arXiv:hep-th/0205283 v2 6 Jun 2002

hep-th/0205283
        TU-656

BPS Solutions of Noncommutative Gauge Theories in Four and Eight Dimensions

Yoshiki Hiraoka

Department of Physics, Tohoku University Sendai 980-8578, JAPAN

hiraoka@tuhep.phys.tohoku.ac.jp

Abstract

We study the 1/4 BPS equations in the eight dimensional noncommutative Yang- Mills theory found by Bak, Lee and Park. We explicitly construct some solutions of the 1/4 BPS equations using the noncommutative version of the ADHM-like construction in eight dimensions. From the calculation of topological charges, we show that our solutions can be interpreted as the bound states of the D0-D4-D8 with a B-field. We also discuss the structure of the moduli space of the 1/4 BPS solutions and determine the metric of the moduli space of the U(2) one-instanton in four and eight dimensions.

1 Introduction

Noncommutative geometry has played an important part in the study of string/Mtheory [1]. In particular, D-branes with a constant NS B-field are of interest in the context of understanding the non-perturbative aspects of string theory. The effective world-volume field theory on D-branes with a B-field turns out to be the noncommutative Yang-Mills theory [2], which has an interesting feature that the singularity of the instanton moduli space is naturally resolved [3].

Four dimensional U(N) k-instanton is realized as k D0-branes within N D4-branes in type IIA string theory. When we turn on a self-dual constant B-field which preserves 1/4 of supersymmetries, the instanton moduli space is resolved and the D0-branes cannot escape from the D4-branes. From the viewpoint of the D0-brane theory, the Higgs branch of the moduli space coincides with the moduli space of instantons and the selfdual B-field corresponds to the Fayet-Iliopoulos (FI) parameters. If the FI parameters are non-zero, the D0-D4 system can not enter the Coulomb branch through the small instanton singularity.

It is also of interest to generalize the above system to higher dimensions in the context of both D-brane dynamics and the world-volume theories. The bound states of the D0-D6 and the D0-D8 with a B-field were investigated by several authors [9–19]. These systems are equivalent by T-duality to the rotated branes at angles. It has been shown that the D0-D6 system can form bound states only if the value of the B-field are taken appropriately and that in the D0-D8 system there are three cases preserving respectively 1/16, 1/8 and 3/16 of supersymmetries.

These studies reduce to finding the solutions of the higher dimensional analogue of “self-duality” equations found in [4, 5, 8], which are the first order linear relations amongst components of the field strength. The above three cases of the D0-D8 systems correspond to the subgroup Spin(7), SU(4) and Sp(2) of the eight dimensional rotation group SO(8) respectively. Recently all possible “self-duality” equations in the higher dimensional Yang-Mills theories have been classified in [20] and it is shown that there are many kinds of the BPS equations which preserve 1/16, 2/16, . . . , 6/16 of supersymmetries. These include three new cases besides the above three ones. In this paper, we will focus on the case of the 1/4 supersymmetries, construct some explicit solutions of the corresponding BPS equations and give their D-brane interpretations.

This paper is organized as follows. In section 2, we review the BPS equations in eight dimensions which have been derived in [20]. In section 3, we construct some solutions of the 1/4 BPS equations in eight dimensions using the noncommutative version of the ADHM-like construction in eight dimensions. We show that our solutions can be interpreted as the bound states of the D0-D4-D8 with a B-field from the calculation of their topological charges. We also discuss the structure of the moduli space of the 1/4 BPS solutions and determine the metric of the moduli space of the U(2) one-instanton in four and eight dimensions. The final section is devoted to discussions.

2 BPS equations in eight dimensions

In this section, we briefly review the results of [20], in which all possible BPS equations in six and eight dimensional Yang-Mills theories have been classified. The authors of [20] have investigated the higher dimensional analogue of “self-duality” equations, which are the linear relations amongst components of the field strength with the constant 4-form tensor T_{abcd} , F_{ab} + 1 2 T_{abcd}F_{ad} = 0 . (2.1) This is a natural generalization of the four dimensional self-duality equation, F_{ab} + 1 2 ϵ_{abcd}F_{ad} = 0 . (2.2)

When this equation holds, the equations of motion D_aF_{ab} = 0 are automatically satisfied due to the Jacobi identity. We investigate only the eight dimensional case. The results of [20] are written as follows:

• The 1/16 BPS equations

F_{12} + F_{34} + F_{56} ± F_{78} = 0 , F_{13} + F_{42} + F_{57} ± F_{86} = 0 , F_{14} + F_{23} + F_{76} ± F_{85} = 0 , F_{15} + F_{62} + F_{73} ± F_{48} = 0 , (2.3) F_{16} + F_{25} + F_{47} ± F_{38} = 0 , F_{17} + F_{35} + F_{64} ± F_{82} = 0 , ±F_{18} + F_{27} + F_{63} + F_{54} = 0 .

These can be expressed compactly using the structure constants C_{ijk} of the octonion, F_{i8} ± 1 2 C_{ijk} F_{jk} = 0 , (2.4) where i, j, k = 1, · · · , 7. Some solutions of these equations were constructed in [21, 22].

• The 2/16 BPS equations F_{12} + F_{34} + F_{56} ± F_{78} = 0 , F_{13} + F_{42} = 0 , F_{57} ± F_{86} = 0 , F_{15} + F_{62} = 0 , F_{14} + F_{23} = 0 , F_{76} ± F_{85} = 0 , F_{16} + F_{25} = 0 , (2.5) F_{73} ± F_{48} = 0 , F_{17} ± F_{82} = 0 , F_{35} + F_{64} = 0 , F_{47} ± F_{38} = 0 , F_{18} ± F_{27} = 0 , F_{63} + F_{54} = 0 .

• The 3/16 BPS equations

F_{12} + F_{34} = 0 , F_{13} + F_{42} = 0 , F_{14} + F_{23} = 0 , F_{56} ± F_{78} = 0 , F_{75} ± F_{68} = 0 , F_{67} ± F_{58} = 0 , F_{15} = F_{26} = F_{37} = ±F_{48} , (2.6) F_{16} = F_{52} = F_{47} = ±F_{83} , F_{17} = F_{53} = F_{64} = ±F_{28} , ±F_{18} = F_{72} = F_{36} = F_{54} .

Some solutions of these equations and their ADHM-like constructions are discussed in [6, 7, 15, 16, 18, 19].

• The 4/16 BPS equations

F_{12} + F_{34} = 0 , F_{13} + F_{42} = 0 , F_{14} + F_{23} = 0 , F_{56} ± F_{78} = 0 , F_{75} ± F_{68} = 0 , F_{67} ± F_{58} = 0 , (2.7) F_{ab} = 0 for a ∈ {1, 2, 3, 4} b ∈ {5, 6, 7, 8} . These are the subjects of the next section.

• The 5/16 BPS equations F_{12} = F_{43} = F_{65} = ±F_{78} , F_{13} = F_{24} = F_{75} = ±F_{86} , (2.8) F_{14} = F_{32} = F_{76} = ±F_{58} , F_{ab} = 0 for a ∈ {1, 2, 3, 4} b ∈ {5, 6, 7, 8} .

• The 6/16 BPS equations

F_{12} = F_{43} = F_{65} = ±F_{78} , and other components are zero . (2.9)

3 Solutions of the 1/4 BPS equations and the moduli space

In this section, we construct some solutions of the 1/4 BPS equations (2.7) as the noncommutative instantons on R^8 and interpret them as D-brane bound states with a B-field. This noncommutativity is induced by a constant NS B-field on the D8- brane. We also discuss some aspects of the structure of the moduli space of the 1/4 BPS equations in four and eight dimensions, and determine explicitly the metric of the moduli space of the U(2) one-instanton.

The 1/4 BPS equations (2.7) are a copy of the 1/4 BPS equations on the four dimensional hyper-planes spanned by x^1, · · · , x^4 and x^5, · · · , x^8 which we call R^4 and R̃^4 respectively. Therefore we can easily construct the solutions by placing the four dimensional instanton solutions on each R^4 and R̃^4. In the following, we consider the solutions of the gauge group U(N) with the instanton number k on the first four dimensional hyper-plane R^4 and the instanton number k^′ on the second hyper-plane R̃^4, and interpret them as the D0-D4-D8 bound states with a B-field.

3.1 ADHM-like construction for the 1/4 BPS equations in eight dimensions

The ADHM construction is a powerful tool to construct the Yang-Mills instantons in four dimensions [23, 24]. Especially, it is well-known that the instanton moduli space and the ADHM moduli space completely coincide. The ADHM construction can be extended to the 3/16 BPS equations in eight dimensions, which was investigated by several authors [6,15,16,18,19]. It is also possible to extend the ADHM construction to the 1/4 BPS equations on R^8, which is studied in the following.

In order to treat the eight dimensional space, it is useful to regard the coordinates of R^8 as two quaternionic numbers, x = 8∑ μ=1 σ̃_μx^μ = z_2 z_1 −z̄_1 z̄_2

, x^′ = 8∑ μ=1 σ̃^′_μx^μ = z_4 z_3 −z̄_3 z̄_4

, (3.1) where we defined the eight vector matrices, σ̃_μ = ( iτ_1, iτ_2, iτ_3, 1_2, 0, 0, 0, 0 ) , (3.2) σ̃^′_μ = ( 0, 0, 0, 0, iτ_1, iτ_2, iτ_3, 1_2 ) , (3.3) and the four complex coordinates,

z_1 = x^2 + ix^1 , z_2 = x^4 + ix^3 , z_3 = x^6 + ix^5 , z_4 = x^8 + ix^7 . (3.4) Here τ_1, τ_2 and τ_3 are usual Pauli matrices.

Using the 2k × (N + 2k) matrices a , b and the 2k^′ × (N + 2k^′) matrices a^′ , b^′, we define the Dirac-like operator, D_z = a + bx 0

0 a^′ + b^′x^′ ≡ D_z 0 0 D^′_z , (3.5) where we also defined D_z and D^′_z . We can construct the U(N) gauge field as A_μ = tr Ψ^†∂_μΨ = ψ^†∂_μψ + ψ^{′†}∂_μψ^′ , (3.6) where Ψ is the solution of the following Dirac-like equations, D_z Ψ = D_z ψ 0 0 ψ^′ = 0 , (3.7) for the (N + 2k) × N matrix ψ and the (N + 2k^′) × N matrix ψ^′, which are normalized as ψ^†ψ = 1_{N ×N} , ψ^{′†}ψ^′ = 1_{N ×N} . (3.8) Then using the completeness equation, 1_{2N +2(k+k}′_) = ΨΨ^† + D^†_z 1 D_z D^†z D_z , (3.9) we can obtain the “anti-self-dual” gauge field strength, which satisfies the 1/4 BPS equations (2.7) in eight dimensions, F_{μν} = tr Ψ^† ( ∂_{[μ} D^†_z 1 D_z D^†z ∂_{ν]}D_z ) Ψ . (3.10) This can be confirmed by writing the field strength more concretely,

F_{μν} = ψ^†b^† ¯σ̃_{[μ} σ̃_{ν]} ( D_z D^†_z )_{−1} bψ , for μ, ν = 1, · · · , 4 , ψ^{′†}b^{′†}¯σ̃^′_{[μ} σ̃^′_{ν]} ( D^′_z D^{′†}_z )_{−1} b^′ψ^′ , for μ, ν = 5, · · · , 8 , 0 , for the other components .

(3.11)

Here we must require that D_z D^†_z and D^′_z D^{′†}_z commute with σ̃_μ and σ̃^′_μ respectively. This is a necessary condition to obtain the “anti-self-dual” gauge field strength on R^8. We call the equations corresponding to this condition the ADHM-like equations in eight dimensions for both the commutative and the noncommutative case.

3.2 Noncommutative version of the ADHM-like construction for the 1/4 BPS equations in eight dimensions

As in the four dimensional case, it is also easy to extend the ADHM-like construction in eight dimensions to noncommutative space because of its algebraic nature. Since we define the instantons as “anti-self-dual” configurations, the “self-dual” B-field is of interest from the viewpoint of the resolution of the instanton moduli space.

In this case the coordinates of R^8 become noncommutative as

[z̄_1, z_1] = [z̄_2, z_2] = ζ 2 , [z̄_3, z_3] = [z̄_4, z_4] = ζ^′ 2 , (3.12)

for positive constant parameters ζ and ζ^′. These commutation relations can be represented using the creation and annihilation operators which act on the Fock space of harmonic oscillators , √ 2 ζ z_1 |n_1 : n_2 : n_3 : n_4⟩ = √ n_1 + 1 |n_1 + 1 : n_2 : n_3 : n_4⟩ , √ 2 ζ z̄_1 |n_1 : n_2 : n_3 : n_4⟩ = √ n_1 |n_1 − 1 : n_2 : n_3 : n_4⟩ , √ 2 ζ z_2 |n_1 : n_2 : n_3 : n_4⟩ = √ n_2 + 1 |n_1 : n_2 + 1 : n_3 : n_4⟩ , √ 2 ζ z̄_2 |n_1 : n_2 : n_3 : n_4⟩ = √ n_2 |n_1 : n_2 − 1 : n_3 : n_4⟩ , (3.13) √ 2 ζ^′ z_3 |n_1 : n_2 : n_3 : n_4⟩ = √ n_3 + 1 |n_1 : n_2 : n_3 + 1 : n_4⟩ , √ 2 ζ^′ z̄_3 |n_1 : n_2 : n_3 : n_4⟩ = √ n_3 |n_1 : n_2 : n_3 − 1 : n_4⟩ , √ 2 ζ^′ z_4 |n_1 : n_2 : n_3 : n_4⟩ = √ n_4 + 1 |n_1 : n_2 : n_3 : n_4 + 1⟩ , √ 2 ζ^′ z̄_4 |n_1 : n_2 : n_3 : n_4⟩ = √ n_4 |n_1 : n_2 : n_3 : n_4 − 1⟩ , where the number operators are defined by

n_1 = 2 ζ z_1z̄_1, n_2 = 2 ζ z_2z̄_2, n_3 = 2 ζ^′ z_3z̄_3, n_4 = 2 ζ^′ z_4z̄_4 . (3.14)

If we also require that D_z D^†_z and D^′_z D^{′†}_z commutes with σ̃_μ and σ̃^′_μ respectively as in the commutative case, we can obtain the “anti-self-dual” gauge field strength on noncommutative R^8. As in the four dimensional case, there are equivalence relations between different sets of the matrices a, b, a^′ and b^′ as

a ∼ MaN, b ∼ MbN, a^′ ∼ M^′a^′N^′, b^′ ∼ M^′b^′N^′, (3.15)

where M ∈ GL(2k, C), N ∈ U(N + 2k), M^′ ∈ GL(2k^′, C) and N^′ ∈ U(N + 2k^′) . Using these relations, the ADHM-like equations for the 1/4 BPS equations on noncommutative R^8 can be obtained,

μ_R = [ B_1, B^†_1 ] + [ B_2, B^†_2 ] + II^† − J^†J = ζ , (3.16) μ_C = [B_1, B_2] + IJ = 0 , μ^′_R = [ B^′_1, B^{′†}_1 ] + [ B^′_2, B^{′†}_2 ] + I^′I^{′†} − J^{′†}J^′ = ζ^′ , (3.17) μ^′_C = [B^′_1, B^′_2] + I^′J^′ = 0 ,

where B_1, B_2 are k × k matrices, I, J^† are k × N matrices, B^′_1, B^′_2 are k^′ × k^′ matrices and I^′, J^{′†} are k^′ × N matrices. These are nothing but two sets of the four dimensional ADHM equations on R^4 and R̃^4.

3.3 U(1) instantons

In this subsection, we explicitly construct the noncommutative U(1) instanton solutions of (2.7) in eight dimensions. This can be easily achieved using the noncommutative U(1) instanton solutions in four dimensions. Compared with the commutative case, the U(1) instanton is already non-trivial in the noncommutative case.

3.3.1 Four dimensional case

Before discussing the eight dimensional case, we briefly review the U(1) one-instanton solution in four dimensions. Some relevant references are [3, 25–33].

In this case, the ADHM-like equations are the same as (3.16) and can be solved by

B_1 = B_2 = J = 0 , I = √ ζ . (3.18)

Solving the Dirac-like equations and using (3.11), the anti-self-dual field strength can be obtained, F = ζ δ(δ + ζ/2)(δ + ζ) { f_3(dz_2 ∧ dz̄_2 − dz_1 ∧ dz̄_1) + f_+dz̄_1 ∧ dz_2 + f_−dz̄_2 ∧ dz_1 } , (3.19)

where we defined

δ = z_1z̄_1 + z_2z̄_2 , f_3 = z_1z̄_1 − z_2z̄_2 , f_+ = 2z_1z̄_2 , f_− = 2z_2z̄_1 . (3.20)

The topological charge density of (3.19) is given by q = − 1 8π^2 F ∧ F = − ζ^2 π^2 1 δ(δ + ζ/2)^2(δ + ζ) p , (3.21)

where we used dz^1 ∧ dz̄^1 ∧ dz^2 ∧ dz̄^2 = −4(volume form) , (3.22)

and defined the projection operator,

p ≡ 1 − |0 : 0⟩⟨0 : 0| . (3.23)

The topological charge of the above configuration can be calculated as

Tr_H q = ( ζπ 2 )_{2 ∞} ∑ (n_1 ,n_2)≠(0,0) q = −4 ∞∑ N =1 1 N(N + 1)(N + 2)

= −1 , (3.24)

and coincides with the expected number −1 , where we used the integration formula, ∫ d^4x O(x) → Tr_HO(x) ≡ ( πζ 2 ) ∑ (n_1,n_2 )

⟨n_1 : n_2|O(x)|n_1 : n_2⟩ , (3.25)

and the following equations,

δ |n_1 : n_2⟩ = ζ 2 (n_1 + n_2)|n_1 : n_2⟩ , (3.26) ∞∑ (n_1 ,n_2)≠(0,0) ⟨N|O(δ)|N⟩ = ∞∑ N =1 (N + 1)⟨N|O(δ)|N⟩ . (3.27) This fact enables us to interpret the noncommutative U(1) one-instanton as the bound state of the D0-brane and the D4-brane with a B-field.

3.3.2 Eight dimensional case If we place the noncommutative instantons in each four dimensional hyper-plane R^4 and R̃^4, we can easily construct the eight dimensional solutions. One-instanton solution

First we consider the simplest case where N = k = k^′ = 1. In this case, the ADHMlike equations (3.16)(3.17) can be solved by B_1 = B_2 = J = 0 , I = √ ζ , (3.28) B^′_1 = B^′_2 = J^′ = 0 , I^′ = √ ζ^′ . (3.29) As in the four dimensional case, the anti-self-dual field strength can be obtained as F = f + f̃ , (3.30) where we defined f and f̃ by f = ζ δ(δ + ζ/2)(δ + ζ) { f_3(dz_2 ∧ dz̄_2 − dz_1 ∧ dz̄_1) + f_+dz̄_1 ∧ dz_2 + f_−dz̄_2 ∧ dz_1 } , f̃ = ζ^′

δ^′(δ^′ + ζ^′/2)(δ^′ + ζ^′) { f^′_3(dz_4 ∧ dz̄_4 − dz_3 ∧ dz̄_3) + f^′_+dz̄_3 ∧ dz_4 + f^′_−dz̄_4 ∧ dz_3 } . We also defined δ = z_1z̄_1 + z_2z̄_2 , f_3 = z_1z̄_1 − z_2z̄_2 , f_+ = 2z_1z̄_2 , f_− = 2z_2z̄_1 , (3.31) δ^′ = z_3z̄_3 + z_4z̄_4 , f^′_3 = z_3z̄_3 − z_4z̄_4 , f^′_+ = 2z_3z̄_4 , f^′_− = 2z_4z̄_3 . (3.32) This configuration has the four-form charges over the corresponding four dimensional hyper-plane, k = − 1 2!(2π)^2 ∫ R^4 d^4x f ∧ f = −1, k^′ = − 1 2!(2π)^2 ∫ R̃4 d^4x f̃ ∧ f̃ = −1 . (3.33) These charges can be interpreted as the charge of the D4-brane bound to the D8-brane. This configuration also has the eight-form charge, Q = 1 4!(2π)^4 ∫ R^4×R̃^4 d^8x F ∧ F ∧ F ∧ F , (3.34) which can be calculated explicitly as Q = 6 · 16 4!(2π)^4 ( ζπ 2 )_2 ( ζ^′π 2 )_2 ∑{ −2ζ^2 δ(δ + ζ/2)^2(δ + ζ) }{ −2ζ^{′2} δ^′(δ^′ + ζ^′/2)^2(δ^′ + ζ^′) } = 1 ,

(3.35) where we used

dz^1 ∧ dz̄^1 ∧ dz^2 ∧ dz̄^2 ∧ dz^3 ∧ dz̄^3 ∧ dz^4 ∧ dz̄^4 = 16(volume form) . (3.36)

This charge can be interpreted as the D0-brane charge. As a result, we can regard the above configuration as the bound state of the D0-D4-D8 with a B-field.

Multi-instanton solutions

The above construction can be easily generalized to the multi-instanton solutions. If the solution has the D4-brane charge k for the first four dimensional hyper-plane R^4 and k^′ for the second one R̃^4, this configuration also has the D0-brane charge,

Q = kk^′ . (3.37)

Therefore this configuration can be interpreted as the bound states of the D0-D4-D8 with a B-field.

3.4 Structure of the moduli space of the U(2) one-instanton

Similar constructions are also possible for the case of the noncommutative U(2) instanton. But since the constructions are straightforward, we give the results in the case of the U(2) one-instanton in the appendix.

In this subsection, we consider the structure of the moduli space of the noncommutative U(2) instanton solutions. Though the noncommutative U(1) one-instanton has no degrees of freedom except its position, the U(2) one-instanton is the first example which has the non-trivial structure of the moduli space. In the following, we mainly focus on this case.

Four dimensional case

To begin with, we describe the procedure to obtain the moduli space metric from the ADHM data. Noncommutativity parameter ζ deforms the metric from that in the commutative case. In four dimensions, it is well-known that the moduli space of the noncommutative U(N) k-instanton is given by the hyper-Kähler quotient [23, 34–36], ~M(k, N) = { μ^{−1}_R (ζ) ∩ μ^{−1}_C (0) } /U(k) , where the moment maps μ_R and μ_C are defined as follows,

μ_R = [ B_1, B^†_1 ] + [ B_2, B^†_2 ] + II^† − J^†J , (3.38) μ_C = [B_1, B_2] + IJ .

Here, B_1, B_2 are k × k matrices and I, J^† are k × N matrices. When ζ = 0 i.e. the commutative case, this moduli space of dimension 4Nk is singular when the instantons shrink to zero size.

The tangent vectors for the ADHM data are a sum of the differentials with the independent parameters and the infinitesimal gauge transformation,

δB_1 = dB_1 − i [α, B_1] , δB_2 = dB_2 − i [α, B_2] , (3.39) δI = dI − iαI , δJ^† = dJ^† − iαJ^† , where α is a hermitian matrix and the differential d acts on all parameters. These tangent vectors must satisfy the linearized ADHM equations, [ δB_1, B^†_1 ] + [ B_1, δB^†_1 ] + [ δB_2, B^†_2 ] + [ B_2, δB^†_2 ] + δII^† + IδI^† − δJ^†J − J^†δJ = 0 , [δB_1, B_2] + [B_1, δB_2] + δIJ + IδJ = 0 , (3.40)

and the linearized background gauge fixing condition, [ δB_1, B^†_1 ] − [ B_1, δB^†_1 ] + [ δB_2, B^†_2 ] − [ B_2, δB^†_2 ] +δII^† −IδI^† +δJ^†J −J^†δJ = 0 . (3.41) From the above equations, we can obtain [ δB_1, B^†_1 ] + [ δB_2, B^†_2 ] + δII^† − J^†δJ = 0 , (3.42)

which fixes the matrix α. Finally the moduli space metric can be obtained from the formula, ds^2 = tr ( δB_1δB^†_1 + δB_2δB^†_2 + δIδI^† + δJ^†δJ ) . (3.43) In the following, we explicitly follow the above procedure for the case of the U(2) one-instanton. Now B_1 and B_2 are numbers, the ADHM equations reduce to

II^† − J^†J = ζ , IJ = 0 . (3.44)

The general solution to these equations is given by

B_1 = c_1, B_2 = c_2, I = ( w_1 w_2 ) , J^† = B ( −w̄_2 w̄_1 ) , (3.45)

where c_{1,2} and w_{1,2} are regarded as independent variables which parameterize the eight dimensional manifold ~M(1, 2), and we defined B by B ≡ √ 1 − ζ A , where A ≡ |w_1|^2 + |w_2|^2 ≥ ζ . (3.46)

Here we have fixed the global U(1) symmetry. As we will see, c_1 and c_2 can be interpreted as the position of the instanton on R^4, and w_1 and w_2 are the degrees of freedom of the instanton size and the global SU(2) transformations as discussed in [36]. Since we can make the following identification,

w_1 ∼= −w_1, w_2 ∼= −w_2 , (3.47)

the metric of the relative moduli space which is the metric at the center of mass frame is expected to be the Eguchi-Hanson metric. This is also expected from the fact that the relative moduli space of the noncommutative U(1) two-instanton is the Eguchi-Hanson space [34] and that the dimensions of ~M(1, 2) and ~M(2, 1) are the same [37].

Now δB_1 = dB_1 = dc_1 and δB_2 = dB_2 = dc_2 are nothing but numbers, we must solve (3.42) , δII^† = J^†δJ . (3.48) Then we can determine α as α = −i ζ 2A(2A − ζ) (w̄_idw_i − w_idw̄_i) , (3.49)

where we defined the differential of A as dA = ∂A + ¯∂A , (3.50) ∂A = w̄_1dw_1 + w̄_2dw_2 = w̄_idw_i , ¯∂A = w_1dw̄_1 + w_2dw̄_2 = w_idw̄_i .

Since δB_1δB^†_1 + δB_2δB^†_2 = dc_1dc̄_1 + dc_2dc̄_2 (3.51) gives the metric of the coordinates of the center of mass, the metric of the relative moduli space can be obtained substituting (3.49) into α,

δIδI^† + δJ^†δJ = (B^2 + 1)dw_idw̄_i + ( ζ^2 4A^3B^2 + ζ 2A^2 ) (w̄_idw_i + w_idw̄_i)^2 + ξ^2 4A^2(2A − ζ)

(w̄_idw_i − w_idw̄_i)^2 . (3.52)

We can parameterize w_1 and w_2 using the Euler angles as

w_1 = r cos ( θ 2 ) exp { i 2 (ψ + φ) } , (3.53)

w_2 = r sin ( θ 2 ) exp { i 2 (ψ − φ) } , (3.54)

where the ranges of the angular variables are given by 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π, 0 ≤ ψ ≤ 2π . (3.55) In these variables, the metric of the relative moduli space ds^2_{rel} = δIδI^† + δJ^†δJ becomes

ds^2_{rel} = ( 2 − ζ r^2 ) { dr^2 1 − ζ/r^2 + r^2 4 (σ^2_1 + σ^2) + r^4(r^2 − ζ) (2r^2 − ζ)^2 σ^2_3 } , (3.56)

where we used the SU(2)_L invariant one-forms,

σ_1 = − sin ψdθ + cos ψ sin θdφ , σ_2 = cos ψdθ + sin ψ sin θdφ , (3.57) σ_3 = dψ + cos θdφ ,

which satisfy the SU(2) Mauer-Cartan equation, dσ_i = 1 2 ϵ_{ijk}σ_j ∧ σ_k . (3.58)

Near the origin, the metric of the relative moduli space becomes the one for R^2 × S^2 which is nonsingular. This gives the explicit realization of the resolution of the instanton moduli space [3]. If we further change the variable as

u^2 ≡ 2r^2 − ζ ≥ ζ , (3.59)

then we can get the standard Eguchi-Hanson metric, which is hyper-Kähler and has the holonomy Sp(1),

ds^2_{rel} = ds^2_{EH} = du^2 1 − ζ^2/u^4 + u^2 4 { σ^2_1 + σ^2 + ( 1 − ζ^2 u^4 ) σ^2_3 } . (3.60)

This agrees with the result in [37–39].

Eight dimensional case

Since the 1/4 BPS equations (2.7) and the ADHM-like equations for them (3.16)(3.17) in the eight dimensional case are nothing but two sets of the four dimensional ones, we can expect that the relative moduli space in the eight dimensional case becomes the direct product of the relative moduli spaces in the four dimensional case. In particular, the metric of the moduli space of the U(2) one-instanton in the eight dimensional case becomes ds^2_{rel} = ds^2_{EH} + ds̃^2~_{EH} , (3.61)

with the holonomy Sp(1) × Sp(1), where ds^2_{EH} is the metric of the relative moduli space of the U(2) one-instanton on noncommutative R^4 and ds̃^2~_{EH} is the similar metric on R̃^4.

The moduli space metric of the U(N) one-instanton on noncommutative R^4 in its center of mass frame was found to be the 4N −4 dimensional hyper-Kähler Calabi metric ds^2_{Calabi} in [38] with one scale parameter and the principal orbit SU(N + 1)/U(N − 1). The authors of [38] studied the noncommutative caloron solution on R^3 × S^1 and took the large radius limit of S^1. Although the relations between the ADHM data and the variables in the metric are not yet made clear, it was pointed out in [39] that the above metric becomes the hyper-Kähler Calabi metric ds^2_{Calabi} constructed by [40]. The only exception is the N = 2 case where we have explicitly written down the relations as (3.45), (3.53) and (3.54) . Having this result at hand, it is easy to extend (3.61) to

ds^2_{rel} = ds^2_{Calabi} + ds̃^2~_{Calabi} , (3.62)

where ds^2_{Calabi} is the metric of the relative moduli space of the U(N) one-instanton on noncommutative R^4 and ds̃^2~_{Calabi} is the similar metric on noncommutative R̃^4.

4 Discussions and Comments

In this paper, we focused on the 1/4 BPS equations of the noncommutative Yang-Mills theory in eight dimensions, found by [20]. We constructed some explicit solutions by means of the noncommutative version of the ADHM-like construction in eight dimensions, and showed that our solutions can be interpreted as the bound states of the D0-D4-D8 with a B-field from the calculation of their topological charges. We also discussed the structure of the moduli space of the 1/4 BPS equations and determined the metric of the moduli space of the U(2) one-instanton in four and eight dimensions.

There is however room for the generalization of our ADHM-like construction. It can only produce the field strength F_{ab} (a, b = 1, · · · , 4) which depends on the coordinates x^1, · · · , x^4, and F_{ab} (a, b = 5, · · · 8) which depends on the coordinates x^5, · · · , x^8. Therefore we should seek for the general ADHM-like construction applicable to more complicated configurations. And it should also be checked whether the instanton number is the expected one.

We point out the relation between our ADHM-like construction for the 1/4 BPS solutions and that for the 3/16 BPS solutions which was used in [6, 15, 18, 19]. It is of interest that when k = k^′ we can obtain the Dirac-like operator D_z + D^′_z for the construction of the 3/16 BPS configurations from our Dirac-like operator (3.5). In this construction, the field strength contains the “self-dual” tensor,

N_{μν} = 1 2 ( Σ_μΣ^†_ν − Σ_ν Σ^†_μ ) , with the definition,

Σ_μ ≡ σ̃_μ σ̃^′_μ , which satisfies the 3/16 BPS equations (2.6) . (Strictly speaking, we have to take different choices of the signatures of αs in the notation of [20].) This fact will help extend the noncommutative version of the ADHM-like equations (3.16)(3.17) for the 1/4 BPS solutions to that for the 3/16 BPS solutions in a systematic way. The tentative ADHMlike equations for the 3/16 BPS solutions in noncommutative R^8 have been proposed in [15]. From these considerations, the holonomy group Sp(1) × Sp(1) obtained in the last subsection can be regarded as the subgroup of the holonomy group Sp(2) of the 3/16 BPS solutions in eight dimensions.

Acknowledgments

We would like to thank H. Ishikawa and S. Watamura for useful comments, reading manuscripts and encouragements.

A U(2) one-instanton solution in eight dimensions

In this appendix, we give the results in the case of the U(2) one-instanton solution in eight dimensions. The ADHM-like equations (3.16)(3.17) can be solved by

B_1 = B_2 = 0, I = ( √ ρ^2 + ζ 0 ) , J^† = ( 0 ρ ) , (A.1)

B^′_1 = B^′_2 = 0, I^′ = ( √ ρ^{′2} + ζ^′ 0 ) , J^{′†} = ( 0 ρ^′ ) , (A.2) where ρ and ρ^′ parameterize the classical size of the instantons on R^4 and R̃^4 respectively.

The strength of the gauge field can be explicitly calculated as

F = f + f̃ , (A.3) where f and f̃ are defined as follows, f = 1 2 B_1(z_2z̄_2 − z_1z̄_1) B_2(z_1z_2) B_3(z̄_1z̄_2)^1_2 B_4(z_1z̄_1 − z_2z̄_2)

(dz̄_1 ∧ dz_1 − dz̄_2 ∧ dz_2)

+ −B_1(z_1z̄_2) −B_2(z_1z_1)

B_3(z̄_2z̄_2) B_4(z_1z̄_2) dz̄_1 ∧ dz_2 +

B_1(z̄_1z_2) −B_2(z_2z_2)

B_3(z̄_1z̄_1) −B_4(z̄_1z_2) dz_1 ∧ dz̄_2 , f̃ = 1 2 B^′_1(z_4z̄_4 − z_3z̄_3) B^′_2(z_3z_4) B^′_3(z̄_3z̄_4)^1_2 B^′_4(z_3z̄_3 − z_4z̄_4)

(dz̄_3 ∧ dz_3 − dz̄_4 ∧ dz_4)

+ −B^′_1(z_3z̄_4) −B^′_2(z_3z_3)

B^′_3(z̄_4z̄_4) B^′_4(z_3z̄_4) dz̄_3 ∧ dz_4 +

B^′_1(z̄_3z_4) −B^′_2(z_4z_4)

B^′_3(z̄_3z̄_3) −B^′_4(z̄_3z_4) dz_3 ∧ dz̄_4 . We also defined the following equations,

B_1 =

−2(ρ^2 + ζ) δ(δ + ρ^2 + ζ/2)(δ + ρ^2 + ζ)

, (A.4)

B_2 = 2ρ √ ρ^2 + ζ δ(δ + ρ^2 + ζ/2)(δ + ρ^2 + ζ) √ δ + ρ^2 + ζ

δ + ρ^2

, (A.5)

B_3 = 2ρ √ ρ^2 + ζ (δ + ζ)(δ + ρ^2 + ζ)(δ + ρ^2 + 3ζ/2) √ δ + ρ^2 + ζ δ + ρ^2 + 2ζ

, (A.6)

B_4 = −2ρ^2 (δ + ζ)(δ + ρ^2 + ζ)(δ + ρ^2 + 3ζ/2)

, (A.7)

and B^′_1, · · · , B^′_4 are defined similarly by replacing δ, ζ and ρ with δ^′, ζ^′ and ρ^′ respectively. It can be easily checked that the above field strength (A.3) satisfies the 1/4 BPS equations (2.7) in eight dimensions.

The calculations of the four-form charge (3.33) are the same as that of [29], and this shows that our solution (A.3) carries the D4-brane charges. The eight-form charge Q (3.34) of our solution (A.3) can be calculated only numerically. But since it is believed that the topological charge does not depend on the parameters of size ρ and ρ^′, the eight-form charge can be calculated in the limit of ρ, ρ^′ → 0 . Since the part of the U(1) one-instanton only contributes in this limit, the eight-form charge can be calculated as in the case of the U(1) one-instanton. The result is Q = 1. From these facts, we can regard the configuration (A.3) as the bound states of the D0-D4-D8 with a B-field.

References

[1] A. Connes, M.R. Douglas and A. Schwarz, “Noncommutative Geometry and Matrix Theory: Compactification on Tori”, JHEP 9802 (1998) 003, hep-th/9711162.

[2] N. Seiberg and E. Witten, “String Theory and the Noncommutative Geometry”, JHEP 9909 (1999) 032, hep-th/9908142.

[3] N. Nekrasov and A. Schwarz, “Instantons on noncommutative R^4, and (2,0) superconformal six dimensional theory”, Comm. Math. Phys. 198 (1998) 689-703, hep-th/9802068.

[4] E. Corrigan, C. Devchand, D.B. Fairlie and J. Nuyts, Nucl. Phys. B214 (1983) 452.

[5] R.S. Ward, Nucl. Phys. B239 (1984) 381-396.

[6] E. Corrigan, P. Goddard and A. Kent, Comm. Math. Phys. 100 (1985) 1-13. [7] A.D. Popov, Mod. Phys. Lett. A7 (1992) 2077.

[8] C.M. Hull, Adv. Theor. Math. Phys. 2 (1998) 619-632 hep-th/9710165. [9] N. Ohta and P.K. Townsend, Phys. Lett. B418 (1998) 77-84, hep-th/9710129. [10] B. Chen, H. Itoyama, T. Matsuo and K. Murakami, Nucl. Phys. B576 (2000) 177-195, hep-th/9910263.

[11] M. Mihailescu, I.Y. Park and T.A. Tran, “D-branes as Solitons of an N=1, D=10 Non-commutative Gauge Theory”, Phys. Rev. D64 (2001) 046006, hepth/0011079.

[12] E. Witten, “BPS Bound States Of D0-D6 And D0-D8 Systems In A B-field”, JHEP 0204 (2002) 012, hep-th/0012054.

[13] M. Sato, “BPS Bound States of D6-branes and Lower Dimensional D-branes”, Int.

J. Mod. Phys. A16 (2001) 4069, hep-th/0101226.

[14] A. Fujii, Y. Imaizumi and N. Ohta, “Supersymmetry, Spectrum and Fate of D0-Dp Systems with B-field”, Nucl. Phys. B615 (2001) 61-81, hep-th/0105079.

[15] K. Ohta, “Supersymmetric D-brane Bound States with B-field and Higher Dimensional Instantons on Noncommutative Geometry”, Phys. Rev. D64 (2001) 046003, hep-th/0101082.

[16] M. Hamanaka, Y. Imaizumi and N. Ohta, “Moduli Space and Scattering of D0- branes in Noncommutative Super Yang-Mills Theory”, Phys. Lett. B529 (2002) 163-170, hep-th/0112050.

[17] C. Kim, K. Lee and S.H. Yi, “Tales of D0 on D6 Branes: Matrix Mechanics of Identical Particles”, hep-th/0204109.

[18] G. Papadopoulos and A. Teschendorff, “Instantons at Angles”, Phys. Lett. B419 (1998) 115-122, hep-th/9708116.

[19] Y. Hiraoka, “Eight Dimensional Noncommutative Instantons and D0-D8 Bound States with B-field”, hep-th/0203047, to appear in Phys. Lett. B .

[20] D. Bak, K. Lee and J.H. Park, “BPS equations in Six and Eight Dimensions”, hep-th/0204221.

[21] S. Fubini and H. Nicolai, Phys. Lett. B155 (1985) 369.

J.A. Harvey and A. Strominger, Phys. Rev. Lett. 66 (1991) 549. T.A. Ivanova and A.D. Popov, Lett. Math. Phys. 24 (1992) 85. T.A. Ivanova, Phys. Lett. B315 (1993) 277.

T. Curtright, D. Fairlie and C.K. Zachos, Phys. Lett. B405 (1997) 37, hepth/9704037.

[22] H. Kanno and Y. Yasui, J. Geom. Phys. 34 (2000) 302, hep-th/9910003. [23] M. Atiyah, N. Hitchin, V. Drinfeld and Y. Manin, Phys. Lett. 65B (1978) 185. [24] E. Corrigan and P. Goddard, Ann.Phys. 154 (1984) 253-279. [25] N. Nekrasov, “Trieste lectures on solitons in noncommutative gauge theories”, hep-th/0011095.

[26] K. Furuuchi, “Topological Charges of U(1) Instantons”, hep-th/0010006. [27] K. Furuuchi, “Instantons on Noncommutative R^4 and Projection Operators”, Prog. Theor. Phys. 103 (2000) 1043-1068, hep-th/9912047.

[28] K. Furuuchi, “Dp-D(p+4) in Noncommutative Yang-Mills”, JHEP 0103 (2001) 033, hep-th/0010119.

[29] K. Kim, H. Lee and H.S. Yang, “Comments on Instantons on Noncommutative R^4”, hep-th/0003093.

[30] C.H. Chu, V.V. Khoze and G. Travaglini, “Notes on Noncommutative Instantons”, Nucl. Phys. B621 (2002) 101-130, hep-th/0108007.

[31] M. Hamanaka, “ADHM/Nahm Construction of Localized Solitons in Noncommutative Gauge Theories”, Phys. Rev. D65 (2002) 085022, hep-th/0109070.

[32] O. Lechtenfeld and A.D. Popov, “Noncommutative ’t Hooft Instantons”, JHEP 0203 (2002) 040, hep-th/0109209.

[33] Y. Tian and C. Zhu, “Instantons on General Noncommutative R^4”, hepth/0205110.

[34] K. Lee, D. Tong and S. Yi, “The moduli space of two U(1) instantons on noncommutative R^4 and R^3 × S^1”, Phys.Rev. D63 (2001) 065017, hep-th/0008092.

[35] H. Osborn, Ann. Phys. 135 (1981) 373.

[36] K. Kim, B. Lee and H. Yang, “Zero-Modes and Atiyah-Singer Index in Noncommutative Instantons”, hep-th/0205010.

[37] N. Dorey, T.J. Hollowood and V.V. Khoze, “Notes on Soliton Bound-State Problems in Gauge Theory and String Theory”, hep-th/0105090.

[38] K. Lee and P. Yi, “Quantum Spectrum of Instanton Solitons in Five Dimensional Noncommutative U(N) Theories”, Phys. Rev. D61 (2000) 125015, hepth/9911186.

[39] C. Kim, K. Lee and P. Yi, “DLCQ of Fivebranes, Large N Screening, and L^2 Harmonic Forms on Calabi Manifolds”, Phys.Rev. D65 (2002) 065024, hepth/0109217.

[40] M. Cvetič, G.W. Gibbons, H. Lü and C.N. Pope, “Hyper-Kähler Calabi metrics, L^2 harmonic forms, resolved M2-branes, and AdS_4/CFT_3 correspondence”, hepth/0102185.