension. The terms containing b or b^′ express the contribution from the conformal anomaly induced effective action (quantum effects). In (5.7), one uses the form of the metric as

ds^2 = dz^2 + e^{2A(z,τ )}g̃_{μν} dx^μdx^ν , g̃_{μν} dx^μdx^ν ≡ l^2 ( −dτ^2 + dΩ^2_3 ) . (5.8)

Here dΩ^2_3 corresponds to the metric of 3-dimensional unit sphere.

As a bulk space, one considers 5d AdS-Schwarzschild black hole spacetime (3.3). By putting a = r, h = e^{2ρ}, and μ =^{16πG5 M}_{3V3} (V_3 is the volume of the unit 3 sphere) and by choosing new coordinates (z, τ ) as

e^{2A} h(a) A^2_{,z} − h(a)t^2_{,z} = 1 , e^{2A} h(a) A_{,z}A_{,τ} − h(a)t_{,z}t_{,τ} = 0 e^{2A} h(a) A^2_{,τ} − h(a)t^2_{,τ} = −e^{2A} . (5.9)

the metric takes the warped form (5.8). Here a = l_{AdS}e^A. Further choosing a coordinate t̃ by dt̃ = le^Adτ , the metric on the brane takes FRW form:

e^{2A}g̃_{μν} dx^μdx^ν = −dt̃^2 + l^2_{AdS}e^{2A}dΩ^2_3 . (5.10)

By solving Eqs.(5.9), we have

H^2 = A^2_{,z} − he^{−2A} = A^2_{,z} − 1 l^2_{AdS} − 1 a^2 + 16πG_5M

3V_3a^4

. (5.11)

Here the Hubble constant H is introduced: H =^1_a^{da}_{dt̃} =^{dA}_{dt̃} . On the other hand, from (5.7) one gets A_{,z} = 1 l_{AdS} + πG_5 3 { −4b^′ (( H~_t~_t~_t + 4H^2_{t̃} + 7HH~_t~_t + 18H^2H~_t + 6H^4 )

+ 4 a^2 ( H~_t + H^2 )) + 4(b + b^′) (( H~_t~_t~_t + 4H^2_{t̃}

+7HH~_t~_t + 12H^2H~_t ) − 2 a^2 ( H~_t + H^2 ))} . (5.12)

Then combining (5.11) and (5.12), we find

H^2 = − 1 l^2_{AdS} − 1 a^2 + 16πG_5M 3V_3a^4 + [ 1 l_{AdS} + πG_5 3 { −4b^′ (( H_,~_t~_t~_t + 4H^2_{,t̃}

+7HH_,~_t~_t + 18H^2H_,~_t + 6H^4 ) + 4 a^2 ( H_,~_t + H^2 )) (5.13)

+4(b + b^′) (( H_,~_t~_t~_t + 4H^2_{,t̃} + 7HH_,~_t~_t + 12H^2H_,~_t ) − 2 a^2 ( H_,~_t + H^2 ))}]^2 . This expresses the quantum correction to the corresponding brane equation in [18]. In fact, if we put b = b^′ = 0, Eq.(5.13) reduces to the classical FRW equation H^2 = − 1 a^2 + 16πG_5M 3V_3a^4

. (5.14)

Further by differentiating Eq.(5.13) with respect to t̃, one arrives to second FRW equation. One can rewrite FRW equations in more familiar form

H^2 = − 1 a^2 + 8πG_4ρ 3 (5.15) ρ = l_{AdS} a [ M V_3a^3 + 3a 16πG_5 [[ 1 l_{AdS} + πG_5 3 { −4b^′ (( H_,~_t~_t~_t + 4H^2_{,t̃} + 7HH_,~_t~_t

+18H^2H_,~_t + 6H^4 ) + 4 a^2 ( H_,~_t + H^2 )) + 4(b + b^′) (( H_,~_t~_t~_t + 4H^2_{,t̃}

+7HH_{,t̃t̃} + 12H^2H_{,t̃} ) − 2 a^2 ( H_{,t̃} + H^2 ))}]2 − 1 l^2_{AdS} ]] , (5.16)

H_,~_t = 1 a^2

− 4πG_4(ρ + p) (5.17)

ρ + p = l_{AdS} a [ 4M 3V_3a^3 − 1 24l^3_{AdS}H [ 1 l_{AdS} + πG_5 3 { −4b^′ (( H_,~_t~_t~_t + 4H^2_{,t̃} + 7HH_,~_t~_t

+18H^2H_,~_t + 6H^4 ) + 4 a^2 ( H_,~_t + H^2 ))

+4(b + b^′) (( H_,~_t~_t~_t + 4H^2_{,t̃} + 7HH_,~_t~_t + 12H^2H_,~_t ) − 2 a^2 ( H_,~_t + H^2 ))}] × { −4b^′ (( H_{,t̃t̃t̃t̃} + 15H_{,t̃}H~_t~_t + 7HH_{,t̃t̃t̃} + 18H^2H_{,t̃t̃} + 36HH^2_{,t̃}

+24H^3H_,~_t ) + 4 a^2 ( H_,~_t~_t − 2H^3 )) + 4(b + b^′) (( H_,~_t~_t~_t~_t + 15H_,~_tH_,~_t~_t

+7HH_{,t̃t̃t̃} + 12H^2H_{,t̃t̃} + 24HH^2_{,t̃} ) − 2 a^2 ( H_{,t̃t̃} − 2H^2 ))}] . (5.18)

Here 4d Newton constant G_4 is given by (3.9) and quantum corrections from CFT are included into the definition of energy (pressure). These quantum corrected FRW equations are written from quantum-induced brane-world perspective. As the correction terms include higher derivatives, these terms become relevant when the universe changes its size very rapidly as in the very early universe. It is also very important to note that doing the same identification as in the previous section one easily rewrites above FRW equations in the Cardy formula form. This is caused by the fact that quantum effects are included into the definition of energy and pressure. In other words, formally these equations look like classical FRW equations.

It is not so clear if the energy density ρ and the pressure p satisfy the energy conditions because quantum effects generally may violate the energy conditions. For the solution of (5.15), however, ρ is always positive since (5.15) can be rewritten ρ = 3 8πG_4 ( H^2 + 1 a^2 ) > 0. (5.19)

We also have from (5.17)

ρ + p = 1 4πG_4 ( 1 a^2 − H_{,t̃} ) . (5.20)

Therefore the weak energy condition should be satisfied if^1_{a2} − H_{,t̃} > 0 in the solution. In order to clarify the situation, we consider the specific case of b + b^′ = 0 as in N = 4 theory and we assume that b^′ is small. Then from (5.15) and (5.17) and by differentiating (5.17) with respect t̃, one gets

H^2 = − 1 a^2 + 8πG_4Ml_{AdS} 3V_3a^4

+ O (b^′) , H_,~_t = 1 a^2 − 16πG_4Ml_{AdS} 3V_3a^4

+ O (b^′) ,

H_,~_t~_t = − 2 a^2 H + 64πG_4Ml_{AdS} 3V_3a^4

H + O (b^′) , etc. (5.21)

Then by using (5.16) and (5.18), we find ρ = Ml_{AdS} V_3a^4 − b^′ 2 ( 8πG_4Ml_{AdS} V_3a^6 − 128π^2G^2_4M^2l^2_{AdS} 3V^2_3 a^8 ) + O ( b^{′2} ) , p = Ml_{AdS} 3V_3a^4 − b^′ 2 ( 8πG_4Ml_{AdS} V_3a^6 − 640π^2G^2_4M^2l^2_{AdS} 9V^2_3 a^8 ) + O ( b^{′2} ) .(5.22)

The correction part of ρ is not always positive but ρ itself should be positive, which is clear from (5.19). One also gets ρ+p = 4Ml_{AdS} 3V_3a^4 − b^′ 2 ( 16πG_4Ml_{AdS} V_3a^6 − 1024π^2G^2_4M^2l^2_{AdS} 9V^2_3 a^8 ) +O ( b^{′2} ) . (5.23)

Then the correction part seems to be not always positive and the weak energy condition might be broken. As the above discussion is based on the perturbation theory, we will discuss the weak energy condition later using the de Sitter type brane universe solution.

Let us consider the solution of quantum-corrected FRW equation (5.13). Assume the de Sitter type solution

a = A cosh Bt̃ . (5.24)

Substituting (5.24) into (5.13), one finds the following equations should be satisfied:

0 = − 1 B^2 − 1 l^2_{AdS} + ( 1 l_{AdS}

− 8πG_5b^′B^4

)_2

(5.25)

0 = B^2 − 1 A^2

+2 ( 1 l_{AdS}

− 8πG_5b^′B^4 ) πG_5 3 (24b^′ + 8b) ( B^4 −

B^2 A^2 ) (5.26) 0 = 16πG_5M 3V_3 + (πG_5 3 )_2

(24b^′ + 8b)^2 ( B^4 −

B^2 A^2

)_2

. (5.27)

Eq.(5.25) tells that there is no de Sitter type solution if there is no quantum correction, or if b^′ = 0. Eq.(5.27) tells that if the black hole mass M is non-vanishing and positive, there is no any solution of the de Sitter-like brane. When M = 0, Eqs.(5.26) and (5.27) are trivially satisfied if A^2 =^1_{B2} . Actually this case corresponds to well-known anomaly-driven inflation [29] (for recent discussion, see [30]). Eq.(5.25) has unique non-trivial solution for B^2, which corresponds to the de Sitter brane universe in [28, 27]. This brane-world is called Brane New World.

When M < 0, there is no horizon and the curvature singularity becomes naked. We will, however, formally consider the case since there is no de Sitter-like brane solution in the classical case (b^′ = 0) even if M is negative. If M ≠ 0 or A^2 ≠^1_{B2} , Eq.(5.26) has the following form:

0 = 1 + 2 ( 1 l_{AdS} − 8πG_5b^′ l^4_{AdS}

B^4 ) πG_5 3l^4_{AdS}

(24b^′ + 8b) B^2 . (5.28)

Eq.(5.28) is not always compatible with Eq.(5.25) and gives a non-trivial constraint on G_5, l_{AdS}, b and b^′. If the constraint is satisfied, B^2 can be uniquely determined by (5.25) or (5.28). Then (5.27) can be solved with respect to A^2.

Now we consider the above constraint and solution for B^2. By combining (5.25) and (5.28), one obtains

0 = B^6 + 1 l^2_{AdS}

B^4 − 1 η , η ≡ 4 (24b^′ + 8b) (πG_5 3 )_2

(5.29) 0 = ( 1 l^2_{AdS}

+ B^2

)_3 − { 1 l_{AdS} ( 1 l^2_{AdS}

+ B^2 ) − ζ } , ζ ≡ 6b^′ 24b^′ + 8b ( 3 πG_5 ) . (5.30)

In most of cases, η is negative and ζ is positive. The explicit solution of

(5.29) is given by

B^2 = − 1 3l^2_{AdS} + ( 1 27l^6_{AdS} − 1 2η + √ 1 4η^2 − 1 27l^6_{AdS}η

)^1_3

+ ( 1 27l^6_{AdS} − 1 2η − √ 1 4η^2 − 1 27l^6_{AdS}η

)^1_3

. (5.31)

On the other hand, if^{ζ4}_4 −^{ζ3}_{27l4AdS} > 0, the solution of (5.30) is given by

B^2 = − 2 3l^2_{AdS} + − 1 27l^6_{AdS} + ζ 3l^3_{AdS} − ζ^2 2 + ζ^4 4 − ζ^3 27l^4_{AdS} 1 3

+ − 1 27l^6_{AdS} + ζ 3l^3_{AdS} − ζ^2 2 − ζ^4 4 − ζ^3 27l^4_{AdS} 1 3 . (5.32)

or if^{ζ4}_4 −^{ζ3}_{27l4AdS} < 0, the solutions are

B^2 + 2 3l^2_{AdS}

= ξ + ξ^∗ , ξω + ξ^∗ω^2 , ξω^2 + ξ^∗ω . (5.33)

Here ξ = − 1 27l^6_{AdS} + ζ 3l^3_{AdS} − ζ^2 2 + i ζ^3 27l^4_{AdS} − ζ^4 4 1 3 , ω = e^{2iπ3} . (5.34)

Then if the solution (5.31) coincides with any of the solutions (5.32) or (5.33), there occurs quantum-induced de Sitter-like brane realized in d5 AdS BH. In a sense, we got the extension of scenario of refs.[28, 27] for quantum-induced brane-worlds within AdS/CFT set-up when bulk is given by d5 AdS BH.

For the de Sitter type solution (5.24), Eq.(5.20) has the following form:

ρ + p = 1 4πG_4 ( 1 A^2 − B^2 ) 1 cosh^2 Bt̃

. (5.35)

Then the weak energy condition can be satisfied if 1 A^2

≥ B^2 . (5.36)

For the exact de Sitter solution corresponding to M = 0, we have^1_{A2} = B^2 and Eq.(5.36) is satisfied. For more general solution in (5.31) or (5.33), B and A non-trivially depend on the parameters G_5, M, b and b^′ and it is not so clear if Eq.(5.36) is always satisfied.

The more detailed analysis shows that quantum corrections induce de Sitter brane not only in the case of zero black hole mass but also in the case of negative black hole mass. Of course, the specific details of such braneworld inflation depend on the fields content on the brane. As a final remark one can note that above picture may be considered also in the case when bulk space is de Sitter black hole (see first work in ref.[25]). The presentation of brane equations in Cardy form is again possible.

6 Brane matter induced by 5-dimensional Einstein-Gauss-Bonnet gravity

In the present section we study more complicated theory, i.e. Einstein-GB gravity. As the bulk space, Anti-de Sitter black hole is considered. The question is: how looks the brane matter (which may be considered as dark matter) induced in such brane-world theory? As it is shown explicitly such brane matter is quite complicated which is caused by higher derivatives terms.

The action of the (d + 1)-dimensional Einstein–GB bulk action is given by^7 S = ∫ d^{d+1}x √ −g { 1 κ^2_g

R − Λ_{bulk} + c ( R^2 − 4R_{μν} R^{μν} + R_{μνξσ} R^{μνξσ} ) } , (6.1)

where c is an arbitrary coupling constant, κ^2_g = 16πG_5 parametrizes the (d + 1)-dimensional Planck mass, the Riemann tensor, R_{μνξσ} , and its contractions are constructed from the metric, g_{μν} , and its derivatives, g ≡ detg_{μν} and Λ_{bulk} represents the bulk cosmological constant.

By extremising the variations of the action (6.1) with respect to the metric

7In this section, upper case Latin indices run from (A, B) = (1, 2, 3) over the spatial sections of the world–volume of the brane and y is the coordinate associated with the 5-dimension.

tensor we obtain the field equations 0 = 1 2 g^{μν} { c ( R^2 − 4R_{ρσ} R^{ρσ} + R_{ρλξσ}R^{ρλξσ} ) + 1 κ^2_g

R − Λ_{bulk} } (6.2) +c ( −2RR^{μν} + 4R^μ_ρR^{νρ} + 4R^{μρνσ} R_{ρσ} − 2R^{μρστ} R^ν_{ρστ} ) − 1 κ^2_g R^{μν} . One considers the case where the bulk spacetime corresponds to a static, hyper–spherically symmetric geometry with a line element given by

ds^2 = −e^{2ν(r)}dt^2 + e^{2λ(r)}dr^2 + r^2 d−1∑ A,B=1 g̃_{AB} dx^Adx^B , (6.3)

where {ν(r), λ(r)} are functions of the radial coordinate, r, and the metric g̃_{ij} is the metric of the (d − 1)-dimensional Einstein manifold with a Ricci tensor defined by R̃_{ij} = kg_{ij} . The constant k has values k = {d − 2, 0, −(d − 2)} for a (d − 1)-dimensional unit sphere, a flat Euclidean space and a (d − 1)- dimensional unit hyperboloid, respectively.

Restricting to the 5-dimensional case (d = 4), Eq. (6.2) admits the black hole solution [21, 9]:

e^{2ν} = e^{−2λ} = 1 2c { ck + r^2 2κ^2_g ± r^4 4κ^4_g ( 4cκ^2_g l^2 − 1 )_2 − 2cμ κ^2_g ( 4cκ^2_g l^2 − 1 ) , (6.4)

where the constant μ is related to the gravitational mass of the black hole and 1 l^2 ≡ 1 4cκ^2_g 1 ± √ 1 + 2cΛ_{bulk}κ^4_g 3 . (6.5)

The constant, l^2, is determined by the Gauss–Bonnet coupling parameter, c, and the bulk cosmological constant, Λ_{bulk}. It corresponds to the length parameter of the asymptotically AdS space when r is large. If cΛ_{bulk} > 0, l^2 can be formally negative and the spacetime then becomes asymptotically de Sitter. In principle, the above solution (6.4) for positive l^2 generalizes the well-known Schwarzschild-AdS black hole solution to Einstein–GB gravity.

We now proceed to consider the motion of a domain wall (three-brane) along a timelike geodesic of the 5-dimensional, static background defined by Eqs.(6.3) and (6.4). The equation of motion of the brane is interpreted by an observer confined to the brane as an effective Friedmann equation describing the expansion or contraction of the universe. From this Friedmann equation, we can deduce the energy and entropy of the matter in the brane universe. Specifically, we consider a brane action of the form:

S_{br} = −η ∫ d^4x √ −h, (6.6) where η is a positive constant representing the tension associated with the brane and h is the determinant of the boundary metric, h_{ij} , induced by the bulk metric, g_{μν} .

We employ the method developed in Ref.[19] to derive the Friedmann equation. (Note that it is more complicated than Einstein gravity case considered in section 3.) The metric (6.3) is rewritten by introducing new coordinates (y, τ ) and a scalar function A = A(y, τ ) that satisfies the set of constraint equations:

l^2e^{2A+2λ}A^2_{,y} − e^{−2λ}t^2_{,y} = 1 , l^2e^{2A+2λ}A_{,y}A_{,τ} − e^{−2λ}t_{,y} t_{,τ} = 0 , l^2e^{2A+2λ}A^2_{,τ} − e^{−2λ}t^2_{,τ} = −l^2e^{2A} , (6.7)

where a comma denotes partial differentiation. When λ = −ν, as in Eq. (6.4), the metric (6.3) may then be written in the form

ds^2 = dy^2 + e^{2A(y,τ )} 4∑ i,j=1 g̃_{ij} dx^idx^j , (6.8)

where r = l exp(A). Since we are interested in the cosmological implications, we assume that the metric, g̃_{ij} , respects the same symmetries as the metric of the Friedmann–Robertson–Walker (FRW) models, i.e., we assume that g̃_{ij} dx^idx^j ≡ l^2 ( −dτ^2 + dΩ^2_{k,3} ) , (6.9) where dΩ^2_{k,3} is the metric of unit three–sphere for k > 0, 3-dimensional Euclidean space for k = 0 and the unit three–hyperboloid for k < 0. Thus, choosing a timelike coordinate, t̃, such that dt̃ ≡ le^Adτ , implies that the induced metric on the brane takes the FRW form:

ds^2_{brane} = −dt̃^2 + l^2e^{2A}dΩ^2_{k,3}. (6.10)

It follows by solving Eqs. (6.7) that

H^2 = A^2_{,y} − e^{−2λ}e^{−2A}

l^2

, (6.11)

where the Hubble parameter on the brane is defined by H ≡ dA/dt̃. Thus, for a vacuum brane that has no matter confined to it, the cosmic expansion (contraction) is determined once the functional forms of {A, λ} have been determined. Hereafter we use the scale factor of the metric on the brane as a ≡ e^{A(t̃)}, then the Hubble parameter is rewritten in the standard form H =^1_a^{da}_{dt̃} .

Then the Friedmann equation describing the motion of the 3-dimensional brane in the AdS BH bulk space-time is given by the following equation (see work by Lidsey et al from ref.[10]) where the function f(a) is introduced for later convenience:

H^2 =

G^2 H^2 − X(a) a^2

≡ f(a) , (6.12)

where G = 4η ± 12X^{1/2} Y^{3/2} { 16ϵ^2μ̃^2(4ϵ − 1)^2a^{−3} }

η ≡ 6 κ^2_g l

(12ϵ − 1) . (6.13) and H = − 48 κ^2_g ∓ 24 Y^{3/2}

5 (2ϵμ̃ (4ϵ − 1))^2 a^{−2} + 6 ( (4ϵ − 1)^2 4κ^4_g

)_2

a^6 − 9 (4ϵ − 1)^3 ϵμ̃ 2κ^4_g a^2 ) , (6.14)

X ≡ k 2 + a^2 4ϵl^2 ± Y^{1/2}κ^2_g 2ϵl^2 , Y ≡ −2ϵμ̃(4ϵ − 1) + (4ϵ − 1)^2 4κ^4_g a^4. (6.15)

Here we have defined the rescaled parameters: ϵ ≡ cκ^2_g l^2 , μ̃ ≡ l^2μ κ^4_g

. (6.16)

The standard FRW equations for 4-dimensions can be written as^8

H^2 = 8πG 3 ρ − k 2a^2 , Ḣ = −4πG (ρ + p) + k 2a^2

, (6.17)

here, ˙ is the derivative with respect to cosmological time t̃. Then ρ and p are ρ = 3 8πG ( f(a) + k 2a^2 ) (6.18) p = − 1 8πG ( k 2a^2

+ af^′(a) + 3f(a) ) , (6.19)

where^′ denotes the derivative with respect to a. Similarly, FRW equations from the bulk dS BH may be constructed (see work by Lidsey et al in ref.[10].

In [4], it was shown that the standard FRW equation in d dimensions can be regarded as a d-dimensional analogue of the Cardy formula for a 2-dimensional CFT [5]:

S̃ = 2π c 6 ( L_0 − k d − 2 c 24 ) , (6.20)

where c is the analogue of the 2-dimensional central charge and L_0 is the analogue of the 2-dimensional Hamiltonian. In the present case (d = 4), we make the following identifications ( similarly to the case of Einstein-Maxwell gravity in section 4): 2πρV a 3 → 2πL_0 , 8 In our conventions, k takes −2, 0, 2.

2V 16πGa → c 24 , 8πHV 16πG → S̃ , V = a^3V_3 , (6.21)

where V_3 is the volume of the 3-dimensional sphere with unit radius. Then one finds the first FRW-like equation (6.17) has the same form as Eq. (6.20).

In order to get explicit form of p , one calculates f^′(a) as

f^′(a) =

2G^2 H^2 ( G^′ G − H^′ H ) − X^′ a^2 + 2X a^3

. (6.22)

From Eqs.(6.15), we get

X^′ = a 2ϵl^2 ± Y^{−1/2}κ^2_g 4ϵl^2 (4ϵ − 1)^2 κ^4_g a^3 , Y^′ =

(4ϵ − 1)^2 κ^4_g a^3. (6.23)

Then, the last two terms of Eq.(6.22) are written as − X^′ a^2 + 2X a^3 = ∓ κ^2_g 4ϵl^2 (4ϵ − 1)^2

κ^4_g aY^{−1/2} + k a^3 ± κ^2_g a^3ϵl^2

Y^{1/2} . (6.24)

To calculate the first two terms of Eq.(6.22), the derivatives of G and H are needed

G^′ = ±

12X^{1/2} Y^{3/2} { 16ϵ^2μ̃^2(4ϵ − 1)^2a^{−3} } ( 1 2 X^′ X − 3 2 Y^′ Y − 3 a )

H^′ = ∓ 24 Y^{3/2} − 3 2 Y^′ Y 5 (2ϵμ̃ (4ϵ − 1))^2 a^{−2} + 6 ( (4ϵ − 1)^2 4κ^4_g

)_2

a^6 − 9 (4ϵ − 1)^3 ϵμ̃ 2κ^4_g a^2 ) + ( −10 (2ϵμ̃ (4ϵ − 1))^2 a^{−3} +36 ( (4ϵ − 1)^2 4κ^4_g

)_2

a^5 −

18 (4ϵ − 1)^3 ϵμ̃ 2κ^4_g a )} (6.25)

Substituting above equations into Eq.(6.22), one obtains

f^′(a) =

2G^2 H^2 × ( ± 1 G 12X^{1/2} Y^{3/2} { 16ϵ^2μ̃^2(4ϵ − 1)^2a^{−3} } ( 1 2 X^′ X − 3 2 Y^′ Y − 3 a )

± 1 H 24 Y^{3/2} − 3 2 Y^′ Y 5 (2ϵμ̃ (4ϵ − 1))^2 a^{−2} + 6 ( (4ϵ − 1)^2 4κ^4_g

)_2

a^6 − 9 (4ϵ − 1)^3 ϵμ̃ 2κ^4_g a^2 ) + ( −10 (2ϵμ̃ (4ϵ − 1))^2 a^{−3} +36 ( (4ϵ − 1)^2 4κ^4_g

)_2

a^5 −

18 (4ϵ − 1)^3 ϵμ̃

2κ^4_g a )} )

∓ κ^2_g 4ϵl^2 (4ϵ − 1)^2 κ^4_g aY^{−1/2} + k a^3 ± κ^2_g ϵl^2a^3

Y^{1/2} . (6.26)

This equation has very complicated form, so we consider mainly the limit a → ∞ or a → 0. One first considers the ρ and p until the order of a^{−4}, in the limit of a → ∞. Then X = k 2 + a^2 4ϵl^2 ± κ^2_g 2ϵl^2 Y^{1/2}, = k 2 + a^2 4ϵl^2 ± 4ϵ − 1 4ϵl^2 a^2 ( 1 − ϵμ̃ 4κ^4_g (4ϵ − 1)a^4 ) , Y = (4ϵ − 1)^2 4κ^4_g a^4 ( 1 − ϵμ̃ 8κ^4_g (4ϵ − 1)a^4 )

G → 4η, H → − 48 κ^2_g

∓ 24

8κ^6_g (4ϵ − 1)^3 a^{−6} ( 1 − ϵμ̃ 8κ^4_g (4ϵ − 1)a^4 )_{−3/2}

× 6 ( (4ϵ − 1)^2 4κ^4_g

)_2

a^6 −

9(4ϵ − 1)^3ϵμ̃ 2κ^4_g a^2 , ∼ − 48 κ^2_g

∓ 24

8κ^6_g (4ϵ − 1)^3 ( 1 + ϵμ̃

12κ^4_ga^{−4} (4ϵ − 1) )

× 6 ( (4ϵ − 1)^2 4κ^4_g

)_2 − 9(4ϵ − 1)^3ϵμ̃ 2κ^4_g a^{−4} = − 24 κ^2_g

(2 ± 3(4ϵ − 1)) . (6.27)

Thus, f(a) = 1 l^2

(12ϵ − 1)^2 (2 ± 3(4ϵ − 1))^{−2} − k 2a^2 − 1 4ϵl^2 ∓ 4ϵ − 1 4ϵl^2 ( 1 − ϵμ̃ 4κ^4_g (4ϵ − 1)a^4 ) (6.28)

ρ = 3 8πG ( 1 l^2

(12ϵ − 1)^2 (2 ± 3(4ϵ − 1))^{−2} − 1 4ϵl^2 ∓ 4ϵ − 1 4ϵl^2 ( 1 − ϵμ̃ 4κ^4_g (4ϵ − 1)a^4 )) (6.29) p = − 1 8πG ( 3 l^2

(12ϵ − 1)^2 (2 ± 3(4ϵ − 1))^{−2} − 3 4ϵl^2 ∓ 3(4ϵ − 1) 4ϵl^2 ∓ 1 l^2 μ̃κ^4_ga^{−4} ) . (6.30)

If we choose the upper sign, that is, + of ± and − of ∓ in Eqs.(6.28), (6.29), (6.30), then f(a) = − k 2a^2 + μ̃κ^4_g l^2a^4

, (6.31) ρ = 3 8πG μ̃κ^4_g l^2a^4

, (6.32) p = 1 8πG μ̃κ^4_g l^2a^4

, (6.33)

This shows that energy-momentum tensor is traceless, T^μ_μ = ρ − 3p = 0. This means the theory on the brane is CFT.

However, if we take the lower sign, that is − of ± and + of ∓ in Eqs.(6.28), (6.29), (6.30), there is a constant term and a^{−4} term which comes from conformal matter. Since the original Friedmann equation which includes cosmological constant Λ has the following form:

H^2 = 8πG 3 ρ_m − k 2a^2 + Λ 3 , Ḣ = −4πG (ρ + p) + k 2a^2

, (6.34) one can divide ρ and p into the sum of the contributions from matter fields ρ_m and p_m and those from the cosmological constant:

ρ = ρ_m + ρ_0 , p = p_m − ρ_0 , ρ_0 = Λ 8πG . (6.35)

Then the constant term in (6.29) corresponds to the effective cosmological constant on the brane:

ρ_0 = Λ 8πG = 3 8πG { 1 l^2

(12ϵ − 1)^2 (5 − 12ϵ)^{−2} − 1 − 2ϵ 2ϵl^2 } (6.36)

The matter parts ρ_m and p_m in ρ and p are given by

ρ_m = − 3 8πG μ̃κ^4_g l^2a^4

, (6.37)

p_m = − 1 8πG μ̃κ^4_g l^2a^4

, (6.38)

and the matter energy-momentum tensor T^{mμ}_ν is traceless, T^{mμ}_μ = ρ_m −3p_m = 0. Thus, having the effective cosmological term in FRW equations, the brane matter is again the conformal one.

Next, one takes a → 0 limit in case −2ϵμ̃(4ϵ − 1) > 0. Then X → k 2 ± κ^2_g 2ϵl^2 √ −2ϵμ̃(4ϵ − 1), Y → −2ϵμ̃(4ϵ − 1) G → ±48(−2ϵμ̃(4ϵ − 1))^{1/2} { k 2 ± κ^2_g 2ϵl^2 (−2ϵμ̃(4ϵ − 1))^{1/2} }_{1/2} a^{−3}, H → ∓120(−2ϵμ̃(4ϵ − 1))^{1/2}a^{−2} . (6.39) These equations give ρ and p as ρ = 3 8πG { 2k 25 ∓ 21 25 κ^2_g 2ϵl^2 (−2ϵμ̃(4ϵ − 1))^{1/2} } a^{−2} p = − 1 8πG { 2k 25 ∓ 21 25 κ^2_g 2ϵl^2 (−2ϵμ̃(4ϵ − 1))^{1/2} } a^{−2} . (6.40)

The energy-momentum tensor is not traceless. The case that ρ and p is proportional to a^{−2} is known as curvature dominant case. The original Friedmann equation (6.34) can be rewritten in the following form:

H^2 = 8πG 3 ( ρ_m − 3 8πG k 2a^2 ) + Λ 3 ,

= 8πG 3 ρ̃ − k̃ 2a^2 + Λ 3 (6.41)

Here ρ̃ and k̃ are effective energy density and effective k respectively defined by^9

ρ̃ = ρ_m − 3 8πG k 2a^2

, k̃ = 0. (6.42)

Such effective energy density is proportional to a^{−2} when k is dominant, that is a → ∞, because the density ρ_m must decrease with increasing a at least as fast as a^{−3}. It is interesting that the original behavior of ρ̃ is proportional to a^{−2} in the limit a → ∞, while our ρ (6.40) behaves like a^{−2} in the limit of a → 0.

Note that if −2ϵμ̃(4ϵ − 1) is less than zero, X, H, G become imaginary when a = 0. Then we consider Y = 0 case instead of a → 0 limit. When Y = 0, a and X are a = ( 8ϵμ̃ (4ϵ − 1)

) 1_4 κ_g , X = k 2 + a^2 4ϵl^2 = k 2 + 1 4ϵl^2 ( 2ϵμ̃ (4ϵ − 1)

) 1_2

(2κ^2_g) (6.43)

G^2 H^2 is

G^2 H^2 = 4 81 k 2 ( 2ϵμ̃ (4ϵ − 1)

) −1_2

(2κ^2_g)^{−1} + 1 4ϵl^2 , (6.44)

which leads to ρ = 3 8πG 2k 81 ( 2ϵμ̃ (4ϵ − 1)

) −1_2

(2κ^2_g )^{−1} − 77 81 1 4ϵl^2 p = − 1 8πG 2k 81 ( 2ϵμ̃ (4ϵ − 1)

) −1_2

(2κ^2_g )^{−1} − 77 81 3 4ϵl^2 . (6.45)

9When curvature k becomes large, k can be divided as k = k + k̃. The k̃ takes the original value, namely 0, ±2.

One can divide ρ and p in (6.45) into the sum of the contributions from matter fields and the cosmological constant as in (6.35). Then one arrives at

ρ_0 = − 3 8πG 77 81 1 4ϵl^2 , ρ_m = 3 8πG 2k 81 ( 2ϵμ̃ (4ϵ − 1)

)_− 1_2

(2κ^2_g )^{−1}

p_m = − 1 8πG 2k 81 ( 2ϵμ̃ (4ϵ − 1)

)_− 1_2

(2κ^2_g)^{−1} . (6.46)

As a special case, we consider ϵ = 1/4 case where G, H become G = 48 κ^2_gl , H = − 48 κ^2_g

. (6.47)

f(a), f^′(a) take simple forms f(a) = − k 2a^2

, f^′(a) = k a^3

. (6.48)

Note that k should be negative , i.e. k = −2 since f(a) = H^2 is always positive . Thus ρ and p are

p = 0, ρ = 0. (6.49)

Therefore the energy-momentum tensor is zero. Next, we consider ϵ = 1/4 − δ^2 case. Here δ^2 > 0 and |δ| ≪ 1. In this case, X, Y are X = k 2 + a^2 l^2 ± 2 √ 2μ̃κ^2_gδ l^2

+ O(δ^2), Y ∼ 2μ̃δ^2 + O(δ^4) (6.50)

Using Eqs.(6.50), one obtains G, H as G = 48 κ^2_gl

± 48 ( k 2 + a^2 l^2 )_{1/2} (2μ̃)^{1/2}a^{−3}δ , H = − 48 κ^2_g

∓ 120(2μ̃)^{1/2}a^{−2}δ . (6.51) until the order of δ. Then f(a) is f(a) = − k 2a^2 ± 1 l^2

2κ^2_g l a^3 ( k 2 + a^2 l^2 )_{1/2} − 7κ^2_g a^2

(2μ̃)^{1/2}δ . (6.52)

This leads to the following ρ ρ = ± 3 8πG κ^2_g l^2 2l a^3 ( k 2 + a^2 l^2 )_{1/2} − 7 a^2

(2μ̃)^{1/2}δ . (6.53)

f^′(a) is

f^′(a) = k a^3 ± κ^2_g l^2 { − 6l a^4 ( k 2 + a^2 l^2 )_{1/2} + 2 a^2l ( k 2 + a^2 l^2 )_{−1/2} + 14 a^3 } (2μ̃)^{1/2}δ,

which leads to the following p p = ∓ 1 8πG κ^2_g l^2 { 2 al ( k 2 + a^2 l^2 )_{−1/2} − 7 a^2 } (2μ̃)^{1/2}δ . (6.54)

In the limit of a → 0, ρ which is much larger than p is proportional to a^{−3}. This means there is “dust”on the brane. We should note that when k = −2, there is a minimum of a at a = l since f(a) becomes complex values if a < l. In the limit of a → ∞ for k = 2 or k = 0, ρ and p are proportional to a^{−2} like in Eq.(6.40), which agrees with the behavior of the original effective energy density ρ̃ as it was mentioned.

The trace of the energy-momentum tensor is

T^μ_μ = −ρ + 3p (6.55) = ∓ 3 8πG κ^2_g l^2 2l a^3 ( k 2 + a^2 l^2 )_{1/2} − 7 a^2

(2μ̃)^{1/2}δ

∓ 3 8πG κ^2_g l^2 { 2 al ( k 2 + a^2 l^2 )_{−1/2} − 7 a^2 } (2μ̃)^{1/2}δ = ∓ 3 8πG κ^2_g l^2 2l a^3 ( k 2 + a^2 l^2 )_{1/2} + 2 al ( k 2 + a^2 l^2 )_{−1/2} − 14 a^2 (2μ̃)^{1/2}δ , which is not zero. In the limit a → ∞, the energy-momentum tensor is traceless. This indicates that dual CFT description is valid only in such a limit.

Another special case is ϵ = 1/12, which gives η = 0. Then X = k 2 + 3a^2 l^2 ± 2a^2 l^2 ( μ̃κ^4_g a^4 + 1 )_{1/2} , Y = a^4 9κ^4_g ( μ̃κ^4_g a^4 + 1 ) . (6.56)

G = ±16μ̃^2a^{−9}κ^6_g ( μ̃κ^4_g a^4 + 1 )_{−3/2} k 2 + 3a^2 l^2 ± 2a^2 l^2 ( μ̃κ^4_g a^4 + 1 )_{1/2} 1/2

H = − 48 κ^2_g

∓ a^{−6}κ^6_g ( μ̃κ^4_g a^4 + 1 )_{−3/2} ( 40μ̃a^{−2} + 48 a^6 κ^6_g

+ 72 μ̃ κ^4_g a^2 ) . (6.57)

Above equations lead to the following f(a)

f(a) = 256μ̃^4 a^{−18}κ^{12}_g ( μ̃κ^4_g a^4 + 1 )_{−3} k 2 + 3a^2 l^2 ± 2a^2 l^2 ( μ̃κ^4_g a^4 + 1 )_{1/2}

× − 48 κ^2_g

∓ a^{−6}κ^6_g ( μ̃κ^4_g a^4 + 1 )_{−3/2} ( 40μ̃a^{−2} + 48 a^6 κ^6_g

+ 72 μ̃ κ^4_g a^2 ) −2

− k 2a^2 − 3 l^2 ∓ 2 l^2 ( μ̃ κ^4_g a^4 + 1 )_{1/2} . (6.58)

The structure of ρ, p is very complicated, so we consider them in the limit a → ∞ or a → 0. Taking a → ∞, one gets f(a) → − k 2a^2 − 3 l^2 ∓ 2 l^2 ( μ̃ κ^4_g a^4 + 1 )_{1/2} , ρ → 3 8πG ( − 3 l^2 ∓ 2 l^2 ∓ μ̃ κ^4_g l^2a^4 ) (6.59) p → − 1 8πG ( − 9 l^2 ∓ 6 l^2 ± μ̃ κ^4_g l^2a^4 ) . (6.60)

Similarly to Eqs.(6.29) and (6.30), there are constant and a^{−4} terms which correspond to effective cosmological constant on the brane and the effect of conformal matter, respectively. Then ρ and p in (6.59), (6.60) can be divided into the sum of the contributions from matter and from the cosmological constant as in (6.35) again. Then they look as

ρ_0 = 1 8πG ( − 9 l^2 ∓ 6 l^2 ) , ρ_m = ∓ 1 8πG μ̃ l^2

3κ^4_g a^4 , p_m = ∓ 1 8πG μ̃ l^2 κ^4_g a^4

. (6.61)

and the matter energy-momentum tensor T^{mμ}_ν is traceless, T^{mμ}_μ = ρ_m −3p_m = 0. On the other hand, when a is small, we find ρ → ∓ 6 8πG 21 25 √ μ̃ l^2 κ^2_g a^2 , p → ± 2 8πG 21 25 √ μ̃ l^2 κ^2_g a^2

. (6.62)

This corresponds to the curvature dominant case as in (6.40).

It is quite interesting now to check the Weak Energy Condition (WEC) and the Dominant Energy Condition (DEC) for above 4-dimensional cases. The WEC is defined as the condition where

ρ_m + p_m ≥ 0, ρ_m ≥ 0 , (6.63)

and the DEC is given by

ρ_m + p_m ≥ 0, ρ_m + 3p_m ≥ 0 , (6.64)

In the general case it follows from Eqs.(6.18),(6.19):

WEC ρ + p = ρ_m + p_m ≥ 0 ⇔ k ≥ a^3f^′(a), ρ_m ≥ 0 ⇔ k 2a^2

≥ −f(a) − ρ_0, (6.65)

DEC ρ + p = ρ_m + p_m ≥ 0 ⇔ k ≥ a^3f^′(a), ρ_m + 3p_m ≥ 0 ⇔ −2f(a) ≥ af^′(a) + 2ρ_0. (6.66)

Note that f(a) is always positive , f(a) ≥ 0. We will check some limits of a and specific ϵ cases mentioned above.

1. In the limit a → ∞, including the order of a^{−4}, one finds

ρ_m + p_m = ± 4 8πG μ̃κ^4_g l^2a^4 , ρ_m = ± 3 8πG μ̃κ^4_g l^2a^4 ρ_m + 3p_m = ± 6 8πG μ̃κ^4_g l^2a^4

. (6.67)

Then for the upper signs both of the DEC and WEC are satisfied but for the lower signs, both of the conditions are not satisfied.

2. The limit a → 0: If^{2k}_{25} ∓^{21}_{25}^{κ2g}_{2ϵl2} (−2ϵμ̃(4ϵ − 1))^{1/2} ≥ 0,

ρ + p = 2 8πG { 2k 25 ∓ 21 25 κ^2_g 2ϵl^2 (−2ϵμ̃(4ϵ − 1))^{1/2} } a^{−2} ≥ 0 ρ = 3 8πG { 2k 25 ∓ 21 25 κ^2_g 2ϵl^2 (−2ϵμ̃(4ϵ − 1))^{1/2} } a^{−2} ≥ 0

ρ + 3p = 0 . (6.68)

Then both of the DEC and WEC are satisfied. If^{2k}_{25} ∓^{21}_{25}^{κ2g}_{2ϵl2} (−2ϵμ̃(4ϵ − 1))^{1/2} ≤ 0, both WEC and DEC do not hold.

3. Y = 0 case. If k ≥ 0,

ρ_m + p_m = 2 8πG 2k 81 ( 2ϵμ̃ (4ϵ − 1)

) −1_2

(2κ^2_g )^{−1}

≥ 0, (6.69)

ρ_m = 3 8πG 2k 81 ( 2ϵμ̃ (4ϵ − 1)

) −1_2

(2κ^2_g )^{−1} ≥ 0

ρ_m + 3p_m = 0 . (6.70)

Then both of the DEC and WEC are satisfied. If k ≤ 0 both WEC and DEC do not hold.

4. When ϵ = 1/4, we find

ρ + p = 0 , ρ = 0 , ρ + 3p = 0 . (6.71)

Then both of the DEC and WEC are trivially satisfied.

5. When ϵ = 1/4 − δ^2 ρ + p = ± 1 8πG κ^2_g l^2 6l a^3 ( k 2 + a^2 l^2 )_{1/2}

− 2 al ( k 2 + a^2 l^2 )_{−1/2} − 14 a^2

(2μ̃)^{1/2}δ

ρ + 3p = ± 1 8πG κ^2_g l^2 6l a^3 ( k 2 + a^2 l^2 )_{1/2}

− 6 al ( k 2 + a^2 l^2 )_{−1/2} (2μ̃)^{1/2}δ (6.72)

If the upper signs are chosen, that is, + of ± in above equations and in the limit of a → ∞ for k = 2, 0 or in the case of a = l + 0 for k = −2, then

ρ + p ≤ 0 , ρ + 3p ≤ 0 . (6.73)

Then both of the DEC and WEC are not satisfied. In the limit of a → 0, ρ + p ≥ 0, ρ ≥ 0 ρ + 3p ≥ 0 . (6.74)

Then both of the DEC and WEC are satisfied. On the other hand if we choose the lower sings, that is, − of ± in Eqs.(6.72), in the limit of a → ∞ for k = 2, 0 or in the case of a = l + 0 for k = −2, both of WEC and DEC hold, while in the limit of a → 0, both of WEC and DEC do not hold.

6. When ϵ = 1/12 and a is large

ρ_m + p_m = ∓ 1 8πGl^2 4μ̃κ^4_g a^4

(6.75)

ρ_m + 3p_m = ∓ 1 8πGl^2 6μ̃κ^4_g a^4

(6.76)

If we choose + of ∓ in above equations, both of the DEC and WEC are satisfied. If we choose − of ∓ in Eq.(6.75), however, both of the

DEC and WEC are not satisfied. On the other hand when a is small one gets

ρ_m + p_m = ∓ 4 8πGl^2 21 25 √ μ̃κ^2_g a^2

(6.77)

ρ_m + 3p_m = 0 . (6.78)

Then for + of ∓ in above equations both of the DEC and WEC are satisfied again but for − both of the DEC and the WEC are not satisfied.

In the above analysis one finds that the matter on the brane shows the singular behavior when ϵ =^1_4 or ϵ =^1_{12} . In [9] it has been shown that the black hole entropy is given by S = V_3 κ^2_g ( 1 − 12ϵ 1 − 4ϵ ) ( 4πr^3_H + 24ϵkπr_H ) + S_0 . (6.79)

Here r_H is the horizon radius and V_3 is the volume of the Einstein manifold with unit radius. S_0 is a constant of the integration and if we assume S = 0 when r_H = 0, we have S_0 = 0. Then the entropy vanishes when ϵ =^1_{12} and diverges when ϵ =^1_4 . Note that above entropy should be identified with cosmological entropy of dual QFT (second way appearance of CV formula).

If we take ϵ between 1/12 and 1/4, that is, 1/12 < ϵ < 1/4 then the entropy (6.79) takes negative value. (The appearance of negative entropy black holes in HD gravity has been discussed in [9]. As it was shown in last work of ref.[10] black hole with negative entropy is very instable and quickly decays.) Let us check what happens in the region around 1/4 and 1/12.

How looks the behavior around ϵ = 1/4. For this purpose, we extend ϵ to the complex value. Since Eqs.(6.13), (6.14) and (6.15) contain the halfinteger power of Y , the expressions have branch points in the complex ϵ-plane when Y = 0, that is, at

ϵ = ϵ_1 ≡ 1 4 , ϵ = ϵ_2 ≡ 1 4 ( 1 − 2μ̃κ^2_g a^4 ) . (6.80)

and there is a cut connecting two branch points as in Fig.1. In the limit a → ∞, the two branch points coincide with each other, ϵ_2 → ϵ_1. Then if we consider the limit a → ∞ first, the cut does not appear as in (6.29) and ϵ A B ϵ = ϵ_1 ϵ = ϵ_2

Figure 1: Cut and branch points on the complex ϵ-plane.

(6.30) or (6.37) and (6.38). When ϵ is real, Eqs.(6.53) and (6.54) tell that ρ and p becomes complex on the cut, that is, when ϵ_1 < ϵ < ϵ_2 since δ should be pure imaginary. If we choose the path A in Fig.1 which path the cut the sign of ρ and p is changed, that is, the value ρ and p in (6.29) and (6.30) are changed into those in (6.37) and (6.38) when a is large. On the other hand, if we choose the path B in Fig.1 the sign is not changed.

We now consider the behavior near ϵ = 1/12. Eq.(6.61) shows that the signs of ρ and p at ϵ = 1/12 are not changed since ρ and p have finite values there. By comparing the contribution ρ_0 which comes from the effective cosmological constant in the effective gravity on the brane with (6.29) where ρ_0 = 0, we find that there is a jump in the value of ρ_0 at ϵ = 1/12 (there is no jump for (6.36) which corresponds to the lower − sign in (6.29)). The jump might make a potential barrier at ϵ = 1/12 since ρ corresponds the energy density on the brane.

In the similar way one can discuss the other values of Gauss-Bonnet coupling constant and to find the brane matter energy and pressure for such values. As it follows from the discussion in this section this is straitforward while technically a little bit complicated. In the next section we apply the found matter energy and pressure in the consideration of the FRW brane cosmology.

7 FRW Brane Cosmology from Einstein-Gauss -Bonnet gravity

In this section we discuss FRW brane equations for various examples of matter induced by Einstein-GB gravity (see previous section) by using effective

V (a)

a −^k_2 = 1 −^k_2 = 0 −^k_2 = −1 a = a_{max}

Figure 2: The standard effective potential for the evolution of FRW universe. For k = 2, the brane starts at a = 0 and reaches its maximum at a = a_{max} and then it re-collapses.

potential technique. It is assumed that the bulk spacetime is asymptotically anti-de Sitter. First, we review FRW brane cosmology in 5-dimensional Einstein gravity, namely ϵ = 0 (no higher derivative term). If one uses effective potential technique for FRW brane equation (see section 3):

H^2 = − k 2a^2 + 8πG 3 ρ , (7.1)

one has to rewrite this as ( da dt̃ )_2 = − k 2 − V (a) . (7.2)

Here V (a) is the effective potential: V (a) = −^{8πGa2}_3 ρ which is proportional to −1/a^2. V (a) is plotted in Fig.2. Then the universe can only exist in regions where the line V (a) = −k/2 exceeds V (a), so that H^2 > 0. For the case of k = 2 the spherical (inflationary) brane starts at a = 0 and reaches its maximal size at a_{max} and then it re-collapses. For k = 0 or k = −2, the brane starts at a = 0 and expands to infinity.

Similarly, we consider the cosmology for the higher derivative case. From the analysis of the previous section, one can easily obtain the effective potential V (a) by using energy density ρ. We consider several limits of a and particular values of ϵ which were discussed in previous section.

1. First, we consider large a limit. From Eqs.(6.31), (6.36), (6.37), there appear two types of effective potential: V (a) = − 8πGa^2 3 ρ^{a→∞}−→ − μ̃κ^4_g l^2a^2

. (7.3) and V (a) = μ̃κ^4_g l^2a^2 − Λ 3 a^{2 a→∞}−→ − Λ 3 a^2 , (7.4)

Here

Λ = 3 { 1 l^2

(12ϵ − 1)^2 (5 − 12ϵ)^{−2} − 1 − 2ϵ 2ϵl^2 } . (7.5)

The former case is obtained by taking the upper sign in Eq.(6.29) and the latter is obtained by taking the the lower sign. The former case is similar to the original FRW cosmology in Einstein gravity as we mentioned. From the point of view of the brane:

• k = 2, the brane which is sphere reaches its maximum size at a_{max} and then it re-collapses. Note that this case is the reverse version of “bounce” (see work by Medved in ref.[24]). It can be called the bounce universe when the brane starts at a = ∞ and reaches its minimum size at a = a_{min} and then it re-expands.

• k = 0 or k = −2, the brane which is flat or hyperbolic expands to infinity.

In the latter case of Eq.(7.4) there are three kinds of potential which are shown in Figure 3 for Λ ≠ 0 cases. For the case of Λ > 0:

• k = 2, the spherical brane starts at a = ∞ and reaches its minimum size at a = a_{min} and then it re-expands. It can be called the bounce universe as we mentioned above.

V (a)

a

Λ < 0 case

−^k_2 = 1 −^k_2 = 0 −^k_2 = −1 a = a^{max}

V (a) a

Λ > 0 case 1 0 −1 a = a_{min}

Figure 3: The effective potential for the evolution of FRW universe corresponding to Eq.(7.4) with Λ ≠ 0.

• k = 0 or −2, the flat or hyperbolic brane expands to infinity.

When Λ < 0 one can take k = −2 because the universe can only exist in the regions where the line −k/2 exceeds V (a). Since FRW equation becomes inconsistent when k = 0 or 2 in the limit a → ∞.

• k = −2, the hyperbolic brane reaches its maximum size at a = a_{max} and then it re-collapses.

When Λ = 0, the effective potential is given in Figure 4, and one can take only k = −2.

• For k = −2 case the brane starts at a = ∞ and reaches its minimum size at a = a_{min} and then it re-expands.

2. Next case corresponds to a → 0 limit for −2ϵμ̃(4ϵ − 1) > 0. From Eq.(6.40) the effective potential is V (a)^{a→0}−→ − { 2k 25 ∓ 21 25 κ^2_g 2ϵl^2 (−2ϵμ̃(4ϵ − 1))^{1/2} } (7.6)

In this case the brane exists at a = 0. Namely, the brane universe may have a cosmological singularity under the condition −k/2 ≥ lim_{a→0} V (a),

V (a)

a −^k_2 = 1 −^k_2 = 0 −^k_2 = −1 a = a^{min}

Figure 4: The effective potential for the evolution of FRW universe corresponding to Eq.(7.4) with Λ = 0. For k = −2 case, the brane starts from a = ∞ and reaches its minimum size at a = a_{min} and then it re-expands.

that is

k ≤ ∓2Z_1(ϵ) , Z_1(ϵ) ≡ κ^2_g 2ϵl^2 (−2ϵμ̃(4ϵ − 1))^{1/2} . (7.7)

Otherwise the brane universe has no cosmological singularity. The conditions for Z that the brane exists at a = 0 are

• For k = 2 (the spherical brane) it is Z_1(ϵ) ≥ 1. • For k = 0 (the flat brane) it is Z_1(ϵ) ≥ 0. • For k = −2 (the hyperbolic brane) it is Z_1(ϵ) ≥ −1.

For Z_1(ϵ) ≥ 1, all three kinds of brane reach the point a = 0.

3. If −2ϵμ̃(4ϵ − 1) < 0, X, H, G become imaginary when a = 0. Let us consider Y = 0 case instead of a → 0 limit. When Y = 0 Eq.(6.46) leads to the following effective potential V (a)^{Y =0}−→ − 2k 81 + 77 81 1 4ϵl^2 ( 8ϵμ̃ 4ϵ − 1 )^1_2

κ^2_g (7.8)

Similarly to the case 2 the brane reaches the singularity at Y = 0, only if the condition −k/2 ≥ V (a)|_{Y =0} is fulfilled, i.e.

k ≤ −Z_2(ϵ) , Z_2(ϵ) ≡ 1 2ϵl^2 ( 8ϵμ̃ 4ϵ − 1 )^1_2

κ^2_g = −Z_2(ϵ). (7.9)

is satisfied. The conditions for Z_2(ϵ) that the brane reaches the singularity at Y = 0 are

• For k = 2 (the spherical brane) it is Z_2(ϵ) ≤ −2. • For k = 0 (the flat brane) it is Z_2(ϵ) ≤ 0. • For k = −2 (the hyperbolic brane) it is Z_2(ϵ) ≤ 2.

Then, if Z_2(ϵ) ≤ −2, all three kinds of brane reach the singularity at Y = 0.

4. The most special case is ϵ = 1/4 case, where the effective potential is zero. Then one can take k = −2, k = 0 only. The hyperbolic brane starts at a = 0 and expands to infinity and the flat brane cannot move.

5. Next, we consider ϵ = 1/4 − δ^2 case where δ^2 > 0 and |δ| ≪ 1. From Eq.(6.53), the effective potential looks as V (a) = ∓ κ^2_g l^2 2l ( k 2a^2 + 1 l^2 )_{1/2} − 7 (2μ̃)^{1/2}δ . (7.10)

Under the condition^k_{2a2} +^1_{l2} ≥ 0, if we take the upper sign of ∓, the situation is same as in Fig.2,

• k = 2, the spherical brane starts at a = 0 and reaches its maximum size at a_{max} and then it re-collapses. That is the reverse version of “bounce” universe.

• k = 0, the flat brane starts at a = 0 and expands to infinity. • k = −2, the hyperbolic brane might reach the singularity at a = l.

If the brane starts at a = l + 0, the brane expands to infinity.

Taking the lower sign of ∓, the situation is shown in Fig.4. In this case only hyperbolic brane exists. If the hyperbolic brane starts at a = ∞, the brane reaches its minimum size at a = l.

6. Finally, we consider the case of ϵ = 1/12. One can get the effective potential from Eq.(6.59) but it has very complicated form. It is easier to consider only the limits of a → ∞ or a → 0. In the limit of a → ∞ the effective potential follows from Eq.(6.59) as V (a)^{a→∞}−→ ( 3 l^2 ± 2 l^2 ) a^2 . (7.11)

Since^3_{l2} ±^2_{l2} is always positive, one should take only k = −2 or k = 0.

• k = −2, the hyperbolic brane reaches maximum at a_{max} and then it re-collapses.

• k = 0, the flat brane cannot move.

In the limit of a → 0, the effective potential can be derived from Eq.(6.62) as V (a)^{a→0}−→ ± 42 25 √ μ̃ l^2 κ^2_g . (7.12)

Under the condition of −k/2 ≥ V (a), the brane reaches the point a = 0, namely, the brane universe has the cosmological singularity. The conditions for ϵ that the brane reaches the point a = 0 are

• For k = 2 (the spherical brane) it is^{25}_{42} ≤^{√μ̃}_{l2} κ^2_g.

• For flat brane it is 0 ≤^{√μ̃}_{l2} κ^2_g.

• For k = −2 (the hyperbolic brane) it is^{25}_{42} ≥^{√μ̃}_{l2} κ^2_g.

Otherwise the brane universe has no cosmological singularity.

In the same way, one can study FRW brane cosmology from Einstein-GB gravity for other values of GB coupling constant.

There is an important lesson which follows from the results of this section. It is indicated by recent astrophysical data that currently our observable universe has small and positive cosmological constant. In other words, the universe is in de Sitter phase. It would be nice to have some mechanism which would predicted the de Sitter universe as some preferrable state of FRW brane cosmology. Unfortunately, despite the number of attempts such mechanism was not found in brane-world approach to 5-dimensional Einstein gravity. As it follows from our analysis it is unlikely that such mechanism exists in brane-world approach to higher derivative gravity too.

8 Discussion

In summary, we discussed FRW brane equations in the situation when brane is embedded in the 5-dimensional (A)dS black hole. One of the main points of such discussion is the possibility in all cases under consideration (Einstein, Einstein-Maxwell, quantum-corrected or Einstein-GB gravity) to rewrite the FRW equations in the form similar to 2-dimensional CFT entropy. In the first part of the paper ( sections 2,3,4,5) we review the analogy between FRW cosmological equations and 2-dimensional CFT entropy (so-called Cardy- Verlinde formula), two ways where Cardy-Verlinde formula appears in gravity theory, the presentation of brane equations of motion in 5-dimensional (A)dS BH in the FRW form and then in Cardy-Verlinde form. The modification of such FRW presentation in case when 5-dimensional Maxwell field or 4-dimensional (brane) quantum fields are present is also reviewed. Mainly, the first way (formal re-writing of FRW equation) in Cardy-Verlinde formula appearance is reviewed. However, using holographic duality between bulk BH and dual CFT entropies, the second way of Cardy-Verlinde formula appearance is given in brane-world too.

In the second part of this work (sections 6,7) we investigate the brane matter induced by 5-dimensional AdS BH in Einstein-GB gravity. The corresponding FRW brane equations are written. The novelty of this study consists in the fact that brane matter energy and pressure significally depend on the choice of GB coupling constant. In particular, in some cases dual brane matter is not CFT ( the possibility of (A)dS/non-CFT correspondence?). Moreover, DEC and WEC are not always satisfied because for some values of GB coupling constant the brane matter energy and pressure are negative. The presentation of FRW brane equations in the form similar to 2-dimensional CFT entropy formula is again possible. Finally, FRW brane cosmology is studied using the effective potential techniqie. The number of brane universes: spherical, hyperbolic or flat with various dynamics (expanding, contracting, first expanding then contracting, etc) is explicitly constructed. The brief analysis of singularity (when it appears) is also presented.

It is clear that CV representation of FRW (brane) cosmology has some holographic origin. However, the details of such holography remain to be found. Moreover, as quite much is known about 2-dimensional CFT, it is possible that FRW equation representation as 2-dimensional CFT entropy may have various applications in the modern cosmology. In particular, it may give an idea about why dS brane cosmology seems to be so fundamental in our universe? In this respect it is quite important to search for various modifications of CV formulation.

The questions discussed in this work may be also important for the establishment of bulk/non-CFT correspondence. For example, in section three it has been shown how thermodynamic entropy of bulk AdS BH may be used to get the holographic CV description of dual 4-dimensional CFT cosmology. It turns out that similar procedure does not work when it is applied to bulk (A)dS BH in higher derivative gravity (if Riemann tensor squared term presents) [19, 9]. Taking into account that still dual (non-CFT) description of induced brane matter is possible (see section six) this looks quite promising.

Acknowledgments

The research by S.N. is supported in part by the Ministry of Education, Science, Sports and Culture of Japan under the grant n. 13135208. S.O. thanks N. Sasakura, M. Fukuma, S. Matsuura and O. Seto for useful discussions. The research by S.O. is supported in part by the Japan Society for the Promotion of Science under the Postdoctoral Research Program and that by S.D.O. is supported in part by FC grant E00-3.3-461 and in part by INFN (Gruppo Collegato di Trento).

Appendix

A Brief review of AdS/CFT correspondence

AdS/CFT (or bulk/boundary) correspondence is one of bright examples of manifestation of holographic principle. It is conjectured in ref.[31] (see also [32, 33]). After that several thousand papers were devoted to the discussion of related questions. Various aspects of AdS/CFT correspondence are reviewed in [34]). Clearly, it is impossible to give its good review in this Appendix so we just briefly mention several main ideas (and problems) related with the directions discussed in this work.

When N p-branes in superstring theory (coming from so-called M-theory) coincide with each other and the coupling constant is small, the classical supergravity on AdS_{D=d+1=p+2}, which is the low energy effective theory of superstring , is, in some sense, dual to large N conformal field theory on M^d, which is the boundary of the AdS. For example, d = 2 case corresponds to (4, 4) superconformal field theory, d = 4 case corresponds to U(N) or SU(N) N = 4 super Yang Mills theory and d = 6 case to (0, 2) superconformal field theory.

AdS/CFT correspondence may provide new insights to the understanding of non-perturbative (supersymmetric) QCD. For example, in frames of Type 0 String Theory the attempts have been done to reproduce such well-known QCD effects as running gauge coupling and possibly confinement. It is among the first problems to get the description of well-known QCD phenomena from bulk/boundary correspondence.

In another approach one can consider IIB supergravity (SG) vacuum which describes the strong coupling regime of a non-supersymmetric gauge theory. This can be achieved by the consideration of deformed IIB SG vacuum, for example, with non-constant dilaton which breaks conformal invariance and supersymmetry (SUSY) of boundary supersymmetric Yang-Mills (YM) theory. Such a background will be the perturbation of AdS_5 × S_5 vacuum. The background of such a sort (with non-trivial dilaton) which interpolates between AdS (UV) and flat space with singular dilaton (IR) may be constructed.

Such solution of IIB SG is used with the interpretation of it as the one describing the running gauge coupling (via exponent of dilaton). It is shown that running gauge coupling has a power law behavior with ultraviolet (UV) stable fixed point and quark-antiquark potential can be calculated. Unfortunately, situation is very complicated here due to the double role of IIB SG background. From one side it may indeed correspond to IR gauge theory (deformation of initial SUSY YM theory). On the same time such a background may simply describe another vacuum of the same maximally supersymmetric YM theory with non-zero vacuum expectation value (VEV) of some operator. Due to the fact that operators corresponding to deformation to another gauge theory are not known, it is unclear what is the case under discussion (interpretation of SG background). Only some indirect arguments may be given. It seems that IIB SG background with running dilaton most probably correspond to another vacuum of super YM theory under consideration. Then renormalization group (RG) flow is induced in the theory via giving a non-zero VEV to some operator.

In this appendix, we briefly review the AdS/CFT correspondence. This appendix is mainly based on [34, 35].

Conformal field theories (CFTs) are field theories invariant under the conformal transformation, which is the coordinate transformation preserving the angle: x^μ → x^{μ′} = x^μ + f^μ(x) =⇒ g_{μν} → g^′_{μν} ∝ g_{μν} . Especially if g_{μν} ∝ δ_{μν} in d-dimensional (Euclidean) space g_{μν} ∝ δ_{μν} , we obtain

∂_if_j + ∂_j f_i = 2 d δ_{ij} ∑ ∂_kf_k . (A.1)

For d = 2, the solutions of (A.1) are given by an analytic function f = f(z) if one defines f = f_1 + if_2, z = x^1 + ix^2 (i^2 = −1). When d ≥ 3, the general solution is given by

f_k = d∑ i=1 { 2 ( c_ix^i ) x^k − c_i ( x^k )_2 + ω_{ki}x^i } + ϵx^k + a_k . (A.2)

Here a_k corresponds to the translation, ω_{ij} to rotation (including Lorentz transformation in the Minkowski signature), ϵ to the scale transformation (dilatation) and c_k to conformal boost (special conformal). Under the conformal boost, we find^{xk}_{x·x} →^{xk}_{x·x} + c^k, (x · x ≡ ∑ j (x^j )^2). Therefore the conformal boost is given by reflecting the coordinate with respect to the unit sphere (x^k →^{xk}_{x·x} ) and after that, translating the reflected coordinate and finally reflecting the coordinate with respect to the sphere again.

Let the generators corresponding to the transformations be P_i, M_{ij} , D, and K_i (here we choose them to be hermitian operators), then one obtains the following commutation relations : [M_{ij} , P_k ] = −i(δ_{ik}P_j − δ_{jk}P_i) , [M_{ij} , K_k ] = −i(δ_{ik}K_j − δ_{jk}K_i) [M_{ij} , M_{kl}] = −iδ_{ik}M_{jl} + iδ_{il}M_{jk} − iδ_{jl}M_{ik} + iδ_{jk}M_{il} [D, K_i] = iK_i , [D, P_i] = −iP_i , [P_i, K_j ] = 2iM_{ij} − 2iδ_{ij} D .(A.3) Other commutation relations vanish. If we redefine the generators by J_{ij} = M_{ij} , J_{i d+1} =^1_2 (K_i − P_i), J_{i d+2} =^1_2 (K_i + P_i), and J_{d+2 d+1} = D, we find that the generators J_{ab} (a, b = 1, 2, · · · , d + 1, d + 2) satisfy the algebra of SO(d + 1, 1) (SO(d, 2) in the Lorentz signature).

The anti-de Sitter space (AdS) is vacuum (constant curvature) solution of the Einstein equation with negative cosmological constant. The D-dimensional AdS can be constructed by embedding it in the flat D + 1- dimensional space:

− L^2 = D∑ μ=1 (X^μ)^2 − ( X^{D+1}

)_2

, ds^2 = D∑ μ=1 (dX^μ)^2 − ( dX^{D+1} )_2

. (A.4)

(For Minkowski signature, we use analytic continuation: x^d = −ix^0). From the construction in (A.4), it is manifest that the AdS has a symmetry of SO(D, 1), which is the algebra of the conformal transformation (D = d + 1). The transformation of the SO(D, 1) is linear for the coordinates X^M (M = 1, · · · , D + 1). If one changes the coordinates by

U = X^D + X^{D+1} , V = X^D − X^{D+1} , x^i = X^iL U (i = 1, · · · , d = D − 1), (A.5) and deletes V by using the constraint equation in (A.4), the metric follows

ds^2 =

L^2 U^2 dU^2 +

U^2 L^2 d∑ i=1 ( dx^i )_2

. (A.6)

By the previous identification with the generators in the conformal transformation and those in SO(D, 1), the following transformation laws for the new coordinates in (A.5) are obtained dilatation δU = −ϵU , δV = ϵV , δx^i = ϵx^i translation δU = 0 , δV = 2a^iX_i L = a^ix_i U , δx^i = a^i conformal boost δU = −2c^ix_iU , δV = 0 ,

δx^i = 2a^j x_j x^i − a^ix^j x_j − a^i

L^4 U^2

. (A.7)

(Rotation is the same as the usual one for x^i.) Then we find that x^i transforms as if they are coordinates in the d-dimensional space (A.2) except for the conformal boost. Even for the conformal boost, the transformation law of x^i coincides with (A.2) in the limit of U → ∞, which tells that the conformal invariance is realized at the boundary (U → ∞) of AdS.

The AdS/CFT correspondence can be found by identifying the extremal limit of the black p-brane, which appeared in the classical solution of the type IIB supergravity and Dp-brane (see [36]).

Type IIB superstring theory contains 2n-rank (n = 0, · · · , 5) anti-symmetric tensor. One is interested in the classical solution of the type IIB supergravity, which is the low energy effective theory of type IIB superstring. We can assume the 5-dimensional part in 10-dimensional spacetime, where the superstring lives, to be S_5 (5-dimensional sphere) and rank 4 antisymmetric tensor A_{μνρσ} is self-dual : F_{μνρστ} ≡ ∂_{[μ}A_{νρστ ]} , F^∗_{μνρστ} ≡ 1 5! ϵ_{μνρστ αβγδη}F^{αβγδη} . (A.8) Here ϵ_{μνρστ αβγδη} is a (constant) rank 10 anti-symmetric tensor. One more assumption is ∫ S_5

F^∗ = N (N is an integer.) , F^∗ ≡ F^∗_{μνρστ} dx^μdx^ν dx^ρdx^σdx^τ (A.9)

There exists black 3-brane solution, which is spatially 3-dimensional extended black hole like object. This solution has two horizons. We can consider an extremal limit, where two horizon coincides. The extremal solution has the following form:

ds^2 = ( 1 + R^4 r^4

)_− 1_2 ( −dt^2 + dx^2_1 + dx^2 + dx^2_3 ) + ( 1 + R^4 r^4

) 1_2 ( dr^2 + r^2dΩ^2_5 ) . (A.10)

Here dΩ^2_5 expresses the metric tensor of the 5-dimensional unit sphere and R^4 ∼ g_sNl^4_s (g_s is string coupling and l_s is string length). In the coordinate system in (A.10), the horizon lies at r = 0. Since the solution is extremal, the mass density M is equal to the charge density N of rank 4 antisymmetric field like charged black hole, which tells that the extremal black p-brane is BPS saturated state. Therefore the relation M = N does not suffer the quantum correction. One can also show that N is quantized to be an integer, therefore both of N and M do not suffer the quantum correction. We should note that there is no any object which has the charge of the rank 4 anti-symmetric tensor at the level of the perturbation of the string theory. The D-brane is believed to correspond to the extremal limit of the black p-brane.

D-brane first appeared through T-duality. The T-duality is the symmetry where left-mover and right-mover in the string are exchanged. By exchanging left-mover and right-mover, the Neumann boundary condition at the ends of the open string is changed to the Dirichlet one. This suggests that there is an object where the ends of open string are attached. This object is called D-brane. If the object is the (spatially) p-dimensional extended object, we call the object Dp-brane.

A conjecture that Dp-brane is nothing but the extremal limit of black p-brane can be supported by the following considerations: 1. Dp-brane can naturally couple with rank p + 1 antisymmetric tensor field by considering the following interaction : S_{DA} = q ∫ Dp-brane

A . (A.11)

2. Consider a situation that two Dp-branes interact with each other by the closed string. This can be regarded as one loop vacuum amplitude of the open string (with Chan-Paton factor) by the T-duality. Due to the supersymmetry, the amplitude of the open string vanishes. This tells (especially when the distance between the 2 Dp-brane is large) that the interaction due to the graviton exactly cancels with that due to rank p + 1 antisymmetric tensor. That is, the Dp-brane should be BPS saturated state.

3. We can also show that the charge density of p-brane for rank p + 1 antisymmetric tensor is quantized by the argument similar to Dirac’s quantization condition for the electric and magnetic charges. Since Dp-brane is BPS saturated state, this tells the mass density is also quantized.

We now consider the dynamics on Dp-brane especially for p = 3. The D3-brane with charge and mass densities which are N times compared to the minimal ones can be regarded as the object composed of N D3-branes with minimal charge and mass densities. Then there exists an open string which connects i-th D3-brane and j-th D3-brane. By the T-duality, the open string can be regarded as an open string with Chan-Paton factor i and j. If the distance between the branes is very small, the open string becomes massless and corresponds to the vector fields A^{ij}_μ . If we consider the orientable string theory, we find A^{ij}_μ = ( A^{ji}_μ )_∗ , that is A^{ij}_μ is a hermitian matrix and can be regarded as the U(N) or SU(N) gauge fields. These gauge fields can be described by a non-linear action called the Born-Infeld action, which contains α^′ corrections but the leading order term is nothing but the usual (super) Yang-Mills action.

We now assume that the string theory with black p-brane is equivalent to that with Dp-brane and compare the low energy limits of the two theories.

In the low energy limit of the string theory with black p-brane, the theory is decoupled into two theories. The gravity theory becomes almost free in the region (called bulk) far from the brane. On the other hand, due to the red-shift, there can be any kind of configurations near the horizon of black p-brane (r ∼ 0). The gravity theory in the bulk has long wave length and cannot observe the horizon. On the other hand, due to infinitely large redshift, nothing can come from the horizon to the bulk. Therefore one has two decoupled theories, the free gravity theory in the bulk and the (full) gravity theory near the horizon.

On the other hand, in the string theory with Dp-brane, the gravity becomes free in the bulk and the gravitational wave does not observe the brane, again. On the brane, the α^′ corrections in the Born-Infeld action vanish and there remains (super) Yang-Mills action. In the low energy limit, the long string which has large energy cannot appear and any interaction between the bulk and the brane vanishes.

In the low energy limit of two string theories, which is believed to be equivalent with each other, we have common free gravity theories in the bulk. Therefore the remaining decoupled two theories, the gravity theory near the horizon and (super) Yang-Mills theory on the brane, should be equivalent with each other. The Yang-Mills theory on the D3-brane is the N = 4 supersymmetric U(N) or SU(N) gauge theory, which is only one known interacting theory with conformal symmetry in 4-dimensions. On the other hand, near the horizon of the black p-brane, the metric has the following form:

ds^2 = r^2 R^2 ( −dt^2 + dx^2_1 + dx^2 + dx^2_3 ) + R^2 r^2 ( dr^2 + r^2dΩ^2_5 ) . (A.12)

Except the S_5 part, the metric is nothing but the one of AdS_5 (r = U, R = L). Therefore one finds AdS_5/CFT_4 correspondence; the (super)gravity theory in AdS_5 is equivalent to N = 4 supersymmetric U(N) or SU(N) gauge theory.

In the further low energy limit, we can treat the AdS_5 (super)gravity theory classically. The low energy approximation would be valid when the (curvature) radius of the AdS_5 is large, which requires R ≫ l_s. Since R^4 ∼ g_sNl^4_s , the large R corresponds to the strong coupling region in N = 4 gauge theory.

Let the bulk space is not pure AdS space but the AdS black hole: ds^2 = Ĝ_{μν} dx^μdx^ν = −e^{2ρ0} dt^2 + e^{−2ρ0} dr^2 + r^2 d−1∑ i,j g_{ij} dx^idx^j , e^{2ρ0} = 1 r^{d−2} ( −μ + kr^{d−2} d − 2 + r^d l^2 ) . (A.13)

Here g_{ij} expresses the Einstein manifold, defined by r_{ij} = kg_{ij} , where r_{ij} is the Ricci tensor defined by g_{ij} and k is the constant. For example, if k > 0 the boundary can be 4-dimensional de Sitter space (sphere when Wick-rotated), if k < 0, anti-de Sitter space or hyperboloid, or if k = 0, flat space. In the following, k = 0 is considered for simplicity. Then the radius r_h of the horizon and the temperature T are given by

r_h ≡ μ^{14} , T = μ^14 π . (A.14)

Since the black hole has the Hawking temperature, it is natural if we expect that the corresponding field theory should be CFT at finite temperature [17]. As an explicit check, we compare the entropy from the 5-dimensional gravity side and the 4-dimensional CFT side. The black hole spacetime in (A.13) is a solution of the Einstein equation which can be derived from the following Einstein-Hilbert action with negative cosmological constant −^{12}_{l2} : S = 1 κ^2 ∫ d^5x √ −g ( R + 12 l^2 ) . (A.15)

In the previous AdS_5×S_5 case (A.12), which is equivalent to N = 4 supersymmetric U(N) or SU(N) gauge theory 1 κ^2 = N^2 8π . (A.16)

Instead of the type IIB string theory on AdS_5×S_5, one may consider the string theory on AdS_5×X_5, where X_5 =S_5/Z_2, which corresponds to N = 2 supersymmetric Sp(N) gauge theory. In this case, we have 1 κ^2 = N^2 4π . (A.17)

We now consider the thermodynamical quantities like free energy. After Wick-rotating the time variables by t → iτ , the free energy F can be obtained from the action S where the classical solution is substituted: F =^1_T S. Then S = 8 κ^2 ∫ d^5x √ g = 8V_3 κ^2T ∫_∞ r_h drr^3 . (A.18)

Here V_3 is the volume of 3d flat space and we assume τ has a period of^1_T . The expression of S contains the divergence coming from large r. In order to subtract the divergence, one regularizes S in (A.18) by cutting off the integral at a large radius r_{max} and subtracting the solution with μ = 0:

S_{reg} =

8V_3 κ^2T (∫_∞ r_h drr^3 − e^{ρ(r=rmax)−ρ(r=rmax;μ=0)}

∫_{rmax} 0 drr^3 ) . (A.19)

The factor e^{ρ(r=rmax)−ρ(r=rmax;μ=0)} is chosen so that the proper length of the circle which corresponds to the period^1_T in the Euclidean time at r = r_{max} coincides with each other in the two solutions. Then one gets F = − V_3 (πT )^4 κ^2

. (A.20)

The entropy S and the mass (energy) E are given by S = − dF dT = 4V_3 (πT )^4 κ^2T , E = F + T S = 3V_3 (πT )^4 κ^2

. (A.21)

Then in case of the string theory on AdS_5×S_5 (A.12), we find

S_{AdS5 ×S5} =

N^2V_3 (πT )^4 2π^2T

(A.22)

and in case of the string theory on AdS_5×X_5,

S_{AdS5×X5} =

N^2V_3 (πT )^4 π^2T

. (A.23)

It is useful to compare the above results with those of field theories. In case of N = 4 super Yang-Mills theory with gauge group U(N), there are 8N^2 set of the bosonic and fermionic degrees of freedom on-shell. With SU(N), 8(N^2 − 1) is corresponding number. Then from the perturbative QFT its free energy is given by, F = −^{π2V3N 2T 4}_6 U(N) case −^{π2V3N 2T 4}_6 ( 1 −^1_{N 2} ) SU(N) case

. (A.24)

Then the entropy is given by( in the leading order of the 1/N expansion)

S_{N =4} =

2π^2V_3N^2T^3 3 (A.25)

On the other hand, N = 2 Sp(N) gauge theory contains n_V = 2N^2 + N vector multiplet and n_H = 2N^2 + 7N − 1 hypermultiplet . Vector multiplet consists of two Weyl fermions, one complex scalar and one real vector which gives 4 bosonic (fermionic) degrees of freedom on shell and hypermultiplet contains two complex scalars and two Weyl fermions, which also gives 4 bosonic (fermionic) degrees of freedom on shell. Therefore there appear 4 × (n_V + n_H ) = 16 ( N^2 + 2N −^1_4 ) boson-fermion pairs. In the limit which we consider, the interaction between the particles can be neglected. The contribution to the free energy from one boson-fermion pair in the space with the volume V_3 can be easily estimated [37, 38]. Each pair gives a contribution to the free energy of^{π2 V3T 4}_{48} . Therefore the total free energy F should be F = − π^2V_3N^2T^4 3 ( 1 + 2 N − 1 4N^2 ) . (A.26)

Then the entropy is given by, in the leading order of the 1/N expansion,

S_{N =2} =

4π^2V_3N^2T^3 3 (A.27)

Comparing (A.22) with (A.25) or (A.23) with (A.27), there is the difference of factor^4_3 in the leading order of 1/N as observed in [37, 38].

This difference of the factor^4_3 is presumably disappear when all orders of perturbation theory are taken into account from dual QFT side. Similarly, one can consider other phenomena in AdS/CFT duality. In fact, as we saw in Section 2, the entropy of the black hole is nothing but the entropy of the matter on the brane universe. As explained in detail in Section 2, the first clue was the analogy between the FRW equation of the radiation dominant universe and the Cardy formula [4]. After that, the analogy was shown to be natural from the AdS/CFT viewpoint if the FRW equation of the 4- dimensional spacetime is the equation describing the motion of the 3-brane in the 5-dimensional AdS-Schwarzschild bulk spacetime.

The (first) FRW equation for the 4-dimensional universe, given by

H^2 = 8πG 3 ρ − 1 a^2

, (A.28)

can be rewritten in the form of the Cardy formula

S_H = 2π √ c 6 ( L_0 − c 24 ) . (A.29)

by identifying 2π n V ρa ⇒ 2πL_0 , (n − 1)V 8πGa ⇒ c 12 , (n − 1)HV 4G ⇒ S_H . (A.30)

In fact, S_H is called the Hubble entropy, which give the upper bound of the whole entropy of the universe when Ha > 1.

On the other hand, the motion of the 3-brane in the 5-dimensional AdS- Schwarzschild spacetime is given by

H^2 = − 1 a^2 + μ a^4

, (A.31)

which can be rewritten in the form of the standard FRW equation in (A.28), by defining the energy density on the brane as ρ = 3μ 8πG_4a^4

, G_4 =

2G_5 l_{AdS}

. (A.32)

When the brane cross the black hole, the Hubble entropy S_H in (A.30) is given by S_H = V 2l_{AdS}G_4 = V 4G_5

, (A.33)

which is nothing but the Bekenstein-Hawking entropy of the 5-dimensional black hole. If the whole entropy of the brane universe is constant during the time development of the universe, the whole entropy of the universe is equal to that of the bulk black hole. Then the Cardy-Verlinde formula (A.29) expresses the duality between the entropies of the brane universe and the bulk black hole.

B Logarithmic Corrections to Cardy-Verlinde formula

In this Appendix we take into account thermal fluctuations of 5-dimensional AdS BH. As a result, it is shown the logarithmic corrections to brane FRW equations and CV formula appear.

It has been noted sometime ago that thermal fluctuations produce the logarithmic corrections [39] to BH entropy. This also occurs for AdS BHs.

One can get CV formula starting from the thermodynamics of the bulk black hole. The horizon radius a_H is deduced by solving the equation e^{2ρ(aH )} = 0 in (3.3), i.e.,

a^2_H = − l^2 2 + 1 2 √ l^4 + 4μl^2 . (B.1)

The Hawking temperature, T_H , is then given by

T_H = (e^{2ρ})^′|_{a=aH} 4π = 1 2πa_H + a_H πl^2 , (B.2)

where a prime denotes differentiation with respect to r. One can also rewrite the mass parameter, μ, using a_H or T_H from Eq. (B.1) as follows: μ = a^4_H l^2

+ a^2_H = a^2_H ( a^2_H l^2 + 1 ) . (B.3)

The free energy F , the entropy S and the thermodynamical energy E of the black hole are given as F = − V_3 16πG_5 a^2_H ( a^2_H l^2 − 1 ) , S = V_3a^3_H 4G_5

, (B.4)

E = F + T_H S =

3V_3μ 16πG_5

. (B.5)

Now we consider the logarithmic corrections to the above entropy. The corrected entropy has the form:

S ≡ S_0 + c ln S_0 (B.6) where, S_0 is identical with the entropy in Eq.(B.4), and c is the constant determined later. The mechanism by which the logarithmic corrections appear is the following.^{10} We first describe how to calculate entropy based on the grand canonical ensemble. The partiton function in the grand canonical ensemble is given by Z(α, β) = ∫_∞ 0 ∫_∞ 0 ρ(n, E)e^{αn−βE}dndE , (B.7) where α = βμ, μ is the chemical potential and β =^1_T , T is the temperature. In order that the temperature has the dimension of energy, k_B = 1. The density of state ρ(n, E) can be obtained from the above equation by inverse Laplace transformation ρ(n, E) = ( 1 2πi )_2 ∫_{c+i∞} c−i∞ ∫_{c+i∞} c−i∞ Z(α, β)e^{(−αn+βE)}dαdβ, = ( 1 2πi )_2 ∫_{c+i∞} c−i∞ ∫_{c+i∞} c−i∞ e^{S(n,E,α,β)}dαdβ. (B.8) 10The discussion here is based on last work from Ref.[39].

Here the function S(n, E, α, β) is defined as S(n, E, α, β) ≡ ln Z(α, β) − αn + βE . (B.9) To calculate the integral in (B.8), we take the saddle-point approximation, namely the main contribution can be evaluated around the equilibrium point (α_0, β_0) where the integral is stationary. Evaluating the integral of (B.8) to second order around the point (α_0, β_0), one can obtain the form which needs the Gaussian integration. After the integration, ρ(n, E) becomes^{11} ρ(n, E) ≃ e^{S(α0,β0)} 2π √_{∂2 ln Z} ∂α^2 | |_{(α0,β0)} ×^{∂2 ln Z}_{∂β2} | |_{(α0,β0)} (B.10)

Therefore the entropy is

S ≡ ln(ϵρ) = S(α_0, β_0) + ln ϵ √_{∂2 ln Z} ∂β^2 | |_{(α0,β0)} + higher order terms. (B.11)

Here we choose the scale factor ϵ to have the dimension of energy. From the definition of the specific heat,^{∂2 ln Z}_{∂β2} | | |_{(α0,β0)} = C_vT^2. Furthermore, one can set

the scale ϵ ∝ T since the temperature is the only available scale in canonical ensamble. Hence, the entropy is

S = S(α_0, β_0) − 1 2 ln C_v A + · · · . (B.12)

where the constant A is determined later. From the metric Eq.(3.3), and the entropy Eq.(B.4) one can calculate the specific heat C_v of the black hole: C_v ≡ ( 3V_3 16πG_5 ) dμ dT_H = 3 2a^2_H + l^2 2a^2_H − l^2

S_0 (B.13)

In the limit a_H >^{l2}_2 , which gives C_v > 0, the specific heat C_v can be approximated as

C_v ∼ 3S_0 (B.14)

11It is assumed that^{∂2 ln Z}_{∂α∂β} |_{(α0,β0)} is smaller than^{∂2 ln Z}_{∂α2} |_{(α0,β0)} or^{∂2 ln Z}_{∂β2} |_{(α0,β0)}.

Hence, taking the constant A as^1_3 , we obtain

S = S_0 − 1 2 ln S_0 + · · · . (B.15)

With above set-up one can find the logarithmic corrections to Cardy- Verlinde formula. Let us recall the 4-dimensional energy which can be derived from the FRW equations (3.8) of the brane universe in the SAdS background

E_4 = 3V_3lμ 16πG_5a

. (B.16)

Then the relation between 4-dimensional energy E_4 on the brane and 5- dimensional energy E in Eq.(B.5) is

E_4 = l a E . (B.17)

Note that E doesn’t have logarithmic corrections since it agrees with the energy given by Eq.(B.9). If one further assumes that the temperature T on the brane differs from the Hawking temperature T_H by the factor l/a like energy relation, it follows that T = l a T_H = a_H πal + l 2πaa_H (B.18)

and, when a = a_H , this implies that T = 1 πl + l 2πa^2_H . (B.19)

If the energy and entropy are purely extensive, the quantity E_4 + pV − T S vanishes. In general, this condition does not hold and one can define the Casimir energy E_C .

E_C = 3 (E_4 + pV − T S) . (B.20) Then, by using Eqs. (B.4), (B.16), and (B.18), and the relation 3p = E_4/V , we find that E_C =

3la^2_H V_3 8πG_5a + 3 2 T ln S_0 . (B.21)

By combining Eqs. (B.4), (B.16), and (B.21) one gets

S_0 + πal 2a^3_H T ( a^4_H l^2 − a^2_H ) ln S_0 ∼ 4πa 3 √ 2 √| | | |E_C ( E_4 − 1 2 E_C )| | | . (B.22)

Here we assume the ln-correction term is small. Note that the coefficient of ln-correction in the l.h.s. of Eq.(B.22) is a constant, i.e., this quantity does not depend on a.

Assuming the ln-correction term is small, the following relation appears

E_4 −^1_2 E_C E_C = a^2_H 2l^2

. (B.23)

By using (B.18) and (B.23), the coefficient of the second term in (B.22) can be rewritten as follows, − πal 2a^3_H T ( a^4_H l^2 − a^2_H ) = − πal 2a^3_H ( a_H πal + l 2πaa_H ) ( a^4_H l^2 − a^2_H )

= − 2E_4 (E_4 − E_C ) (2E_4 − E_C ) E_C

. (B.24)

Therefore when the ln-correction is small, Eq.(B.22) can be rewritten in the following form:

S_0 = 4πa 3 √ 2 √| | | |E_C ( E_4 − 1 2 E_C )| | | − 2E_4 (E_4 − E_C ) (2E_4 − E_C ) E_C ln 4πa 3 √ 2 √| | | |E_C ( E_4 − 1 2 E_C )| | | . (B.25)

Then the total entropy Eq.(B.15) can be written as

S = S_0 − 1 2 ln S_0, = 4πa 3 √ 2 √| | | |E_C ( E_4 − 1 2 E_C )| | | − 2E_4 (E_4 − E_C ) (2E_4 − E_C ) E_C ln 4πa 3 √ 2 √| | | |E_C ( E_4 − 1 2 E_C )| | |

− 1 2 ln 4πa 3 √ 2 √| | | |E_C ( E_4 − 1 2 E_C )| | | + · · ·

≃ 4πa 3 √ 2 √| | | |E_C ( E_4 − 1 2 E_C )| | | − 4E^2_4 − 2E_4E_C − E^2_C 2 (2E_4 − E_C ) E_C ln 4πa 3 √ 2 √| | | |E_C ( E_4 − 1 2 E_C )| | | . (B.26)

up to the first order of ln term. Then the logarithmic corrections to Cardy- Verlinde formula, are given by the second term in right hand side of Eq.(B.26), which can be found by the ln of the original Cardy-Verlinde formula.

Moreover, the 4-dimensional FRW equations are also deformed by the logarithmic corrections. The Hubble parameter H for 4-dimensions is related to the 4-dimensional entropy (Hubble entropy), as S =^{HV}_{2G4} . Hence, FRW equation is calculated by

H^2 =

( 2G_4 V )_2

S^2 . (B.27)

Here G_4 =^{2G5}_l . Using Eqs.(B.3), (B.4), (B.18), (B.21), (B.25), (B.26), the 4-dimensional FRW equation with the logarithmic corrections, up to the first order of ln term, is obtained by

H^2 =

( 2G_4 V )_2 ( 4πa 3 √ 2 )_2 | | | |E_C ( E_4 − 1 2 E_C )| | | − 4πa 3 √ 2 4E^2_4 − 2E_4E_C − E^2_C (2E_4 − E_C ) E_C × √| | | |E_C ( E_4 − 1 2 E_C )| | | ln 4πa 3 √ 2 √| | | |E_C ( E_4 − 1 2 E_C )| | | , = − 1 a^2_H + 8πG_4 3 ρ − 2G_4 V l ln S_0 . (B.28)

Here ρ is the energy density defined by ρ =^{E4}_V , and V is the volume given by V = a^3_H V_3. Since the first term in Eq.(B.28) is identical to the standard FRW equation: H^2 = −^1_{a2} +^{8πG4}_3 ρ at the horizon a = a_H , the logarithmic corrections for FRW equation are given by ln S_0 terms in Eq.(B.28). It remains to study the role of logarithmic corrections to the explicit examples of brane cosmology.

References

[1] S. Perlmutter et al. (Supernova Cosmology Project), “MEASURE- MENTS OF OMEGA AND LAMBDA FROM 42 HIGH REDSHIFT SUPERNOVAE”, Astrophys.J. 517 (1999) 565, astro-ph/9812133.

[2] R.R. Caldwell, “A PHANTOM MENACE?”, astro-ph/9908168, S. Hannestad, E. Mortsell, “PROBING THE DARK SIDE: CON- STRAINTS ON THE DARK ENERGY EQUATION OF STATE FROM CMB, LARGE SCALE STRUCTURE AND TYPE IA SUPER- NOVAE”, astro-ph/0205096, B. Boisseau, G. Esposito-Farese, D. Polarski, A.A. Starobinsky, “RE- CONSTRUCTION OF A SCALAR TENSOR THEORY OF GRAV- ITY IN AN ACCELERATING UNIVERSE”, Phys.Rev.Lett. 85 (2000) 2236, gr-qc/0001066, V. Faraoni, “SUPERQUINTESSENCE”, astro-ph/0110067, V. K. Onemli, R. P. Woodard, “SUPERACCELERATION FROM MASSLESS, MINIMALLY COUPLED PHI**4”, gr-qc/0204065, I. Maor, R. Brustein, J. McMahon, P. J. Steinhardt, “MEASURING THE EQUATION OF STATE OF THE UNIVERSE: PITFALLS AND PROSPECTS”, astro-ph/0112526.

[3] B. McInnes, “DS/CFT, CENSORSHIP, INSTABILITY OF HYPER- BOLIC HORIZONS, AND SPACELIKE BRANES”, hep-th/0205103.

[4] E. Verlinde, “ON THE HOLOGRAPHIC PRINCIPLE IN A RADIA- TION DOMINATED UNIVERSE”, hep-th/0008140.

[5] J.L. Cardy, “OPERATOR CONTENT OF TWO-DIMENSIONAL CONFORMALLY INVARIANT THEORIES”, Nucl. Phys. B270 (1986) 186, H.W.J. Bloete, J.L. Cardy, M.P. Nightingale, “CONFORMAL INVARI- ANCE, THE CENTRAL CHARGE, AND UNIVERSAL FINITE SIZE AMPLITUDES AT CRITICALITY”, Phys.Rev.Lett. 56 (1986) 742.

[6] P. Kraus, “DYNAMICS OF ANTI-DE SITTER DOMAIN WALLS”, JHEP 12 (1999) 011, hep-th/9910149, H. A. Chamblin and H. S. Reall, “DYNAMIC DILATONIC DOMAIN WALLS”, Nucl.Phys. B562 (1999) 133, hep-th/9903225,

C. Barcelo and M. Visser, “LIVING ON THE EDGE: COSMOLOGY ON THE BOUNDARY OF ANTI-DE SITTER SPACE”, ”, Phys.Lett. B482 (2000) 183, hep-th/0004056, D. Ida, “BRANE WORLD COSMOLOGY”, JHEP 09 (2000) 014, grqc/9912002, P. Binétruy, C. Deffayet, U. Ellwanger, and D. Langlois, “BRANE COS- MOLOGICAL EVOLUTION IN A BULK WITH COSMOLOGICAL CONSTANT”, Phys.Lett. B477 (2000) 285, hep-th/9910219, E. E. Flanagan, S. -H. Tye, and I. Wasserman, “COSMOLOGICAL EXPANSION IN THE RANDALL-SUNDRUM BRANE WORLD SCE- NARIO”, Phys.Rev. D62 (2000) 044039, hep-ph/9910498, S. Mukohyama, “BRANE WORLD SOLUTIONS, STANDARD COS- MOLOGY, AND DARK RADIATION”, Phys.Lett. B473 (2000) 241, hep-th/9911165, K. Koyama, J. Soda, “BIRTH OF THE BRANE UNIVERSE”. Phys.Lett.B483 (2000)432, gr-qc/0001033; “EVOLUTION OF COS- MOLOGICAL PERTURBATIONS IN THE BRANE WORLD”. Phys.Rev.D62 (2000) 123502, hep-th/0005239.

S. Kobayashi, K. Koyama, J. Soda, “QUANTUM FLUCTUATIONS OF BULK INFLATON IN INFLATIONARY BRANE WORLD.” Phys.Lett.B501 (2001)157, hep-th 0009160.

K. Maeda, “BRANE QUINTESSENCE”, Phys.Rev. D64 (2001) 123525, astro-ph/0012313, S. Mizuno and K. Maeda, “QUINTESSENCE IN A BRANE WORLD”, Phys.Rev. D64 (2001) 123521, hep-ph/0108012, E. J. Copeland, A. R. Liddle, and J. E. Lidsey, “STEEP IN- FLATION: ENDING BRANE WORLD INFLATION BY GRAVITA- TIONAL PARTICLE PRODUCTION”, Phys.Rev. D64 (2001) 023509, astro-ph/0006421, R. M. Hawkins and J. E. Lidsey, “INFLATION ON A SINGLE BRANE: EXACT SOLUTIONS”, Phys.Rev. D63 (2001) 041301, gr-qc/0011060, G. Huey and J. E. Lidsey, “INFLATION, BRANEWORLDS AND QUINTESSENCE”, Phys.Lett. B514 (2001) 217, astro-ph/0104006, L. Anchordoqui, J. Edelstein, C. Nunez, S.P. Bergliaffa,M. Schvellinger, M.Trobo, F. Zysermanet, “BRANE WORLDS, STRING COS- MOLOGY, AND ADS / CFT”, Phys.Rev.D64 (2001) 084027,hepth/0106127,

Y. Himemoto, T. Tanaka and M. Sasaki, “A BULK SCALAR IN THE BRANE WORLD CAN MIMIC THE 4-D INFLATON DYNAM- ICS”,Phys.Rev.D65(2002) 104020, gr-qc/0112027.

[7] B. Zwiebach, “CURVATURE SQUARED TERMS AND STRING THE- ORIES”, Phys.Lett. 156B (1985) 315, A. Sen, “EQUATIONS OF MOTION FOR THE HETEROTIC STRING THEORY FROM THE CONFORMAL INVARIANCE OF THE SIGMA MODEL”, Phys.Rev.Lett. 55 (1985) 1846, R. R. Metsaev and A. A. Tseytlin, “ORDER ALPHA-PRIME (TWO LOOP) EQUIVALENCE OF THE STRING EQUATIONS OF MO- TION AND THE SIGMA MODEL WEYL INVARIANCE CONDI- TIONS: DEPENDENCE ON THE DILATON AND THE ANTISYM- METRIC TENSOR”, Nucl.Phys. B293 (1987) 385, D. G. Boulware and S. Deser, “STRING GENERATED GRAVITY MODELS”, Phys.Rev.Lett. 55 (1985) 2656.

[8] J. E. Kim, B. Kyae, and H. M. Lee, “EFFECTIVE GAUSS-BONNET INTERACTION IN RANDALL-SUNDRUM COMPACTIFICATION”, Phys.Rev. D62 (2000) 045013, hep-ph/9912344, J. E. Kim and H. E. Lee, “GRAVITY IN THE EINSTEIN-GAUSS- BONNET THEORY WITH THE RANDALL-SUNDRUM BACK- GROUND”, Nucl.Phys. B602 (2001) 346, Erratum–ibid B619 (2001) 763, hep-th/0010093, N. Deruelle and T. Dolezel, “BRANE VERSUS SHELL COSMOLO- GIES IN EINSTEIN AND EINSTEIN-GAUSS-BONNET THEORIES”, Phys.Rev. D62 (2000) 103502, gr-qc/0004021, N. E. Mavromatos and J. Rizos, “STRING INSPIRED HIGHER CUR- VATURE TERMS AND THE RANDALL-SUNDRUM SCENARIO”, Phys.Rev. D62 (2000) 124004, hep-th/0008074, I. Low and A. Zee, “NAKED SINGULARITY AND GAUSS-BONNET TERM IN BRANE WORLD SCENARIOS”, Nucl.Phys. B585 (2000) 395, hep-th/0004124, K. Kashima, “THE M2-BRANE SOLUTION OF HETEROTIC M THEORY WITH THE GAUSS-BONNET R**2 TERMS”, Prog.Theor.Phys. 105 (2001) 301, hep-th/0010286, I. P. Neupane, “GRAVITATIONAL POTENTIAL CORRECTION

WITH GAUSS-BONNET INTERACTION, Phys.Lett. B512 (2001) 137, hep-th/0104226, Y. M. Cho, I. Neupane, and P. S. Wesson, “NO GHOST STATE OF GAUSS-BONNET INTERACTION IN WARPED BACKGROUND”, Nucl.Phys. B621 (2002) 388, hep-th/0104227, J. E. Kim, B. Kyae, and H. M. Lee, “VARIOUS MODIFIED SO- LUTIONS OF THE RANDALL-SUNDRUM MODEL WITH THE GAUSS-BONNET INTERACTION”, Nucl.Phys. B582 (2000) 296; B591 (2000) 587, hep-th/0004005, K. Meissner, M. Olechowski, “ BRANE LOCALIZATION OF GRAV- ITY IN HIGHER DERIVATIVE THEORY”, Phys.Rev.D65 (2002) 064017, hep-th/0106203.

M. Giovannini, “THICK BRANES AND GAUSS-BONNET SELFIN- TERACTIONS.”, Phys.Rev.D64 (2001) 124004, hep-th/0107233, B. Abdesselam and N. Mohammedi, “BRANE WORLD COSMOLOGY WITH GAUSS-BONNET INTERACTION”, Phys.Rev. D65 (2002) 084018, hep-th/0110143, C. Germani and C. F. Sopuerta, “STRING INSPIRED BRANE WORLD COSMOLOGY”, hep-th/0202060, C. Charmousis and J. Dufaux, “GENERAL GAUSS-BONNET BRANE COSMOLOGY”, hep-th/0202107.

B. Abdesselam, A. Chakrabarti, J. Rizos and D.H. Tchrakian, “NON- FACTORIZABLE METRICS AND GAUSS-BONNET TERMS IN HIGHER DIMENSIONS”, hep-th/0203035,

[9] M. Cvetič, S. Nojiri, and S. D. Odintsov, “BLACK HOLE THER- MODYNAMICS AND NEGATIVE ENTROPY IN DE SITTER AND ANTI-DE SITTER EINSTEIN-GAUSS-BONNET GRAVITY”, Nucl.Phys. B628 (2002) 295, hep-th/0112045.

[10] S. Ogushi, “ADS BLACK HOLE IN R**2 GRAVITY”, hep-th/0108209, Y.M. Cho, I.P. Neupane, “ANTI-DE SITTER BLACK HOLES, THER- MAL PHASE TRANSITION AND HOLOGRAPHY IN HIGHER CUR- VATURE GRAVITY”, hep-th/0202140, J.E. Lidsey, S. Nojiri, S.D. Odintsov, “BRANEWORLD COSMOLOGY IN (ANTI)-DE SITTER EINSTEIN-GAUSS-BONNET-MAXWELL GRAVITY”, JHEP 0206 (2002) 026, hep-th/0202198,

S. Nojiri, S.D. Odintsov, “(ANTI-) DE SITTER BLACK HOLES IN HIGHER DERIVATIVE GRAVITY AND DUAL CONFORMAL FIELD THEORIES”, to appear in Phys.Rev. D, hep-th/0204112.

[11] J.D. Bekenstein, “A UNIVERSAL UPPER BOUND ON THE ENTROPY TO ENERGY RATIO FOR BOUNDED SYSTEMS”, Phys.Rev. D23 (1981) 287; “ENTROPY BOUNDS AND BLACK HOLE REMNANTS”, Phys.Rev. D49 (1994) 1912;

[12] W. Fischler and L. Susskind, “HOLOGRAPHY AND COSMOLOGY”, hep-th/9806039, R. Easther and D. Lowe, “HOLOGRAPHY, COSMOLOGY AND THE SECOND LAW OF THERMODYNAMICS”, Phys.Rev.Lett. 82 (1999) 4967, hep-th/9902088, G. Veneziano, “PRE - BANGIAN ORIGIN OF OUR ENTROPY AND TIME ARROW”, Phys.Lett. B454 (1999) 22, hep-th/9902126; “EN- TROPY BOUNDS AND STRING COSMOLOGY”, hep-th/9907012, D. Bak and S.-J. Rey, “COSMIC HOLOGRAPHY”, Class.Quant.Grav. 17 (2000) L83, hep-th/9902173, N. Kaloper and A. Linde, “COSMOLOGY VERSUS HOLOGRAPHY”, Phys.Rev. D60 (1999) 103509, hep-th/9904120, R. Brustein, “GENERALIZED SECOND LAW IN COSMOLOGY FROM CAUSAL BOUNDARY ENTROPY”, Phys.Rev.Lett. 84 (2000) 2072, gr-qc/9904061.

[13] B. Wang, E. Abdalla, and R. Su, “FRIEDMANN EQUATION AND CARDY FORMULA CORRESPONDENCE IN BRANE UNIVERSES” Phys. Lett. B503 (2001) 394, hep-th/0106086.

[14] S. Nojiri, O. Obregon, S. D. Odintsov, H. Quevedo, and M. P. Ryan, “QUANTUM BOUNDS FOR GRAVITATIONAL DE SITTER EN- TROPY AND THE CARDY-VERLINDE FORMULA”, Mod. Phys. Lett. A16 (2001) 1181, hep-th/0105052.

[15] D. Youm, “A NOTE ON THE CARDY-VERLINDE FORMULA”, hepth/0201268.

[16] L. Randall and R. Sundrum, “A LARGE MASS HIERARCHY FROM A SMALL EXTRA DIMENSION”, Phys.Rev.Lett. 83 (1999)3370, hep-th/9905221; “AN ALTERNATIVE TO COMPACTIFICATION”, Phys.Rev.Lett. 83 (1999)4690, hep-th/9906064.

[17] E. Witten, “ANTI-DE SITTER SPACE, THERMAL PHASE TRANSI- TION, AND CONFINEMENT IN GAUGE THEORIES”, Adv. Theor. Math. Phys.2 (1988) 505, hep-th/9803131.

[18] I. Savonije and E. Verlinde, “CFT AND ENTROPY ON THE BRANE”, Phys.Lett. B507 (2001) 305, hep-th/0102042.

[19] S. Nojiri, S. D. Odintsov, and S. Ogushi, “HOLOGRAPHIC ENTROPY AND BRANE FRW DYNAMICS FROM ADS BLACK HOLE IN D5 HIGHER DERIVATIVE GRAVITY”, Int.J.Mod.Phys. A16 (2001) 5085, hep-th/0105117, S. Nojiri, S. D. Odintsov, and S. Ogushi, “COSMOLOGICAL AND BLACK HOLE BRANE WORLD UNIVERSES IN HIGHER DERIVA- TIVE GRAVITY”, Phys.Rev. D65 (2002) 023521, hep-th/0108172.

[20] S. Ogushi, “HOLOGRAPHIC ENTROPY ON THE BRANE IN DE SITTER SCHWARZSCHILD SPACE”, Mod.Phys.Lett. A17 (2002) 51, hep-th/0111008.

[21] D.L. Wiltshire, “SPHERICALLY SYMMETRIC SOLUTIONS OF EINSTEIN- MAXWELL THEORY WITH A GAUSS-BONNET TERM”, Phys.Lett. B169 (1986) 36, R.-G. Cai, “GAUSS-BONNET BLACK HOLES IN ADS SPACES”, Phys.Rev. D65 (2002) 084014, hep-th/0109133.

[22] A.J.M. Medved, “CFT ON THE BRANE WITH A REISSNER- NORDSTROM-DE SITTER TWIST”, hep-th/0111182.

[23] D. Kutasov, F. Larsen, “PARTITION SUMS AND ENTROPY BOUNDS IN WEAKLY COUPLED CFT”, JHEP 0101 (2001) 001, hep-th/0009244.

F.-L. Lin, “CASIMIR EFFECT OF GRAVITON AND THE EN- TROPY BOUND”, Phys.Rev. D63 (2001) 064026, hep-th/0010127, S. Nojiri, S.D. Odintsov, “ADS / CFT CORRESPONDENCE, CON- FORMAL ANOMALY AND QUANTUM CORRECTED ENTROPY BOUNDS“, Int.J.Mod.Phys. A16 (2001) 3273, hep-th/0011115,

B. Wang, E. Abdalla, R.-K. Su, “RELATING FRIEDMANN EQUA- TION TO CARDY FORMULA IN UNIVERSES WITH COSMOLOG- ICAL CONSTANT”, Phys.Lett. B503 (2001) 394, hep-th/0101073, D. Klemm, A.C. Petkou, G. Siopsis, “ENTROPY BOUNDS, MONO- TONICITY PROPERTIES AND SCALING IN CFTS”, Nucl.Phys. B601 (2001) 380, hep-th/0101076, R. Brustein, S. Foffa, G. Veneziano, “CFT, HOLOGRAPHY, AND CAUSAL ENTROPY BOUND”, Phys.Lett. B507 (2001) 270, hepth/0101083, R.-G. Cai, “THE CARDY-VERLINDE FORMULA AND ADS BLACK HOLES”, Phys.Rev. D63 (2001) 124018, hep-th/0102113, D. Birmingham, S. Mokhtari, “THE CARDY-VERLINDE FORMULA AND TAUB-BOLT-ADS SPACE-TIMES”, Phys.Lett. B508 (2001) 365, hep-th/0103108, D. Klemm, A.C. Petkou, G. Siopsis, D. Zanon, “UNIVERSALITY AND A GENERALIZED C FUNCTION IN CFTS WITH ADS DUALS”, Nucl.Phys. B620 (2002) 519, hep-th/0104141, M. Cadoni, P. Carta, “2-D BLACK HOLES, CONFORMAL VACUA AND CFTS ON THE CYLINDER”, Phys.Lett. B522 (2001) 126, hepth/0107234, I. Brevik, S.D. Odintsov, “ON THE CARDY-VERLINDE ENTROPY FORMULA IN VISCOUS COSMOLOGY”, Phys.Rev. D65 (2002) 067302, gr-qc/0110105, A.J.M. Medved, “ADS HOLOGRAPHY AND STRINGS ON THE HORIZON”, hep-th/0201215, I. Brevik, K.A. Milton, Sergei D. Odintsov, “ENTROPY BOUNDS IN R X S**3 GEOMETRIES”, hep-th/0202048, J.-l. Jing, “CARDY-VERLINDE FORMULA AND ASYMPTOT- ICALLY FLAT ROTATING CHARGED BLACK HOLES”, hepth/0202052, M. Cadoni, P. Carta, S. Mignemi, “THE CARDY-VERLINDE FOR- MULA FOR 2D GRAVITY”, hep-th/0202180, I. Brevik, “CARDY-VERLINDE ENTROPY FORMULA IN THE PRESENCE OF A GENERAL COSMOLOGICAL STATE EQUA- TION”, gr-qc/0204021, E. Elizalde and A.Tort, “THE THERMAL ENERGY OF A SCALAR FIELD ON A UNIDIMENSIONAL RIEMANN SURFACE”, hepth/0204141.

[24] A.K. Biswas, S. Mukherji, “HOLOGRAPHY AND STIFF MATTER ON THE BRANE”, JHEP 0103 (2001) 046, hep-th/0102138, Y.S. Myung, “RADIALLY INFALLING BRANE AND MOVING DO- MAIN WALL IN THE BRANE COSMOLOGY”, hep-th/0102184, “STANDARD COSMOLOGY FROM THE BRANE COSMOLOGY WITH A LOCALIZED MATTER”, hep-th/0103241, N.J. Kim, H.W. Lee, Y.S. Myung, G. Kang, “HOLOGRAPHIC PRIN- CIPLE IN THE BDL BRANE COSMOLOGY”, Phys.Rev. D64 (2001) 064022, hep-th/0104159, D. Youm, “THE CARDY-VERLINDE FORMULA AND ASYMPTOT- ICALLY FLAT CHARGED BLACK HOLES”, Mod.Phys.Lett. A16 (2001) 1263, hep-th/0105036, R.-G. Cai, Y.S. Myung, N. Ohta, “BEKENSTEIN BOUND, HOLOG- RAPHY AND BRANE COSMOLOGY IN CHARGED BLACK HOLE BACKGROUND”, Class.Quant.Grav. 18 (2001) 5429, hep-th/0105070, D. Youm, “THE CARDY-VERLINDE FORMULA AND TOPOLOG- ICAL ADS-SCHWARZSCHILD BLACK HOLES”, Phys.Lett. B515 (2001) 170, hep-th/0105093, R.-G. Cai, Y.-Z. Zhang, “HOLOGRAPHY AND BRANE COSMOL- OGY IN DOMAIN WALL BACKGROUNDS”, Phys.Rev. D64 (2001) 104015, hep-th/0105214, D. Youm, “THE CARDY-VERLINDE FORMULA AND CHARGED TOPOLOGICAL ADS BLACK HOLES”, Mod.Phys.Lett. A16 (2001) 1327, hep-th/0105249, B. Chen, F.-L. Lin, “HOLOGRAPHIAC COSMIC QUINTESSENCE ON DILATONIC BRANE WORLD”, Phys.Rev.D65(2002) 044007, hep-th/0106054, Y.S. Myung, “QUINTESSENCE WITH A LOCALIZED SCALAR FIELD ON THE BRANE”, Mod.Phys.Lett. A16 (2001) 1963, hepth/0108092, “COSMOLOGY WITH THE CFT RADIATION MAT- TER”, hep-th/0111136, P. Creminelli, “HOLOGRAPHY OF ASYMMETRICALLY WARPED SPACE-TIMES”, Phys.Lett.B532 (2002) 284, hep-th/0111107, M. Li, F.-L. Lin, “NOTE ON HOLOGRAPHIC RG FLOW IN STRING COSMOLOGY”, hep-th/0111201,

J.-l. Jing, “CARDY-VERLINDE FORMULA AND KERR-NEWMAN ADS(4) AND TWO ROTATION PARAMETERS KERR - ADS(5) BLACK HOLES”, hep-th/0201247, J.P. Gregory and A. Padilla, “EXACT BRANE WORLD COSMOL- OGY INDUCED FROM BULK BLACK HOLES”, hep-th/0204218, A. Medved,“BIG BANGS AND BOUNCES ON THE BRANE”, hepth/0205037, S. Mukherji, M. Peloso, “BOUNCING AND CYCLIC UNIVERSES FROM BRANE MODELS”, hep-th/0205180.

[25] S. Nojiri, S.D. Odintsov “QUANTUM COSMOLOGY, INFLATION- ARY BRANE WORLD CREATION AND DS / CFT CORRESPON- DENCE”, JHEP 0112 (2001) 033, hep-th/0107134, U.H. Danielsson, “A BLACK HOLE HOLOGRAM IN DE SITTER SPACE”, JHEP 0203 (2002) 020, hep-th/0110265, A.C. Petkou, G. Siopsis, “DS / CFT CORRESPONDENCE ON A BRANE”, JHEP 0202 (2002) 045, hep-th/0111085, R.-G. Cai, “CARDY-VERLINDE FORMULA AND ASYMPTOTI- CALLY DE SITTER SPACES”, Phys.Lett. B525 (2002) 331, hepth/0111093, A.J.M. Medved, “DS / CFT DUALITY ON THE BRANE WITH A TOPOLOGICAL TWIST”, Class.Quant.Grav. 19 (2002) 919, hepth/0111238, D. Youm, “THE CARDY-VERLINDE FORMULA AND ASYMPTOT- ICALLY DE SITTER BRANE UNIVERSE”, hep-th/0111276, E. Halyo, “ON THE CARDY-VERLINDE FORMULA AND THE DE SITTER / CFT CORRESPONDENCE’, JHEP 0203 (2002) 009, hepth/0112093, Y.S. Myung, “DYNAMIC DS / CFT CORRESPONDENCE USING THE BRANE COSMOLOGY”, hep-th/0112140, M. Dehghani, “KERR-DE SITTER SPACE-TIMES IN VARIOUS DI- MENSIONS AND DS/CFT CORRESPONDENCE“, Phys.Rev. D65 (2002) 104003, A.J.M. Medved, “A HOLOGRAPHIC INTERPRETATION OF ASYMPTOTICALLY DE SITTER SPACE-TIMES”, hep-th/0112226, R.-G. Cai, “CARDY-VERLINDE FORMULA AND THERMODY- NAMICS OF BLACK HOLES IN DE SITTER SPACES”, Nucl.Phys.

B628 (2002) 375, hep-th/0112253, A.M. Ghezelbash, D. Ida, R.B. Mann, T. Shiromizu, “SLICING AND BRANE DEPENDENCE OF THE (A)DS / CFT CORRESPON- DENCE”, hep-th/0201004, Edi Halyo, “STRINGS AND THE HOLOGRAPHIC DESCRIPTION OF ASYMPTOTICALLY DE SITTER SPACES”, hep-th/0201174,

[26] S. Nojiri, S.D. Odintsov, “ADS / CFT AND QUANTUM COR- RECTED BRANE ENTROPY”, Class.Quant.Grav. 18 (2001) 5227, hep-th/0103078.

[27] S. Nojiri, S.D. Odintsov and S. Zerbini, “QUANTUM (IN)STABILITY OF DILATONIC ADS BACKGROUNDS AND HOLOGRAPHIC RENORMALIZATION GROUP WITH GRAVITY”, Phys.Rev. D62 (2000) 064006, hep-th/0001192, S. Nojiri and S.D. Odintsov, “BRANE WORLD INFLATION IN- DUCED BY QUANTUM EFFECTS”, Phys.Lett. B484 (2000) 119, hep-th/0004097.

[28] S.W. Hawking, T. Hertog and H.S. Reall, “BRANE NEW WORLD”, Phys.Rev. D62 (2000) 043501, hep-th/0003052.

[29] A. Starobinsky, “A NEW TYPE OF ISOTROPIC COSMOLOGICAL MODELS WITHOUT SINGULARITY”, Phys.Lett. B91 (1980) 99.

[30] S.W. Hawking, T. Hertog and H.S. Reall, “TRACE ANOMALY DRIVEN INFLATION”, Phys.Rev.D63 (2001) 083504, hep-th/0010252; K. Hamada, “A DYNAMICAL SOLUTION OF STABLE STAROBIN- SKY TYPE INFLATION MODEL IN QUANTUM GEOMETRY”, Mod.Phys.Lett. A16 (2001) 803, hep-th/0101100.

[31] J. Maldacena, “THE LARGE N LIMIT OF SUPERCONFORMAL FIELD THEORIES AND SUPERGRAVITY”, Adv.Theor.Math.Phys. 2 (1998) 231, hep-th/9711200.

[32] E. Witten, “ANTI-DE SITTER SPACE AND HOLOGRAPHY”, Adv.Theor.Math.Phys. 2 (1998) 253, hep-th/9802150.

[33] S. Gubser, I. Klebanov and A. Polyakov, “GAUGE THEORY COR- RELATORS FROM NONCRITICAL STRING THEORY”, Phys.Lett. B428 (1998) 105, hep-th/9802109.

[34] O. Aharony, S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, “LARGE N FIELD THEORIES, STRING THEORY AND GRAVITY”, Phys.Rept. 323 (2000) 183,

[35] Y. Kazama, Lecture Note at Ochanomizu Univ.

[36] J. Polchinski, STRING THEORY, Cambridge University Press, Cambridge (1998).

[37] S. Gubser, I. Klebanov and A. Peet, “ENTROPY AND TEMPERA- TURE OF BLACK 3-BRANES”, Phys.Rev. D54 (1996) 3915.

[38] S. Gubser, I. Klebanov and A. Tseytlin, “COUPLING CONSTANT DE- PENDENCE IN THE THERMODYNAMICS OF N=4 SUPERSYM- METRIC YANG-MILLS THEORY”, Nucl.Phys. B534 (1998) 202, hepth/9805156.

[39] R.K. Kaul and P. Majumdar, “QUANTUM BLACK HOLE EN- TROPY.” Phys. Lett.B 439(1998)267, gr-qc/9801080. R.K. Kaul and P. Majumdar, “ LOGARITHMIC CORREC- TION TO THE BEKENSTEIN-HAWKING ENTROPY.” Phys. Rev. Lett.56(2000)5255, gr-qc/0002040.

S. Carlip, “LOGARITHMIC CORRECTIONS TO BLACK HOLE ENTROPY FROM THE CARDY FORMULA” Class. Quant. Grav.17(2000)4175, gr-qc/0005017.

T.R. Govindarajan, R.K. Kaul, V. Suneeta, “LOGARITHMIC COR- RECTION TO THE BEKENSTEIN-HAWKING ENTROPY OF THE BTZ BLACK HOLE.” Class. Quant. Grav.18(2001)2877, grqc/0104010.

D. Birmingham, S. Sen,“AN EXACT BLACK HOLE ENTROPY BOUND”, Phys.Rev. D63 (2001) 047501, hep-th/0008051. R.K. Bhaduri, S. Das, P. Majumdar, “GENERAL LOGARITHMIC CORRECTIONS TO BLACK HOLE ENTROPY.” Class. Quant. Grav.19(2002)2355, gr-qc/0111001.

S. Mukherji and S.S. Pal, “LOGARITHMIC CORRECTIONS TO

BLACK HOLE ENTROPY AND ADS/CFT CORRESPONDENCE”, hep-th/0205164.