arXiv:hep-th/0205224 v3 25 Apr 2003

GENERAL GEOMETRY AND GEOMETRY OF ELECTROMAGNETISM

Shervgi S. Shahverdiyev^∗

Institute of Physics, Azerbaijan National Academy of Sciences Baku, Azerbaijan

Abstract

It is shown that Electromagnetism creates geometry different from Riemannian geometry. General geometry including Riemannian geometry as a special case is constructed. It is proven that the most simplest special case of General Geometry is geometry underlying Electromagnetism. Action for electromagnetic field and Maxwell equations are derived from curvature function of geometry underlying Electromagnetism. And it is shown that equation of motion for a particle interacting with electromagnetic field coincides exactly with equation for geodesics of geometry underlying Electromagnetism.

∗e-mail:shervgis@yahoo.com http://www.geocities.com/shervgis

In this version more information to all sections is added. All the main results and formulas reman the same. Discussion of

problem of geometry and matter is added to the last section. References and affiliation are added upon request of two readers,

although we do not consider posting on the Internet as a publication, but a short note of new results in Physics.

1 Introduction

After it was realized that the underlying geometry for gravitation is Riemannian geometry the action functional for gravitational field has been derived from curvature characteristics of Riemannian geometry, namely the Lagrangian for gravitational field is scalar curvature of Riemannian geometry. And equation for geodesics coincides with the equation of motion for a particle interacting with gravitational field [1],[2].

After this discovery, many physicists and mathematicians tried to find an underling geometry for electromagnetism. The requirements for this geometry are the following; equation of motion for a particle interacting with electromagnetic field must coincide with the equation for geodesics and Lagrangian for electromagnetic field must be related to curvature characteristics of an underlying geometry as in the case of Riemannian geometry and gravitation. All attempts to geometrize electromagnetism has been done in the framework of Riemannian geometry in a variety of different approaches [3]-[11]. Unfortunately, these attempts failed to satisfy the above requirements completely [12], [13] and the problem of geometrization of electromagnetism remained open.

In the present paper we show that electromagnetism can not be geometrized in the framework of Riemannian geometry. Therefore, for geometrization of electromagnetism we need different type of geometry. We construct a new geometry for this aim and call it General Geometry. This geometry includes already known Riemannian geometry as a special case. We introduce notion of curvature function which serves as a source for defining curvature characteristics of geometry. And prove that the most simplest particular case of General Geometry is geometry underlying Electromagnetism.

We show that equation for geodesics in geometry underlying electromagnetism coincides with the equation of motion for a charged particle interacting with electromagnetic field and construct Maxwell equations and action functional for electromagnetic field from curvature function.

In the next section we show that electromagnetism creates geometry different from Riemannian geometry and therefore cannot be geometrized in the framework of Riemannian geometry.

We develop General Geometry including Riemannian geometry as a special case in section 3.

In section 4, we derive action functional for electromagnetic field and Maxwell equations from curvature function of the underlying geometry.

Section 5 is devoted to discussion of correspondence between physical properties of fields and mathematical properties of corresponding geometries. Here, we also discuss the problem of geometry and matter.

2 Interacting Classical Particle

The action for a free particle is S = 1 2 m ∫ duη_{μν} x^μ_ux^ν_u, where x_u = dx/du, η_{μν} = diag(1 − 1 − 1 − 1), and m is mass parameter. Consider a particle which interacts with gravitational field h_{μν} with coupling constant λ: S = 1 2 m ∫ duη_{μν} x^μ_ux^ν_u + 1 2 λ ∫ duh_{μν} x^μ_ux^ν_u. (1) We can represent (1) as S = 1 2 ∫ dug_{μν} x^μ_ux^ν_u, (2) g_{μν} = mη_{μν} + λh_{μν} . (3) This has been interpreted as a free particle moving in curved spacetime with metric g_{μν} in General Relativity.

We go one step further and consider a charged particle, with charge q which interacts with electromagnetic field A_μ: S = 1 2 m ∫ duη_{μν} x^μ_ux^ν_u + q c ∫ duA_μx^μ_u, (4) and represent (4) as S = 1 2 ∫ du^Ag_{μν} x^μ_ux^ν_u, (5) Ag_{μν} = mη_{μν} + q c (A_μf_ν + A_ν f_μ), (6)

where f_ν x^ν_u = 1, c is the speed of the light. It easy to see that f_ν are functions of du/dx^ν and therefore spoil locality. It is clearly seen that we cannot represent (4) in the form of (5) with local functions of x and x_u. This indicates that electromagnetism creates geometry different from Riemannian one. Hence, it cannot be geometrized in the framework of Riemannian geometry. The appropriate geometry for electromagnetism is presented in sections 3 and 4.

For the general case S =^1_2 ∫ dug_{μν} (x, x_u)x^μ_ux^ν_u when g_{μν} are considered as a function of x and x_u we obtain equation of motion

d^2x^ν du^2 G_{λν} + Γ_{λ,μν} x^μ_ux^ν_u = 0, (7)

where G_{λν} (g_{μν} ) = 1 2 ∂^2g_{μσ} ∂x^ν_u∂x^λ_u x^μ_ux^σ_u + ∂g_{μν} ∂x^λ_u x^μ_u + ∂g_{λσ} ∂x^ν_u x^σ_u + g_{λν} ,

2Γ_{λ,μν} (g_{μν} ) =

∂^2g_{μν} ∂x^σ∂x^λ_u x^σ_u + ∂g_{λν} ∂x^μ + ∂g_{λμ} ∂x^ν − ∂g_{μν} ∂x^λ .

Function G_{λν} (g_{μσ} ) plays the role of a tensor for raising and lowering indices and Γ_{λ,μν} connection.

G_{λν} (^Ag_{μσ} ) = η_{λν} , G_{λν} (g_{μσ} ) = g_{λν} . (8) Accordingly, although^Ag_{μν} is different from η_{μν} the role of a tensor for lowering indices plays η_{μν} .

3 General Geometry

In this section we construct a new geometry. This geometry includes Riemannian geometry, geometry underlying Electromagnetism (see next section), geometry underlying a unified model of Electromagnetism and Gravitation [13], and infinite number of geometries, physical interpretation of which is not known at the present time, as special cases. Because of this we call it General Geometry. Besides mathematical applications, this new geometry has important physical applications. We demonstrate it in the next section.

Let M be a manifold with coordinates x^λ, λ = 1, ..., n. Consider a curve on this manifold x^λ(u). Vector field V = ξ^λ ∂ ∂x^λ has coordinates ξ^λ. In Riemannian geometry it is accepted that dξ^λ du = −Γ^{′σ}_{λν} (x)x^ν_uξ^λ, (9)

where Γ^{′σ}_{λν} (x) are functions of x only.

To construct General Geometry we assume that dξ^σ du = −Γ^σ_λ(x, x_u)ξ^λ. (10)

Γ^σ_λ(x, x_u) are general functions of x and x_u. The next step is to consider x as a function of two parameters u, υ and find lim Δξ^σ /ΔuΔυ. Δu→0 Δυ→0 In order to do that we

need dξ^σ du = −Γ^σ_λξ^λ, dξ^σ dυ = −Γ̃^σ_λξ^λ,

Γ^σ_λ = Γ^σ_λ(x, x_u, x_υ), Γ̃^σ_λ = Γ̃^σ_λ(x, x_u, x_υ). After simply calculations we arrive at lim Δξ^σ ΔuΔυ = R^σ_λξ^λ, Δu→0 Δυ→0 where R^σ_λ = d dυ Γ^σ_λ − d du Γ̃^σ_λ + Γ̃^σ_ρ Γ^ρ_λ − Γ^σ_ρ Γ̃^ρ_λ.

We call R^σ_λ curvature function.

Representing Γ^σ_λ(x, x_u) as

Γ^σ_λ(x, x_u) = F^σ_λ (x) + Γ^σ_{λν} (x)x^ν_u + Γ^σ_{λνμ}(x)x^ν_ux^μ_u + ...

and considering each order in x_u or their combinations separately we define a set of new geometries. Only the first order in x_u is already known Riemannian geometry. Let us show how curvature function is related to curvature tensor in the case of Riemannian geometry. Let

Γ^σ_λ(x, x_u, x_υ) = Γ^σ_{λν} (x)x^ν_u, Γ̃^σ_λ(x, x_u, x_υ) = Γ^σ_{λν} (x)x^ν_υ.

Curvature function for this case is R^σ_λ = R^σ_{λμν} (x^ν_ux^μ_υ − x^ν_υx^μ_u), where R^σ_{λμν} = ∂_μΓ^σ_{λν} − ∂_ν Γ^σ_{λμ} + Γ^σ_{ρμ}Γ^ρ_{λν} − Γ^σ_{ρν} Γ^ρ_{λμ} is the curvature tensor of Riemannian geometry.

4 Geometry of Electromagnetism

In this section we consider the most simplest case of General Geometry

Γ^σ_λ(x, x_u, x_υ) = F^σ_λ (x(u, υ)), Γ̃^σ_λ(x, x_u, x_υ) = F^σ_λ (x(u, υ)),

when Γ^σ_λ(x, x_u) does not depend on x_u and show that it is an underlying geometry for electromagnetism. In order to prove that geometry defined by dξ^σ du = −F^σ_λ (x)ξ^λ (11)

with the length of a curve ds = √ η_{μν} dx^μdx^ν + q cm A_μdx^μ is an underlying geometry for electromagnetism we must show that equation of motion for a particle interacting with electromagnetic field coincides with equation of geodesics in this geometry, and Maxwell equations and Lagrangian for electromagnetic field are related to its curvature characteristics.

Geometry defined by (11) has different properties than Riemannian geometry defined by (9). We do not get into details here. We simply mention that in this geometry the notion of parallel transport is not defined. As we show in the sequel this makes it be underlying geometry for Electromagnetism.

To obtain equations for geodesics we substitute ξ^λ in (11) by x^λ_u and arrive at

d^2x_σ du^2 = −F_{σλ}(x)x^λ_u.

This is exactly equation of motion for a charged particle moving in electromagnetic field A_μ, if we choose F_{σλ} = q cm (∂_σA_λ − ∂_λA_σ). So, the first requirement is satisfied with this choice of function F_{σλ}. In the coming paper [14], we prove this relation between F_{σλ} and A_μ.

It remains to show that Maxwell equations and Lagrangian for electromagnetic field is related to curvature characteristics of geometry (11). For this end let us find curvature function for (11) R^σ_λ = R^σ_{μλ}(x^μ_υ − x^μ_u),

where R^σ_{μλ} = ∂_μF^σ_λ .

This tensor is an analog of curvature tensor of Riemannian geometry. After summing by two of the three indices we obtain

R_λ = R^μ_λ = ∂_μF^μ_λ .

Vector R_λ is an analog of Ricci tensor. Equations R_λ = 0 coincide with the Maxwell equations. In order to construct a Lagrangian we need a scalar function. In our case we have two quantities R_λ and A^λ. A^λ originates from the length of a curve (metric) as g_{μν} , originates from the length of a curve (metric) in Riemannian geometry. We can construct from R_λ and A^λ a Lagrangian

R = A^λR_λ = ∂_μ(A^λF^μ_λ ) − 1 2 F_{μλ}F^{μλ}. This coincides with the Lagrangian of electromagnetic field up to total derivative.

We see that as in the case of Riemannian geometry and gravitation we can find equations and action functional for electromagnetic field from geometric characteristics of geometry underlying Electromagnetism. And equation for geodesics coincides with the equation of motion for a particle interacting with electromagnetic field.

From the geometrical point of view a charged particle interacting with electromagnetic field can be considered as a free particle in the spacetime with the length of a curve ds = √ η_{μν} dx^μdx^ν +^q_{cm} A_μdx^μ and equation for geodesic

d^2x_σ du^2 = q cm (∂_λA_σ − ∂_σA_λ)x^λ_u, where A_μ is a solution to equation R_λ = 0.

5 Discussion

We note that the property of gravitational field that we can choose reference frame where gravitational field is absent corresponds to the property of Riemannian geometry that we can perform change of variables so that the right hand side of (9) will be equal to zero.

For electromagnetic field we cannot find a reference frame where it is absent. This property demonstrates again that electromagnetism creates geometry different from Riemannian and corresponds to property of (11) that we cannot eliminate its right hand side by changing coordinates. Therefore, geometrization of electromagnetism in geometries like Riemannian geometry, where notion of parallel transport is defined must fail.

Because of the above mentioned correspondences we see that Riemannian geometry and Geometry of Electromagnetism are well suited for gravitation and electromagnetism respectively. It is worth expecting that we may be able to construct geometries of weak and strong interactions using correspondence between physical properties of these interactions and mathematical properties of some unknown at the present time geometries along the same lines as it is done for electromagnetism. If we know underlying geometries for weak and strong interactions we can look for a geometry including all geometries as special cases. Then from its curvature function we may construct an action unifying all fundamental interactions along the same lines as in the case of gravitation and electromagnetism. In this way we will be able to find electroweak model without Higgs fields and unify all known interactions.

As it follows from the results of previous section geometry underlying electromagnetism is defined by dξ^σ du = − q cm (∂_σA_λ − ∂_λA_σ)ξ^λ. And the length of a curve is ds = √ η_{μν} dx^μdx^ν +^q_{cm} A_μdx^μ. We see that geometry and the length of a curve depend on characteristics of interacting particles q, m and sources for A_μ in contrast with the case of gravitation where geometry depends on characteristics of sources for gravitational field only. Geometry of electromagnetism gives us a new understanding of problem of geometry and matter with conclusion that geometry is determined by interaction. If there is no interaction geometry is flat as it follows if we choose neutral particle (q = 0). In this case in the presence of electromagnetic field A_μ,^{dξσ}_{du} = 0.

We choose Γ^σ_λ(x, x_u, x_υ) = F^σ_λ (x) + Γ^σ_{λν} (x)x^ν_u for geometry underlying unified model of Electromagnetism and Gravitation [13]. In this case we construct action from curvature function which is the sum of the action for Electromagnetic field in spacetime with (3) and gravitational field g_{μν} . This model predicts that electromagnetic field is a source for gravitational field.

In conclusion we note that Kaluza -Klein theory gives Maxwell equations in the weak fields approximation only. For the full theory, without any approximations, it fails to reproduce Maxwell equations. Besides, in Kaluza-Klein theory equation for geodesics does not coincide with the equation of motion for a classical particle interacting with electromagnetic field because of charge/mass problem [5].

References

[1] A. Einstein, Ann. d. Phys. 49 (1916) 769

[2] D. Hilbert, Grundladen der Physik, 1 Mitt; Got; Nachr; math. nat. Kl-1915.- S.395 [3] H. Weyl, Sitzsungsber. d. Preuss. Akad. d. Wiss (1918) 465; Ann. d. Phys. 59 (1919) 101: Space, Time, Matter, Dover publications Inc. New York.

[4] A. S. Eddington, Proc. Roy. Soc. A99 (1921)104 [5] T. Kaluza, Sitzsungsber. d. Preuss. Akad. d. Wiss (1921) 966 [6] O. Klein, Z. Phys. 37 (1926) 903 [7] A. Einstein and Mayer, Berl. Ber. (1931) 541 and (1932) 130. [8] A. Einstein and P. Bergmann, Ann. Math. 39 (1938) 683 [9] A. Einstein, V. Bargmann and P. Bergmann, Theodore von Karman Anniversary Volume, Pasadena (1941) 212 [10] A. Einstein, Ann. d. Phys. 102(1930) 685 [11] E. Schrodinger, Space-Time Structure, Cambridge University Press, 1960. [12] W. Pauli, Theory of Relativity, Pergamon press 1958. [13] S. S. Shahverdiyev, Unification of Electromagnetism and Gravitation, CERN EXT-2002-050 [14] S. S. Shahverdiyev, On Special Cases of General Geometry,

CERN EXT-2002-051