arXiv:hep-th/0205311 v3 13 Jul 2002

hep-th/0205311 UPR-997-T

Three point functions of N = 4 Super Yang Mills from Light Cone String Field Theory in PP-wave

Min-xin Huang^∗

David Rittenhouse Laboratories, University of Pennsylvania Philadelphia, PA 19104, U.S.A.

Abstract

In this paper we calculate three-string interaction from light cone string field theory in pp-wave. We find exact agreements with the free planar three point functions of non-chiral BMN operators of N = 4 super Yang Mills. The three string interaction vertex involving the Neumann matrices was derived in a recent paper hep-th/0204146. We explicitly calculate the bosonic Neumann matrices in the limit of large μp^+α^′ . Using the Neumann matrices we are able to compute the cubic interactions of three string modes in a pp-wave background.

1 Introduction

The AdS/CFT correspondence states that the N = 4 SU(N) Yang-Mills theory is equivalent to IIB string theory quantized on the AdS_5 × S^5 background [1]. Recently Berenstein, Maldacena and Nastase [2] have shown that IIB superstring theory on a pp-wave background with Ramond-Ramond flux is dual to a sector of N = 4 SU(N) super Yang-Mills theory containing operators with large R-charge J . The pp-wave solution of type IIB supergravity has 32 supersymmetries and can be obtained as a Penrose limit of AdS_5 × S^5 [3]. While the application of the AdS/CFT correspondence in the usual AdS × S background is difficult to go beyond the supergravity approximation on the string theory side, the string worldsheet theory in the pp-wave background is exactly solvable, as shown by [4]. More recently, there have been some progress on the question of string interactions [5, 6, 7, 8, 9, 10, 11].^1 In [8] it is proposed that the matrix element for a single string |Φ_3⟩ to split into a two-string state |Φ_1⟩|Φ_2⟩ in the string field theory light cone Hamiltonian is

(Δ_3 − Δ_1 − Δ_2)⟨Ō_3O_1O_2⟩ (1)

∗minxin@sas.upenn.edu 1While we are preparing the manuscript the paper [11] appeared on the internet archive which partially overlapped with results in section 2. See Refs. [12] for related other recent developments.

Where O_i’s are the properly normalized corresponding operators in CFT and Δ_i’s are their conformal dimensions. Here and elsewhere in the paper we have omitted the factor of^{ΔJ3 ,J1 +J2}

(4πx^2_{12} )^{Δ1+Δ2 −Δ3}2 (4πx^2_3)^{Δ2+Δ3 −Δ1}2 (4πx^2_{13})^{Δ1+Δ3 −Δ2}2

in the correlator. In light cone string field theory the matrix element is calculated by applying the three string states to a prefactor ĥ_3 and the cubic interaction vertex state |V ⟩ in the three-string Hilbert space H_3. The ĥ_3 and |V ⟩ are calculated in details in [9]. It is conjectured in [8] that the dressing factor (Δ_3 − Δ_1 − Δ_2) in equation (1) comes from the prefactor ĥ_3 and assuming discretization of the string world sheet at large μ, a heuristic proof is given there that the delta functional overlap agrees exactly with the planar 3-point function in field theory, i.e.

⟨Φ_1|⟨Φ_2|⟨Φ_3|V ⟩ ∼ ⟨Ō_3O_1O_2⟩ (2)

In this paper we will explicitly check this proposal of [8]. Here we will not calculate the overall normalization of the matrix element. To make a explicit check of the PPwave/Yang-Mills duality, we will calculate the ratio with vacuum amplitude on both sides. We should verify

⟨Φ_1|⟨Φ_2|⟨Φ_3|V ⟩ ⟨0_1|⟨0_2|⟨0_3|V ⟩ = ⟨Ō_3O_1O_2⟩ ⟨Ō^J O^{J1} O^{J2} ⟩ (3) Here J = J_1 + J_2, and O^J =^{1√}_{N J J} T rZ^J is the properly normalized corresponding operator of the vacuum state. The planar three point function of the vacuum states is ⟨Ō^J (0)O^{J1} (x_1)O^{J2} (x_2)⟩ = √ J_1J_2J N (4) In [8] some free planar three point functions of BMN operators are computed.

Specifically, we have ⟨Ō^J_{00}O^{J1}_0 O^{J2}_0 ⟩ =

J_1J_2 N √ J (5) ⟨Ō^J_mO^{J1}_0 O^{J2}_0 ⟩ = −

J^{3/2} N sin^2(πmx) π^2m^2 (6) ⟨Ō^J_mO^{J1}_n O^{J2} ⟩ =

J^{3/2} N x^{32} √ 1 − x sin^2(πmx) π^2(mx − n)^2 (7) Here x = J_1/J, and O^{J1}_0 , O^{J2}_0 and O^J_{00} are chiral operators

O^{J1}_0 = 1 √ N^{J1 +1}

T r(ϕ^{I1} Z^{J1} ) (8)

O^{J2}_0 = 1 √ N^{J2 +1}

T r(ϕ^{I2} Z^{J2} ) (9)

O^J_{00} = 1 √ N^{J+2}J J∑ l=0 T r(ϕ^{I1} Z^lϕ^{I2} Z^{J−l}) (10)

O^J_m is the BMN operator

O^J_m = 1 √ JN^{J+2} J∑ l=0 e^{2πiml/J} T r(ϕ^{I1} Z^lϕ^{I2} Z^{J−l}). (11) So the ratios are ⟨Ō^J_{00}O^{J1}_0 O^{J2}_0 ⟩ ⟨Ō^J O^{J1} O^{J2} ⟩ = √ x(1 − x) (12)

⟨Ō^J_mO^{J1}_0 O^{J2}_0 ⟩ ⟨Ō^J O^{J1} O^{J2} ⟩ = − 1 √ x(1 − x) sin^2(πmx) π^2m^2

(13)

⟨Ō^J_mO^{J1}_n O^{J2} ⟩ ⟨Ō^J O^{J1} O^{J2} ⟩ = x sin^2(πmx) π^2(mx − n)^2

(14)

In this paper we will calculate the ratios of the three point correlators (12) (13) (14) from light cone string field theory in pp-wave. We will find exact agreements with equation (3). The paper is organized as follows. In section 2 we calculate the easier example of supergravity modes and verify equation (12). In Section 3 we calculate the other two examples for the non-chiral BMN operators and verify equation (13) (14) . The techniques in section 3 are basically the same as section 2.

Some notation is the following. Following the notation of [9] we denote α = α^′ p^+. The strings are labeled by r = 1, 2, 3 and in light-cone gauge their widths are 2π|α_{(r)}|, with α_{(1)} + α_{(2)} + α_{(3)} = 0. We will take α_{(1)} and α_{(2)} positive for purposes of calculation. Also note that x = J_1 J = |α_{(1)}| |α_{(3)}|

(15)

2 Interaction of supergravity modes

Light cone string field theory is an old subject dating back to the 80’s (see [13]-[18]). For the purpose of this paper we will need to use the cubic interaction vertex |V ⟩, which can be written as an element in the 3-string Hilbert space. Roughly speaking, the interaction amplitude of three strings is the inner product of the three string state with the cubic interaction vertex.

The string modes interaction vertex is |V ⟩ = E_aE_b|0⟩ where E_a and E_b are bosonic and fermionic operators that are calculated in details in [9] . Here will not consider the fermionic sector. Up to a overall factor, the bosonic operator E_a is

E_a ∼ exp 1 2 3∑ r,s=1 8∑ I=1 ∞∑ m,n=−∞ a^{†I}_{m(r)}N̄^{(rs)}_{(mn)}a^{†I}_{n(s)} (16) where I denote the eight transverse directions, and the Neumann matrices N̄^{(rs)}_{(mn)} are computed in the Appendix in the limit of large μp^+α^′.

We consider the interaction of three supergravity modes a^{†I1}_{0(1)}|0⟩,a^{†I2}_{0(2)}|0⟩,a^{†I1}_{0(3)}a^{†I2}_{0(3)}|0⟩. Here I_1 and I_2 are two different transverse directions. We want to compute the object

⟨0|a^{I1}_{0(1)}a^{I2}_{0(2)}a^{I1}_{0(3)}a^{I2}_{0(3)}|V ⟩ ⟨0|V ⟩ (17)

We will need the zero components of the Neumann matrices. From equation (34) we find N̄^{(13)}_{(00)} = N̄^{(31)}_{(00)} = − √ x, N̄^{(23)}_{(00)} = N̄^{(32)}_{(00)} = − √ 1 − x. (Actually this is true without taking the large μp^+α^′ limit.)

From the Baker-Hausdorff formula^2 we know

(E_a)^{−1}a^{I1}_{0(1)}a^{I1}_{0(3)}E_a = a^{I1}_{0(1)}a^{I1}_{0(3)} − 1 2 (N̄^{(13)}_{(00)} + N̄^{(31)}_{(00)} ) (18)

(E_a)^{−1}a^{I2}_{0(2)}a^{I2}_{0(3)}E_a = a^{I2}_{0(2)}a^{I2}_{0(3)} − 1 2 (N̄^{(23)}_{(00)} + N̄^{(32)}_{(00)} ) (19) So ⟨0|a^{I1}_{0(1)}a^{I2}_{0(2)}a^{I1}_{0(3)}a^{I2}_{0(3)}|V ⟩ ⟨0|V ⟩ = 1 2 (N̄^{(13)}_{(00)} + N̄^{(31)}_{(00)} ) 1 2 (N̄^{(23)}_{(00)} + N̄^{(32)}_{(00)} ) = √ x(1 − x) (20)

On the field theory side, the three modes a^{†I1}_{0(1)}|0⟩,a^{†I2}_{0(2)}|0⟩,a^{†I1}_{0(3)}a^{†I2}_{0(3)}|0⟩ correspond to chiral operators O^{J1}_0 , O^{J2}_0 and O^J_{00} (Suppose I_1 and I_2 correspond to scalar instead of the D_μ insertions in the string of Z’s) . Thus we have found equation (20) is in agreement with equation (12).

3 Interaction of string theory modes

3.1 Example 1

We consider the interaction of three states a^{I1(BM N )†}_{0(1)} |0⟩,a^{I2(BM N )†}_{0(2)} |0⟩, a^{I1(BM N )†}_{m(3)} a^{I2(BM N )†}_{−m(3)} |0⟩, which correspond to operators O^{J1}_0 , O^{J2}_0 and O^J_m. We caution the reader here the a^+ notation we use is not the familiar string theory basis of BMN [2], but is the same as in [9]. These two basis are related by a^{BM N}_n = 1 √ 2 (a_{|n|} − ie(n)a_{−|n|}) (21) where e(n) is the sign of n (For n = 0, a^{BM N}_0 = a_0). Notice that the a_{−n} mode contribution vanish since the corresponding Neumann matrices elements are zero.

2The Baker-Hausdorff formula is e^ABe^{−A} = B + [A, B] +^1_{2!} [A, [A, B]] + · · ·.

The calculation here follows similarly as in section 2, we find ⟨0|a^{I1(BM N )} 0(1) a

I_2(BM N ) 0(2) a

I_1(BM N ) m(3) a I_2(BM N ) −m(3) |V ⟩ ⟨0|V ⟩ = ⟨0|a^{I1}_{0(1)}a^{I2}_{0(2)}a^{I1}_{m(3)}a^{I2}_{m(3)}|V ⟩ 2⟨0|V ⟩ (22) = 1 2 N̄^{(31)}_{(m0)}N̄^{(32)}_{(m0)}

Using equation (34) we find^1_2N̄^{(31)}_{(m0)}N̄^{(32)}_{(m0)} = −^1√_{x(1−x)}^{sin2(πmx)}_{π2 m2} , in agreement with equation (13).

3.2 Example 2

In this example we consider the interaction of three states a^{I1 (BM N )†}_{n(1)} a^{I2(BM N )†}_{−n(1)} |0⟩,|0⟩, a^{I1(BM N )†} m(3) a I_2(BM N )† −m(3) |0⟩, which correspond to operators O

J_1

n , O^{J2} and O^J_m. Notice the Neumann matrix elements N̄^{(rs)}_{(m,−n)} and N̄^{(rs)}_{(−m,n)} vanish, so ⟨0|a^{I1(BM N )} n(1) a I_2(BM N ) −n(1) a I_1(BM N ) m(3) a I_2(BM N ) −m(3) |V ⟩ ⟨0|V ⟩ = 1 4 (N̄^{(31)}_{(m,n)} − N̄^{(31)}_{(−m,−n)})^2 (23) = x sin^2(πmx) π^2(mx − n)^2

Again it agrees with equation (14).

4 Conclusion

In this paper we explicitly check the pp-wave/Yang-Mills duality for BMN operators in free planar limit. By retaining sub-leading order in the Neumann matrices, we can develop a systematic expansion of light cone string field theory in 1/(μp^+ α^′). It would be interesting to check equation (3) in sub-leading order of 1/(μp^+ α^′) expansion by turning on interaction in the three point functions.

Acknowledgments

We are grateful to Vijay Balasubramanian, Thomas S. Levi and Asad Naqvi for illuminating discussions and critical readings of the manuscript.

A Computation of the bosonic Neumann matrices in large μp^+α^′ limit

In this appendix we will show that the infinite dimensional Neumann matrices turn out to simplify in large μp^+α^′ limit. The Neumann matrices N̄^{(rs)}_{mn} (r, s = 1 · · · 3, m, n = −∞ · · · + ∞ ) is calculated in [9] N^{(rs)}_{mn} = δ^{rs}δ_{mn} − 2 √ ω_{m(r)}ω_{n(s)}(X^{(r)T}Γ^{−1}_a X^{(s)})_{mn} (24)

where ω_{m(r)} = √ m^2 + (μα_{(r)})^2, and

(Γ_a)_{mn} = 3∑ r=1 ∞∑ p=−∞ ω_{p(r)}X^{(r)}_{mp}X^{(r)}_{np} (25)

The definition of X^{(r)} is the following. Consider for m, n > 0 the matrices of [16, 9], A^{(1)}_{mn} = (−1)^n 2 √ mn π x sin mπx n^2 − m^2x^2

, (26)

A^{(2)}_{mn} = − 2 √ mn π (1 − x) sin mπx n^2 − m^2(1 − x)^2

(27)

C_{mn} = mδ_{mn} (28) and the vector B_m = − 2 π α_{(3)} α_{(1)}α_{(2)} m^{−3/2} sin mπx (29)

We define X^{(3)}_{mn} = δ_{mn}, while for r = 1, 2 we can express the matrices X^{(r)} as

X^{(r)}_{mn} = (C^{1/2}A^{(r)}C^{−1/2})_{mn} if m, n > 0, = α_{(3)} α_{(r)} (C^{−1/2}A^{(r)}C^{1/2})_{−m,−n}, if m, n < 0, = − 1 √ 2 ϵ^{rs}α_{(s)}(C^{1/2}B)_m if n = 0 and m > 0, (30)

= 1 if m = n = 0, = 0 otherwise.

In the limit of large μα, ω_{m(r)} = √ m^2 + (μα_{(r)})^2 ≈ μ|α_{(r)}|. Using equation (25), we find that for m, n > 0,

(Γ_a)_{mn} = |α_{(3)}|μ 4mn π^2 sin(mπx) sin(nπx)[ +∞∑ l=1 x^3 (l^2 − m^2x^2)(l^2 − n^2x^2)

(31) + +∞∑ l=1 (1 − x)^3 (l^2 − m^2(1 − x)^2)(l^2 − n^2(1 − x)^2) + 1 2m^2n^2x(1 − x) ] + |α_{(3)}|μδ_{mn}

(Γ_a)_{−m,−n} = |α_{(3)}|μ 4 π^2 sin(mπx) sin(nπx)[ +∞∑ l=1 xl^2 (l^2 − m^2x^2)(l^2 − n^2x^2)

(32) + +∞∑ l=1 (1 − x)l^2 (l^2 − m^2(1 − x)^2)(l^2 − n^2(1 − x)^2) ] + |α_{(3)}|μδ_{mn} and (Γ_a)_{00} = 2|α_{(3)}|μ. All other components such as (Γ_a)_{m0} are zero.

Using the summation formulae in the appendix D of [16] we find (Γ_a)_{mn} = 2|α_{(3)}|μδ_{mn} for m, n = −∞ · · · + ∞ (33) So the Neumann matrices in large μ|α| limit is N̄^{(rs)}_{(mn)} = δ^{rs}δ_{mn} − √ |α_{(r)}||α_{(s)}| |α_{(3)}|

(X^{(r)T} X^{(s)})_{mn} (34)

We note N̄^{(rs)}_{(mn)} = N̄^{(sr)}_{(nm)}.

In [9] the cubic coupling matrix of supergravity modes is derived. It is

M^{rs} = 1 − x − √ x(1 − x) − √ x − √ x(1 − x) x − √ 1 − x − √ x − √ 1 − x 0

(35)

One would be tempted to identify M^{rs} as the zero-zero component of the Neumann matrices (34). But this is incorrect.^3 Actually one can check M^{rs} = N̄^{(rs)}_{(00)} is true when μp^+α^′ = 0, but at large μp^+α^′ limit M^{rs} = N̄^{(rs)}_{(00)} is true only when r = 3 or s = 3.

References

[1] J. Maldacena, “The Large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200; S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, “Gauge theory correlators from noncritical string theory,” Phys. Lett. B428 (1998) 105, hep-th/9802109; E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2 (1998) 253,

hep-th/9802150.

[2] D. Berenstein, J. Maldacena and H. Nastase, “Strings in flat space and pp waves from N = 4 super Yang Mills,” hep-th/0202021.

3We thank M. Spradlin and A. Volovich for pointing out this to us.

[3] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, “A new maximally supersymmetric background of IIB superstring theory,” JHEP 0201, 047 (2002) [arXiv:hep-th/0110242]; M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, “Penrose limits and maximal supersymmetry,” arXiv:hepth/0201081.

[4] R. R. Metsaev, “Type IIB Green-Schwarz superstring in plane wave Ramond-Ramond background,” Nucl. Phys. B 625, 70 (2002) [arXiv:hepth/0112044]; R. R. Metsaev and A. A. Tseytlin, “Exactly solvable model of superstring in plane wave Ramond-Ramond background,” arXiv:hep-th/0202109.

[5] C. Kristjansen, J. Plefka, G. W. Semenoff, and M. Staudacher, “A New double-scaling limit of N=4 super Yang-Mills theory and pp-wave strings,” hepth/0205033.

[6] D. Berenstein and H. Nastase, “On lightcone string field theory from super Yang- Mills and holography,” hep-th/0205048.

[7] D.J. Gross, A. Mikhailov, and R. Roiban, “Operators with large R charge in N=4 Yang-Mills theory,” hep-th/0205066.

[8] N.R. Constable, D.Z. Freedman, M. Headrick, S. Minwalla, L. Motl, A. Postnikov, and W. Skiba, “PP-wave string interactions from perturbative Yang-Mills theory,” hep-th/0205089.

[9] M. Spradlin and A. Volovich, “Superstring interactions in a pp-wave background,” hep-th/0204146.

[10] R. Gopakumar, “String Interactions in PP-waves,” hep-th/0205174.

[11] Y. Kiem, Y. Kim, S. Lee and J.Park, “PP-wave/Yang-Mills Correspondence: An explicit check,” hep-th/0205279.

[12] M. Blau, José Figueroa-O’Farrill and G. Papadopoulos, hep-th/0202111; N.

Itzhaki, Igor R. Klebanov, and S. Mukhi, JHEP 0203 (2002) 048, hepth/0202153; J. Gomis and H. Ooguri, hep-th/0202157; J.G. Russo and A.A. Tseytlin, JHEP 0204 (2002) 021, hep-th/0202179; L.A. Pando Zayas and J. Sonnenschein, hep-th/0202186; M. Hatsuda, K. Kamimura, and M. Sakaguchi, hep-th/0202190; M. Alishahiha and M.M. Sheikh-Jabbari, hep-th/0203018; M. Billo’ and I. Pesando, hep-th/0203028; N. Kim, A. Pankiewicz, S.-J. Rey, and S. Theisen, hep-th/0203080; M. Cvetic, H. Lu, and C.N. Pope, hep-th/0203082; T. Takayanagi and S. Terashima, hep-th/0203093; M. Gursoy, C. Nunez and M. Schvellinger, hep-th/0203124; E. Floratos and A. Kehagias, hep-th/0203134; J. Michelson, hep-th/0203140; G. Gueven, hep-th/0203153; S.R. Das, C. Gomez, and S.-J. Rey, hep-th/0203164; C.-S. Chu and P.-M. Ho, hep-th/0203186; M. Cvetic, H. Lu and C.N. Pope, hep-th/0203229; A. Dabholkar and S. Parvizi, hep-th/0203231; D. Berenstein, E. Gava, J. Maldacena, K.S. Narain, and H. Nastase, hep-th/0203249; J.P. Gauntlett and C.M. Hull, hep-th/0203255; P. Lee and J. Park, hep-th/0203257; H. Lu and J.F. Vazquez-Poritz, hep-th/0204002; M. Hatsuda, K. Kamimura, and M. Sakaguchi, hep-th/0204002; E. Kiritsis and B. Pioline, hep-th/0204004; A. Kumar, R.R. Nayak, and Sanjay, hepth/0204025; R.G. Leigh, K. Okuyama, and M. Rozali, hep-th/0204026; D. Bak, hep-th/0204033; S.S. Gubser, I.R. Klebanov, and A.M. Polyakov, hepth/0204051; K. Skenderis and M. Taylor-Robinson, hep-th/0204054; S. Mukhi, M. Rangamani, and E. Verlinde, hep-th/0204147; M. Alishahiha and M.M. Sheikh-Jabbari, hep-th/0204174; V. Balasubramanian, M.x. Huang, T.S. Levi, and A. Naqvi, hep-th/0204196; S. Frolov and A.A. Tseytlin, hep-th/0204226; H. Takayanagi and T. Takayanagi, hep-th/0204234; I. Bakas and K. Sfetsos, hepth/0205006; C. Ahn, hep-th/0205008; A. Parnachev and D.A. Sahakyan, hepth/0205015; H. Singh, hep-th/0205020; M. Li, hep-th/0205043; K. Oh and R. Tatar, hep-th/0205067; P. Bain, P.Meessen and M.Zamaklar, hep-th/0205106; C. Ahn, hep-th/0205109; M. Alishahiha and A. Kumar, hep-th/0205134; S. D. Mathur, A. Saxena, and Y. K. Srivastava, hep-th/0205136; O. Bergman, M.R. Gaberdiel, and M.B. Green, hep-th/0205183; K. Dasgupta, M. M. Sheikh- Jabbari, and M. Van Raamsdonk, hep-th/0205185; Y. Hikida and Y. Sugawara, hep-th/0205200; G. Bonelli, hep-th/0205213; C.s. Chu, P.m. Ho and F.l. Lin, hep-th/0205218; J. Russo, hep-th/0205244; V. Hubeny, M. Rangamani and E. Verlinde, hep-th/0205258; S. Seki, hep-th/0205266; G. Arutyunov and E. Sokatchev, hep-th/0205270; D. Mateos and A. Ng, hep-th/0205291.

[13] M. B. Green and J. H. Schwarz, “Supersymmetrical Dual String Theory. 2. Vertices And Trees,” Nucl. Phys. B 198, 252 (1982).

[14] M. B. Green and J. H. Schwarz, “Superstring Field Theory,” Nucl. Phys. B 243, 475 (1984).

[15] M. B. Green and J. H. Schwarz, “Extended Supergravity In Ten-Dimensions,” Phys. Lett. B 122, 143 (1983).

[16] M. B. Green and J. H. Schwarz, “Superstring Interactions,” Nucl. Phys. B 218, 43 (1983).

[17] M. B. Green, J. H. Schwarz and E. Witten, “Superstring Theory,” Cambridge University Press, Chapter 11.

[18] M. B. Green, J. H. Schwarz and L. Brink, “Superfield Theory Of Type II Superstrings,” Nucl. Phys. B 219, 437 (1983).