arXiv:hep-th/0205255 v1 24 May 2002

Cosmological Brane Perturbations^a

Karim A. Malik GRECO, Institut d’Astrophysique de Paris, C.N.R.S., 98bis Boulevard Arago, 75014 Paris, France

Two approaches to the study of cosmological perturbations in the brane-world scenario are compared: the first uses the 5D equations directly whereas the second approach projects them onto the 4D brane and then uses the effective 4D equations.

1 Introduction

At the end of the last millennium it was realized that the traditional Kaluza-Klein approach is not the only possibility of dimensional reduction. An alternative approach was developed, the brane-world scenario. In this scenario the standard matter fields are constrained to a lower dimensional hypersurface, or brane, which is embedded in a higher dimensional spacetime, or bulk. The gravitational field is not restricted to the brane and permeates the bulk as well as the brane^{1,2,3}.

One of the goals of current brane-world research is to contrast theoretical predictions with observations. In standard 4D cosmology^4 one distinctive feature of the early universe models is the spectrum of density perturbation these models predict. In higher-dimensional models of the universe the evolution of cosmological scalar perturbations and the possible observational consequences these models have is still an open issue and a lot of work is currently devoted to calculating the spectrum of density perturbations in the brane-world scenario.

In this note we shall restrict the discussion to scalar perturbations, that is to perturbations that transform like scalars on 3-spaces of constant time. Tensor perturbations are discussed in reference^5 and vector perturbations e.g. in^6.

In the next section we will briefly outline the simple brane-world model we are investigating. For a more thorough introduction to the brane-world scenario see for example the contribution

aBased on work with Helen Bridgman and David Wands of the ICG, Portsmouth, and David Langlois and María Rodríguez-Martínez of GRECO, Paris.

of D. Langlois to these proceedings^7. In Sections 3 and 4 we shall describe two different approaches to solve the cosmological perturbation equations that arise from the brane-world model. We finish with a brief conclusion.

2 The Brane-world

We will assume that our 4-dimensional world is described by a 3-brane embedded in a 5- dimensional bulk. The equations of motion in the brane-world are given by Einstein’s equations

G_{AB} = κ^2_5 (−Λ_5g_{AB} + T_{AB} ) , (1)

where G_{AB} is the 5D Einstein tensor, g_{AB} is the 5D metric, Λ_5 is the bulk cosmological constant, and T_{AB} is the energy momentum tensor of the bulk fields. The standard matter fields that live on the brane, enter the picture only through the Israel junction conditions: these junction conditions relate the matter on the brane, described by the energy momentum tensor T_{μν} and the brane tension λ, to the extrinsic curvature K_{μν} of the brane, and are given by^{8,9} K_{μν} = − κ^2_5 2 ( T_{μν} − 1 3 g_{μν} (T − λ) ) , (2)

where g_{μν} is the 4D metric on the brane and we assumed that the brane is located at a fixed point in the Z_2 symmetric bulk.

To solve the Einstein equations (1) subject to the junction conditions Eq. (2) we have two options: either to use the 5D equations directly or to project everything onto the brane and then use the ensuing 4D equations. We shall describe the latter in the next section and the former in Section 4.

3 The Projective 4D Approach

For a 4D observer it is natural to ask, what he or she is able to observe living in a 5D brane-world but being restricted to the 4D brane. Using the Gauss and the Codazzi equations Shiromizu et.al.^9 showed that the 5D Einstein equations (1) can be projected onto the brane to give the effective four-dimensional Einstein equations^b

(4)G_{μν} + Λ_4g_{μν} = κ^2_4T_{μν} + κ^4_5 Π_{μν} − E_{μν} , (3)

where the effective cosmological constant on the brane is Λ_4 =^1_2 Λ_5 +^{κ45}_{12} λ^2, the 4D coupling constant is related to the 5D coupling constant by κ^2_4 =^{κ45}_6 λ and E_{μν} is the projected 5D Weyl tensor, which describes the non-local effect of the gravitational field. It is defined as

E_{μν} ≡ C^E_{AF B} n_E n^F g^A_μ g^B_ν , (4)

where n_A is the normal vector to the brane. The projected Weyl tensor E_{μν} acts like an imperfect radiation fluid with anisotropic stress^{10,11}. The quadratic energy momentum tensor Π_{μν} is given by Π_{μν} = − 1 4 T_{μα}T^α_ν + 1 12 T T_{μν} + 1 8 g_{μν} T_{αβ}T^{αβ} − 1 24 g_{μν} T^2 . (5)

Although we started with the 5D Einstein equations we get 4D effective equations which are independent of the evolution of the bulk spacetime, being given entirely in terms of quantities defined on, or near, the brane.

b Note, that in this section we have set the bulk energy momentum tensor TAB = 0, since life is difficult enough without it. Here, the only energy in the bulk is the 5D cosmological constant.

Unfortunately this leaves terms which are not completely determined by the local dynamics on the brane^{9,12}: As in the 4D case we would like to define a quantity that can source the large scale CMB anisotropies. Conservation of energy on the brane allows us to construct a curvature perturbation on uniform density hypersurfaces, ζ, which is conserved on large scales for adiabatic matter perturbations^{13}. In a similar vain we can construct a curvature perturbation on uniform Weyl-fluid energy density hypersurfaces, ζ_{Weyl}, since the Weyl-fluid energy density is also conserved to linear order. However, the quantity that sources the CMB anisotropies is the total curvature perturbation ζ_{total} and its evolution depends not only on ζ and ζ_{Weyl} but also on terms which can not be calculated using quantities defined solely on the brane^{10,11}.

Nonetheless the dynamics and effective gravity on the brane can be interpreted, and often most easily understood, in terms of the effective four-dimensional Einstein equations.

4 Using the Full 5D Equations

So instead of using the projective approach described in the last section we could use the full five-dimensional equations of motion (1). This approach has enjoyed considerable attention

12,14,15,16,10,19,18,20,17,21,11,6. For concreteness let us start with the metric

g_{AB} = −n^2(1 + 2A) a^2B_{,i} nA_y a^2B_{,j} a^2 [(1 + 2R)δ_{ij} + 2E_{,ij}] a^2B_{y,i} nA_y a^2B_{y,i} b^2(1 + 2A_{yy} ) . (6)

Here n, a, and b are scale factors and functions of coordinate time t and the extra dimension y, and A, B, E, R, B_y, A_y, and A_{yy} are the scalar metric perturbations and functions of x^A. Although it is tedious, with the help of a computer algebra package it is possible to write down the full 5D equations of motion.

One problem in solving the equations of motion is the sheer size of the equations: Whereas the perturbed part of for example the 0-0 component of the 4D Einstein tensor has four terms in an arbitrary gauge, the same component has 14 terms for the 5D metric given in Eq. (6)^{22}.

Another, even more unpleasant problem is as follows: In standard 4D cosmology we Fourier decompose the perturbations on 3-spaces of constant time, which reduces the equations of motion to a system of ordinary differential equations in t^{23}. In 5D, in order to be able to relate the results of the calculations to observations, we decompose the metric also on spatial 3-spaces into Fourier modes. But here we get a system of coupled partial differential equations in t and y. As one can imagine, this makes finding general solutions extremely difficult.

Nevertheless progress has been made. A lot of work has been devoted to develop the formalism, which is by now quite well understood. In order to be able to rewrite the problem in terms of ordinary differential equations quite often a simplified background is used. For example if we choose the background to be static Minkowski space, we assume that the scale factors reduce to n = b = a where a = a(y) and also any other background quantities are y-dependent only. Although this is quite a severe simplification, it allows for considerable progress since the equations of motion are now more likely to decouple, see e.g.^{21} in the particular case of a dilatonic brane-world model.

5 Conclusion

The projective approach, described above in Section 3 gives useful physical insights into the physics of the brane-world scenario. Unfortunately it does not give, in general, a closed system of equations. We therefore advocate the use of the full 5D equations, as described in the last section, as the way forward. More analytical work needs to be done to solve the evolution equations in a general setting, probably accompanied by numerical efforts.

Progress so far has been slow and painful for cosmological brane perturbations, but it is still early days . . .

Acknowledgments

I would like to thank the organisers for a enjoyable and stimulating conference.

This research has been supported by a Marie Curie Fellowship of the European Community Programme “Improving Human Research Potential and the Socio-economic Knowledge Base” under the contract number HPMF-CT-2000-00981.

References

1. P. Binetruy, C. Deffayet and D. Langlois, Nucl. Phys. B 565 (2000) 269 [hep-th/9905012]. 2. L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 4690 [hep-th/9906064]. 3. P. Binetruy, C. Deffayet, U. Ellwanger and D. Langlois, Phys. Lett. B 477 (2000) 285 [hep-th/9910219].

4. A. R. Liddle and D. H. Lyth, “Cosmological Inflation And Large-Scale Structure,” Cambridge, UK (2000).

5. D. Langlois, R. Maartens and D. Wands, Phys. Lett. B 489, 259 (2000) [hep-th/0006007]. 6. H. A. Bridgman, K. A. Malik and D. Wands, Phys. Rev. D 63 (2001) 084012 [hepth/0010133].

7. D. Langlois, Proceedings of the Moriond Workshop on “The Cosmological Model”, (2002). 8. W. Israel, Nuovo Cim. B 44S10 (1966) 1 [Erratum-ibid. B 48 (1966) 463]. 9. T. Shiromizu, K. Maeda and M. Sasaki, Phys. Rev. D 62 (2000) 024012 [gr-qc/9910076]. 10. D. Langlois, R. Maartens, M. Sasaki and D. Wands, Phys. Rev. D 63 (2001) 084009 [hep-th/0012044].

11. H. A. Bridgman, K. A. Malik and D. Wands, Phys. Rev. D 65 (2002) 043502 [arXiv:astroph/0107245].

12. R. Maartens, Phys. Rev. D 62, 084023 (2000) [hep-th/0004166].

13. D. Wands, K. A. Malik, D. H. Lyth and A. R. Liddle, Phys. Rev. D 62 (2000) 043527 [astro-ph/0003278].

14. D. Langlois, Phys. Rev. D 62, 126012 (2000) [hep-th/0005025]; Phys. Rev. Lett. 86, 2212 (2001) [hep-th/0010063].

15. C. van de Bruck, M. Dorca, R. H. Brandenberger and A. Lukas, Phys. Rev. D 62 (2000) 123515 [hep-th/0005032];

16. S. Mukohyama, Phys. Rev. D 62 (2000) 084015 [hep-th/0004067]. 17. H. Kodama, A. Ishibashi and O. Seto, Phys. Rev. D 62, 064022 (2000) [hep-th/0004160]. 18. K. Koyama and J. Soda, Phys. Rev. D 62, 123502 (2000) [hep-th/0005239]. 19. N. Deruelle, T. Dolezel and J. Katz, Phys. Rev. D 63, 083513 (2001) [hep-th/0010215]; 20. A. Neronov and I. Sachs, Phys. Lett. B 513 (2001) 173 [arXiv:hep-th/0011254]. 21. V. Bozza, M. Gasperini and G. Veneziano, Nucl. Phys. B 619 (2001) 191 [hep-th/0106019]. 22. D. Langlois, K. A. Malik and M. Rodriguez-Martinez, in preparation. 23. J. M. Bardeen, Phys. Rev. D 22 (1980) 1882.