arXiv:hep-th/0205204 v2 27 Jun 2002

DFTT 14/2002 NORDITA-2002-29 HE

N = 1 and N = 2 Super Yang-Mills theories from wrapped branes^1

P. Di Vecchia^a, A. Lerda^{b,c} and P. Merlatti^c

a NORDITA, Blegdamsvej 17, DK-2100 Copenhagen Ø, Denmark

divecchia@nbivms.nbi.dk

b Dipartimento di Scienze e Tecnologie Avanzate Università del Piemonte Orientale, I-15100 Alessandria, Italy

c Dipartimento di Fisica Teorica, Università di Torino and I.N.F.N., Sezione di Torino, Via P. Giuria 1, I-10125 Torino, Italy

lerda@to.infn.it , merlatti@to.infn.it

Abstract

We consider supergravity solutions of D5 branes wrapped on supersymmetric 2-cycles and use them to discuss relevant features of four-dimensional N = 1 and N = 2 super Yang-Mills theories with gauge group SU(N). In particular in the N = 1 case, using a gravitational dual of the gaugino condensate, we obtain the complete NSVZ β-function. We also find nonperturbative corrections associated to fractional instantons with charge 2/N. These non-perturbative effects modify the running of the coupling constant which remains finite even at small scales in a way that resembles to the soft confinement scenario of QCD.

1Work partially supported by the European Commission RTN programme HPRN-CT-2000- 00131 and by MIUR under contract 2001-025492.

Contents

1 Introduction 1

2 The Supergravity Solutions 4 2.1 The N = 2 Solution . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.2 The N = 1 Solution . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3 The N = 2 Super Yang-Mills Theory 13 3.1 Running Coupling Constant and β-function . . . . . . . . . . . . . 15 3.2 Chiral Anomaly . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

4 The N = 1 Super Yang-Mills Theory 17 4.1 Chiral Anomaly . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 4.2 Gaugino Condensate . . . . . . . . . . . . . . . . . . . . . . . . . . 21 4.3 Running Coupling Constant and β-function . . . . . . . . . . . . . 21 4.4 Instantons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

5 Conclusions 25

A Parameterizations of the 3-sphere 25

1 Introduction

Recently, it has become more and more evident that a lot of relevant information about supersymmetric Yang-Mills (SYM) theories can be obtained by studying their dual supergravity backgrounds produced by stacks of D branes. This gauge/gravity correspondence has been thoroughly investigated in the maximally supersymmetric and conformal case, where a precise duality can be established between the N = 4 SYM theory in four dimensions with gauge group SU(N) and the type IIB supergravity in AdS_5 × S_5 which is the near horizon geometry of N D3 branes in flat space [1]. Prompted by the remarkable success of this AdS/CFT duality, a lot of activity has been devoted to extend the gauge/gravity correspondence also to less supersymmetric and/or non-conformal theories^1.

One way to reduce the amount of supersymmetry is to place a stack of D3 branes at the apex of an orbifold [3] or of a conifold [4]. Depending on the details of the background, the number of preserved supercharges can be reduced to eight or four, and thus the SYM theories that correspond to these configurations will possess

1See the introduction of Ref. [2] for a more detailed discussion.

N = 2 or N = 1 supersymmetry in four dimensions. Furthermore, both for the orbifold and the conifold there is a very natural way to break conformal invariance, namely by means of fractional D3 branes [5]. Therefore, in this way one can realize interesting non-conformal SYM theories in four dimensions with N = 2 or N = 1 supersymmetry (for recent reviews on this approach see, for example, Refs. [6, 7]).

Another possibility to reduce the number of preserved supercharges is to consider D branes whose world-volume is partially wrapped on a supersymmetric cycle inside a K3 manifold or a Calabi-Yau space. The unwrapped part of the brane worldvolume remains flat and supports a gauge theory. In order to preserve at least some supersymmetry, the normal bundle to the wrapped D branes has to be partially twisted [8], and as a consequence of this twist, some world-volume fields become massive and decouple. This procedure has been first used in Ref. [9] to study the pure N = 1 SYM theory in four dimensions, and later it has been generalized to many other cases with different space-time dimensions and different amounts of supersymmetry [10, 11, 12, 13, 14]^2.

In this paper we will use the gauge/gravity correspondence to study SYM theories with N = 1 and N = 2 supersymmetry in four dimensions. In particular we reconsider in some detail the supergravity solutions corresponding to N D5- branes wrapped on a 2-sphere that have been first found in Refs. [9] and [10, 11] for the N = 1 and N = 2 case respectively. Even if these two solutions have been discussed already in several papers, here we review again their derivation in order to set up the notation, to show their similarities and differences, and also to be self-contained. In doing this, we also provide a derivation of the Maldacena-Nuñez (MN) solution of Ref. [9] using the first order formalism^3. We then consider the (bosonic) massless open-string modes that propagate on the flat part of the D5 world-volume and study their effective action at energies where the higher string modes, as well as the Kaluza-Klein excitations around the 2-cycles, decouple. This resulting theory is simply a four-dimensional SYM theory with gauge group SU(N). In both the N = 2 and N = 1 case, it turns out that the coupling constant g_{YM} and the vacuum angle θ_{YM} of this SYM theory can be expressed in terms of the ten-dimensional supergravity solution representing N wrapped D5 branes in a very explicit and simple form^4. In particular, if we denote by ρ the radial coordinate on which the classical supergravity fields depend, we find that 1 g^2_{YM}

= F (ρ) (1.1)

2We thank W. Lerche for pointing out that a different approach to wrapped branes has been considered in Ref. [15].

3A similar derivation in the first order formalism has been previously presented in Ref. [16]. 4This situation is very similar to the one encountered with fractional D3 branes in orbifold models (see for example Refs. [17, 18, 19, 2, 20, 21]).

where the function F (ρ) is an explicitly computable function (see eqs.(3.8) and (4.7) below).

The other crucial ingredient for the gauge/gravity correspondence is the relation between the radial parameter of the supergravity solution and the energy scales of the gauge theory. For non-conformal theories in general it may be ambiguous and difficult to establish such a relation [22]; however, for the two cases under consideration we manage to find a supergravity realization of a protected operator of the gauge theory, so that a definite radius/energy relation can be obtained^5. The protected operators we will consider are the complex scalar field Ψ of the vector multiplet in the N = 2 theory, and the gaugino condensate ⟨λ^2⟩ in the N = 1 theory. In general, the energy/radius relation that we obtain in this way takes the form μ Λ = G(ρ) (1.2)

where μ is the subtraction point at which the theory is defined, Λ is the scale dynamically generated by quantum corrections and G(ρ) is an explicit function which depends on the model (see eqs. (3.13) and (4.16) below).

Once the functions F (ρ) and G(ρ) are determined, one can exploit them to find explicit results for the gauge theory. For example, by eliminating ρ between (1.1) and (1.2), one can obtain the running coupling constant and hence the β-function. In the N = 2 case, these manipulations can be performed in an analytic way and lead to the exact perturbative β-function. In the N = 1 case, instead, these manipulations can only be performed using asymptotic expansions but nevertheless lead to interesting results. In particular, we will show that the complete NSVZ β-function [23] of the N = 1 theory can be obtained from the MN solution, once the appropriate energy/radius relation is enforced. It is remarkable to see that the entire perturbative β-function, and not only the 1-loop approximation, is encoded in a classical supergravity solution! Actually, the MN solution also shows the presence of non-perturbative effects in the form of fractional instantons with charge 2/N which smooth out the running of the gauge coupling constant that remains finite even at small energy. This smooth behavior as well as the absence of the Landau pole indicate that the theory softly flows to the confining phase, in analogy to the soft-confinement scenario of QCD [24]. Furthermore, the MN solution also accounts for the chiral anomaly, the chiral symmetry breaking and the correct action for the gauge instantons which we manage to realize explicitly as wrapped D strings.

The analysis of the IR regime of a gauge theory and the study of its nonperturbative features by means of a supergravity solution are possible only if the

5Again, this situation is similar to the one of fractional D3 branes in orbifold models (see, in particular, Ref. [21]).

latter is non singular. This is precisely the case of the MN solution which is regular even at small distances due the presence of a field that, in Ref. [14], has been identified with the gravitational dual of the gaugino condensate. In this respect, the MN solution is very different from the N = 2 solution of Ref. [10, 11] which exhibits a naked singularity of repulson type and an enhançon locus [25] that prevent from obtaining information on the IR regime of the dual N = 2 SYM theory and in particular on its instanton corrections^6. On the contrary, the MN solution is similar to the Klebanov-Strassler solution (KS) [26] which describes a system of regular and fractional D3 branes on a deformed conifold. The KS solution is free of singularities and can be successfully used to describe many interesting features of a four dimensional N = 1 gauge theory with chiral matter that, through a series of duality cascades, eventually flows to the pure N = 1 SYM theory in the deep IR to which our analysis can be extended [27]. A qualitative study of the general implications of the MN and KS solutions for N = 1 gauge theories can be found in Ref. [28].

The paper is organized as follows. In Section 2 we review the N = 2 supergravity solution of Ref. [10, 11] and the N = 1 solution Ref. [9] in a first order formalism. In Section 3 we discuss the pure N = 2 SYM theory using the dual supergravity solution of Section 2.1. In particular, we derive the running of the coupling constant and the chiral anomaly, but differently from Ref. [10] we do not use the probe technique. In Section 4 we study the pure N = 1 SYM theory and, by exploiting the supergravity solution of Section 2.2, we discuss the chiral anomaly, the gaugino condensate, the running coupling constant, the NSVZ β-function and the instanton action. Finally, in Section 5 we present our conclusions, while in the Appendix we give some technical details about the parameterizations used to derive the supergravity solutions of Section 2.

2 The Supergravity Solutions

In this section we review the type IIB supergravity solutions that correspond to N = 1 and N = 2 SYM theories in four dimensions with gauge group SU(N) and no matter.

The starting point is a stack of N D5 branes with two longitudinal directions wrapped on a supersymmetric 2-cycle. The difference between N = 1 and N = 2 arises from the way in which the 2-cycle is embedded in the ambient space, a Calabi-Yau threefold for N = 1 and a K3 manifold for N = 2. The four unwrapped

6The same problems occur in the fractional D3 brane solutions [17, 18, 19, 2].

longitudinal directions of the D5 branes span a flat world-volume where the SYM theory lives. In order to preserve the proper amount of supersymmetry the normal bundle to the five-branes has to be topologically twisted [8]; this is achieved by embedding the U(1) spin-connection of the 2-cycle into SO(4) which is the Rsymmetry group of the D5 branes. As remarked in [29, 9], an efficient way to derive the geometry corresponding to this set-up is to consider the SO(4) gauged supergravity in seven dimensions, find domain-walls wrapped on a 2-sphere, and then lift them up in ten dimensions.

The fields of the SO(4) gauged supergravity in d = 7 are the metric G_{μν} , the gauge fields A^{ij}_μ = −A^{ji}_μ with i, j = 1, . . . , 4 being vector indices of SO(4), a symmetric matrix T_{ij} of scalars and a 2-form potential A^{(2)}_{μν} [30]. The Lagrangian of this supergravity theory is

L_7 = √ − det G { R(G) − 5 16 ∂_μy ∂^μy − 1 4 ~T^{−1}_{ij} D_μ ~T_{jk} ~T^{−1}_{kℓ} D^μ ~T_{ℓi} − 1 8 e^{−y/2} ~T^{−1}_{ik} ~T^{−1}_{jℓ} F^{ij}_{μν} F^{kℓ μν} − 1 12 e^{−y} H_{μνρ}H^{μνρ} − V } (2.1)

where e^y = det T , ~T_{ij} = e^{−y/4} T_{ij} , (2.2) and D_μ ~T_{ij} = ∂_μ ~T_{ij} + λ ( A^{ik}_μ ~T_{kj} + A^{jk}_μ ~T_{ik} ) , (2.3) F^{ij}_{μν} = ∂_μA^{ij}_ν − ∂_ν A^{ij}_μ + λ ( A^{ik}_μ A^{kj}_ν − A^{ik}_ν A^{kj}_μ ) , (2.4) V = λ^2 2 e^{y/2} ( 2 ~T_{ij} ~T^{ij} − ( ~T_{ii})^2 ) . (2.5)

Finally, H_{μνρ} are the components of the following 3-form

H^{(3)} = dA^{(2)} + 1 8 ϵ_{ijkℓ} ( F^{ij} ∧ A^{kℓ} − λ 3 A^{ij} ∧ A^{km} ∧ A^{mℓ} ) . (2.6)

In these equations λ denotes the SO(4) gauge coupling constant which has dimensions of a (length)^{−1}.

As mentioned above, we are interested in domain-walls of this supergravity theory that are wrapped on a 2-sphere. Thus we look for metrics of the form

ds^2_7 = e^{2f (r)} ( dx^2_{1,3} + dr^2 ) + 1 λ^2 e^{2g(r)} dΩ^2 (2.7)

where dx^2_{1,3} is the Minkowski metric on IR_{1,3}, r is the transverse coordinate to the domain-wall, and dΩ^2 = d ~θ^2 + sin^2 ~θ d ~φ^2 (with 0 ≤ ~θ ≤ π and 0 ≤ ~φ ≤ 2π) is the metric of a unit 2-sphere^7. To fully determine the domain-wall configuration we must specify also the profile of the other supergravity fields. However, to do this we have to distinguish between the N = 1 and N = 2 cases which require different types of Ansatz. In the next subsection we review the N = 2 case [10, 11], while the N = 1 case [9] will be considered in the last subsection.

2.1 The N = 2 Solution

In order to obtain a solution corresponding to a gauge theory with eight supercharges in four dimensions, one must first truncate the SO(4) gauge group of the d = 7 supergravity to its diagonal U(1) subgroup, i.e. to the abelian part of the diagonal SU(2)_D ⊂ SO(4). This truncation can be achieved, for example, by setting

A^{12}_μ ≡ − A_μ (2.8)

with all other A^{ij}_μ ’s put to zero. The consistency of this abelian reduction requires that the unimodular matrix ~T_{ij} takes the form [31]

~T_{ij} = diag(e^x, e^x, e^{−x}, e^{−x}) . (2.9)

With these positions it is easy to realize that the Lagrangian (2.1) becomes

L_7 = √ − det G { R(G) − 5 16 ∂_μy ∂^μy − ∂_μx ∂^μx − 1 4 e^{−2x−y/2}F_{μν} F^{μν} − 1 12 e^{−y} H_{μνρ}H^{μνρ} + 4 λ^2 e^{y/2} } (2.10)

where F_{μν} = ∂_{[μ}A_{ν]} and H_{μνρ} = ∂_{[μ}A^{(2)}_{νρ]}.

We now look for solutions of the field equations following from the Lagrangian (2.10) in which the metric has the form (2.7) and the fields x and y are functions only of the transverse coordinate r. To implement the topological twist that preserves eight supercharges, we must identify the U(1) gauge field with the spin-connection on the 2-sphere and thus write A = − 1 λ cos ~θ d ~φ (2.11)

where the coupling constant λ has been introduced for dimensional reasons. Furthermore, we can consistently set A^{(2)} = 0.

The task is then reduced to find the four functions f(r), g(r), x(r) and y(r) that solve the field equations. This has been done explicitly in Ref. [10]^8 where it

7Notice that the factor of λ^{−2} in (2.7) is necessary for dimensional reasons. 8See also Ref. [11].

has been shown that it is consistent to impose the relation y = −4f and that, after defining h = g − f , k = 3 2 f + g , (2.12)

it is possible to derive the field equations for h(r), k(r) and x(r) from the auxiliary Lagrangian L = e^{2k} [ 4k̇^2 − 2ḣ^2 − ẋ^2 − V ] (2.13)

where dots denote derivative with respect to r and

V = −4λ^2 − 2λ^2e^{−2h} + λ^2 2 e^{−4h−2x} (2.14)

together with the additional condition that the Hamiltonian H associated to L vanishes. This condition, which reads H = 1 4 e^{−2k} (1 4 p^2_k − 1 2 p^2_h − p^2_x ) + e^{2k} V = 0 , (2.15)

is a signal of the fact that the second-order field equations can be derived from a system of first-order (or BPS) equations, as one can show with a Hamilton-Jacobi approach [32]. In fact, by introducing the principal function F(k, h, x) such that p_k =^{∂F}_{∂k} , p_h =^{∂F}_{∂h} , p_x =^{∂F}_{∂x} and assuming that F(k, h, x) = e^{2k}W(h, x), it is easy to see that (2.15) becomes 1 8 ( ∂W ∂h )_2 + 1 4 ( ∂W ∂x )_2 − 1 4 W^2 = V , (2.16)

which is solved by W = −4λ cosh x − λe^{−2h−x} . (2.17)

The remaining Hamilton equations yield the following first-order system

k̇ = 1 4 W , ḣ = − 1 4 ∂W ∂h , ẋ = − 1 2 ∂W ∂x , (2.18)

which, as shown in Ref. [10], can be conveniently solved in terms of the variable z ≡ e^{2h}. In fact, one finds

e^{−2x} = 1 −

1 + c e^{−2z} 2z , e^{2k+x} = z e^{2z} (2.19)

where c is an arbitrary integration constant. Thus, choosing z as new radial coordinate, the functions appearing in the domain-wall solution are f(z) = 2 5 z − 1 5 x(z) , g(z) = f(z) + 1 2 log(z) , y(z) = −4f(z) (2.20) with x(z) given in (2.19).

We now up-lift this solution to ten dimensions in order to exhibit it as a D5 brane configuration of Type IIB supergravity. This up-lift can be explicitly performed using the formulas of Ref.[31] which lead to a metric, a dilaton and a 2-form of magnetic type in ten dimensions. In this respect, however, we would like to point out that in Ref. [31] only the up-lift to NS5 brane configurations is considered. Indeed, the magnetic 2-form that is produced in ten dimensions has to be identified with the NS-NS antisymmetric tensor B_{μν} in view of the sign that is chosen for the exponential coupling with the dilaton in the Einstein frame. However, it is straightforward to adjust the up-lift formulas of Ref. [31] to the other sign and thus produce a magnetic 2-form which can be identified with a R-R potential C^{(2)} in ten dimensions. In this way, the seven-dimensional solution can be directly up-lifted to a D5 brane configuration of type IIB, which is what one needs to discuss the correspondence with a dual SYM theory in four dimensions.

With this in mind, we parameterize the 3-sphere that leads from seven to ten dimensions with the angles θ, ϕ_1 and ϕ_2 (with 0 ≤ θ ≤^π_2 and 0 ≤ ϕ_{1,2} ≤ 2π) as discussed in Appendix A (see eq.(A.2)), and use the (modified) up-lift formulas of Ref. [31] to find a ten-dimensional (string frame) metric given by

ds^2_{10} = e^Φ [ dx^2_{1,3} + z λ^2 ( d ~θ^2 + sin^2 ~θ d ~φ^2 ) + 1 λ^2 e^{2x} dz^2 (2.21) + 1 λ^2 ( dθ^2 + e^{−x} Ω cos^2 θ ( dϕ_1 + cos ~θ d ~φ )_2 + e^x Ω sin^2 θ dϕ^2 ) ] , a dilaton given by e^{2Φ} = e^{2z} [ 1 − sin^2 θ

1 + c e^{−2z} 2z ] , (2.22)

and a magnetic R-R 2-form given by

C^{(2)} = 1 λ^2 ϕ_2 d [ sin^2 θ Ω e^x

(dϕ_1 + cos ~θ d ~φ) ] (2.23)

where Ω = e^x cos^2 θ + e^{−x} sin^2 θ . (2.24)

We remark that this D5 brane solution agrees with the one of Ref. [10] which is obtained by performing a S-duality transformation on a NS5 brane configuration. However, the metric (2.21) is written in a way in which the role of the different coordinates and factors is not immediately clear. Thus, in analogy with what has been done in Ref. [13], we perform the following change of variables

ρ = sin θ e^z , σ = √ z cos θ e^{z−x} (2.25) and rewrite eq. (2.21) as follows

ds^2_{10} = H^{−1/2} [ dx^2_{1,3} + z λ^2 ( d ~θ^2 + sin^2 ~θ d ~φ^2 )] + H^{1/2} λ^2 ( dρ^2 + ρ^2dϕ^2 )

+ H^{1/2} λ^2 z [ dσ^2 + σ^2 ( dϕ_1 + cos ~θ d ~φ )_2]

(2.26)

where H ≡ e^{−2Φ}. In this form the structure of the metric is much clearer. In fact, one can distinguish the transverse space into a plane parameterized by ρ and ϕ_2 (see the last two terms in the first line of (2.26)), and a non-trivial twisted plane pertaining to the K3 manifold (see the second line of (2.26)). Thus one can say that the two (dimensionless) coordinates ρ and σ defined in (2.25) represent two radial directions, respectively in the flat transverse space and in the curved space transverse to the brane but non-trivially fibered on the 2-cycle along which the brane is wrapped. In the next section we will show that the flat radial coordinate ρ is directly related to the energy scale of the dual four dimensional gauge theory, and that shifts in the angle ϕ_2 are directly related to chiral transformations.

We conclude this subsection by observing that the R-R charge of the configuration (2.21)-(2.23) is given by

Q_5 = 1 2κ^2_{10} ∫ S_3

dC^{(2)} =

2π^2 κ^2_{10} λ^2

(2.27)

where κ_{10} = 8π^{7/2}g_sα^{′2} is the gravitational coupling constant of the Type IIB string theory and S_3 is the transverse 3-sphere at infinity. Since this charge must be an integer multiple of the elementary D5 charge

τ_5 = (2π)^{−5}g^{−1}_s α^{′−3} , (2.28)

we deduce that the seven-dimensional coupling constant λ can be written in terms of string theory parameters as follows 1 λ^2

= N g_s α^′ (2.29)

where N is the number of wrapped D5 branes.

2.2 The N = 1 Solution

We now discuss the MN supergravity solution of Ref. [9] which corresponds to a gauge theory with four supercharges in four dimensions. As before, we start from the SO(4) gauged supergravity Lagrangian (2.1), but this time we gauge one of the two SU(2) factors inside SO(4) (say, for example, SU(2)_L). This is achieved by imposing the anti-selfduality constraint A^{ij}_μ = − 1 2 ϵ^{ijkℓ}A^{kℓ}_μ (2.30) which explicitly reads

A^{34}_μ = −A^{12}_μ ≡ A^3_μ , A^{24}_μ = −A^{31}_μ ≡ A^2_μ , A^{14}_μ = −A^{23}_μ ≡ A^1_μ , (2.31)

The vectors A^a_μ (with a = 1, 2, 3) are the gauge fields of SU(2)_L whose field strengths are F^a = dA^a +λ ε^{abc}A^b ∧A^c as one can see by inserting (2.30) and (2.31) into (2.4). The consistency of this SU(2)_L reduction requires that the unimodular matrix ~T_{ij} be simply [31] ~T_{ij} = δ_{ij} . (2.32) With these positions the Lagrangian (2.1) becomes

L_7 = √ − det G { R(G) − 5 16 ∂_μy ∂^μy − 1 2 e^{−y/2}F^a_{μν} F^{a μν} − 1 12 e^{−y} H_{μνρ}H^{μνρ} + 4 λ^2 e^{y/2} } (2.33)

where H_{μνρ} are the components of the 3-form

H^{(3)} = dA^{(2)} + F^a ∧ A^a − λ 12 ϵ^{abc} A^a ∧ A^b ∧ A^c . (2.34)

Like in the N = 2 case, we look again for domain-wall solutions where the metric is of the form (2.7) and the scalar y is function only of the radial coordinate r. To implement the topological twist that preserves four supercharges we should identify the spin-connection on the 2-sphere with the gauge field of a U(1) ⊂ SU(2)_L. If we simply do this, the corresponding supergravity solution turns out to be singular and unphysical. However, as discovered in Ref. [9], the singularity can be smoothed out by considering a more general Ansatz in which all gauge fields of SU(2)_L are switched-on, namely by taking [33]

A^1 = − 1 2λ a(r) d ~θ , A^2 = 1 2λ a(r) sin ~θ d ~φ , A^3 = − 1 2λ cos ~θ d ~φ . (2.35)

With this Ansatz it is easy to realize that the only non-vanishing components of the field strengths are

F^1_{rθ̃} = − 1 2λ ȧ , F^2_{rφ̃} = 1 2λ sin ~θ ȧ , F^3_{θ̃φ̃} = 1 2λ sin ~θ ( 1 − a^2 ) . (2.36)

Moreover one finds that F^a ∧ A^a = A^1 ∧ A^2 ∧ A^3 = 0 so that the 3-form (2.34) simply becomes H^{(3)} = dA^{(2)}. Therefore, it is consistent to set A^{(2)} = 0 and look for a classical configuration that depends only on the functions f(r), g(r), y(r) and a(r). Inserting this Ansatz into the supergravity field equations that follow from (2.33), we find that it is possible to set y = −4f and derive the remaining equations from the auxiliary Lagrangian

L = e^{2k} [ 4k̇^2 − 2ḣ^2 − ȧ^2 2 e^{−2h} − V ] (2.37)

where h and k are defined as in (2.12) and

V = −4λ^2 − 2λ^2 e^{−2h} + λ^2 (1 − a^2)^2 4 e^{−4h} (2.38)

provided we require that the Hamiltonian H associated to L vanishes. This condition explicitly reads H = 1 2 e^{−2k} (1 8 p^2_k − 1 4 p^2_h − e^{2h} p^2_a ) + e^{2k} V = 0 . (2.39)

We now proceed as in the N = 2 case with the Hamilton-Jacobi method and introduce the principal function F(k, h, a) such that p_k =^{∂F}_{∂k} , p_h =^{∂F}_{∂h} , p_a =^{∂F}_{∂a} . Then, if we assume that F(k, h, a) = e^{2k} W(h, a), eq. (2.39) becomes 1 8 ( ∂W ∂h )_2 + 1 2 ( ∂W ∂a )_2

e^{2h} − 1 4 W^2 = V , (2.40)

which is solved by (see also Ref. [16]) W = λ e^{−2h} √ (1 + 4e^{2h})^2 + 2(−1 + 4e^{2h})a^2 + a^4 . (2.41)

Having the explicit form of W, the problem is reduced to a system of first-order (BPS) equations given by

k̇ = 1 4 W , ḣ = − 1 4 ∂W ∂h , ȧ = − e^{2h} ∂W ∂a (2.42)

which can be explicitly solved. Indeed one finds

e^{2h} = ρ coth 2ρ − ρ^2 sinh^2 2ρ − 1 4 , (2.43)

e^{2k} = e^h sinh 2ρ 2 , (2.44) a = 2ρ sinh 2ρ

(2.45) where ρ ≡ λ r. This solution has been first found in Ref. [33], although in a different context. The functions originally appearing in the domain-wall solution are then f(ρ) = 1 5 log ( sinh 2ρ 2 e^h ) , g(ρ) = f(ρ) + h(ρ) , y(ρ) = −4f(ρ) (2.46)

with h(ρ) given in (2.43). It is interesting to observe that a ∼ ρ e^{−2ρ} for ρ → ∞; thus only the A^3 component of the SU(2)_L gauge field effectively survives in the large ρ region and the gauge group reduces to U(1) .

We now up-lift this solution to ten dimensions to exhibit it as a D5 brane configuration of Type IIB supergravity. To this aim we could choose the same parameterization of the 3-sphere that we used in the previous subsection when we up-lifted the N = 2 solution. However, for the applications to the dual gauge theory that we will discuss in the following, it is more convenient to choose a different parameterization and describe the 3-sphere with the Euler angles θ^′, ϕ and ψ (with 0 ≤ θ^′ ≤ π, 0 ≤ ϕ ≤ 2π and 0 ≤ ψ ≤ 4π) as described in (A.4), and use the corresponding left-invariant 1-forms σ^a given in (A.5). Then, using the (modified) up-lift formulas of Ref. [31], we find a ten-dimensional (string frame) metric

ds^2_{10} = e^Φ [ dx^2_{1,3} + e^{2h} λ^2 ( d ~θ^2 + sin^2 ~θ d ~φ^2 ) ] + e^Φ λ^2 [ dρ^2 + 3∑ a=1 (σ^a − λA^a)^2 ] , (2.47)

a dilaton e^{2Φ} = sinh 2ρ 2 e^h

, (2.48)

and a magnetic R-R 2-form

C^{(2)} = 1 4λ^2 [ ψ ( sin θ^′ dθ^′ ∧ dϕ − sin ~θ d ~θ ∧ d ~φ ) − cos θ^′ cos ~θ dϕ ∧ d ~φ ] + a 2λ^2 [ d ~θ ∧ σ^1 − sin ~θ d ~φ ∧ σ^2 ] (2.49)

with field strength

F^{(3)} = 2 λ^2 ( σ^1 − λA^1 ) ∧ ( σ^2 − λA^2 ) ∧ ( σ^3 − λA^3 ) − 1 λ 3∑ a=1 F^a ∧ σ^a . (2.50)

By computing the R-R charge Q_5 of this configuration (see eq.(2.27)) and imposing its quantization in units of the elementary D5 charge τ_5, we find again that 1 λ^2

= N g_s α^′ (2.51)

where N is the number of wrapped five-branes. The solution (2.47)-(2.50) entirely agrees with the one of Ref.[9].

We conclude this section by observing that there are many common features and similarities between the ten-dimensional N = 2 and N = 1 solutions as we have presented them here, despite the fact that we have used different angular variables in the two cases. After all, this is not too surprising since both solutions originate from the same Ansatz (2.7) in seven dimensions; but nevertheless it is noteworthy to see that in the first-order formalism the two solutions are very similar and that a flow between them could be in principle established in terms of the “superpotentials” W defined in eqs.(2.17) and (2.41). Of course there are also many important differences between the two solutions. In particular we would like to emphasize that in the N = 2 case one can distinguish a plane in the transverse space where the wrapped D5 branes can move, while in the N = 1 case no such plane exists. Moreover the N = 2 solution is singular at short distance while the N = 1 solution is regular. These facts have important consequences for the dual SYM theories as we shall discuss in the next sections.

3 The N = 2 Super Yang-Mills Theory

The supergravity solution presented in subsection 2.1 describes the geometry produced by N D5 branes wrapped on a supersymmetric 2-cycle in such a way that one quarter of the 32 supercharges of Type IIB are preserved. The four-dimensional part of the D5 world-volume that is not involved in the wrapping process remains flat and is the Minkowski space-time IR_{1,3} where a supersymmetric gauge theory with 8 supercharges is defined. To specify this theory one must determine which massless open-string modes can propagate in IR_{1,3}. By applying for example the methods of Ref. [8], one can find that these modes fill a N = 2 vector multiplet in the adjoint representation of SU(N), and thus the low-energy four-dimensional gauge theory is a pure N = 2 SYM theory with gauge group SU(N).

We now show how the supergravity solution (2.22), (2.23) and (2.26) can be used to extract information on the corresponding gauge theory. First of all, we observe that in the transverse space to the D5 branes one can select a two-dimensional sub-space in which the branes can freely move. This is the locus σ = 0 and thus is the plane parameterized by ρ and ϕ_2. To find this result we can use the “probe technique” [34, 6] and study the dynamics of a wrapped D5 brane in the background geometry (2.22)-(2.26). The (string frame) world-volume action for a probe D5 brane is S = −τ_5 ∫ d^6ξ e^{−Φ} √ − det (G + 2πα^′F ) + τ_5 ∫ (∑ n C^{(n)} ∧ e^{2πα′F} ) 6−form

(3.1) where τ_5 is defined in (2.28), F is a world-volume gauge field and all bulk fields are understood to be the pull-backs onto the brane world-volume which is parameterized by ξ = {x^0, x^1, x^2, x^3, ~θ, ~φ}. By expanding the action (3.1) in powers of α^′ and substituting in it the solution (2.22), (2.23) and (2.26), we find that there is a static potential between the probe and the source given by − τ_5 ∫ d^6ξ z λ^2H sin ~θ ( 1 + λ^2Hσ^2 z^2 tan^2 ~θ )_{1/2} − 1 . (3.2)

In order to satisfy the “zero-force” condition and hence describe a BPS supersymmetric configuration, this potential term should vanish. Thus, we should require that the probe brane be placed at σ = 0. This means that in order to preserve supersymmetry the branes cannot move arbitrarily in their transverse space but only in the locus σ = 0, i.e. in the (ρ, ϕ_2)-plane.

From now on, we abandon the probe approach but still we set σ = 0. Then, the relevant part of the transverse D5 brane metric (2.26) can be simply written as

ds^2_{transv} = H^{1/2}dZ dZ (3.3)

where we have defined Z = 1 λ ρ e^{iϕ2} , (3.4)

and the R-R 2-form (2.23) simply reduces to

C^{(2)} = − 1 λ^2 ϕ_2 sin ~θ d ~θ ∧ d ~φ . (3.5) After these preliminaries we now study the dynamics of the SU(N) gauge fields that propagate on the wrapped D5 branes. As discussed in Refs. [17, 2, 21] for the analogue case of the fractional branes, the low-energy action for the bosonic degrees of freedom of the non-abelian gauge theory can be inferred from the abelian worldvolume action (3.1) with the following procedure: take the limit α^′ → 0 keeping fixed the combination Ψ = (2πα^′)^{−1} Z (3.6) that has to play the role of the complex scalar of the N = 2 vector multiplet, and then promote F and Ψ to SU(N) fields by giving them an adjoint index A and replacing all derivatives with the covariant ones^9. If we normalize the SU(N) generators in such a way that tr(T^AT^B) = (1/2) δ^{AB} for the fundamental representation, then the above procedure leads to S_{Y M} = − 1 g^2_{YM} ∫ d^4x { 1 4 F^A_{αβ} F^{αβ}_A + 1 2 D_αΨ^A D^αΨ_A } + θ_{YM} 32π^2 ∫ d^4x F^A_{αβ} ~F^{αβ}_A (3.7)

9In flat space or in orbifold backgrounds where the classical D brane solutions can be explicitly obtained using boundary states (see e.g. Ref. [35]), this procedure can be made more rigorous by computing string scattering amplitudes as done for example in Ref. [36].

where 1 g^2_{YM} = τ_5 (2π)^2α^{′2} 2 ∫_{2π} 0 d ~φ ∫_π 0 d ~θ e^{−Φ} H √ − det G = N 4π^2 log ρ , (3.8)

θ_{YM} = τ_5 (2π)^4α^{′2} ∫_{2π} 0 d ~φ ∫_π 0 d ~θ C^{(2)}_{θ̃φ̃} = − 2N ϕ_2 . (3.9)

In other words, the inverse square of the YM coupling constant is proportional to the volume of the 2-sphere along which the D5 branes are wrapped computed in the ten-dimensional metric, whereas the YM θ-angle is proportional to the flux of the R-R 2-form across this 2-sphere. Notice that in deriving these results we have used eqs.(2.28) and (2.29), the explicit form of the metric (2.26), of the dilaton (2.22) and of the R-R 2-form (3.5), as well as the fact that eq.(2.25) implies that z = log ρ for σ = 0. In the following two sub-sections we will use the results (3.8) and (3.9) to derive the β-function and the chiral anomaly of the N = 2 SYM theory.

3.1 Running Coupling Constant and β-function

To obtain further information on the gauge theory we have to find the precise relationship between the gravitational coordinates and the scales of the gauge theory which, in some sense, is the essence of the gauge/gravity correspondence. In the present case, it is not difficult to find this relationship. In fact, let us denote by μ the (arbitrary) mass-scale at which the theory is defined and by Λ the (fixed) dynamically generated scale which is the analogue of Λ_{QCD} for quantum chromodynamics. Under a scale transformation with parameter s the mass μ transforms according to μ → s μ (3.10) but the physical mass Λ remains fixed. This is the signal of the lack of conformal invariance in this theory. On the other hand, it is known that the complex scalar Ψ of the N = 2 vector multiplet has a (protected) mass-dimension 1, that is

Ψ → s Ψ . (3.11)

If we now use eqs.(3.6) and (3.4), we easily conclude that the scale transformation (3.11) implies ρ → s ρ (3.12) i.e. in the dual gravitational description the scale transformation of the gauge theory is realized as a dilatation of the 2-plane in the transverse space of the wrapped D5 branes. Combining the fact that ρ is dimensionless with the transformations (3.10) and (3.12), we are lead the following identification ρ = μ Λ . (3.13)

This is a sort of “holographic” relation, at least in an extended sense, because it establishes a correspondence between a quantity of the gravity theory (the coordinate ρ) and a quantity of the gauge theory (the scale μ) even if it does not follow from a standard holographic bulk/boundary relation. The fact that ρ and μ are directly proportional to each other can also be established by looking at the energy of a string that stretches up to a distance ρ in the transverse plane. The energy E of such a string is proportional to its world-volume per unit time [22, 7], namely E ∼ ∫_ρ √ −G_{00} G_{ρρ} dρ ∼ ρ (3.14)

where we have used the metric (2.26). This energy is the natural scale to use in order to regulate the theory and hence it is natural to take E ∼ μ, which in turn leads to (3.13). Notice that this relation implies that the UV (IR) regime of the gauge theory corresponds to the large (small) distance region in the dual gravitational description.

If we insert (3.13) into (3.8) we can obtain the expression of the running coupling constant at the scale μ, namely 1 g^2_{YM}(μ) = N 4π^2 log μ Λ , (3.15)

from which we can derive the β-function

β(g_{YM}) = − N 8π^2 g^3_{YM} . (3.16)

This is the correct field-theory result, numerical factors included. We would like to stress that this β-function has been obtained without using the probe approach which instead is appropriate to describe the theory in the Coulomb branch (for a recent review, see Ref. [6])^{10}.

3.2 Chiral Anomaly

We now discuss the chiral anomaly from the dual gravitational point of view. It is well known that the N = 2 SYM theory possesses at the classical level an abelian U(1)_R symmetry which becomes anomalous at the quantum level. For definiteness, we fix the R-charge of the complex scalar Ψ to be 2, so that the gauginos have the conventional R-charge 1. This means that under a chiral transformation with parameter ε we have Ψ → e^{2iε} Ψ , (3.17)

10The β-function for the N = 2 SYM theory in the Coulomb branch has been first derived from the wrapped D5 brane solution in Ref. [10] up to some numerical factors.

and that the chiral anomaly corresponds to the following transformation of the θ-angle θ_{YM} → θ_{Y M} − 4N ε . (3.18)

From eqs.(3.6) and (3.4) it is natural to interpret the transformation (3.17) as due to a shift in the angle ϕ_2, namely

ϕ_2 → ϕ_2 + 2 ε , (3.19)

which is also consistent with the anomaly transformation (3.18) in view of eq.(3.9).

Thus, the chiral U(1)_R transformations of the gauge theory are realized in the dual gravitational description as phase rotations in the transverse plane where the branes can move with a multiplicity factor (2 in our case) that depends on the charge assignments. As one can easily see from the explicit expressions (2.22), (2.23) and (2.26), the transformation (3.19) is an isometry of the metric but it is not a symmetry of the full solution since the R-R 2-form C^{(2)} explicitly depends on the angle ϕ_2 and is not invariant under (3.19). This fact is the gravitational counterpart of the occurrence of a chiral anomaly in the dual gauge theory [37, 21]. However, not all different values of the R-R 2-form C^{(2)} are physically different: in fact what really matters is the value of the flux across the 2-sphere 1 4π^2α^′g_s ∫ S_2

C^{(2)} = − N ϕ_2 π (3.20)

which is allowed to change by integer values. Thus, the following shifts

ϕ_2 → ϕ_2 + π N k (3.21)

(with k integer) are true symmetries of the supergravity solution. On the gauge theory side, these shifts correspond to the non-anomalous Z_{4N} rotations with parameter ε = (π/2N) k, which change the θ-angle by integer multiples of 2π, as one can easily see from (3.18).

4 The N = 1 Super Yang-Mills Theory

The supergravity solution presented in subsection 2.2 describes the geometry produced by N D5 branes wrapped on a supersymmetric 2-cycle in such a way that one eighth of the 32 supercharges of Type IIB are preserved. The four-dimensional unwrapped part of the D5 world-volume is the Minkowski space-time where a supersymmetric gauge theory with 4 supercharges is defined. By using the methods of Ref. [8], one can see that the massless open string modes that propagate in this Minkowski space fill a N = 1 vector multiplet in the adjoint representation of SU(N), and thus the low-energy four-dimensional gauge theory is a pure N = 1 SYM theory with gauge group SU(N).

We now show how to use the supergravity solution (2.47)-(2.49) to extract information on the corresponding gauge theory. To this aim, we consider again the world-volume action (3.1) of a wrapped five-brane with a gauge field strength F and then extract from it the quadratic terms in F . In contrast to the N = 2 case discussed in the previous section, this time there is no direction in which the branes can move, since the entire transverse space is curved as a consequence of the topological twist of the normal bundle that has been performed. Thus, no scalars survive and the non-abelian bosonic action that is obtained with the procedure discussed in Section 3, is simply S_{Y M} = − 1 4g^2_{YM} ∫ d^4x F^A_{αβ} F^{αβ}_A + θ_{YM} 32π^2 ∫ d^4x F^A_{αβ} ~F^{αβ}_A (4.1)

where 1 g^2_{YM} = τ_5 (2π)^2α^{′2} 2 ∫_{2π} 0 d ~φ ∫_π 0 d ~θ e^{−3Φ} √ − det G , (4.2)

θ_{YM} = τ_5 (2π)^4α^{′2} ∫_{2π} 0 d ~φ ∫_π 0 d ~θ C^{(2)}_{θ̃φ̃} . (4.3)

Exactly as in the N = 2 case (see eqs.(3.8) and (3.9)) the inverse square of the YM coupling constant is proportional to the volume of the 2-sphere on which the D5 branes are wrapped and the YM vacuum angle is proportional to the flux of the R-R 2-form across this 2-sphere. However, we would like to stress that our definition (4.2) of the YM coupling constant is different from the one used in Ref. [9] and several other papers that followed afterwards, because we compute the volume of the 2-sphere using the ten-dimensional metric of the wrapped D5 branes, and not the metric (2.7) of the domain-wall solution of the seven-dimensional gauged supergravity. Our definition is the natural one from a string-theory point of view; on the other hand, no one doubts that the YM θ-angle is related to the flux of the R-R form in ten-dimensions, and thus it appears more acceptable that also the other parameter of the SYM action be related to quantities of the ten-dimensional solution as in (4.2). The difference between our definition of the YM constant and the one of Ref. [9] will have interesting consequences for the gauge theory, especially in the IR regime.

If we insert the explicit form of the supergravity solution (2.47)-(2.49) in eq.(4.2), after simple calculations we obtain 1 g^2_{Y M} = N 32π^2 Y (ρ) ∫_π 0 d ~θ sin ~θ [ 1 + cot^2 ~θ Y (ρ) ]_{1/2} (4.4) with Y (ρ) = 4 e^{2h(ρ)} + a(ρ)^2 = 4ρ coth 2ρ − 1 (4.5) where in the last step we have used eqs.(2.43) and (2.45). It is interesting to observe that the right hand side of eq.(4.4) can be written in terms of the complete elliptic integral of the second kind E(x) ≡ ∫_{π/2} 0 dϕ √ 1 − x^2 sin^2ϕ ; (4.6)

in fact, we find 1 g^2_{Y M} = N Y (ρ) 16π^2 E Y (ρ) − 1 Y (ρ) . (4.7)

Using the properties of the elliptic integral, it is easy to see that 1 g^2_{YM} ≃ N ρ 4π^2 for ρ → ∞ , (4.8) 1 g^2_{YM} ≃ N 32π for ρ → 0 . (4.9)

The large-ρ behavior (4.8) is the same as in Ref. [9], but the small-ρ behavior (4.9) is very different, since we get a finite coupling at ρ = 0, in contrast to the divergent one of Ref. [9].

Finally, inserting in eq.(4.3) the classical profile of the R-R 2-form (2.49), we find θ_{YM} = − N 2 ψ . (4.10)

In the following we will exploit these results to discuss some relevant features of the pure N = 1 SYM theory from the gravitational point of view.

4.1 Chiral Anomaly

As is well-known, the N = 1 SYM theory possesses a classical abelian U(1)_R symmetry which becomes anomalous at the quantum level. If we assign R-charge 1 to the gaugino λ(x) so that under a chiral transformation with parameter ε

λ(x) → e^{i ε} λ(x) , (4.11)

then the presence of the anomaly implies that

θ_{YM} → θ_{YM} − 2Nε . (4.12)

From eq.(4.10) it is clear that the chiral transformations of the SYM theory must be realized in the gravitational description as shifts in the angle ψ. The only question is which is the multiplicity factor. Now we argue that the correct transformation law of ψ is ψ → ψ + 4 ε , (4.13)

which indeed allows to obtain the anomaly rule (4.12) directly from (4.10). The factor of 4 in (4.13) has a natural explanation: in fact it is ψ/2 that is the appropriate angular variable with period 2π which must transform with multiplicity 2, just like the angle ϕ_2 in the N = 2 case (see eq.(3.19)). This argument can be made more rigorous by observing that there is a simple relation between the Euler angles that we used to parameterize the 3-sphere in the up-lifting process of the N = 1 solution and the angles that instead we used in the up-lift of the N = 2 solution. In particular, as is discussed in the Appendix, ψ = ϕ_1 +ϕ_2 (see (A.8)), and since under a chiral transformation of parameter ε both ϕ_1 and ϕ_2 shift by 2 ε, then eq.(4.13) immediately follows.

The transformation (4.13) is not a symmetry of the supergravity solution (2.47)- (2.49) and is not even an isometry of the metric. This situation is thus very different from the N = 2 case discussed in the previous section. However, there is a region where the transformation (4.13) is an isometry, namely the large-ρ region where the function a(ρ) becomes exponentially small and can be neglected. In fact, if we remove a, then all explicit ψ dependence disappears from the metric (2.47) but still remains in the R-R 2-form (2.49), which therefore is not invariant under (4.13). However, as we discussed in Section 3.2, the relevant quantity that should be considered is the flux of C^{(2)} across the 2-sphere, i.e. 1 4π^2α^′g_s ∫ S_2

C^{(2)} | | |_{a=0} = − N ψ 4π (4.14)

which is allowed to change by integer values. Thus the transformations (4.13) with ε = (π/N)k and k integer are true symmetries of the supergravity background in the large-ρ region. These are precisely the non-anomalous Z_{2N} transformations of the gauge theory that correspond to shifts of the θ-angle by integer multiples of 2π. What we have described here is therefore the gravitational counterpart of the well-known breaking of U(1)_R down to Z_{2N} .

However, in the true supergravity solution a(ρ) is not vanishing and thus even the non-anomalous Z_{2N} transformations are not symmetries of the background. In fact, both in the metric and in the R-R 2-form, a(ρ) appears in front of terms that explicitly involve cos ψ and sin ψ, and these are clearly invariant only under shifts of 2π. Thus, the only non-anomalous symmetries of the supergravity background are given by (4.13) with ε = kπ and k integer. This phenomenon is the gravitational counterpart of the spontaneous breaking of the chiral symmetry from Z_{2N} → Z_2.

4.2 Gaugino Condensate

In the previous subsection we have seen that the presence of a non-vanishing a(ρ) in the supergravity solution is responsible for the spontaneous chiral symmetry breaking to Z_2, which, on the gauge theory side, is accompanied by the presence of a non-vanishing value of the gaugino condensate ⟨λ^2⟩ ≡ ⟨0|

(_{Tr λ2}

16π^2 ) |0⟩. Thus, it appears very natural to conjecture that the gravitational dual of this condensate is precisely the function a(ρ) that is present in the supergravity solution (2.47)-(2.49). As a matter of fact, this idea has been made more precise in Ref. [14] where a direct relation between ⟨λ^2⟩ and a(ρ) has been established by adapting the techniques of the AdS/CFT correspondence to the wrapped branes.

The gaugino condensate ⟨λ^2⟩ belongs to a class of gauge invariant operators which do not acquire any anomalous dimensions. This happens because the gaugino condensate is the lowest component of the so-called anomaly multiplet whose scale dimensions are protected by virtue of the fact that its top component is the trace of the energy-momentum tensor which is a conserved current. Thus, since the engineering dimension of ⟨λ^2⟩ is 3, we have

⟨λ^2⟩ = c Λ^3 (4.15)

where Λ is the (exact) dynamical scale of the N = 1 SYM theory and c a computable constant. Several explicit calculations lead to c = 1 [38].

In view of the findings of Ref. [14] and of our previous discussion, we now propose to identify the function a(ρ) given in (2.45) with the gaugino condensate ⟨λ^2⟩ measured in units of the (arbitrary) mass scale μ that is introduced to regulate the theory. Thus, we write a(ρ) = Λ^3 μ^3

. (4.16)

This crucial equation allows us to establish a precise relation between the supergravity radial coordinate ρ and the scales of the gauge theory, and is the strict analogue of the “holographic” relation (3.13) of the N = 2 model. Notice that since a(ρ) → 0 for ρ → ∞, once again the large-ρ region corresponds to the UV regime of the gauge theory, and vice-versa the small-ρ region corresponds to the IR regime. In the following we will exploit the relation (4.16) to compute the perturbative β-function of the pure N = 1 SYM theory and get some insights on non-perturbative corrections.

4.3 Running Coupling Constant and β-function

The gauge coupling constant has been defined in (4.4) as a function of the radial coordinate ρ which, in turn, is related to the scales of the gauge theory as prescribed by (4.16). Thus, by combining these two equations and eliminating the ρ dependence, we could in principle obtain an exact expression for the running coupling constant of the N = 1 SYM theory. Unfortunately, it appears very difficult to manipulate eqs. (4.4) and (4.16) in an analytic way and exhibit the running coupling constant in a closed form. However, despite this fact, many interesting results can still be derived.

First of all, if we use in (4.16) the explicit expression of a(ρ) given in (2.45), we easily obtain ∂ρ ∂ log(μ/Λ) = 3 2 [ 1 1 − (2ρ)^{−1} + 2 e^{−4ρ} (1 − e^{−4ρ})^{−1} ] . (4.17)

The right hand side has a nice interpretation in the large-ρ region, i.e. in the UV. In fact, for ρ → ∞ the fraction in square brackets receives two types of contributions: one from terms that are negative powers of ρ, and the other from terms that involve also powers of e^{−4ρ}. If we recall that in the UV region ρ is directly proportional to the inverse square of the gauge coupling constant as shown in (4.8), it is very easy to realize that the first type of terms corresponds to perturbative loop contributions while the second describes non-perturbative instanton-like effects. Actually, we can be more precise and write explicit formulas. Let us first concentrate on the powerlike part and neglect all terms that vanish exponentially for ρ → ∞. Then, if we use the leading UV asymptotic behavior (4.8) and thus trade ρ for 4π^2/(N g^2_{YM}), on the one hand we have ∂ρ ∂ log(μ/Λ) = − 8π^2 Ng^3_{YM} β(g_{YM}) (4.18)

where β(g_{YM}) is the β-function, and on the other hand from (4.17) we have ∂ρ ∂ log(μ/Λ) = 3 2 [ 1 − Ng^2_{YM} 8π^2 ]_{−1} . (4.19)

Combining these two equations, we obtain

β(g_{YM}) = −

3Ng^3_{YM} 16π^2 [ 1 − Ng^2_{YM} 8π^2 ]_{−1} . (4.20)

This is the complete perturbative NSVZ β-function of the pure N = 1 SYM theory with gauge group SU(N) in the Pauli-Villars regularization scheme [23]. It is remarkable to see that a classical supergravity solution representing wrapped D5 branes is able to completely reproduce it!

It is interesting to observe that the 1-loop approximation corresponds to keep in the supergravity solution only the leading terms in the ρ → ∞ expansion. In fact, if in (4.17) we approximate the square bracket to 1, we get ρ ∼^3_2 log(μ/Λ) which is indeed the correct relation between the radial coordinate and the scale Λ at 1-loop [14]. If instead we keep also the ρ^{−1} term in (4.17), we obtain the complete perturbative result (4.19) and the NSVZ β-function. However, the full supergravity solution contains more than this, since there are also terms that vanish exponentially for large ρ and correspond to non-perturbative effects. Keeping these terms in (4.17) amounts to replace the expression inside the square brackets of (4.19) and (4.20) with 1 − Ng^2_{YM} 8π^2 + 2 exp ( −^{16π2}_{N g2YM} ) 1 − exp ( −^{16π2}_{N g2YM}

) . (4.21)

From this formula we see that the non-perturbative corrections have the form of instantons with fractional charge 2k/N where k is a positive integer. The fractional instantons have recently been shown in Ref. [39] to play a crucial role in the pure N = 1 SYM theory since they are the elementary field configurations that directly contribute to the gaugino condensate. It would be very interesting to check with a field theory analysis whether they also contribute to the β-function as our supergravity analysis suggests.

We conclude by observing that the presence of these non-perturbative effects modifies the running of the coupling constant which remains finite even at low energy. In fact, from (4.16) we see that the IR limit μ → Λ corresponds to the limit ρ → 0 in which the coupling constant smoothly tends to a finite value (see eq. (4.9)). This smooth behaviour and the absence of a Landau pole qualitatively resembles the soft confinement scenario of QCD.

4.4 Instantons

It well-known that a system of N D3 branes and k D(-1) branes in flat space describes the k-instanton sector of the maximally supersymmetric SU(N) Yang- Mills theory in four dimensions [40]. This idea has been successfully generalized to other less supersymmetric configurations by considering, for example, systems of D3/D(-1) fractional branes in orbifold backgrounds. Thus, it appears very natural to think that the same happens also in the context of wrapped branes. The idea is then to consider a system of N D5 branes and k D1 branes wrapped on the same supersymmetric 2-cycle and see whether the k wrapped D-strings branes account for the k instanton contributions. This analysis has been performed in Ref. [28] where, however, negative conclusions have been reached. We now show that this is not the case and that, also in the wrapped brane case, the instantons are correctly represented by D branes with four dimensions less than the branes which support the gauge degrees of freedom.

The world-volume action of a Euclidean D1 brane in the string frame is given by S = τ_1 ∫ d^2ξ e^{−Φ} √ det G − i τ_1 ∫ C^{(2)} (4.22)

where τ_1 = 1 2πg_sα^′ (4.23)

and the bulk fields are understood to be the pull-backs onto the brane world-volume which is parameterized ξ = { ~θ, ~φ}. If the D1 brane is in the background geometry produced by N wrapped D5 branes, we must use in the above action the metric, the dilaton and the R-R 2-form of the solutions reviewed in Section 2. In particular in the N = 1 case, by using the explicit form of the metric given in (2.47) we get √ det G = e^Φ 4λ^2 Y (ρ) sin ~θ 1 + cot^2 ~θ Y (ρ) (4.24)

where Y (ρ) is defined in (4.5). Inserting this result into the action (4.22), recalling from (2.49) that the relevant component of the R-R 2-form is

C^{(2)}_{θ̃φ̃} = − 1 4λ^2 ψ sin ~θ , (4.25)

and performing the integrals over the world-volume coordinates, we find

S = τ_1 π λ^2 Y (ρ) E Y (ρ) − 1 Y (ρ) + i τ_1 π ψ λ^2

. (4.26)

Finally, if we express τ_1 and λ in terms of the string parameters as in (4.23) and (2.51), and use the definitions of the YM coupling constant and the θ-angle given in (4.7) and (4.10), it is easy to see that S = 8π^2 g^2_{YM}

− i θ_{YM} (4.27)

which is the correct form of the instanton action! Clearly, to obtain the k-instanton action we should consider k wrapped D1 branes in the background of N wrapped D5 branes, which amounts simply to multiply the result (4.27) by k.

Therefore, we conclude that the gauge theory instantons of the N = 1 SYM theory are indeed represented by D1 branes that wrap the same supersymmetric 2-cycle of the D5 branes, as one should expect from general considerations^{11}. We also notice that the above calculations can be performed in the N = 2 SYM theory using the supergravity solution of Section 2.1 which leads to similar results.

11The discrepancies with Ref. [28] originate from a different choice of normalization for the SU (N ) generators as well as from a different definition of the YM coupling constant that for us is proportional to the volume of the 2-cycle computed with the ten-dimensional metric and not with the seven-dimensional domain-wall metric as in Ref. [28].

5 Conclusions

We have shown that many interesting features of the pure N = 1 and N = 2 SYM theories in four dimensions are quantitatively encoded in the supergravity solutions that describe D5 branes wrapped on supersymmetric 2-cycles. These features comprise the running of the gauge coupling constant, the β-function, the chiral anomaly and instantons. In the N = 1 case we have also discussed the gravitational dual of the gaugino condensate and exploited it to obtain the complete NSVZ β-function. Moreover we have found the occurrence of non-perturbative corrections in the form of fractional instantons with topological charge 2/N that smooth out the running of the coupling constant which never diverges. The precise meaning of the fractional instanton corrections and their relevance for the IR physics deserve, however, further study from a field theory point of view. Finally, we observe that in the N = 2 case the supergravity analysis that we have presented allows to obtain only the perturbative part of the β-function and no instanton corrections. In this respect it is worth pointing out that, differently from the N = 1 case, the N = 2 supergravity solution exhibits a naked singularity at small distances where it becomes unphysical. It would very interesting to see whether it is possible to resolve this singularity and eventually find the known non-perturbative instanton corrections of the N = 2 SYM theory from a resolved supergravity solution. Another interesting development would be to explore if the MN solution and the results we have found here can be used to quantitatively investigate other features of the N = 1 SYM theory and if they can be extended also to theories in which supersymmetry is completely broken.

Acknowledgments

We thank R. Auzzi, M. Bertolini, M. Billò, M. Frau, K. Konishi, E. Imeroni, L. Magnea, R. Marotta and I. Pesando for useful discussions and exchange of ideas.

A Parameterizations of the 3-sphere

There are several ways to describe a 3-sphere S^3. Here we briefly describe the two parameterizations we have used in Section 2 to up-lift the domain wall-solution from seven to ten dimensions.

The defining equation for a unit 3-sphere is

μ^2_1 + μ^2 + μ^2_3 + μ^2_4 = 1 (A.1)

One explicit parameterization of the μ_i’s is the following

μ_1 = cos θ cos ϕ_1 , μ_2 = cos θ sin ϕ_1 ,

μ_3 = sin θ cos ϕ_2 , μ_4 = sin θ sin ϕ_2 , (A.2) with 0 ≤ θ ≤^π_2 and 0 ≤ ϕ_{1,2} ≤ 2π. In this parameterization, the metric of the 3-sphere is

ds^2 = 4∑ i=1 dμ^2_i = dθ^2 + cos^2 θ dϕ^2_1 + sin^2 θ dϕ^2 . (A.3)

These are the coordinates that we used in Section 2.1 in order to up-lift to ten dimensions the domain-wall solution in the N = 2 case.

A second convenient parameterization of the μ_i’s is in terms of the Euler angles, namely μ_3 = cos θ^′ 2 cos ψ + ϕ 2 , μ_4 = cos θ^′ 2 sin ψ + ϕ 2 , μ_2 = sin θ^′ 2 cos ψ − ϕ 2 , μ_1 = sin θ^′ 2 sin ψ − ϕ 2 , (A.4)

with 0 ≤ θ^′ ≤ π, 0 ≤ ϕ ≤ 2π and 0 ≤ ψ ≤ 4π. The corresponding left-invariant 1-forms of S^3 are

σ^1 = 1 2 [ cos ψ dθ^′ + sin θ^′ sin ψ dϕ ] , σ^2 = − 1 2 [ sin ψ dθ^′ − sin θ^′ cos ψ dϕ ] , σ^3 = 1 2 [ dψ + cos θ^′ dϕ ] , (A.5)

which close the SU(2) differential algebra dσ^a = −ϵ^{abc}σ^b ∧ σ^c . (A.6) In this parameterization the metric of the unit 3-sphere is

ds^2 = 4∑ i=1 dμ^2_i = 3∑ a=1 (σ^a)^2 = 1 4 [ (dψ + cos θ^′ dϕ)^2 + sin^2 θ^′ dϕ^2 + dθ^{′2} ] . (A.7)

These are the coordinates that we used in Section 2.2 in order to up-lift to ten dimensions the domain-wall solution in the N = 1 case.

By comparing (A.2) and (A.4), it is immediate to see that the two sets of angles are related as follows

θ^′ = 2θ , ϕ = ϕ_1 − ϕ_2 , ψ = ϕ_1 + ϕ_2 . (A.8)

References

[1] J. Maldacena, The Large N Limit Of Superconformal Field Theories And Supergravity, Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200.

[2] M. Bertolini, P. Di Vecchia, M. Frau, A. Lerda and R. Marotta, N=2 Gauge Theories On Systems Of Fractional D3/D7 Branes, Nucl. Phys. B621 (2002) 157, hep-th/0107057.

[3] S. Kachru and E. Silverstein, 4d Conformal Field Theories And Strings On Orbifolds, Phys. Rev. Lett. 80 (1998) 4855, hep-th/9802183; A. Lawrence, N. Nekrasov and C. Vafa, On Conformal Field Theories In Four Dimensions, Nucl. Phys. B533 (1998) 199, hep-th/9803015.

[4] I. R. Klebanov and E. Witten, Superconformal Field Theory On Threebranes At A Calabi-Yau Singularity, Nucl. Phys. B536 (1998) 199, hep-th/9807080.

[5] M. R. Douglas and G. Moore, D-branes, Quivers And ALE Instantons, hep-th/9603167; I. R. Klebanov and N. A. Nekrasov, Gravity Duals Of Fractional Branes And Logarithmic RG Flow, Nucl. Phys. B574 (2000) 263,

hep-th/9911096.

[6] M. Bertolini, P. Di Vecchia and R. Marotta, N=2 Four-Dimensional Gauge Theories From Fractional Branes, hep-th/0112195.

[7] C. P. Herzog, I. R. Klebanov and P. Ouyang, Remarks On The Warped Deformed Conifold, hep-th/0108101; D-Branes On The Conifold And N=1 Gauge/Gravity Dualities, hep-th/0205100;

[8] M. Bershadsky, C. Vafa and V. Sadov, D-branes And Topological Field Theories, Nucl. Phys. B463 (1996) 420, hep-th//9511222.

[9] J. Maldacena and C. Nuñez, Towards The Large N Limit Of N=1 Super Yang Mills, Phys. Rev. Lett. 86 (2001) 588, hep-th/0008001.

[10] J. P. Gauntlett, N. Kim, D. Martelli, D. Waldram, Wrapped Fivebranes And The N=2 Super Yang-Mills Theory, Phys. Rev. D64 (2001) 106008,

hep-th/0106117.

[11] F. Bigazzi, A. L. Cotrone, A. Zaffaroni, N=2 Gauge Theories From Wrapped Five-Branes, Phys. Lett. B519 (2001) 269, hep-th/0106160.

[12] C. Nunẽz, I. Y. Park, M. Schvellinger and T. A. Tran, Supergravity Duals Of Gauge Theories From F(4) Gauged Supergravity In Six Dimensions, JHEP 0104 (2001) 025, hep-th/0103080; J. Gomis, D Branes, Holonomy And M- Theory, Nucl. Phys. B606 (2001) 3, hep-th/0103115; J. D. Edelstein and C. Nunẽz, D6 Branes And M-Theory Geometrical Transitions From Gauged Supergravity, JHEP 0104 (2001) 028, hep-th/0103167; J. Gomis and T. Mateos, D6 Branes Wrapping Kähler Four-Cycles , Phys. Lett. B524 (2002) 170, hep-th/0108080; J. Gomis and J. G. Russo, D=2+1 N=2 Yang-Mills Theory From Wrapped Branes, JHEP 0110 (2001) 028, hep-th/0109177; J. P. Gauntlett, N. W. Kim, D. Martelli and D. Waldram, Fivebranes Wrapped On SLAG Three-Cycles And Related Geometry, JHEP 0111 (2001) 018, hep-th/0110034; K. Dasgupta, K. Oh and R. Tatar, Geometric Transition, Large N Dualities And MQCD Dynamics, Nucl. Phys. B610 (2001) 331; hep-th/0105066. K. Dasgupta, K. Oh and R. Tatar, Open/Closed String Dualities And Seiberg Duality From Geometric Transitions In M-theory, hep-th/0106040; R. Hernandez, Branes Wrapped On Coassociative Cycles, Phys. Lett. B521 (2001) 371, hep-th/0106055; K. Dasgupta, K. Oh, J. Park and R. Tatar, Geometric Transition Versus Cascading Solution, JHEP 0201 (2002) 031, hep-th/0110050; O. Aharony, E. Schreiber and J. Sonnenschein, Stable Non-Supersymmetric Supergravity Solutions From Deformations Of The Maldacena-Nunez Background, JHEP 0204 (2002) 011, hep-th/0201224; N. Evans, M. Petrini and A. Zaffaroni, The Gravity Dual Of Softly Broken N = 1 Super Yang-Mills, JHEP 0206 (2002) 004, hep-th/0203203; U. Gursoy, C. Nunez and M. Schvellinger, RG Flows From Spin(7), CY 4-fold And HK Manifolds To AdS, Penrose Limits And pp-Waves, JHEP 0206 (2002) 015,

hep-th/0203124.

[13] P. Di Vecchia, H. Enger, E. Imeroni and E. Lozano-Tellechea, Gauge Theories From Wrapped And Fractional Branes, Nucl. Phys. B631 (2002) 95,

hep-th/0112126.

[14] R. Apreda, F. Bigazzi, A. L. Cotrone, M. Petrini and A. Zaffaroni, Some Comments on N = 1 Gauge Theories From Wrapped Branes, Phys. Lett. B536 (2002) 161, hep-th/0112236.

[15] A. Klemm, W. Lerche, P. Mayr, C. Vafa and N. P. Warner, Self-Dual Strings And N=2 Supersymmetric Field Theory, Nucl. Phys. B477 (1996) 746,

hep-th/9604034.

[16] G. Papadopoulos and A. A. Tseytlin, Complex Geometry Of Conifolds And 5-brane Wrapped On 2-sphere, Class. Quant. Grav. 18 (2001) 1333, hep-th/0012034; S. S. Gubser, A. A. Tseytlin and M. S. Volkov, Non-Abelian 4-d Black Holes, Wrapped 5-branes And Their Dual Descriptions, JHEP 0109 (2001) 017 hep-th/0108205.

[17] M. Bertolini, P. Di Vecchia, M. Frau, A. Lerda, R. Marotta and I. Pesando, Fractional D-Branes And Their Gauge Duals, JHEP 0102 (2001) 014,

hep-th/0011077.

[18] J. Polchinski, N = 2 Gauge-Gravity Duals, Int. J. Mod. Phys. A16 (2001) 707,

hep-th/0011193.

[19] M. Billò, L. Gallot and A. Liccardo, Classical Geometry And Gauge Duals For Fractional Branes On ALE Spaces, Nucl. Phys. B614 (2001) 254,

hep-th/0105258.

[20] M. Bertolini, P. Di Vecchia, G. Ferretti and R. Marotta, Fractional Branes And N = 1 Gauge Theories, Nucl. Phys. B630 (2002) 222, hep-th/0112187.

[21] M. Bertolini, P. Di Vecchia, M. Frau, A. Lerda and R. Marotta, More Anomalies From Fractional Branes, to be published on Phys. Lett. B,

hep-th/0202195.

[22] A. W. Peet and J. Polchinski, UV/IR Relations In AdS Dynamics, Phys. Rev.

D59, 065011 (1999), hep-th/9809022.

[23] V. Novikov, M. Shifman, A. Vainstein and V. Zakharov, Exact Gell-Mann- Low Function Of Supersymmetric Yang-Mills Theories From Instanton Calculus, Nucl. Phys. B229 (1983) 381; Beta Function In Supersymmetric Gauge Theories: Instantons Versus Traditional Approach, Phys. Lett. B166 (1986) 329; M. A. Shifman and A. I. Vainshtein, Solution Of The Anomaly Puzzle In Susy Gauge Theories And The Wilson Operator Expansion, Nucl. Phys. B277 (1986) 456 [Sov.Phys. JETP 64 (1986) 428].

[24] M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, QCD And Resonance Physics: Applications, Nucl. Phys. B147 (1979) 448.

[25] C.V. Johnson, A.W. Peet and J. Polchinski, Gauge theory and the excision of repulson singularities, Phys. Rev. D61 (2000) 086001, hep-th/9911161.

[26] I. R. Klebanov and M. J. Strassler, Supergravity And A Confining Gauge Theory: Duality Cascades And χSB-Resolution Of Naked Singularities, JHEP 0008 (2000) 052, hep-th/0007191.

[27] E. Imeroni, On the N=1 β-function from the conifold, hep-th/0205216.

[28] A. Loewy and J. Sonnenschein, On The Holographic Duals Of N = 1 Gauge Theories, JHEP 0108 (2001) 007, hep-th/0103163.

[29] J. Maldacena and C. Nuñez, Supergravity Description Of Field Theories On Curved Manifolds And A No Go Theorem, Int. J. Mod. Phys. A16 (2001) 822,

hep-th/0007018.

[30] A. Salam and E. Sezgin, SO(4) Gauging Of N = 2 Supergravity In Seven Dimensions, Phys. Lett. B126 (1983) 295.

[31] M. Cvetic, H. Lu and C. N. Pope, Consistent Kaluza-Klein Sphere Reduction, Phys. Rev. D62 (2000) 064028, hep-th/0003286.

[32] V. L. Campos, G. Ferretti, H. Larsson, D. Martelli and B. E. Nilsson, A Study Of Holographic Renormalization Group Flows In d = 6 and d = 3, JHEP 0006 (2000) 023, hep-th/0003151.

[33] A. H. Chamseddine and M. S. Volkov, Non-Abelian BPS Monopoles In N = 4 Gauged Supergravity, Phys. Rev. Lett. 79 (1997) 3343, hep-th/9707176; Non- Abelian Solitons In N = 4 Gauged Supergravity And Leading Order String Theory, Phys. Rev. D57 (1998) 6242, hep-th/9711181.

[34] C. V. Johnson, D-Brane Primer, hep-th/0007170.

[35] P. Di Vecchia, M. Frau, I. Pesando, S. Sciuto, A. Lerda and R. Russo, Classical p-Branes From Boundary States, Nucl. Phys. B507 (1997) 259, hep-th/9707068; P. Di Vecchia, M. Frau, A. Lerda and A. Liccardo, (F, Dp)- Bound States From The Boundary State, Nucl. Phys. B565 (2000) 397,

hep-th/9906214.

[36] P. Merlatti and G. Sabella, World Volume Action for Fractional Branes, Nucl.

Phys. B602 (2001) 453, hep-th/0012193.

[37] I. R. Klebanov, P. Ouyang and E. Witten, A Gravity Dual Of The Chiral Anomaly, Phys. Rev. D65 (2002) 105007, hep-th/0202056.

[38] For a recent review, for example, see: T. J. Hollowood, V. V. Khoze, W.

J. Lee and M. P. Mattis, Breakdown Of Cluster Decomposition In Instanton Calculations Of The Gluino Condensate, Nucl. Phys. B570 (2000) 241,

hep-th/9904116.

[39] N. M. Davies, T. J. Hollowood, V. V. Khoze and M. P. Mattis, Gluino Condensate And Magnetic Monopoles In Supersymmetric Gluodynamics, Nucl. Phys. B559 (1999) 123, hep-th/9905015.

[40] M. R. Douglas, Branes Within Branes, hep-th/9512077; Gauge Fields And D Branes, J. Geom. Phys. 28 (1998) 255, hep-th/9604198.