arXiv:hep-th/0205298 v2 29 Sep 2002

hep-th/0205298

Vacuum Energy and Cosmological Supersymmetry Breaking in Brane Worlds

Elias Gravanis and Nick E. Mavromatos Department of Physics, Theoretical Physics, King’s College London, Strand, London WC2R 2LS, United Kingdom.

Abstract

In the context of a toy model we discuss the phenomenon of colliding five-branes, with two of the extra space dimensions compacified on tori. In one of the branes (hidden world) the torus is magnetised. Assuming opposite-tension branes, we argue that the collision results eventually in a (time-dependent) cosmological vacuum energy, whose value today is tiny, lying comfortably within the standard bounds by setting the breaking of the four-dimensional supersymmetry at a TeV scale. The small value of the vacuum energy as compared with the supersymmetrybreaking scale is attributed to transient phenomena with relaxation times of order of the Age of the Universe. An interesting feature of the approach is the absence of a cosmic horizon, thereby allowing for a proper definition of an S-matrix. As a result of the string non-criticality induced at the collision, our model does not provide an alternative to inflation, given that arguments can be given supporting the occurence of an inflationary phase early after the collision. The physics before the collision is not relevant to our arguments on the cosmological constant hierarchy, which are valid for asymptotically long times after it.

One of the most important unsolved puzzles in Theoretical Particle Physics is the issue of the smallness of the Cosmological Constant (or, better vacuum energy density) in comparison with other physical scales, for instance, the scale at which Supersymmetry is broken in supersymmetric theories. The resolution of such puzzles may lie in the way by which supersymmetry is broken. One interesting idea is that supersymmetry is broken somehow cosmologically, in the sense of its breaking being linked to a non-zero cosmological constant. Such an idea has been studied recently in [1] in the modern context of brane (M) theory.

In ref. [1], the vacuum energy has been assumed constant. This might not be necessarily the case, though. One might encounter transient situations, as in quintessence models [2], where the “vacuum” energy is relaxing to zero asymptotically by some power (usually quadratic) of the Cosmological-frame time. Such scenaria are interesting, since they allow for an eventual exit from a de Sitter phase, implying non-eternally accelerating Universes. This is a welcome fact from the point of view of string-theory [3], given that eternally accelerating (de Sitter) Universes have cosmic horizons, which makes a definition of a S(cattering)-matrix connecting asymptotic states problematic [4, 5].

In this article we shall adopt this latter point of view, and present a scenario, albeit crude, according to which colliding branes in superstring theory may result in a way of breaking supersymmetry on our four-dimensional world at a TeV scale, while maintaining a very small vacuum energy, decreasing with cosmological time. We should notice that scenaria with time-dependent vacuum energies have been considered by many authors in the past [6]. However, the physics of our model as well as its focus are different. We shall be interested in attempting to resolve the issue of the hierarchy between the cosmological vacuum energy and the supersymmetry-breaking scale. The relaxation rate of the vacuum energy is found to be proportional to 1/t^2, where t is the Robertson-Walker time. This is argued to be sufficient for a resolution of the cosmic horizon problem as well.

To commence our discussion, let us consider for definiteness two five-branes of type IIB strings, embedded in a ten dimensional bulk space time. Two of the longitudinal brane dimensions are assumed compactified on a small torus, of radius R. In one of the branes, from now on called hidden, the torus is magnetized with a constant magnetic field of intensity H. This amounts to an effective four-dimensional vacuum energy in that brane of order: V_{hidd} = R^2H^2 > 0. Notice that such compactifications provide alternative ways of breaking supersymmetry [7], which we shall make use of in the current article.

In scenaria with two branes embedded in higher-dimensional bulk space times, e.g. in the scenario of [8], it is natural to assume (from the point of view of solutions to bulk field equations) that the two branes have opposite tensions. We, therefore, assume that before the collision the visible brane (our world) has negative tension V_{vis} = −V_{hidd} < 0. A negative tension brane is consistent with the possibility of accepting supersymmetric theories on it (anti-de-Sitter type).

The presence of opposite tension branes implies that the system is not stable. For our purposes we assume that the two branes are originally on collision course in the bulk, with a relative velocity u. The collision takes place at a given time moment. This constitutes an event, which in our scenario is identified with the initial cosmological singularity

(big bang) on the observable world. We note that similar scenaria exist in the so-called ekpyrotic model for the Universe [9]. It must be stressed, though, that the similarity pertains only to the brane-collision event. In our approach the physics is entirely different from the ekpyrotic scenario. First of all, the collision is viewed as an event resulting in non-criticality (departure from conformal invariance) of the underlying string theory, and hence in non-vanishing β functions at a σ-model level. On the contrary, in the scenario of [9] the underlying four-dimensional effective theory (obtained after integration of the bulk extra dimensions [9, 10]) is assumed always critical, satisfying classical equations of motion, and hence vanishing σ-model β functions. Indeed this latter property leads only to contracting and not expanding four-dimensional Universes according to the work of [10], which constitutes one of the main criticisms of the ekpyrotic universe.

On the other hand, in our non-critical description of the collision we do not assume classical solutions of the equations of motion, neither specific potentials associated with bulk branes, as in [9]. In our approach, we are interested only in the period after the collision. In fact, as we shall discuss in this article, in order to be able to use σ-model perturbation theory, one must restrict oneself at times much longer after the collision. Before the collision the moving branes may indeed be viewed as solutions of some classical equations, as in [9, 10]. But the collision-induced deviations from conformal invariance, we advocate here, play a rôle analogous to a sort of (stringy) phase transition. In our work we shall only be interested in the phase after the collision, where the degrees of freedom of the system and its description may be different: the presence of non-criticality necessitates the introduction of a whole new target-space dimension, the Liouville mode [11].

Notably, our perturbative approach is not valid for times near the collision, where the string theory is strongly coupled, in contrast to the ekpyrotic Universe case. Moreover, the deviation from conformal invariance, quantified through the appearance of a central charge deficit Q^2, which depends itself on time, is responsible for the entirely different way of obtaining the fate of the four-dimensional cosmology in our case. As we shall see, the generalized conformal invariance conditions (23), stemming from the Liouville dressing of the non-critical theory [11], encode the full dynamics of the four-dimensional theory in our approach. This dynamics, upon the identification of the Liouville mode with time, in a sense that will be specified in our article below, leads to asymptotically expanding Universes, in contrast to the contracting Universe situation of the ekpyrotic scenario [10].

Most importantly, it must be stressed that our toy model should by no means be viewed as an alternative to inflation, as claimed to be the case of the ekpyrotic Universe [9]. In fact this point appeared to be the main focus of criticism of that scenario [10]. In our case, inflationary phases of the Universe do exist, as demonstrated recently in the context of non-supersymmetric type 0 strings upon deviations from criticality by either quantum fluctuations or brane collisions [3]. The presence of a time-dependent centralcharge deficit Q^2(t) is crucial to the effect. As argued in [3], the effective four-dimensional theory, obtained after appropriate compactification or integration over bulk dimensions, has at early times a phase where inflation - at least in the sense of exponential expansion of the scale factor - always occur, succeeded by graceful exit from this de-Sitter-type phase, which is not possible in critical strings.

In our article we shall not be interested in such early times or such important issues as density fluctuations etc.. Our toy model is too crude to allow for a full study of a presentday cosmology with matter. Instead we would like to make an interesting observation, by means of this toy model, according to which the abovementioned string non-criticality leads, for asymptotically long times after the collision (including present eras), to a natural explanation of a hierarchy between the vacuum energy and the scale of supersymmetry breaking, as well as the lack of a cosmic horizon. Nevertheless, we stress again, this toy non-critical string model is expected, on the basis of the work of [3], to exhibit an inflationary phase and eventual graceful exit from it.

We now make the plausible assumption that, during the collision, there is electric current transfer from the hidden to the visible brane, which results in the appearance of a magnetic field on the visible brane. We also assume that the entire effect is happening very slowly and amounts to a slow flow of energy and current density from the positive energy density brane to the one with negative tension. In turn, this results in a positive energy component of order H^2R^2 in the vacuum energy of the visible brane world. This energy component may be assumed to cancel the pre-existing negative tension asymptotically in time, leading to a vanishing cosmological constant at t = ∞. It is our aim to find, by a preliminary σ-model analysis, the asymptotic form (in large times) of this time-dependent four-dimensional vacuum energy, and relate this to supersymmetry breaking. Notice that such a scenario imitates a slow relaxation period of the Universe, which still goes on. This is in accordance with quintessence models [2] which have not yet reached their equilibrium state.

We should notice at this stage that the initial instability due to the negative tension brane disappears from the observable sector, given that the cosmological time flow begins from the moment of the collision. As we shall discuss in some detail in this article, at the moment of the collision the conformal invariance of the σ-model describing excitations on the observable world is spoiled, thereby implying the need for Liouville dressing [11, 12]. This procedure restores conformal invariance at the cost of introducing an extra target space coordinate (the Liouville mode ϕ), which in our model has time-like signature. Hence, initially, one faces a two-times situation. We argue, though, that our observable (cosmological) time X^0 parametrizes a certain curve, ϕ = const. X_0 + const.^′, on the two-times plane (X_0, ϕ), and hence one is left with one physical time.

The appearance of the magnetic field on the visible brane, on the dimensions X^{4,5}, is described (for times long after the collision) within a σ-model superstring formalism by the boundary deformation [13]:

V_H = ∫ ∂Σ A_5∂_τ X^5 − iF_{05}ψ^0ρ^0ψ^5 − iF_{45}ψ^4ρ^0ψ^5 (1)

where A_5 = e^{εX 0} HX^4 and F_{μν} is the (abelian) field strength of A_μ, X^0 is the time and ∂_τ denotes tangential σ-model derivative on the world-sheet boundary. The σ-model deformation (1) describes open-string excitations attached to the brane world. In our approach, for convenience, we have set the charges at the end of the open string on the visible world equal to one. In (1) the presence of the quantity ε → 0^+ reflects the adiabatic switching on of the magnetic field after the collision. It should be remarked that in our approach the quantity ε is viewed as a renormalization-group scale parameter, which, as we shall argue below, flows in such a way that any contribution from the exponent εX^0 to H is cancelled after Liouville dressing^1.

In addition to the magnetic field deformation, the σ-model contains also boundary deformations describing the ‘recoil’ of the visible world due to the collision:

V_{rec} = ∫ ∂Σ Y_6(X_0)∂_nX^6 + i∂_0Y_6 ψ^0ρ^1ψ^6 (2)

where Y_6(X_0) = uX^0e^{εX 0} , ∂_n denotes normal σ-model derivative on the world-sheet boundary and we have assumed for simplicity that the motion of the branes is along the sixth bulk dimension. In (2) u denotes the recoil velocity of the visible world, which is of the order of the incident velocity of the hidden brane^2.

As can be seen straigthforwardly, by an operator-product-expansion analysis with the free string world-sheet stress tensor, the presence of the exponential e^{εX 0} implies a small but negative world-sheet anomalous dimension −^{ε2}_2 < 0, and hence the relevance of both operators (1),(2) from a renormalization-group point of view. By virtue of the Zamolodchikov’s c-theorem [14] there is a central charge deficit Q^2, whose rate of change with the renormalization-group scale on the world sheet T is: d dT Q^2 = −β^iG_{ij} β^j (3)

A straightforward computation of the two point correlators between the operators V_H , V_{rec} yields the Zamolodchikov metric in coupling constant space [14]:

G_{HH} = |z|^4⟨e^{εX 0 (z)}X^4(z)∂_τ X^5(z)e^{εX 0(0)}X^4(0)∂_τ X^5(0)⟩ ∼ e^{4ε2ln|L/a|2} ln|L/a|^2 (4)

and similarly for G_{uu}. The non-diagonal elements of G_{ij} vanish. It can be easily checked that the contributions from the world-sheet fermionic fields are subdominant as compared with the bosonic ones. We may identify

ε^{−2} ∼ ln|L/a|^2 (5)

so that the above correlators scale as spacetime length squared. It is a rather established fact that such an identification is natural, if not unavoidable, once one introduces simple operators with anomalous dimension related to a new spacetime scale in their definition [15, 16]. The above considerations imply that the Zamolodchikov metric is singular in the limit ε → 0^+: G_{HH} ∼ G_{uu} ∼ 1 ε^2 (6) 1At this point we should remark that one could have used a different way of parametrizing the adiabtaic switching on of the magnetic field, for instance a function H(1 − e^{−εX0} ), ε → 0^+. The conformal field theory analysis in that case is similar to the case considered above, and will not be presented here.

2Notice that a similar formalism describes also a plastic collision, where the two branes merge to a single one after the collision.

On the other hand, the σ-model β-functions for the couplings H and u, corresponding to the vertex operators (1) and (2) respectively, are: β¯_H =^{dH̄}_{dT} = −^{ε2}_2 H̄, β_ū =^{dū}_{dT} = −^{ε2}_2 ū, where the barred notation pertains to renormalized (scale ε dependent) quantities, and T ∝ ε^{−2} ∼ ln|L/a|^2 from (5). These relations imply that the scale-ε dependent couplings have the form [17]: H̄ ≡ εH, ū ≡ εu, where H, u are scale-ε independent quantities.

From the above considerations one arrives at the following differential equation for the central charge deficit: d dT Q^2 ∼ −

H^2 + u^2 T^2

→ Q^2(T ) = Q^2_0 +

H^2 + u^2 T (7) where, for formal completeness we give here the more general case of n compactified tori, with n = 1 corresponding to a five brane, n = 2 to a seven brane and n = 3 to a nine brane, which exhausts the possibilities in the case of type IIB superstring we are dealing for definiteness here. The quantity Q^2_0 = Q^2(∞) is a constant, and consists of the vacuum energy density contributions of the visible brane world V_{vis} < 0 and the energy density of the magnetic field H^2R^{2n} > 0. A physical meaning to (7) can be given by noting that its H-dependent term represents the electric-field energy density on the brane ∫ tori F 2 05 ∝ ε^2H^2R^{2n}, induced by the time-varying magnetic field He^{εX 0} . The u-dependent term on the other hand represents recoil kinetic energy contributions, which in our case are subleading. As we shall explain later on, the relaxation situation we encounter here implies that Q_0 is the equilibrium vacuum energy density, which we take to be zero Q^2_0 = 0 due to the cancellation between the initial vacuum energies of the colliding branes [8].

The non-conformal deformed σ-model can become conformal as usual by Liouville dressing [11]. Let φ be the Liouville mode with σ-model action

L_ϕ = ∫ Σ Q^2(T )∂φ∂φ + ∫ Σ R^{(2)}Q^2(T )φ + . . . (8)

where the zero mode of φ is related to the renormalization-group scale ln|L/a|^2 ∼ T , being viewed as a covariant renormalization scale on the world sheet [12]. The . . . in (8) express possible world-sheet boundary extrinsic curvature terms, with which we shall not deal explicitly here.

It is customary [11] to normalise the kinetic term of the Liouville action by rescaling φ → ϕ ≡ Q(T )φ , (9) which plays the role of an extra target space-time dimension. Due to the supercritical nature of the central charge deficit (7) at scales T < ∞, Q^2(T ) > 0, the extra Liouville dimension is time like [18], and therefore one faces a two-target-times situation.

We now come to discuss the dressing of the vertex operators V_H , V_u. This amounts to introducing the Liouville field in the definitions of A_5, Y_6, that operates as one more spacetime coordinate resulting in conformally invariant boundary deformations. The new fields are given by

A_5(X_0, X_4, ϕ) = HX^4e^{εX 0+αϕ}, Y_6(X_0, ϕ) = uX^0e^{εX 0+αϕ} (10)

The world-sheet supersymmetrized vertex operators are now given by

V_H = ∫ ∂Σ A_5∂_τ X^5 − iF_{05}ψ^0ρ^0ψ^5 − iF_{45}ψ^4ρ^0ψ^5 − iF_{ϕ5}ψ^ϕρ^0ψ^5

V_{rec} = ∫ ∂Σ Y_6∂_nX^6 + i∂_0Y_6 ψ^0ρ^1ψ^6 + i∂_ϕY_6 ψ^ϕρ^1ψ^6 (11)

where ψ^ϕ is the supersymmetric partner of the Liouville field. The gravitational (Liouville) anomalous dimensions α are given by [11]: α = − Q(T ) 2 + √ Q^2(T ) 4 + ε^2 2 (12)

As a σ-model, this (d, 2) theory is conformal [11].

From the work of [7] it becomes clear that the coupling constant H is associated with supersymmetry-breaking mass splittings. This has to do with the different way fermions and bosons couple to an external magnetic field. The mass splittings squared of an open string are generically of order δm^2 ∼ H. To be precise, in the case of a constant magnetic field, examined in [7], the supersymmetric mass splittings are

Δm^2_{string} = 4HΣ_{45} (13)

with Σ_{45} the spin operator on the plane of the torus. To ensure the phenomenologically reasonable order of magnitude of a TeV scale, one must assume very small [7] H ∼ 10^{−30} ≪ 1 in Planck units. In a similar manner, one assumes naturally that the velocities u are also much smaller than one, in order for our perturbative world-sheet analysis to be valid [15, 17]. For such small values of the couplings H, u one has from (7), (12) that the Liouville anomalous dimensions are of order α ∼^{ε√}_2 , ignoring H,u dependent terms, which are subleading for ε ≪ 1.

In our case, we have a slowly varying magnetic field He^{αϕ+εX 0} , from which we may deduce approximately the corresponding mass squared splittings:

Δm^2_{string} ∼ He^{αϕ+εX 0} Σ_{45} (14)

The so-obtained mass splittings are constant upon the requirement that the flow of time X^0 and of Liouville mode ϕ are correlated in such a way that εX^0 + εϕ/ √ 2 = constant , (15)

or at most slowly varying. Notice that deviations from the condition (15) would result in very large negative-mass squares, which are clearly unstable configurations. Hence, the identification (15) seems to provide a resolution of this problem^3.

3Note, however, that if one used the alternative representation of the adiabatic switching on of the magnetic field H(1 − e^{−εX0} ) , ε > 0, the masses would be finite as X^0 → ∞. Nevertheless the condition (15) would still be necessary from the physical point of view of having a single observable temporal coordinate in space time. We discuss some consequences of the case where ϕ and X^0 are independent variables later on in the article.

The condition (15) implies a connection of the zero mode of the Liouville field, T , with the target time X^0. In this sense Q^2_0 = Q^2(∞) represents the central charge deficit of the theory asymptotically in time. Given that the initial vacuum energy on the observable brane is assumed to be cancelled during the collision with the hidden world, where the flow of our cosmic time (and hence the Liouville scale) starts, it is natural to assume that Q^2_0 = 0, which justifies our choice above. Note also that parametrizing this condition as X^0 = t, ϕ_0 = √ 2t, and taking into account that, for convergence of σ-model path integration, it is formally necessary to work with Euclidean signature X^0 [15], the induced metric on the hypersurface (15) in the extended space time acquires a Minkowskian-signature Robertson- Walker form:

ds^2_{hypersurf} = −(dϕ_0)^2 + (dX^0)^2 + . . . = −(dt)^2 + . . . . (16)

where . . . denote spatial parts.

At this stage an important comment is in order regarding the stability of the condition (15) in the context of Liouville strings. In our approach so far we have assumed a situation in which the magnetic field is adiabatically switched on after the collision and then asymptotes to a constant value. On the other hand, one may consider an equally plausible situation in which the magnetic field is switched on on our world, due to transient phenomena described above, and then relaxes to zero again. In such a case the magnetic field intensity on the brane world assumes the form H ( Θ_ε(−X^0) + Θ_ε(X^0) ) (17)

where Θ_ε(X) = −i ∫_{dω} ω−iε e iωX , ε → 0^+, denotes the regularized Heaviside function [15].

A contour integral representation yields Θ_ε(X) = θ(X)e^{−εX} , with X > 0 and θ(X) the conventional Heaviside (unregularised) function.

In this case, one obtains a pair of independent σ-model deformations, corresponding to the two Θ functions in (17). The Liouville dressing procedure is now a bit more complicated, but as we shall argue below, this case yields indeed the dynamical stability requirements for the condition (15). To this end, we first remind the reader that in our previous analysis we have used the Liouville anomalous dimensions (12). The restoration of conformal invariance by Liouville dressing, however, actually requires in general two sets of anomalous dimensions α_± [11]

α_± = − Q(T ) 2 ± √ Q^2(T ) 4 + ε^2 2 (18)

In Liouville theory it is common to ignore the α_− as leading to states that “do not exist”, as leading to non normalizable states in the semiclassical limit where the central charge of the theory goes to infinity. This is what we have done so far. However, in the context of string theory, with target-space time interpretation, the ‘wrong sign’ states corresponding to α_− may not be excluded, and under certain conditions such “wrong-sign” dressing leads to physical states. This is our case here, since as we shall see below, one actually does not face a situation with divergent central charge deficit which is cut off at a finite value at the ultraviolet world-sheet fixed point of the theory (Liouville scale ϕ_0 → 0). Using therefore opposite sign screening Liouville operators for the two vertex operators corresponding to the two Θ functions in (17), one encounters a supersymmetry breaking mass spectrum for the string theory at hand of the form:

Δm^2_{string} ∼ 2Hcosh ( ε √ 2 ϕ + εX^0 ) Σ_{45} (19)

It is evident that in such a case minimization of the potential energy in target space based on (19) will lead to the condition (15), thereby providing us with a dynamical stability argument in favour of the identification of the Liouville world-sheet zero mode with the target time. Physically, one may interpret this result as implying that a time-varying magnetic field of the form (17) induces back reaction of strings onto the space time in such a way that the mass splitiings of the string excitation spectrum as a result of the field are actually stabilised.

From the Liouville action (8) we then observe that in our case the dilaton field is

Φ = Qϕ = Q^2φ ∼ (H^2 + u^2) (20)

that is, one faces a situation with an asymptotically constant dilaton. This is a welcome fact, because otherwise, the space-time would not be asymptotically flat, and one could face trouble in appropriately defining masses^4.

In the case of a constant dilaton the vacuum energy is determined by the central-charge charge deficit Q^2 (7), which in our case is: Λ = R^{2n} ϕ^2_0

(H^2 + u^2)^2 (21)

where ϕ_0 is the world-sheet zero mode of the rescaled Liouville field (9).

It must be stressed that, due to the condition StrM^2 = 0, which is a characteristic feature of the magnetically-induced supersymmetry-breking scenario of [7], there are no quadratically divergent terms in the one-loop effective potential of the low-energy theory, which assumes the form [19]:

V_1 = V_0 + 1 64π^2

StrM^0Λ^4_{uv} ln

Λ^2_{uv} μ^2 + 1 32π^2

StrM^2Λ^2_{uv} + 1 64π^2

StrM^4ln

M^2 Λ^2_{uv} + . . . , StrM^n = ∑ i (−1)^{2Ji} (2J_i − 1)m^n_i (22)

where μ is a scale, and V_0 is a field-independent contribution. In our case V_0 is given by Λ in (21). Note also that in a supersymmetric theory (even if supersymmetry is broken) StrM^0 = 0, due to a balance between fermionic and bosonic degrees of freedom. If the

4For instance, in theories with linear dilatons in time asymptotically [18], q_0X^0, it is known that boson masses acquire tachyonic shifts δm^2_B = q^2_0, while fermion masses remain unaffected.

supersymmetry is broken at a TeV scale, then, the remaining StrM^4ln^M_{Λuv} term in (22), which induces quadratic corrections to the Higgs mass, produces a stable hierarchy.

We now remark that the restoration of the conformal invariance by the Liouville mode results in the following equations for the σ-model background fields/couplings g^i near a fixed-point of the world-sheet renormalization group (large-times cosmology) we restrict ourselves here [11, 12, 20, 3]:

(g^i)^{′′} + Q(g^i)^′ = −β^i(g) (23)

where the prime denotes derivative with respect to the Liouville zero mode ϕ_0, and the sign on the right-hand-side is appropriate for supercritical strings [18] we are dealing with here. In fact the β^i functions satisfy a gradient flow property

β^j G_{ij} = δC[g] δg^i (24)

where G_{ij} = z^2z̄^2 < V_i(z)V_j (0) > is the Zamolodchikov metric in string theory space [14], with V_i the appropriate vertex operators corresponding to the couplings g^i, and C[g] is the effective action which can be identified with the central charge deficit squared Q^2[g, ϕ_0] in our case.

It should be mentioned for completeness that the Liouville equations (23), (24), which restore conformal invariance, can always be viewed as conformal invariance conditions of a σ-model in d+1 dimensional space time, with the extra coordinate provided by the Liouville mode ϕ. They themselves can be derived from a d+1 dimensional action, since the appropriate (Helmholtz) conditions are statisfied in this case [12]. Close to a fixed point, i.e. up to order g^2 in weak σ-model couplings/background fields, the action has the form [12]: S = ∫ dϕ_0 (1 2 g^{i′}G_{ij} g^{j ′} − C[g] ) (25)

Indeed, it can be readily checked that the Lagrange equations in theory space of this action reproduce the conformal invariance conditions (23), provided G^′_{ij} = QG_{ij} , a property, which as explained in detail in [12], characterizes Liouville dressing. Terms involving g^{i′}∂_mG_{ij}g^{j ′} are of order higher than g^2 and hence are ignored in our approach here. Notice that such an approach has also been used in [20] in discussing string cosmology and its relation to the renormalization-group on the world sheet.

In our case g^i is the metric G_{μν} , the dilaton Φ and the electromagnetic field A_μ. The latter has already been discussed, and in our case, for asymptotic times we are interested in, the dilaton is constant (20). In what follows, therefore, we shall use (23) to determine the form of the metric G_{μν} , assuming a Robertson-Walker Universe with scale factor a(t, ϕ_0). We shall be interested only in the effective four-dimensional low-energy theory, obtained by integrating our extra compact and bulk dimensions, as in [3].

The relevant four-dimensional equations are (ignoring contributions from the recoil velocities u assumed of order lower than (or at most similar to) H): 3 ä a = 0 ,

−2 (ȧ a )_2 − ä a = 2 a^{′′} a + 2 ( a^′ a )_2 + 2 H^2 ϕ_0 a^′ a , (26)

where the dot denotes derivative with respect to time t = X^0. From these equations we obtain the following solution for the scale factor (in string units):

a(t, ϕ_0) = a_0ϕ^b_0 , b = 1 2 − H^2 2 ≃ 1 2 (27)

We stress that this is the only acceptable solution from the point of view of Liouville dressing. The constant solution b = 0, which naively seems to be allowed, is excluded by the fact that such a solution corresponds to trivial gravitational dressing, g^′ = 0, which occurs if and only if Q^2(T ) = 0 [11] (critical-string, decoupling of the Liouville mode), in contradiction to our case, where Q^2 > 0 (7).

We now recall (15), according to which ϕ_0 is related linearly to the cosmic time X^0 = −t, ϕ_0 = √ 2t. For asymptotically large times, therefore, this implies that the scale factor and the cosmological “vacuum” energy in our case behave as follows: a(t) ∼ a_0 √ t , Λ ∼ H^4R^{2n} t^2

(28)

We should remark that, since the dilaton is constant, the dilaton equation does not yield any further information apart from consistency checks, which are easily performed. In particular, renormalizability of the σ-model requires an additional constrain, namely the Curci-Paffutti equation [21] which relates the dilaton β-function to the rest. This is valid for non-vanishing β-functions, and hence is applicable to our case as well [3]. It can be seen easily that from this equation one obtains no other information than a consistency check on the scaling behaviour of the central charge deficit Q^2 obtained above (7).

From (28) we observe that for times t of the order of the the Age of the observable Universe, t ∼ 10^{60} in Planck units, and H = 10^{−30} as required by TeV scale supersymmetry breaking, the cosmological vacuum energy is extremely suppressed at present according to this model. Significantly larger relaxation rates are obtained if the recoil effects are the dominant ones, a case which will be discussed briefly below. On the other hand, the √ t scaling of the scale factor implies an asymptotically decelerating universe, ä ∼ −t^{−3/2}, but on the other hand there is no cosmic horizon, and hence in this universe one can define properly asymptotic states, and thus an S-matrix.

Notice, therefore, that in our non-critical string scenario, one does indeed obtain an expanding Universe, in contrast to standard ekpyrotic scenaria [9, 10], based on critical strings and specific solutions to classical equations of motion. Such scenaria correspond to a vanishing Q^2, and hence β^i = 0 as discussed above in (23). In such a case, the effective actions used in [9, 10] are given by the flow function C[g] for the specific set of backgrounds used in those works. As we have seen, the presence of non-zero deficits Q^2 and Liouville dependence leads to very different physics.

One of the most important features of the existence of a non-equilibrium phase of string theory due to the collision is the possibility for an inflationary phase. Although the physics near the collision is strongly coupled, and the σ-model perturbation theory is not reliable, nevertheless one can give compelling physical arguments favouring the existence of an early phase of the brane world where the four-dimensional Universe scale factor undergoes exponential growth (inflation). This can be understood as follows: in our model we encounter two type-II string theory branes colliding, and then bouncing back. From a stringy point of view the collision and bounce will be described by a phase where open strings stretch between the two branes worlds (which can be thjought of as lying a few string scales apart during the collision). During that ealy phase the excitation energy of the brane worlds can be easily computed by the same methods as those used to study scattering of type II D-branes in [22]. Essentially, the time integral of the relevant potential energy yields the scattering amplitude for the two branes, which was computed in [22]. According to standard arguments of type II string theory the exchange of open strings between two parallel D-branes is described by the emission of open-string pairs, and thus an annulus world-sheet diagram^5. As a result of the annulus graphs, the exchange of pairs of open strings results in the appearance of “spin structure factors” in the scattering amplitude, which are expressed in terms of appropriate sums over Jacobi Θ functions. In particular, for small relative velocities u ≪ 1 of the colliding branes, the appropriate spin structures start of at quartic order in u [22]: ∑ α=2,3,4 e_αΘ_α(u|τ )Θ^3_α(0|τ ) ∼ O(u^4) , e_2 = −e_3 = e_4 = 1 (29)

This is a result of the property of the Jacobi functions that are even functions of theoir argument, as well as that the Θ function satisfies by definition a “diffusion” equation: [∂_τ +^i_{4π} ∂^2_ν ]Θ_α(ν|τ ) = 0. The resulting excitation energy is therefore of order O(u^4) and may be thought off as an initial value of the central charge deficit of the non-critrical string theory describing the physics of our brane world after the collision. The deficit Q^2 is thus cut off at a finite value in the infrared, and hence one never encounters a semiclassical limit for the underlying world-sheet field theory. This justifies, as already mentioned, the use of “wrong-sign” Liouville screening operators in this case. One may plausibly assume that the central charge deficit remains constant for some time, which is the era of inflation, as expressed by the equation (23) for the scale factor. For (finite) constant Q^2 = Q^2_∗ = O(u^4) it is easy to infer from (23) a scale factor exponentially growing with the Liouville zero mode a(ϕ_0) = e^{Q∗ϕ0/2}. Upon the condition (15), then, one obtains an ealy inflationary phase after the collision, in contrast to the critical-string based arguments of [10]. The duration of the inflationary phase is t_{inf} ∼ 1/Q_∗ ∼ O(u^{−2}), which yields the conventional values of inflationary models of order t_{infl} ∼ 10^9t_{Planck} for u^2 ∼ 10^{−9}. This is compatible with the non-relativistic approximation for the D-branes, where our formalism is valid. Note that for such values of u the recoil effect is the dominant one in the relaxation of the vacuum energy (21), while the magnetic field is mainly responsible only for the supersymmetry breaking.

5This is in contrast to the type I string case where the corresponding exchange of open strings is described by a world-sheet disk to lowest order.

A final comment on the issue of inflation concerns the role of the dilaton as an inflaton field. During the phase of constant Q_∗ one may imagine the appearance of a scalar dilaton field in (X^0, ⃗x) space time which is linear in X^0: Φ = Q_∗X^0 such that after the condition (15) it cancels any dilaton effects, in the sense of a trivial world-sheet curvature coupling. This is a consistent solution of the conditions (23), implying a constant dilaton β-function Q^2_∗, as required in non-critical strings with constant central-charge deficit [18]. Note that in this scenario, asymptotically in time, the dilaton Φ(X^0, ⃗x) tends to a constant, so on the hypersurface (15) of the D+1 extended space time resulting after Liouville dressing the dilaton plays no actual rôle in the scenario. However, we stress that there is a dilaton field Φ(X^0, ⃗x) at the initial stage after the collision, which is non trivial on the D+1 dimensional extended space time, and hence one can safely speak about a dilaton acting like an inflaton field in this scenario.

Before closing we would like to make some brief remarks on the possible relevance of this toy model to realistic present-era cosmology, although we stress again, this is not the main purpose of our work. If one takes into account recent astrophysical claims [2] according to which the present era of the Unvierse appears accelerating, then our results above seem to be ruled out by experiment. Of course the naive way out would be to observe that the above results are valid for times much later than the present era where one sees the acceleration.

Another interesting feature is the order of magnitude of the present-era vacuum energy. Physically, the relaxation to zero of the vacuum energy we find here seems quite plausible, given the transient nature of the collision of the two branes. It is interesting to notice that its order of magnitude depends crucially on which is the dominant effect in the relaxation rate (21). If one insists on getting an inflationary era that lasts according to arguments of standard cosmology, then, as we have seen above, one requires recoil velocities of order u < 10^{−4}, which imply that recoil of the colliding branes is the dominant effect in providing (long after the scattering event) a vacuum-energy relaxation rate of order u^4/t^2 upon the identification (15) of Liouville mode with target time. This would then yield a vacuum energy which lies comfortably within the current observations [6, 3]^6.

In this latter respect, however, an interesting observation can be made regarding our results. Notice that in case one does not care too much about the order of magntidude of the duration of the inflationary phase, but restricts oneself to the case where the recoil of the branes is subdominant as compared to the magnetic field effects, then the coefficient of the 1/ϕ^2_0 scaling in (21) is of order H^4, which by itself yields the order 10^{−120} in Planck units, in the case of supersymmetry breaking advocated here. This value is of the same order as the one claimed by the astrophysicists to have been “observed” from the preliminary superonvae data for the current era cosmological vacuum energy, Interestingly enough, therefore, the order of this coefficient by itself is what one needs [1] to resolve the supersymmetry-breaking/cosmological constant hierarchy. In our case naively, one could

6Notice that the coefficient of 1/t^2 is of the same order as the initial vacuum energy Q^2_∗ ∼ u^4 during the inflationary era for type II strings. This suggests that a natural interpolating function for Q^2(t) from the end of inflation t_0 ∼ 10^9 (in Planck (string) units) until the present era would be Q^2(t) = u^4/[(t − t_0)^2 + O(1)]. At present, however, we cannot support this by any quantitative analysis.

have obtained this latter result had one not made the connection of the Liouville scale with the time (15). Indeed, in such a case, where ϕ and X^0 are independent variables, which notably is mathematically consistent, one can freeze the renormalization group scale ϕ_0 to order R^n, to obtain a vacuum energy contribution (21) of the required magnitude. This vacuum energy is independent of time, and the solution of the metric equations (26) varies only with respect to the scale ϕ_0 (c.f (27)). Notice that this scenario is compatible with the alternative way of parametrizing the adiabatic switching on of the magnetic field on the observable brane, H(1 − e^{−εX 0} ).

However, as we have explained above, the transient nature of the colliding branes scenario, we are advocating here, seems to imply that the correct physical picture is the one in which (15) is valid and the excitation energy of the non-equilibrium system is given by a relaxing-to-zero time-dependent Λ (28), as in quintessence models [2]. The equilibrium state, which is the true ground state of the relaxing system, is then only reached asymptotically in time, and in our case has vanishing energy, due to the cancellation of the (positive) supersymmetry breaking energy contribution H^2 by the opposite in sign vacuum energy ocontribution of the negative tension brane, assumed to be our world. As we mentioned above, the initial instability due to the presence of negative tension branes is not necessarily a drawback in our cosmological non equilibrium framework. The phenomenology of this transient scenario, therefore, seems to favour the recoil effect as the dominant one in the vacuum energy relaxation rate, without affecting our previous arguments on supersymmetry breaking which solely occurs due to the magnetic field.

This concludes our discussion on this toy model. It would be interesting to attempt and construct phenomenologically realistic supersymmetric brane-Universe models along the lines outlined above, exhibiting an accelerating phase at late times. Such a situation is encountered in the non-supersymmetric case of [3]. The hope is that a realistic stringy Universe model can be found, which has a late times accelerating phase and is capable of resolving the hierarchy between the supersymmetry-breaking scale and the present-era cosmological vacuum energy. This is left for future work.

Acknowledgements

The work of E.G. is supported by a King’s College London Research Studentship (KRS). This work is also partially supported by the European Union (contract ref. HPRN-CT- 2000-00152).

References

[1] T. Banks, Int. J. Mod. Phys. A 16, 910 (2001); arXiv:hep-th/0007146.

[2] For a comprehensive and up to date review see: S. M. Carroll, Living Rev. Rel. 4, 1 (2001); see also: S. Weinberg, Rev. Mod. Phys. 61, 1 (1989).

[3] G. A. Diamandis, B. C. Georgalas, N. E. Mavromatos, E. Papantonopoulos and I. Pappa, arXiv:hep-th/0107124, Int. J. Mod. Phys. A in press; G. A. Diamandis, B. C. Georgalas, N. E. Mavromatos and E. Papantonopoulos, arXiv:hep-th/0203241, Int. J. Mod. Phys. A in press.

[4] A.P. Billyard, A.A. Coley and J.E. Lidsey, J. Math. Phys. 41 6277 (2000); S. Hellerman, N. Kaloper and L. Susskind, [hep-th/0101180]; W. Fischler, A. Kashani-Poor, R. McNees, S. Paban, [hep-th/0104181]; E. Witten, hep-th/0106109 ; P. O. Mazur and E. Mottola, Phys. Rev. D 64, 104022 (2001) [arXiv:hep-th/0106151], and references therein.

[5] J. R. Ellis, N. E. Mavromatos and D. V. Nanopoulos, hep-th/0105206.

[6] For a subset of references see: M. Ozer and M. O. Taha, Phys. Lett. B 171, 363 (1986); Nucl. Phys. B 287, 776 (1987); O. Bertolami, Nuovo Cim. B 93, 36 (1986). M. Reuter and C. Wetterich, Phys. Lett. B 188, 38 (1987); C. Wetterich, Astron. Astrophys. 301, 321 (1995) [arXiv:hep-th/9408025]; J. L. Lopez and D. V. Nanopoulos, Mod. Phys. Lett. A 11, 1 (1996) [arXiv:hep-ph/9501293]; I. Zlatev, L. M. Wang and P. J. Steinhardt, Phys. Rev. Lett. 82, 896 (1999) [arXiv:astro-ph/9807002]; J. R. Ellis, N. E. Mavromatos and D. V. Nanopoulos, Gen. Rel. Grav. 32, 943 (2000) [arXiv:grqc/9810086]; C. Armendariz-Picon, V. Mukhanov and P. J. Steinhardt, Phys. Rev. Lett. 85, 4438 (2000) [arXiv:astro-ph/0004134]; M. Novello, J. Barcelos-Neto and J. M. Salim, Class. Quant. Grav. 18, 1261 (2001) [arXiv:hep-th/0006061].

[7] C. Bachas, arXiv:hep-th/9503030.

[8] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999) [arXiv:hep-ph/9905221].

[9] J. Khoury, B. A. Ovrut, P. J. Steinhardt and N. Turok, Phys. Rev. D 64, 123522 (2001).

For subsequent work on this model, from a string theory point of view, see: J. Khoury, B. A. Ovrut, N. Seiberg, P. J. Steinhardt and N. Turok, Phys. Rev. D 65, 086007 (2002) [arXiv:hep-th/0108187].

[10] R. Kallosh, L. Kofman, A. D. Linde and A. A. Tseytlin, Phys. Rev. D 64, 123524 (2001) [arXiv:hep-th/0106241];

For a recent and concise review of the criticisms of the model of [9] see: A. Linde, arXiv:hep-th/0205259, and references therein.

[11] F. David, Mod. Phys. Lett. A3, 1651 (1988); J. Distler and H. Kawai, Nucl. Phys.

B321, 509 (1989); see also N.E. Mavromatos and J.L. Miramontes, Mod. Phys. lett. A4, 1847 (1989); E. D’ Hoker and P.S. Kurzepa, Mod. Phys. Lett. A5, 1411 (1990); E. D’ Hoker, Mod. Phys. Lett. A6, 745 (1991).

[12] J. Ellis, N. E. Mavromatos and D. V. Nanopoulos, Phys. Lett. B293, 37, (1992);

Mod. Phys. Lett. A10 (1995) 1685; for reviews see: Erice Subnuclear Series (World Sci., Singapore) 31 1, (1993); [hep-th/9304133]; J. Chaos, Solitons and Fractals 10, 345 (eds. C. Castro amd M.S. El Naschie, Elsevier Science, Pergamon 1999) [hepth/9805120].

[13] A. Abouelsaood, C. G. Callan, C. R. Nappi and S. A. Yost, Nucl. Phys. B 280, 599 (1987).

[14] A.B. Zamolodchikov, JETP Lett. 43 (1986) 730; Sov. J. Nucl. Phys. 46 (1987) 1090. [15] I. I. Kogan, N. E. Mavromatos and J. F. Wheater, Phys. Lett. B 387, 483 (1996) [arXiv:hep-th/9606102].

[16] E. Gravanis and N. E. Mavromatos, arXiv:hep-th/0106146, JHEP to appear. [17] N. E. Mavromatos and R. J. Szabo, Phys. Rev. D 59, 104018 (1999) [arXiv:hepth/9808124].

[18] I. Antoniadis, C. Bachas, John Ellis and D.V. Nanopoulos, Phys. Lett. B211 383 (1988); Nucl. Phys. B328 117 (1989).

[19] S. Ferrara, C. Kounnas and F. Zwirner, Nucl. Phys. B 429, 589 (1994) [Erratum-ibid.

B 433, 255 (1994)] [arXiv:hep-th/9405188].

[20] C. Schmidhuber and A. A. Tseytlin, Nucl. Phys. B 426, 187 (1994) [arXiv:hepth/9404180].

[21] G. Curci and G. Paffuti, Nucl. Phys. B 286, 399 (1987). [22] C. Bachas, Phys. Lett. B 374, 37 (1996) [arXiv:hep-th/9511043].