arXiv:hep-th/0205281 v1 27 May 2002

PUPT-2030 SPIN-2002/10 ITFA-2002-9

On The Partition Sum of The NS Five-Brane

Robbert Dijkgraaf^{1,2}, Erik Verlinde^3 and Marcel Vonk^{4,1}

1 Institute for Theoretical Physics, University of Amsterdam, 1018 XE Amsterdam, The Netherlands

2 Korteweg-de Vries Institute for Mathematics, University of Amsterdam, Plantage Muidergracht 24, 1018 TV Amsterdam, The Netherlands

3 Physics Department, Princeton University, Princeton, NJ 08544, USA

4 Spinoza Institute, University of Utrecht, Leuvenlaan 4, 3584 CE Utrecht, The Netherlands

Abstract

We study the Type IIA NS five-brane wrapped on a Calabi-Yau manifold X in a double-scaled decoupling limit. We calculate the euclidean partition function in the presence of a flat RR 3-form field. The classical contribution is given by a sum over fluxes of the self-dual tensor field which reduces to a theta-function. The quantum contributions are computed using a T-dual IIB background where the five-branes are replaced by an ALE singularity. Using the supergravity effective action we find that the loop corrections to the free energy are given by B-model topological string amplitudes. This seems to provide a direct link between the double-scaled little strings on the five-brane worldvolume and topological strings. Both the classical and quantum contributions to the partition function satisfy (conjugate) holomorphic anomaly equations, which explains an observation of Witten relating topological string theory to the quantization of three-form fields.

1. Introduction and Summary

The type IIA Neveu-Schwarz five-brane remains one of the more mysterious objects in string theory. Its world-volume theory is described by six-dimensional little strings [1, 2, 3, 4, 5] that in the low-energy limit reduce to a (2,0) superconformal field theory which contains self-dual two-form fields. One of the problems of the five-brane world-volume theory is that it is in general quite hard to work with self-dual tensor fields since they do not allow a straightforward covariant Lagrangian formulation. A second problem, the fact that little string theory did not seem to have a natural weak coupling limit, was illuminated by Giveon and Kutasov in [6, 7], where they found a double scaling limit in which the world-volume theory decouples from the space-time theory and moreover a weak coupling expansion exists. In this paper we investigate the type IIA NS five-brane in a similar limit that involves the background RR three-form field. The concrete aim of this paper will be to calculate the quantum corrected euclidean partition function of the five-brane, wrapped on a Calabi-Yau manifold X in the presence of a flat RR 3-form field C on X.

The motivation for this calculation is twofold. First of all a computation of the partition function allows us to learn more about the little string theory itself. Since a wrapped brane has a natural twisted supersymmetry algebra the partition function can be viewed as a supersymmetric index [8] and as such it decouples from certain moduli. Indeed we will see that it only depends on the complex structure moduli (or equivalently, conformal structure) and RR background of X. That is, the five-brane partition function only depends on the IIA hypermultiplet moduli of the Calabi-Yau.

This last observation is closely related to a second application of our computation. In type IIA Calabi-Yau compactifications there are possible five-brane instanton contributions to the hypermultiplet metric and other four-dimensional quantities coming from euclidean NS five-branes wrapping the CY [9]. In the low energy decoupling limit these contributions are represented by the five-brane partition function coupled to the RR background field. So our computation could be helpful in determining these instanton corrections.

We will find that the free energy F can be expressed as a semiclassical expansion in the effective string coupling constant. The classical contribution is given by the sum over fluxes of the self-dual tensor field that lives on the five-brane. This result is familiar [10] (see also e.g. [11, 12, 13]) and can be expressed as a theta-function,

Z^{cl}_X = Θ_{α,β}(x; z) (1.1)

which depends on the fluxes x of the C-field, on the coordinates z of the complex structure moduli space of X, and on a choice of a kind of “spin structure” on X given by α, β.

We claim however that in this particular double-scaled decoupling limit there are nontrivial quantum corrections, even in the case of a single five-brane due to the presence of the background C field. The crucial ingredient in deriving the quantum part of the result will be the fact that we can change to a T-dual point of view where we can deduce the exact quantum contributions. It is known [14] that a configuration of k euclidean NS five-branes in Type IIA string theory compactified on X × R^4 can be T-dualized to a Type IIB compactification without five-branes but with a non-trivial metric of the form X × M^4. Here M^4 is an ALE background of type A_{k−1} also known as a gravitational instanton. Since we go from the IIA to the IIB theory with a T-duality transverse to the Calabi-Yau the compactification X does not change — this in contrast with mirror symmetry.

We will argue that in our limit, the relevant terms in the low-energy supergravity description of this system will be the so-called F-terms (BPS saturated terms) that can be computed from B-model topological string amplitudes. These terms have the form S = ∑ g>0 ∫ M^4

F_g(z, z)T^{2g−2}R_− ∧ R_−, (1.2)

where T is the so-called graviphoton field and R_− the anti-self-dual part of the Riemann curvature. On an ALE singularity the curvature term gives a localized δ-function contribution that corresponds to the decoupled five-brane quantum effective action in the IIA picture. So we are led to the conclusion that quantum partition function is given by

Z^{qu}_X = exp ∑ g>0 F_g(z, z)λ^{2g−2}, (1.3)

where λ is the effective string coupling constant proportional to the expectation value of T . The full answer for the partition function,

Z_X = Z^{cl}_X · Z^{qu}_X , (1.4)

is then obtained by combining the classical and quantum contributions.

As we will explain in more detail later, in the simple case of X = K3 × T^2, where by supersymmetry the higher loop terms F_{g>1} vanish, this gives the familiar result

Z_{K3×T} 2 = θ_{4,20}(τ, τ̄ )

η(τ )^{24}

, (1.5)

where τ is the modulus of the torus. In this expression, the Narain theta-function comes from the classical sum over fluxes and the eta-function results from the F_1 one-loop term. So, in some sense our results suggest that this form of “theta/eta”, so familiar from chiral conformal field theories in two dimensions, generalizes naturally to Calabi-Yau manifolds.

Remarkably the classical and the quantum part of the partition function both satisfy (actually conjugated) holomorphic anomaly equations. This anomaly equation was first derived by by Bershadsky, Cecotti, Ooguri and Vafa [15, 16] in the case of the topological string amplitudes. Subsequently Witten [17] observed that a similar relation can be obtained by quantizing the space of flat three-forms H^3(X; R). In the latter case the corresponding wave function is naturally given by the theta-function Θ which appears here as the classical contribution of the five-brane partition function. The two contributions can thus be regarded to take values in dual line bundles over the moduli space of complex structures on X.

This paper is organized as follows. We begin with a description of our system and the limit we take in section 2. In section 3 we evaluate the classical part of the partition function for a single NS five-brane in type IIA string theory. We pay particular attention to the fact that the two-form field appearing in the action has a self-dual field strength, using methods developed by Witten [10]. We also consider two specific examples to clarify our results. The first is an NS five-brane wrapped on a K3×T^2 manifold; the second example considers a Z_2-orbifold of this [18] which in most respects — though not in all, as we will discuss — is a Calabi-Yau manifold. After this, we describe the quantum contributions to the partition function in section 4 — now with an arbitrary number of five-branes in a Coulomb phase. We cannot really derive these contributions from our IIA point of view, so here we change to the T-dual description. We first check that the classical result in this picture agrees with the one we obtained on the IIA side, and then derive the expression for the quantum contributions. After this we come back to the two examples we studied in section 3. In section 5, we make some interesting remarks and state some open questions about our results. Section 6 contains our conclusions, and appendix A contains the more detailed calculations that we need in order to derive the holomorphic anomaly equation in section 5.

2. Description of the system

The system we study in this paper has two T-dual descriptions. We will begin by describing the system from a type IIA point of view, and then explain what the same system looks like if we T-dualize it to a type IIB system.

2.1. The type IIA picture

We compactify euclidean type IIA string theory on a fixed Calabi-Yau threefold X. In this theory, we put k euclidean NS five-brane instantons that are completely wrapped around the CY and hence are point-like in the remaining four space-time directions. We denote the generic distance between these five-branes in four-dimensional space by Δx. Following Giveon and Kutasov [6, 7], we define a mass scale

m_W ≡ Δx g^A_s l_s . (2.1)

Here g^A_s , l_s denote the usual type IIA string coupling constant and the string length. Originally, this quantity was defined for NS five-branes in IIB string theory where it can be interpreted as the mass (in units of the string mass) of a “W-boson” formed by stretching a D-string between two of the five-branes. Of course in IIA theory there are no D-strings, but we can for example interpret this quantity as the mass density of stretching D2-branes in string units. We want to take a limit where Δx → 0, but the five-branes can still be viewed as independent objects in a Coulomb phase. This can be done, as was argued in [6, 7], by sending g^A_s → 0 as well, in such a way that m_W is large. In fact, as we shall explain below, we want to take a limit where m_W → ∞.

Since g^A_s goes to zero, the theory on the NS five-branes decouples from the bulk string theory, and we obtain little string theory. (Besides the references mentioned in the introduction, we refer to [19] for a review of little string theory.) Moreover, Giveon and Kutasov argue that this theory becomes weakly coupled if we take m_W large. Of course, since the masses of the objects that stretch between the five-branes become large, the theories on the different five-branes will also decouple from each other. This means we are indeed in a Coulomb phase, and we will use this fact later on to argue that the partition function of the full system can be written as the k-th power of the partition function of a single five-brane.

The low-energy theory on the five-brane contains a self-dual two-form field, five scalar fields and the fermions needed for supersymmetry. Of the bosonic fields, the self-dual twoform will be the only one that we consider in this paper. Four of the scalars correspond to the position of the five-brane, which in our setup is fixed. We should really take the fifth scalar Y , which corresponds to the position of the five-brane on the M-theory circle, into account. However, note that we will generally assume that the Calabi-Yau has strict SU(3) holonomy and therefore does not have any non-trivial 1-cycles. So the classical solutions of the field equations for Y cannot have any winding number, and only the constant field configuration contributes^∗.

We will also turn on a background flat Ramond-Ramond three-form field C which along the directions of X will have dC = 0. This field can have fluxes through three-cycles of the Calabi-Yau, and it will couple to the field strength H = dB of the self-dual two-form field living on the five-branes. Technically it is classified by an element of H^3(X, U(1)). (Extra subtleties in the quantization coming from the K-theory interpretation of RR fields are absent for CY three-folds, since there is no discrete torsion.)

∗In our example of K3 × T^2, there are 1-cycles, and we will have to take the winding numbers of Y into account.

2.2. The type IIB picture

When we compactify the system described above on an extra circle, we can do a T-duality in this direction. It is known [14] that after such a T-duality, the five-branes disappear, but the geometry of the resulting space becomes non-trivial and we obtain a Taub-NUT space. If we let the compactification circle grow to infinite size on the IIB-side, this space degenerates into an ALE-space of type A_{k−1}, where k is the number of five-branes on the IIA-side. There is a problem with the case k = 1 here, which we will discuss in section 5.3.

Now let us investigate what the limit described in the previous section corresponds to on the type IIB-side. After a T-duality, the string coupling constant is

g^B_s = g^A_s l_s R_A , (2.2)

where R_A is the size of the compactifying circle. Now if we would have put our fivebranes at fixed angles around the circle, R_A would be proportional to Δx, and we arrive at the result that the string coupling constant on the IIB-side is inversely proportional to m_W . In particular, it will go to zero in our limit. Note that this also implies that the four-dimensional Planck length l_p = g^B_s l_s (2.3)

is small compared to all other lengths in the IIB geometry, so that we can trust the supergravity approximation to the IIB string theory.

Since the C-field in the IIA theory had all its legs along the Calabi-Yau, after T-duality it will become a four-form C_4 which from the four-dimensional point of view looks like a set of Abelian one-form gauge fields — where each three-cycle of the Calabi-Yau gives rise to a single gauge field^†. The equations dC = 0 of course have implications for these gauge fields, which we will discuss in detail in section 4.2.

There is one special gauge field, the so-called graviphoton, which as we shall see corresponds to the part of the four-form that multiplies the holomorphic (3,0)-form of the Calabi Yau manifold. This field will play an important role in our determination of the quantum contributions to the five-brane partition function. On the ALE-space, this field will have fluxes through the vanishing two-cycles, and an overall flux T_0 through the two-sphere at infinity, which is the boundary of the four-dimensional space without the T-duality circle. We will be sending this overall flux (appropriately scaled by powers of the string length) to infinity in such a way that the combination

λ = g_sT_0 (2.4)

†More precisely, we should take half of the cycles here, since a dual pair of cycles gives a Hodge-dual pair of gauge fields related by an electromagnetic duality.

is held finite. We will see that λ is be the effective string coupling constant in our final result.

3. The classical five-brane partition sum in type IIA

In this section, we want to calculate the classical contribution (i.e. the contribution coming from solutions to the equations of motion) to the five-brane partition function in the IIA setup we described in the previous section. As we argued there, in the particular limit we take we expect the partition function of k five-branes to be simply given by the k-th power of the partition function for one five-brane, so throughout this section we will concentrate on a single five-brane. Note that from a four-dimensional point of view, the sum over classical field configurations on the five-brane is a sum over instanton quantum numbers, so we will use the terminology “partition sum” and “instanton sum” interchangeably.

In section 3.1 we express the classical value of the action in terms of fluxes, while for the moment ignoring the self-duality of the fields. In section 3.2 we do a Poisson resummation to obtain a factorized expression for the classical partition sum. The calculation in these two sections is similar in spirit to the one in [20]. In section 3.3, we follow Wittens prescription [10] to incorporate the self-duality of the tensor fields, and write down the final expression for the classical contribution to the partition sum. In section 3.4, we rewrite this expression using an auxiliary variable t that will be useful to us later. Finally, in sections 3.5 and 3.6 we use our results to study the examples of the five-brane wrapped on K3 × T^2 and (K3 × T^2)/Z_2.

3.1. The classical instanton action

As described in section 2.1, we are interested in the action of a two-form field B with field strength H = dB, coupled to a background Ramond-Ramond three-form field C with dC = 0. In fact, using the gauge invariance, this means that we can choose C to be harmonic so that d^∗C = 0 as well. The action is S = 1 4π ∫ X 1 2 (H − C) ∧ ∗(H − C) − iH ∧ C, (3.1)

where X denotes the Calabi-Yau manifold. According to the classical equation of motion H satisfies d^∗(H − C) = 0. When we take our constraints on C into account, this implies that H is harmonic as well.

The numerical coefficients in the action (cf. [10, 20]) are fixed by demanding that the fields can be made self-dual and that the C-field only couples to the self-dual part of H.

In the presence of the background field, the condition of self-duality reads ∗ (H − C) = −i(H − C), (3.2) where the factor i comes from the fact that we work in euclidean space. We will ignore this self-duality constraint for the moment, and include it in our considerations in section 3.3.

The Calabi-Yau space has b_3 = 2h_{2,1} + 2 three-cycles through which the field strength H may have non-zero fluxes. We choose a basis of canonical homology 3-cycles A^I , B_I (I = 1, . . . , g ≡ h_{2,1} + 1) in H_3(X, Z), and denote the corresponding fluxes of H by ∫ A^I H = 2πn^I , ∫ B_I H = 2πm_I , (3.3)

Similarly the periods of the background C-field will be denoted by ∫ A^I C = 2πx^I_1, ∫ B_I C = 2πx_{2,I} . (3.4)

Note that since H and C are harmonic, every set of fluxes corresponds to a unique solution of the equations of motion. Moreover, since H is a field strength there is the usual Dirac quantization condition saying that n^I , m_I have to be integers. The variables x^I_1, x_{2,J} are angular variables and take values in R/Z.

It will be useful to formulate the result using the notation of special geometry which we will now briefly review. On the moduli space M_c of complex structures for the Calabi-Yau X, let us introduce the homogeneous coordinates z^I and the prepotential F(z) (homogeneous of degree two) defined by the periods of the holomorphic (3, 0) form Ω: ∫ A^I Ω = z^I , ∫ B_I Ω = F_I ≡ ∂_I F(z) (3.5)

(with ∂_I ≡ ∂/∂z_I ). That the periods of Ω over the B-cycles can indeed be written in this form is a standard result from special geometry. In terms of a dual canonical basis α_I , β^I of H^3(X, Z) this means we can write Ω = z^I α_I + ∂_I F(z)β^I . The derivatives ω_I = ∂_I Ω are clearly linearly independent, and — since they correspond to first order perturbations of a (3,0)-form — by Griffith’s transversality they span H^{3,0} ⊕ H^{2,1}. Together, the forms ω_I and their complex conjugates ω̄_I form a basis of H^3(X, C). The periods of the ω_I are ∮ A^I ω_J = δ^I_J , ∫ B_I ω_J = τ_{IJ} (3.6) where we introduced the period matrix^∗

τ_{IJ} ≡ ∂_I ∂_J F(z). (3.7)

The field strength H can now be written as

H = 2πh^I ω_I + 2πh^I ω_I (3.8)

with h^I = − i 2 (m_J − τ_{JK} n^K )(Imτ^{−1})^{IJ} , (3.9)

and h̄^I its complex conjugate. Similarly we can write

C = 2πx^I ω_I + 2πx^I ω_I (3.10)

with x^I = − i 2 (x_{2,J} − τ_{JK} x^K_1 )(Im τ^{−1})^{IJ} , (3.11)

where again, following from the fact that the periods x_1, x_2 are real, x̄^I is the complex conjugate of x^I .

Some remarks about our conventions should be made here. In the following all indices I, J, K, . . . are lowered with Im τ_{IJ} and raised with its inverse, which we have denoted above by (Im τ^{−1})^{IJ} . Throughout this paper, we will interpret expressions of the form Im τ^{−1} in this way, i.e. we first take the imaginary part and then the inverse.

To evaluate the classical action we make use of the fact that on a Calabi-Yau manifold the action of the Hodge star on 3-forms is uniquely determined by the complex structure, namely it acts as (−1)^pi on (p, 3 − p)-forms. Keeping this in mind, the evaluation of the action is now straightforward. One finds

S_{m,n}(x; z) = 2π { h^I h_I + x^I x_I − 2x^I h_I − 2

(h^I − x^I )z_I (h^J − x^J )z_J |z|^2 } (3.12)

where h^I depends on the integers m_I and n^I through its definition (3.9). Here and in the rest of the paper we use a notation where |z|^2 = z_I z^I , z^2 = z_I z^I and z^2 = z_I z^I . The last term in S_{m,n} arises because of the fact that the Hodge star acts with a relative minus sign on the (3, 0) part. Despite its appearance, this term is positive definite since |z|^2 < 0. This

∗Note that — as we will see more clearly later — the eigenvalues of the Hodge star have the consequence that the imaginary part of τ_{IJ} is not positive definite, but has signature (h^{2,1}, 1).

point will be important when we introduce the auxiliary variable t in section 3.4. Note that to write down the last term, we really need our manifold to be a strict Calabi-Yau (i.e. it must have full SU(3) holonomy) to make sure that all three-forms are primitive so that there are no other three-forms which have a relative minus sign under the Hodge star. In our examples, we will see how to deal with slightly more general cases.

3.2. Poisson resummation of the instanton sum

The classical partition function for the full (i.e. not self-dual) tensor field H is given by a sum over all fluxes weighted by e^{−Sm,n} : Z(x; z) = ∑ m,n e^{−Sm,n (x;z)} (3.13)

We are interested in evaluating the partition sum for the self-dual tensor field. In fact, the situation is similar to the situation for chiral bosons in two dimensions, see e.g. [10]. There it was found that the partition sum for the unconstrained boson can be rewritten after a Poisson resummation as a sum of products of a chiral and an anti-chiral part. The partition function for the chiral boson is then the chiral factor of one of the terms, where the choice of a specific term is equivalent to the choice of a spin structure on the two-dimensional manifold. We follow the same procedure here, and perform a Poisson resummation on the integers m_I : Z(x; z) = ∑ p,n e^{−Ŝp,n (x;z)} (3.14)

where exp(−Ŝ_{p,n}) is the Fourier transform of exp(−S_{m,n}) with respect to the variable m.

To perform this Fourier transformation we need to invert the quadratic form involving m_I that appears in the action. We can read off this form by putting n^I = 0 and x^I = 0 for a moment. This gives the quadratic term π 2 m_I { (Im τ^{−1})^{IJ} − 2 z^I z^J |z|^2 } m_J . (3.15)

To invert the matrix in brackets (or rather its symmetric part, which is what we need to do the gaussian integral), we use the identity

(Im τ^{−1})^{IJ} − z^I z^J + z^I z^J |z|^2 = −(Im N^{−1})^{IJ} (3.16)

with N_{IJ} = τ_{IJ} + 2i z_I z_J z^2

(3.17)

This identity is easily checked by multiplying both sides with Im N . Note that in contrast with the holomorphic period matrix τ_{IJ} , the non-holomorphic matrix N_{IJ} does have a positive definite imaginary part.

The Poisson resummation is now a tedious but straightforward calculation, and in the end we find Z = (det Im N )^{1/2} ∑ p_L,p_R e^{−SpL,pR} , (3.18) where S_{pL,pR} = −iπp^I_LN_{IJ} p^J_L − 2π(2p_L − x − x)^I x^+_I + iπp^I_RN_{IJ} p^J_R. (3.19) In this expression we used the notation

x^+_I = (Im τ )_{IJ} x^J − z_I z_J z^2

(x + x)^J , (3.20)

and the sum is over the lattice

p^I_L =^1_2 n^I + p^I p^I_R =^1_2 n^I − p^I , (3.21)

where n^I and p^I are the integers that appear in the sum (3.14).

3.3. The sum over spin structures

In analogy with the case of the chiral boson [10], we would like to write this expression as a sum of products of a chiral and an anti-chiral term, where the sum is over spin structures on X. We can do this by observing that the (p_L, p_R)-lattice is a subset of the lattice of “half-integers” (i.e. integer multiples of^1_2 ) satisfying the conditions

p_L + p_R = n p_L − p_R = 2p (3.22)

for p, n arbitrary integers^†. From the first equation we see that p_L and p_R are either both integer or both of the form “integer +^1_2 ”, so we can replace the lattice sum by a sum over k, l, α where

p_L = k + α p_R = l + α (3.23)

with k, l integers, k−l even and α ∈ {0,^1_2 }. The condition that k−l is even can be satisfied by inserting a sum over β ∈ {0,^1_2 } and a factor (−1)^{2β(k−l)} in the partition function. Now

†For notational convenience, we leave out the indices I here.

we have a sum over arbitrary integers k, m, so we can factorize the partition function:

Z = (det Im N )^{1/2} ∑ α^I ,β_I ∈{0, 1 2 } Θ_{α,β}(x; z)Θ_{α,β}(0; z) (3.24)

with

Θ_{α,β}(x; z) = ∑ (p−α)^I ∈Z exp 2πi { −^1_2 p^I N_{IJ} p^J + β_I p^I − i(2p − x − x)^I x^+_I } . (3.25)

Since Im N is positive this theta sum converges. Note that it is neither holomorphic in x nor in z. The sum over α, β is the sum over spin structures we wanted to obtain, and we can now identify the classical partition sum of the self-dual tensor theory with one of the theta functions. That is, the classical contribution to the five-brane partition function is

Z^{cl}_X = Θ_{α,β}(x; z). (3.26)

This is completely analogous to the way that chiral bosons in two dimensions lead to partition functions that are equal to theta functions depending on a choice of spin structure. The fact that we have to choose such a spin structure can best be compared to a choice of discrete theta-angles in the theory.

Note that from the way the background C field (through its fluxes x^I ) couples in (3.24) it follows that we have to take an anti-holomorphic theta function from this expansion. Ultimately, this is a consequence of the choice of the sign of the second term in (3.1). We made this choice in order to agree with the existing literature, and in particular to have the matrix N_{IJ} appearing in our theta function. In section 4, we will see that if we choose the classical result to be anti-holomorphic, the quantum corrections to the partition function will have a holomorphic behaviour. The fact that the two ingredients have conjugate behaviour is really a physical result, but their individual behaviour is just a matter of convention.

3.4. Introducing the auxiliary variable t

As will be explained in section 4, the result for the partition function can be understood from a T-dual perspective in terms of the low energy N = 2 supergravity theory in 4 dimensions coming from the ten-dimensional type IIB theory. Indeed, the matrix N_{IJ} we introduced in (3.17) is known to represent the coupling of the various U(1) gauge fields in N = 2 supergravity. In this context it is also well-known that the coupling of the gauge fields can be expressed in an N = 1 superfield language in terms of the purely holomorphic expression τ_{IJ} by introducing the Weyl multiplet that contains the auxiliary graviphoton field T . Quite often it is useful to keep the graviphoton as an independent field.

Similarly, in the present context it turns out to be useful to rewrite the theta function (3.25) by introducing an analogous auxiliary variable t. One easily verifies that

Θ_{α,β}(x; z) = √ z^2 ∑ (p−α)^I ∈Z ∫ dt e^{−2π(xI −2tzI )xI} e^{2πipI βI} Ψ_p(x; tz, tz) (3.27)

where the “conformal block” Ψ_p is defined through

Ψ_p(x; z, z) = exp 2πi { −^1_2 p^I τ_{IJ} p^J + 2ip^I (z_I − x_I ) + i(z^I − x^I )(z_I − x_I ) } . (3.28)

These conformal blocks are now holomorphic functions of x but have mixed z and z dependence (the latter through the anti-holomorphic period matrix τ ). Note that the variable t only appears as a prefactor of z^I . Hence, it can effectively be absorbed in a rescaling of the holomorphic 3-form Ω. The function Ψ_p is homogeneous of degree zero in the variable z and hence there is no t-dependence in (3.27).

It is instructive to write the anti-holomorphic conformal block, which as we saw is the one appearing in the partition function of the self-dual two-form, in the following way:

Ψ_p(0; z, z) = exp 2πi

{_1 2 (p^I + z^I )τ_{IJ} (p^J + z^J ) − p^I F_I −^1_2 F } , (3.29)

where we set x^I = 0, and F is the prepotential defined in (3.5). The z-dependence is now all in the first term, and the last term can be viewed as the genus 0-term in a topological expansion. We will come back to this remark in section 5.1.

To further clarify the meaning of the variable t, let us briefly go back to the original expression (3.13) for Z in terms of the action (3.12). The partition sum Z can almost be written as a gaussian integral of an auxiliary complex variable t, so that the last term in the action appears as the result of the gaussian integration. The “almost” here refers to the fact that the quadratic term in the integrand actually has the wrong sign. Ignoring this for the moment and proceeding, we have Z = |z|^2 ∑ m,n ∫ dtdt e^{−Sm,n (x;t,t)}, (3.30)

where S_{m,n}(x; t, t) = 2π { h^I h_I + x^I x_I − 2x^I h_I

+2tz^I (h_I − x_I ) + 2tz^I (h_I − x_I ) + 2ttz^I z_I } . (3.31)

Note that |z|^2 < 0, so the “gaussian” integral indeed has the wrong sign.

Using this action, the Poisson resummation is much easier to perform, and we find

Z = |z|^2(det Im τ ) ∑ (p_L,p_R)∈Γ ∫ dtdt e^{−2π(xI −2tzI )xI} Ψ_{pL} (x; tz, z)Ψ_{pR} (0; tz, z). (3.32)

Introducing the sum over spin structures as before, we again find the result (3.24) with Θ defined as in (3.27). To see that the determinants match as well, note that

det Im N = det Im τ |z|^2 √ z^2z^2

. (3.33)

We have given an a posteriori justification for the introduction of the wrong-sign gaussian integral. This procedure can probably be made mathematically more rigorous by either introducing some cutoff at large t or by viewing the gaussian integral as a formal expression meaning “evaluation of t at the saddle points”, and showing that this commutes with the sum over m, n.

3.5. Example: The classical partition sum on K3 × T^2

Before writing down the full expression for the five-brane partition function, we would like to stop here and consider two specific examples. The first is the NS five-brane wrapped on a K3 × T^2 manifold. Note that this is not a true Calabi-Yau manifold, since it has SU(2) holonomy group. Nevertheless, it will turn out that we can describe it nicely using the techniques of this section. The nice thing about this example is that the full answer — including quantum corrections — is already known from two different points of view, so it is a good way to test our results.

When we wrap a five-brane around K3 × T^2, we can do a dimensional reduction in two obvious ways: reduce on K3 or reduce on T^2. First of all, when one reduces a single^‡ fivebrane on the K3 manifold, a two-dimensional CFT appears that coincides with the worldsheet theory of the heterotic string compactified on T^4 [21]. Since we use supersymmetric boundary conditions, the resulting partition sum contains the contribution of only the left-moving oscillators. It is given by the well-known expression

Z_1 = θ_{4,20}(τ, τ̄ ) η(τ )^{24}

, (3.34)

‡In the case of k five-branes the partition function depends on the phase of the theory. In the “Coulomb phase” the branes are separated in R^4 and their contribution is simply Z^k_1 . This corresponds to the dilute gas approximation. In the “Higgs phase” we expect a non-abelian U (k) tensor theory. After the reduction on K3 this phase should describe a bound state of k heterotic strings, i.e. a “long” heterotic string that is wrapped k times on T^2. By summing over all these wrappings (connected covers of degree k) the partition function for k branes is written as Z_k = H_kZ_1 with H_k the k-th Hecke operator.

where the denominator is the Dedekind η-function, and the numerator is the θ-function on the momentum lattice Γ^{4,20} for the heterotic string:

θ_{4,20}(τ, τ̄ ) = ∑ (p_L,p_R)∈Γ^{20,4}

q^{p2L/2}q̄^{p2R/2}, (3.35)

with τ the complex modulus of the T^2, and q = e^{2πiτ} . Alternatively, when we reduce the theory on T^2, we obtain a U(k) N = 4 super Yang-Mills theory. The partition function of the SYM theory on K3 can be computed directly [22, 23] as an exact sum of gauge instantons with the same result (3.34).

The result (3.34) consists of a classical result given by the theta-function, and a quantum part given by the eta-function. One would therefore expect to find the same classical contribution using the techniques from this section. Let us now check that this is the case; we will come back to the quantum contributions to this example in section 4.5. For the moment, we set the C-field to zero.

We start with some geometrical notions. For more on the geometry of K3, the reader may for instance consult [24]. Let us denote the complex coordinate on T^2 by w, and its standard one-cycles by A, B. The complex structure parameter of the torus is denoted by τ as usual. As for K3, we have the standard integral basis of two-cycles Σ^I with an intersection matrix M^{IJ} of signature (3,19). The basis of two-forms that is dual to this is denoted by η_I . Putting all of this together, we find a basis of three-forms on K3 × T^2 given by ω_I = η_I ∧ dw, ω_I = η_I ∧ dw, and a basis of three-cycles given by A^I = Σ^I × A, B^I = Σ^I × B. If the holomorphic three-form on K3 is given by z^I η_I , the holomorphic three-form on K3 × T^2 is given by Ω = z^I ω_I .

The main point in this calculation is to find the analogue for the K3 × T^2 case of the matrix N in (3.17). The first term is easily calculated, and is given by τ_{IJ} = τ M_{IJ} , where M_{IJ} is the inverse matrix of M^{IJ} . With the second term, we have to be a bit careful. Note that the second term in (3.17) contains an operator that projects onto the (3, 0)-direction. The origin of this operator lies in the fact that on this direction, the Hodge star acts with an opposite eigenvalue. However, on K3 there are three directions in which the Hodge star has the “wrong” eigenvalue, corresponding to the three negative eigenvalues of M. Therefore, the result is that

N_{IJ} = τ M_{IJ} + 2i(Im τ )M_{IK} P^K_J , (3.36)

where P now is a projection matrix on a three-dimensional subspace of the momentum lattice Γ_{3,19}.

Finally, we must insert this expression for N in our result (3.24), which without the

C-field reads Z = ∑ α,β∈{0, 12} ∑ m,n∈Z−α exp 2πi

{_1 2 mN m −^1_2 nN n + β(m − n) } . (3.37)

To see that this expression really can be expressed in terms of the θ-function, choose a basis p_I for Γ_{3,19}, so that M_{IJ} = p_I · p_J . Now we call

m^I p_I = p̃^L n^I p_I = p̃^R, (3.38)

and we decompose the p̃^{L,R} into their space-like and time-like parts with respect to this basis as p̃^{L,R} = p̃^{L,R}_+ + p̃^{L,R}_− . (3.39)

Using this notation, we see that

m^I M_{IJ} m^J = p̃^L · p̃^L m^I M_{IJ} P^J_K m^K = p̃^L_+ · p̃^L_+. (3.40)

Collecting everything, we see that we can write the partition function as Z = ∑ α,β∈{0, 1 2} ∑ p̃_L,p̃_R∈Γ_{3,19}+α exp πi { τ (p̃^L_−)^2 + τ (p̃^L_+)^2 − τ (p̃^R_−)^2 − τ (p̃^R_+)^2

+(Im τ )2β(p̃^L − p̃^R) } (3.41)

where Γ_{3,19} + α is the momentum lattice translated by the vector α. We see that the terms with p̃^L and with p̃^R nicely form two separate theta functions:

Z = ∑ α,β∈{0, 1 2} θ [ α β ] (τ ) θ [ α β ] (τ ), (3.42)

where θ [ α β ] are the theta functions on the lattice Γ_{3,19} with characteristics α, β. For

α = β = 0, these theta functions reduce to (3.35). Finally, to get the partition function for the self-dual field, we have to take a single conformal block from this expression, and we obtain a single theta-function as our partition function.

Our result differs from (3.34) in two ways. First of all, we find that we have to make a choice of spin structure and that the theta-function we obtain can change according to this. This is precisely what one would expect for a self-dual theory. Secondly, we obtain the theta-function corresponding to a lattice of signature (3,19), whereas there is a lattice of signature (4,20) in (3.34). This difference is due to the fact that we only focussed on the holomorphic two-form, but left the periodic scalar field on the NS five-brane out of our discussion. As we noted in section 2.1, this is allowed for a Calabi-Yau manifold, but not on a manifold with nontrivial one-cycles such as K3 × T^2. Therefore, we should really add the fluxes of the periodic scalar to our momentum lattice, in which case we would find a theta-function on the full lattice Γ_{4,20}.

Apart from these differences, which can be explained easily, we see that we obtain exactly the correct classical partition function for this example, so we made a successful consistency-check of our results so far. After we discuss the quantum contributions for the general case in the next section, we will see in section 4.5 that we can reproduce the quantum factor in (3.34) as well.

The inclusion of the C-field in our result is now straightforward, using the full expression of formula (3.24). Since there is no really elegant and meaningful expression for the the full result, we will not write it down here.

3.6. Example: The classical partition sum on (K3 × T^2)/Z_2

When the K3-manifold in the previous section is the double cover of a so-called Enriques surface, we can divide out K3 × T^2 by a certain Z_2-action, which acts on T^2 as w → −w, and has no fixed points on K3. We will denote the resulting manifold by M. This type of manifold was constructed by Borcea and Voisin [18], and its application in string theory has been studied for instance in [25, 26, 27].

The three-cycles on M can have two origins: there can be cycles that are the projections of the invariant cycles on K3 × T^2, and there can be new “torsion” cycles Σ for which 2Σ = 0. In [26], it is shown that there are three of these torsion cycles; they will not play a role in what follows, since they cannot support fluxes of H or C. The invariant three-cycles of K3 × T^2 can be constructed as follows. In [25], the action of the involution on the two-cycles of K3 is given: let E_8 be the intersection matrix of the root lattice of the corresponding algebra, and σ the intersection matrix of the hyperbolic lattice:

σ = ( 0 1 1 0 ) . (3.43)

We can choose a certain integral basis of H_2(K3, Z) such that the intersection matrix is

E_8 ⊕ σ ⊕ E_8 ⊕ σ ⊕ σ, (3.44)

and Z_2 maps the first ten basis vectors on the next ten, and maps the final two basis vectors to minus themselves. Therefore, we can construct the invariant two-cycles as follows:

A^i = A × (Σ^i − Σ^{i+10}) B_i = B × M_{ij} (Σ^j − Σ^{j+10}) A^{11} = A × Σ^{21} B_{11} = B × Σ^{22} A^{12} = A × Σ^{22} B_{12} = B × Σ^{21},

(3.45)

where i = 1, . . . , 10. The intersection numbers of these cycles are A^i ∩ B_j = 2δ^i_j A^{11} ∩ B_{11} = 1 A^{12} ∩ B_{12} = 1, (3.46) and all other intersections vanish.

The story for the cohomology is similar: a basis of invariant three-forms is ω̂_i =^1_2 (ω_i − ω_{i+10}) ω̂_{11} = ω_{21} ω̂_{12} = ω_{22}. (3.47) From [25], we know that the holomorphic two-form of K3 obtains a minus sign under the Z_2, so the holomorphic three-form Ω_M = dz ∧ Ω_{K3} is invariant. In terms of the notation of the previous section, this implies that z^i = −z^{i+10}, and z^{11} and z^{12} are arbitrary. The projected holomorphic three-form is ẑ^Iω̂_I , where I = 1, . . . , 12; ẑ^i = 2z^i, ẑ^{11} = z^{21} and ẑ^{12} = z^{22}.

The period matrix is now very easy to find; it is

τ_{IJ} = τ M_{IJ} , (3.48)

where τ is the modular parameter of our original torus and M_{IJ} = 2E_8⊕2σ⊕σ. The reader should note that in this expression 2E_8 stands for the E_8 intersection form multiplied by two, and not for E_8 ⊕ E_8.

Note that the lattice Γ_{2,10} corresponding to M_{IJ} has two timelike basis vectors, so in this respect we are not really dealing with a Calabi-Yau yet. This is also reflected in the fact that the holonomy group of M is SU(2) × Z_2 instead of the full SU(3), and in the fact that some of the intersection numbers in (3.46) are 2 instead of 1. On the other hand, M is a real Calabi-Yau in the sense that it does not have any free one-cycles and admits only one covariantly constant spinor.

From this point on, our calculation is exactly the same as the one in the previous section, where we replace the lattice Γ_{3,19} by Γ_{2,10} everywhere. The resulting classical partition function is therefore the theta-function Z_{α,β} = θ [ α β ] (τ ), (3.49) on our lattice of signature (2,10) and for a specific choice (α, β) of spin structure. Note that this is an automorphic function (i.e. it has weight 0) on the lattice Γ_{2,10}, but since this lattice is not self-dual, it is not a modular form under the full SL(2, Z) acting on τ , but only under a subgroup of it.

As in our previous example, it is relatively straightforward to include the C field in our expressions, but since the resulting formula is not very enlightening we will not present it here.

4. IIB perspective and the quantum contributions

After having studied the classical contributions to the five-brane partition sum, we would like to find an expression for the full partition sum including quantum corrections. From the type IIA point of view, we have not found a clear way to derive this expression. However, there is some intuition, which we explain in section 4.1. Then we turn to the T-dual description of our system (as described in section 2.2), where we can say much more. As we said before, we find an N = 2 supergravity theory which we describe in section 4.2. Before finding the quantum result, in section 4.3 we explicitly check that this description gives us the same classical partition sum as the IIA-description did. Then in section 4.4, we find the quantum contributions and write down the full partition function for our system. Section 4.5 discusses the quantum aspects of our two examples.

4.1. The quantum contributions — type IIA point of view

As we mentioned before, our final claim in section 4.4 will be that the quantum corrections to the partition function are given by the generating function of topological string amplitudes. From the IIA point of view, we do not have a complete argument as to why only the topological string amplitudes would appear in the partition function. However, there might be some kind of “twisting argument” along the following lines. Note that the geometry of the Calabi-Yau is such that if we put type II string theory on it, the theory on the Calabi-Yau has two remaining supersymmetries. Now when we introduce a five-brane, one of these supersymmetries is broken, and we are left with N = 1. The Lorentz group in six dimensions is SO(6) ∼ SU(4), whereas the holonomy group of the Calabi-Yau is SU(3). Therefore, there is a remaining U(1) inside the Lorentz group that we could twist with the U(1) in the supersymmetry algebra. By general arguments [8] branes wrapped on non-trivial cycles have a twisted supersymmetry algebra which causes them to be described by topological field theories. For CY manifolds this twisting does not change the physical properties, as e.g. is the case for the N = 4 super-Yang-Mills theory on a K3 manifold [22]. This might lead to a topological version of the little string theory that is equivalent to the topological string.

Admittedly, this argument is very hand-waving and hard to make precise. Therefore, we now turn to the T-dual description of our system, where we have much better control over the quantum corrections to our partition function, and we will really be able to see the appearance of the generating function for topological string amplitudes.

4.2. The field content of the supergravity theory

Now we turn to the T-dual description of our system, and we consider an arbitrary number k of five-branes. Compactifying ten-dimensional type II supergravity on a CY manifold gives a four-dimensional N = 2 supergravity theory. Recall from section 2.2 that the presence of the five-branes means we will be studying N = 2 supergravity on an ALEspace of type A_{k−1}. If we start with IIA supergravity, we obtain h^{1,1} vector multiplets and h^{2,1} hypermultiplets; if as in our case we start with IIB supergravity these numbers are exchanged. Besides these multiplets, both theories contain the universal hypermultiplet and the gravity (Weyl) multiplet.

On the IIA side, the complex moduli z^I and the fluxes of the C-field x^I are the scalars in the h^{2,1} + 1 hypermultiplets. Therefore, after T-duality, these fields (at least the ones that are not in the universal hypermultiplet) must correspond to fields in the h^{2,1} vector multiplets on the IIB-side. Since T-duality acts transversely to the CY, nothing changes to the complex structure moduli z^I , so they are the scalars that appear in the vector multiplets. (The overall length |z| is the field that is in the universal hypermultiplet.) On the other hand, the fields x^I correspond to the three-form field C, which — since it only has legs along the CY — corresponds to a four-form field C^{(4)} on the IIB side. After reduction on the CY this field turns into a set of Abelian gauge fields with two-form field strengths F^I — one for each three-cycle of the Calabi-Yau. The real components of x^I are most easily recovered when we realize that after reduction of the gauge fields on the T-duality circle, they split up into a three-dimensional real scalar and a three-dimensional gauge field which can be dualized into a real scalar.

An important role in this section will be played by the auxiliary vector field that is in the gravity multiplet, the graviphoton. As we will see, its field equations will set it equal to the linear combination of F^I that corresponds to the (3,0)-form of the Calabi-Yau.

Finally, we would like to see what the free parameters we summed over on the IIA-side, i.e. the fluxes of the self-dual two-form, correspond to on the IIB-side. The easiest way to see this is to look at the differences of these fluxes on two different five-branes labeled, say, a and b. This difference is

p^I_a − p^I_b = 1 2π (∫ A^I H_a − ∫ A^I H_b ) (4.1)

At first sight, this expression would seem to be zero, since we could draw an interval I between the two three-cycles on a and b, and evaluate this expression as the integral of dH = 0 over A^I × I. However, note that the presence of the C-field changes this since a gauge transformation C → C + dB is not really a symmetry in the presence of the five-branes, unless we compensate it by changing H → H + dB. Therefore, if C_a and C_b differ by such a gauge transformation, so must H_a and H_b, and the above expression becomes

p^I_a − p^I_b = 1 2π (∫ A^I C_a − ∫ A^I C_b )

= 1 2π ∫ A^I ×I F^{(4)} (4.2)

where F^{(4)} is the field strength of C.

Now we can translate this expression to the IIB-picture. Note that if we let the two five-branes a and b coincide on the IIA-side, this corresponds to the vanishing of a specific two-cycle S^2_{a,b} on the IIB-side. Therefore, the interval I is effectively replaced by this twocycle under T-duality. Of course, the four-form field strength also becomes a five-form field strength, so our claim is that on the IIB-side

p^I_a − p^I_b = 1 2π ∫ A^i×S^2_{a,b} F^{(5)} = 1 2π ∫ S^2_{a,b} F^I . (4.3)

We therefore see that to relate our results of section 3 to the IIB-picture, we will have to sum over the fluxes of the vector fields through the vanishing cycles of the ALE-space. As we saw this only gives us the differences of the fluxes — we will come back to this point later.

4.3. The classical part of the partition function

As we argued in the previous section, we are interested in the terms in the effective action that contain the gauge field strengths F^I and the graviphoton field strength T . The terms in the supergravity action containing these fields and the fields z^I that are in the same supermultiplets are [28]: S = − 1 2π ∫ i 2 τ_{IJ} F^I_− ∧ F^J_− − 2z_I F^I_− ∧ T_− − z^2T_− ∧ T_− (4.4)

The subscript on F^I_− and T_− refers to the fact that in our setup these fields are anti-self-dual. In principle, the self-dual complex conjugate terms are in the action as well, but we claim that these fields do not contribute in our limit. This follows from the fact that we send the distances Δx between the five-branes to zero in the IIA-picture. In the IIBpicture, this means that the size of the cycles supporting the self-dual fields goes to zero

(in fact, we know that when Δx = 0, we are at the A_{k−1}-singularity, where we only have the anti-self-dual cycles), and the fluxes of F^I and T only come from the anti-self-dual parts of these fields. We are going to be a bit sloppy here, since we should really follow the same procedure as in the preceding section — first calculating partition functions with arbitrary field strengths, and then taking holomorphic roots, where we need to make a choice of spin structure. We will not carry out this analysis again (the details are left to the ambitious reader), but carry on in this more imprecise way. We will see that for this reason, our results will lack some phase factors, but for the rest they will be correct.

The field T_− is an auxiliary field (the graviphoton field), so we may choose to integrate it out. This will turn out to correspond to integrating out the auxiliary t-parameter on the IIA-side. The equation of motion for T_− is

T_− = − z_I F^I_− z^2

, (4.5)

and inserting this in the action we find S = − 1 2π ∫ ( i 2 τ_{IJ} + z_I z_J z^2 ) F^I_− ∧ F^J_− = − 1 2π ∫ i 2 N_{IJ} F^I_− ∧ F^J_− , (4.6)

where N is the same matrix (3.17) as before.

The solutions to the equation of motion for F are harmonic two-forms, and as we argued in the previous section, we will have to sum over the fluxes of these harmonic forms. Therefore we expand F^I_− in a basis α^a of harmonic forms:

F^I_− = 2πn^I_aα^a (4.7)

The 2π is inserted so that the flux quantization condition forces the n^I_a to be integers or half-integers, depending on a choice of spin structure on our manifold which as we said we will leave out of our considerations. Since F^I_− is anti-self-dual, we can take a basis where the α^a that appear in the above equation have ∗α^a = −α^a, and hence the classical value of the action is S = −iπN_{IJ} n^I_an^J_b ∫ α^a ∧ α^b = −iπN_{IJ} n^I_an^J_b Q^{ab}. (4.8) We now turn to the question what the matrix Q^{ab} is, or equivalently, what the basis of harmonic forms α^a is. If we would be on a compact four-dimensional manifold with an A_{k−1}-singularity, the matrix Q would correspond to the intersection matrix of the vanishing 2-cycles at the singularity, which is the A_{k−1} Cartan matrix corresponding to the SU(k)-lattice:

Q^{ab} = 2 −1 0 0 · · · −1 2 −1 0 · · · 0 −1 2 −1 · · · 0 0 −1 2 · · · . . . . . . . . ...

(4.9)

The reason that we find this intersection matrix is that the overall charge of the fivebranes must be zero, since no flux can escape to infinity. In that case, the basis vectors α^a can be chosen to be of the form e^{a+1} − e^a (for a = 1, . . . , k − 1), where each of the e^i corresponds to a single unit of flux through the i-th vanishing cycle. Note that since e^i and e^j have intersection δ^{ij} , these basis vectors indeed have the intersection matrix given above. However, since we are on a noncompact manifold we can have a flux through the sphere at infinity and hence a nonzero overall charge, so we have to add a harmonic form α^0 corresponding to an overall unit of flux through the sphere at infinity. Note that this two-form will not be L^2-normalizable, whereas all the other basis vectors are.

Of course, we can also take a basis α̃^a = e^a for a = 1, . . . , k, in which case the matrix Q^{ab} simply becomes the identity matrix: Q^{ab} = δ^{ab}. This is the Cartan matrix for U(k) (or U(1)^k ), which is the correct group since we added a U(1) degree of freedom at infinity. The difference between U(1)^k and U(k) (or any groups in between) cannot be seen in this analysis; the U(1)^k case corresponds to the Coulomb branch, where the five-branes are separated, and the U(k) case corresponds to the Higgs branch where the five-branes are on top of each other. We will see that our analysis only covers the Coulomb branch.

Inserting the matrix Q^{ab} = δ^{ab} in the action gives

S = −iπ k∑ a=1 n^I_aN_{IJ} n^J_a . (4.10)

Now we have to perform the sum over the fluxes as we did on the IIA-side, and we find Z^{cl}_{X,k} = ∑ {n^I_a} ∑ s.s. (−1)^{s.s.}e^{iπ ∑ka=1 nIaN IJ nJa}

= ∑ {n^I } ∑ s.s. (−1)^{s.s.}e^{iπnI N IJ nJ} k

= (Z^{cl}_X )^k, (4.11)

where the second sum stands for the sum over spin structures, and we included a sign that depends on this spin structure and that should follow from a careful analysis of the self-duality of the fields. Z^{cl}_1 is indeed (modulo phase factors) the classical partition function of a single five-brane we found in section 3.2. The final expression shows that we are on the Coulomb branch, since the different five-branes do not interact and all give the same contribution to the partition function.

Similarly, we can do the calculation starting from (4.4), and expanding the classical value of T_−:

T_− = 2πt_aα^a, (4.12)

where we called the new variable t to agree with our previous result. The classical part of the partition function now contains a sum over the fluxes n^I_a and an integral over the variables t_a: Z^{cl}_{X,k} = ∑ {n^I_a} ∫ dt_1 · · · dt_k exp 2π k∑ a=1 ( i 2 τ_{IJ} n^I_an^J_a − 2z_I n^I_at_a − z^I z_I t^2_a )

= ∑ {n^I } ∫ dt exp 2π [ i 2 τ_{IJ} n^I n^J − 2z_I n^I t − z^I z_I t^2 ] k

= (Z^{cl}_X )^k. (4.13)

which is the result we found in section 3.4 after we introduced the variable t. Once again, we left out the sum over spin structures and the corresponding signs, but of course they should be included as well.

4.4. The quantum contributions — type IIB point of view

Now we want to find the quantum contributions to the five-brane partition function. Therefore, we have to identify the terms in the 4-dimensional supergravity action that come from these contributions. Recall that the four-dimensional space is an ALE space. Such a space has a holonomy group SU(2) ⊂ SO(4) = SU(2) × SU(2). In terms of the curvature, this means that the self-dual part of the curvature R = R_+ + R_− vanishes, so the curvature is purely anti-self-dual. The corrections to the supergravity action that are non-zero when the self-dual part of the curvature vanishes are explicitly known [29], and they are of the form

S^{qu} = ∫_∞∑ g=1 R_− ∧ R_−(g_sT_−)^{2g−2}F_g(z, z). (4.14)

Moreover, in [29] it is explicitly shown that the F_g(z, z) coincide with the topological string amplitudes at genus g. We have indicated that in general through the mechanism of the holomorphic anomaly[16] these amplitudes also have an anti-holomorphic dependence. Note that when we take the limit described in section 2, the only component of T that remains in this expression is the component T_0 corresponding to the flux through the sphere at infinity.

In our setup, the terms given above can easily be integrated. Note that (g_sT )^2 is a harmonic four-form, so we can take it out of the integral and replace it by the constant

λ^2 = (g_sT_0)^2, (4.15)

where in our limit λ takes over the role of the string coupling constant. Moreover, since R is anti-self-dual, ∫ R^2_− = ∫ R^2 = χ, the Euler number of the ALE space. For an A_{k−1} space this Euler number is k−1, and hence the contribution of these terms to the partition function is e^{−Squ} = e^{(k−1) ∑g≥1 λ2g−2Fg (z,z)} = (Z^{qu}_X )^{k−1}, (4.16)

i.e. the (k − 1)-th power of the quantum contribution that should correspond to a single five-brane on the IIA-side. Note that again, there seems to be a “missing five-brane” here. We will say more about this in section 5.3. Anyway this result leads to our main conclusion: the quantum corrections in the particular decoupling limit of the five-brane are given by the B-model topological string amplitudes

Z^{qu}_X = exp ( ∑ g≥1 λ^{2g−2}F_g(z, z) ) . (4.17)

So now, all the hard work is done, and we are ready to give our full result. Combining the classical and the quantum results we found, the formula for the single five-brane partition function in the limit we considered is

Z_X = Θ_{α,β}(x; z, z) exp ( ∑ g≥1 F_g(z, z)λ^{2g−2} ) , (4.18)

where the first factor is the classical result (3.25), and the second factor represents the quantum contributions.

4.5. Examples: K3 × T^2 and (K3 × T^2)/Z_2

We now return to the examples we studied in sections 3.5 and 3.6. The first of these was the example of the five-brane wrapped around K3 × T^2. We recall that the full partition function in this case is known from two different calculations, and reads

Z_1 = θ_{4,20}(τ, τ ) η(τ )^{24}

. (4.19)

In section 3.5 we checked that our classical contribution also gives a theta-function similar to the one above. We would now like to study the quantum contributions to this partition function.

In fact, because of the N = 4 supersymmetry there are only one-loop contributions in this specific case. Therefore, to find the full quantum corrected partition function, we need to know the one-loop amplitude for topological strings on K3 × T^2, which was calculated in [30]. The result is that F^c_1 = −24 log |η(τ )|, (4.20)

where the superscript c refers to the fact that we take the contribution to F_1 that depends on the complex structure moduli. Exponentialing this, we find exactly the quantum contribution to (4.19).

Next, we turn to our second example: M = (K3 × T^2)/Z_2. Here, as far as we know, we cannot compare our results to results in the literature as we did in the K3 × T^2 case. However, the topological one-loop amplitude for this example is known, and it is calculated in [27]. The result is that

F_1 = − log |η^{24}(2τ )Φ_{BE}(y)|, (4.21)

where y represents the holomorphic two-form (before dividing out the Z_2) of K3 × T^2, and Φ_{BE} is a certain modular form of weight 4 on Γ_{2,10} which was called the Borcherds- Enriques form in [27]. Putting this result together with the classical result we found in section 3.6, we find that up to one-loop corrections, the partition function for the five-brane on M is Z_X = θ_{2,10}(τ, τ ) η^{24}(2τ )Φ_{BE} (y)

. (4.22)

This result is still an automorphic form of weight 4 on Γ_{2,10}, and transforms as a modular form under a subgroup of SL(2, Z) acting on τ . Since M only preserves half of the supersymmetry that K3 × T^2 preserves, one expects that there are higher-loop F_g-corrections to this expression as well.

5. Remarks and open questions

The result we found in the previous section leads to many interesting remarks and open questions. In this section, we mention three of these. We begin by observing in section 5.1 that both the classical and the quantum part of the partition function satisfy a holomorphic anomaly equation. Though we have some arguments as to why this is the case, we do not yet understand the reasons for this completely. In section 5.2, we ask some interesting questions about the one-loop contribution to our partition sum. Finally, in section 5.3 we discuss the “missing five-brane”, another point that is still not completely clear to us.

5.1. The holomorphic anomaly equation

We will now show that the holomorphic blocks Ψ_p(x; z, z) obtained in (3.28) satisfy exactly the same holomorphic anomaly equations that the generating function for topological string amplitudes satisfies, and that were found by Bershadsky et. al. [16] Indeed, it was noted by Witten [17] that these equations can be interpreted as a Knizhnik-Zamolodchikov type equation for the holomorphic quantization of the space H^3(X, R) of three forms on the Calabi-Yau manifold X. This space carries a natural symplectic structure ∫ X δ_1Ω∧δ_2Ω, with δ_{1,2}Ω ∈ H^3(X, R), which can be used to quantize it.

More precisely, a straightforward calculation shows that the functions Ψ_p(x; z, z) obey the following equations: ∂ ∂z^I Ψ_p(x; z, z) = [ ∂ ∂x^I − i 2 C_{IJ}^K x^J ∂ ∂x^K − iπC_{IJK} x^J x^K ] Ψ_p(x; z, z) ∂ ∂z^I Ψ_p(x; z, z) = [ 1 16πi C_I^{JK} ∂^2 ∂x^J ∂x^K + 1 4i C_{IJ}^J ] Ψ_p(x; z, z) (5.1)

with C_{IJK} = ∂_K τ_{IJ} = ∂_I ∂_J ∂_K F (5.2)

Note that if we put x = 0 we find the equation [ ∂ ∂z^I − ∂_I f_1 ] Ψ_p(0; z, z) = [ 1 16πi C_I^{JK} D^2 Dz^J Dz^K ] Ψ_p(0; z, z) (5.3)

where the covariant derivatives are with respect to the metric Im τ_{IJ} , i.e. they contain the Christoffel symbols Γ_{IJ}^K =^i_2 C_{IJ}^K . The function f_1(z) is defined by

f_1 = −^1_2 log det Im τ, (5.4)

so that ∂_I f_1 =^1_{4i}C̄^J_{IJ} = −^1_2Γ̄^J_{IJ} .

The reader who is familiar with the work [16] will note that (5.3) is very similar to the holomorphic anomaly equation satisfied by the generating function for the topological string amplitudes, and that (5.1) look like the equations for the generating functions of correlation functions. However, there are some differences between the equations above and the equations found by Beshadsky et al. The reason for this is that strictly speaking the variables z^I are coordinates on the “large phase space” ^M_c which parametrizes a complex structure together with a choice of holomorphic (3, 0)-form Ω. In other words they represent projective coordinates on the “small phase space” M_c, the moduli space of complex structures. In order to relate our equations to the ones obtained by Bershadsky et al. and Witten we therefore have to use the inhomogeneous coordinates on M_c, that describe only the (2, 1)-part variation of the holomorphic 3-form.

We do this as follows. For given values of the moduli we can write for any 3-form x = x^I ω_I

x = x_⊥ + x_0, x_⊥ ∈ H^{2,1}, x_0 ∈ H^{3,0} (5.5)

with (x_⊥, z) = 0 and x_0 = z(x, z)/(z, z). Using this split we can define a derivative ∂^⊥_I that describes the variations in the (2, 1) direction satisfying z^I ∂^⊥_I = 0. In terms of the Kähler form K = − log(z, z) = −Im (z^I F_I ) (5.6)

this derivative is given by ∂^⊥_I = ∂_I + ∂_I Kz^J ∂_J . (5.7)

Moreover, in the topological string theory the amplitudes are defined on the small phase space M_c, but they are in addition functions of the string coupling constant λ, with the genus g contribution weighted by λ^{2g−2}. The function Ψ_p(x; z, z) can be expressed in terms of these variables (as will be explained in the appendix) by imposing the relations ( λ ∂ ∂λ + x^I ∂ ∂x^I + z^I ∂ ∂z^I ) Ψ = 0, (5.8)

and z^I ∂ ∂z^I Ψ = z^I ∂ ∂x^I Ψ, z^I ∂ ∂z^I Ψ = 0. (5.9)

Using the relations (5.5-5.9) the BCOV equations which are formulated on the small phase space are seen to coincide with our equations as derived on the large phase space. Details of this calculation are given in appendix A.

Note that in our final answer (4.18), the complex conjugate of Ψ_p appears. This means that this factor in our answer satisfies an anti-holomorphic anomaly equation, whereas the quantum factor satisfies the (complex conjugate) holomorphic anomaly equation. Similarly, in (3.29), F appears, whereas in the quantum terms the holomorphic F_g’s appear^∗. Following Wittens arguments in [17], the anomaly equations state that the corresponding quantities live in a line bundle over the moduli space of complex structures, and are in some sense independent of the chosen background complex structure. Apparently both

∗It is tempting to identify t with λ^{−1} to make this correspondence even more precise, but we do not have any clear physical arguments to support this idea.

the classical result and the quantum contributions have this property separately. Moreover, if Ψ_1 and Ψ_2 are two objects satisfying holomorphic and anti-holomorphic anomaly equations respectively, there is a natural inner product of the form ∫ dx e^{−xx}Ψ_1Ψ_2 (5.10)

which gives an anomaly-free result. In fact, this inner product is background independent [17]. It has no z and z dependence and is therefore a topological invariant associated to the CY manifold.

Why would one integrate over the x variables? They are expectation values of the supergravity scalar fields at infinity. If we would compactify the four-dimensional (euclidean) space-time M^4 one would be forced to integrate over these vev’s. The result then represents the partition function of the full ten-dimensional Type II string on the compact ten-manifold X × M. Because of supersymmetry this partition function corresponds to a topological index and is therefore background independent.

5.2. The one loop contribution

In section 4.5 we explicitly calculated the one-loop corrections to the partition function in two examples — where in one case the one-loop correction actually was the only correction. Since after the classical contribution the one-loop corrections are the easiest ones to get a grip on, one might wonder if we could give some more proof for our formulas by doing an explicit calculation. In fact, a general expression for F_1 is known [16, 27], and it is given by F_1 = ∑ 0≤p,q≤3 pq(−1)^{p+q} log det^′Δ^{p,q}

= 9 log det^′Δ^{0,0} − 6 log det^′Δ^{1,0} + log detΔ^{1,1}, (5.11)

where det^′Δ^{p,q} is the determinant of the ∂-operator acting on (p, q)-forms with the zeromodes left out, and in the second line we used the special properties of the Calabi-Yau. One would like to reproduce this result directly from a one-loop calculation in the field theory on the CY that we obtain in our limit. A naive guess would be that the one-loop result would simply come from the determinants of the Laplacians and Dirac operators for all the fields in our theory. However (although again one has to be careful with the self-duality of the tensor field), this does not seem to give the right numerical prefactors in (5.11). The reason is probably related to the reason why these exponents appear in (5.11): if we would calculate the exact partition function for the topological string on a CY, the result would be zero since there are fermion zero modes we integrate over. Here the zero-modes have to be absorbed by introducing fermionic operators in the path integral leading to the partition function. We suppose that a similar calculation has to be done in the five-brane field theory, and one would obtain the correct one-loop contribution (5.11). It would be interesting to work this out in detail.

5.3. The missing five-brane

At several points in this paper, we encountered a “missing five-brane”: we inserted k fivebranes in the IIA-theory, but the results on the IIB-side seem to apply to k −1 five-branes. In section 4.2, this problem showed up in the form of a sum over differences of fluxes instead of over the fluxes themselves. In section 4.3, we could cure this problem, though in an admittedly heuristic way, by introducing a U(1) degree of freedom corresponding to the overall flux at infinity. However, our quantum result in section 4.4 again showed only k − 1 five-branes, and we were not really able to cure this problem here.

There are two ways out of this problem. The nicest way would be to completely understand the degrees of freedom at infinity, and include them in our quantum calculation as well. However, one could also take the limit of large k and look at an “ideal dilute gas of five-branes”, and only look at the leading k-behaviour. This way of looking at things, though of course much less satisfying theoretically, would clearly reproduce the right results.

We feel that to completely solve this problem, a better analysis of the T-duality between the set of five-branes in type IIA and the Taub-NUT space, and especially of the decompactification limit, is needed. It would be very interesting to carry out such an analysis.

6. Conclusion

In this paper, we computed the partition function for the NS five-brane of type IIA string theory, including its quantum corrections, in a double scaling limit very similar to [6] in the presence of a flat RR three-form field. The result is an expansion in the string coupling constant, where the leading term is the sum over classical fluxes of the self-dual two-form field that lives on the five-brane, and the corrections are given by the higher-loop amplitudes of B-model topological strings.

There are many interesting open questions, three of which we described in section 5. We would like to have a better understanding of the appearance of the holomorphic anomaly equations; we would like to be able to calculate the one-loop contribution to the partition function directly, and we would like to have a cure for the “missing five-brane” problem. Besides this, it would of course be interesting to apply our results to more examples, and in particular to a Calabi-Yau manifold that has a full SU(3) holonomy group, such as the quintic.

Acknowledgements. We would like to thank David Berman for explaining the correct spelling of the word “five-brane” to us. We thank Jan de Boer, Dan Freed, Greg Moore, Cumrun Vafa, Bernard de Wit, and Edward Witten for useful discussions. R.D. would like to thank the Institute for Advanced Study in Princeton, and M.V. would like to thank the Spinoza Institute and Princeton University for hospitality during this work. This research was supported by the FOM/NWO Programme Mathematical Physics. E.V. is supported by DOE grant DE-FG02-91ER40571.

A. Derivation of the BCOV-equations

In section 5.1, we obtained two equations for the conformal blocks Ψ(x^I ; z^I , z^I ):

∂_I Ψ = [ ∂^x_I − i 2 C_{IJ}^K x^J ∂^x_K − iπC_{IJK} x^J x^K ] Ψ, (A.1)

(∂_I − ∂_I f_1)Ψ = [ 1 16πi C_I^{JK} ∂^x_J ∂^x_K ] Ψ. (A.2)

Throughout this appendix we will use a shorhand for derivatives where ∂_I , ∂_I are derivatives with respect to z^I and z^I respectively, and derivatives with respect to another variable such as x^I have this variable as a superscript.

We want to relate these equations to the holomorphic anomaly equations for the topological string partition function Ψ̂(x^i; z^i, z^i; λ), that were found [16] by Bershadsky, Cecotti, Ooguri and Vafa (BCOV). These equations read

∂_iΨ̂ = [ ∂^x_i − Γ^k_{ij} x^j ∂^x_k − 1 2λ^2 C_{ijk} x^j x^k + ∂_iKλ∂^λ ] Ψ̂ ( ∂_ı − ∂_ıf_1 )^ Ψ = [ λ^2 2 C_{ıȷk}e^{2K} G^{jȷ}G^{kk} ∂^x_j ∂^x_k − G_{ıj} x^j (x^k∂^x_k + λ∂^λ) ] Ψ̂. (A.3)

The equations look quite similar, but there are three important differences, which will be discussed below.

Dependence on λ

First of all, the BCOV-equations contain the string coupling constant λ. In our approach, we set the prefactor of 1/λ^2 in the action to 1; we can reintroduce it by scaling x and z by a factor of λ. Our equations now obtain the same factors of λ as (A.3).

Reintroducing λ means that our result will be a homogeneous function of degree zero in z, x, and λ. This gives us an extra differential equation: ( λ ∂ ∂λ + x^I ∂ ∂x^I + z^I ∂ ∂z^I ) Ψ = 0. (A.4)

From large to small phase space

Our equations are written in terms of the coordinates z^I , living in the “large phase space” H^{3,0}(X) ⊕ H^{2,1}(X). However, the original BCOV-equations are written in terms of the space of all complex structures on X, which is locally isomorphic to H^{2,1}(X). Therefore, we want to restrict our differential equations to some surface^∗ z^I = f^I (z^i), where the number of i is one less than the number of I, and the surface cuts every line through the origin in z^I -space once.

We want to do something similar to x, but at first it is not obvious how we should choose the x^i to get to the BCOV-equations. However, it is clear from the form of the conformal blocks (3.28) that the part x^I_0 of x^I in the direction of z^I can be absorbed in z^I . Our equation therefore only depends on the perpendicular part x^I_⊥ of x^I . This quantity depends on z^I , so if we define Ψ̂(x; z, z; λ) = Ψ(x_⊥; z, z; λ), its z-derivatives are given by

∂_IΨ̂ = ( ∂_I + ∂x^J_⊥ ∂z^I ∂^x_J ) Ψ, (A.5)

and similarly for the z-derivatives.

The Kähler metric

Finally, we have to express our equations in terms of the Kähler (Zamolodchikov) metric defined by e^{−K} = ∫ Ω ∧ Ω, which in our notation becomes

K = − log(z^I z_I ), (A.6)

where we ignored a constant term.

An important property of K is that it is constant on surfaces of constant |z|, so we can use its first derivative to project vectors and vector fields in the z-direction. For example, we have x^I_⊥ = x^I + ∂_J Kz^I x^J , (A.7)

which allows us to calculate the derivatives appearing in (A.5):

∂_I x^J_⊥ = (δ^J_I + ∂_I Kz^J )∂_LKx^L = 0 (A.8) ∂_I x^J_⊥ = G_{IK} x^Kz^J , (A.9)

where in the first line we used that ∂_LKx^L = ∂_LKx^L_0 which vanishes since we set x_0 = 0, and in the second line G_{I J} is the second derivative of the Kähler form K.

∗The reader should not be confused by the similar notation for the completely different quantities f_1 and f^I .

Some more relations

There are a few more relations we have to derive before we can rewrite our equations. First, note that z^I C_{IJK} = 0, which we can insert in (A.1) and (A.2) to obtain z^I ∂ ∂z^I Ψ = z^I ∂ ∂x^I Ψ (A.10)

z^I ∂_I Ψ = 0. (A.11)

The relations (A.4), (A.10) and (A.11) will be the key ingredients in rewriting our equations in terms of the new variables.

Finally, we would like to express the derivatives ∂_i in terms of ∂_I . Note that ∂Ψ ∂z^i = ( ∂f^I_⊥ ∂z^i + ∂f^I_0 ∂z^i ) ∂Ψ ∂z^I = ( ∂f^I_⊥ ∂z^i − ∂K ∂z^i z^I ) ∂Ψ ∂z^I , (A.12)

where in the last line we used the fact that f^I_0 is uniquely parameterized by K. Of course, everything we did here also holds for the z^I -derivatives.

The BCOV-equations

So now we collect everything we derived so far to reach our final answer. Using (A.12), (A.4) and (A.1) we obtain

∂_iΨ̂ = ∂_if^I_⊥ ( ∂^x_I − i 2 C_{IJ}^K x^J_⊥∂^x_K − 1 2λ^2 C_{IJK} x^J_⊥x^K_⊥ ) Ψ + ∂_iK(λ∂^λ + x^I_⊥∂^x_I )Ψ. (A.13)

Now it is clear what is the right way to define the x^i: they should be such that

x^I_⊥ = ∂f^I_⊥ ∂z^i x^i. (A.14)

Inserting this in (A.13), we can remove all upper case indices and obtain

∂_iΨ̂ = ( ∂^x_i − i 2 C_{ij}^k x^j ∂^x_k − 1 2λ^2 C_{ijk} x^j x^k ) Ψ̂ + ∂_iK(λ∂^λ + x^i∂^x_i )Ψ̂. (A.15)

Now note that the Kähler metric and the metric Im τ are related by

Im τ_{IJ} = −2iG_{IJ} e^{−K} , (A.16) when acting on the perpendicular coordinates. From this equation, it is straightforward to write down the Cristoffel symbols for the Kähler metric:

Γ_{ijk} =^1_2 ∂_iG_{jk} = ( 1 8 C_{ijk} + i 4 ∂_iK(Im τ )_{jk} )e^K. (A.17)

Inserting this in our result gives:

∂_iΨ̂ = [ ∂^x_i − Γ^k_{ij} x^j ∂^x_k − 1 2λ^2 C_{ijk}x^j x^k + ∂_iKλ∂^λ ] Ψ̂, (A.18)

which is the first BCOV-equation.

The calculations to get to the second BCOV-equation are very similar: using the definitions and the homogeneity relations, we find

∂_ıΨ̂ = ∂_ıf^I_⊥ ( ∂_I f_1 + λ^2 8 C_I^{JK} ∂^x_J ∂^x_K − G_{I K} x^K_⊥ (x^J_⊥∂^x_J + λ∂^λ) ) Ψ. (A.19)

Now we can again insert the Kähler metric and replace upper case indices by lower case ones, and we obtain the second BCOV-equation: ( ∂_ı − ∂_ıf_1 )^ Ψ = [ λ^2 2 C_{ıȷk}e^{2K} G^{jȷ}G^{kk} ∂^x_j ∂^x_k − G_{ıj} x^j (x^k∂^x_k + λ∂^λ) ] Ψ̂, (A.20)

References

[1] R. Dijkgraaf, E. Verlinde and H. Verlinde, “BPS spectrum of the five-brane and black hole entropy,” Nucl. Phys. B 486 (1997) 77 [hep-th/9603123].

[2] R. Dijkgraaf, E. Verlinde and H. Verlinde, “BPS quantization of the five-brane,” Nucl. Phys. B 486 (1997) 89 [hep-th/9604055].

[3] M. Berkooz, M. Rozali and N. Seiberg, “Matrix description of M-theory on T^4 and T^5,” Phys. Lett. B 408 (1997) 105 [hep-th/9704089].

[4] N. Seiberg, “New theories in six dimensions and matrix description of M-theory on T^5 and T^5/bZ_2,” Phys. Lett. B 408 (1997) 98 [hep-th/9705221].

[5] A. Losev, G. Moore and S.L. Shatashvili’ “M & m’s,” Nucl. Phys. B 522 (1998) 105 [hep-th/9707250].

[6] A. Giveon and D. Kutasov, “Little string theory in a double scaling limit,” JHEP 9910 (1999) 34 [hep-th/9909110].

[7] A. Giveon and D. Kutasov, “Comments on double scaled little string theory,” JHEP 0001 (2000) 23 [hep-th/9911039].

[8] M. Bershadsky, C. Vafa and V. Sadov, “D-Branes and Topological Field Theories,” Nucl. Phys. B 463 (1996) 420 [hep-th/9511222].

[9] K. Becker, M. Becker and A. Strominger, “Five-branes, membranes and nonperturbative string theory,” Nucl. Phys. B 456 (1995) 130 [hep-th/9507158].

[10] E. Witten, “Five-brane effective action in M-theory,” J. Geom. Phys. 22 (1997) 103 [hep-th/9610234].

[11] L. Dolan and C. R. Nappi, “A modular invariant partition function for the fivebrane,” Nucl. Phys. B 530 (1998) 683 [hep-th/9806016].

[12] M. Henningson, B. E. Nilsson and P. Salomonson, “Holomorphic factorization of correlation functions in (4k + 2)-dimensional (2k)-form gauge theory,” JHEP 9909 (1999) 008 [hep-th/9908107].

[13] M. Henningson, “The quantum Hilbert space of a chiral two-form in d = 5+1 dimensions,” JHEP 0203 (2002) 021 [hep-th/0111150].

[14] H. Ooguri and C. Vafa, “Two-dimensional black hole and singularities of CY manifolds,” Nucl. Phys. B 463 (1996) 55 [hep-th/9511164].

[15] M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa, “Holomorphic anomalies in topological field theories,” Nucl. Phys. B 405 (1993) 279 [hep-th/9302103].

[16] M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa, “Kodaira-Spencer theory of gravity and exact results for quantum string amplitudes,” Commun. Math. Phys. 165 (1994) 311 [hep-th/9309140].

[17] E. Witten, “Quantum background independence in string theory,” in Salamfest 1993, 257 [hep-th/9306122].

[18] C. Borcea, “K3 surfaces with involution and mirror pairs of Calabi-Yau manifolds,” in “Mirror Symmetry II,” International Press (1997) 717.

[19] O. Aharony, “A brief review of ‘little string theories’,” Class. Quant. Grav. 17 (2000) 929 [hep-th/9911147]

[20] E. Verlinde, “Global aspects of electric-magnetic duality,” Nucl. Phys. B 455 (1995) 211 [hep-th/9506011].

[21] J.A. Harvey and A. Strominger, “The heterotic string is a soliton,” Nucl. Phys. B 449 (1995) 535, Nucl. Phys. B 458 (1996) 456 [hep-th/9504047].

[22] C. Vafa and E. Witten, “A Strong coupling test of S duality,” Nucl. Phys. B 431 (1994) 3 [hep-th/9408074].

[23] J. A. Minahan, D. Nemeschansky, C. Vafa and N. P. Warner, “E-strings and N = 4 topological Yang-Mills theories,” Nucl. Phys. B 527 (1998) 581 [hep-th/9802168].

[24] P.S. Aspinwall, “K3 surfaces and string duality,” in “Differential geometry inspired by string theory,” International Press of Boston (1996) 1 [hep-th/9611137].

[25] S. Ferrara, J.A. Harvey, A. Strominger and C. Vafa, “Second-quantized mirror symmetry”, Phys. Lett. B 361 (1995) 59 [hep-th/9505162].

[26] P.S. Aspinwall, “An N=2 dual pair and a phase transition”, Nucl. Phys. B 460 (1996) 57 [hep-th/9510142].

[27] J.A. Harvey and G. Moore, “Exact gravitational threshold correction in the FHSV model,” Phys. Rev. D 57 (1998) 2329 [hep-th/9611176].

[28] B. de Wit, P.G. Lauwers and A. Van Proeyen, “Lagrangians of N = 2 supergravitymatter systems,” Nucl. Phys. B 255 (1985) 569.

[29] I. Antoniadis, E. Gava, K.S. Narain and T.R. Taylor, “Topological amplitudes in string theory,” Nucl. Phys. B 413 (1994) 162 [hep-th/9307158].

[30] J.A. Harvey and G. Moore, “Fivebrane instantons and R^2 couplings in N = 4 string theory,” Phys. Rev. D 57 (1998) 2323 [hep-th/9610237].