arXiv:hep-th/0206012 v1 2 Jun 2002

hep-th/0206012

D-geometric structure of orbifolds

Tomomi Muto^∗

Graduate School of Mathematical Science, University of Tokyo Komaba 3-8-1, Meguro-ku, Tokyo 153-8914, Japan

Abstract

We study D-branes on abelian orbifolds C^d/Z_N for d = 2, 3. The toric data describing the D-brane vacuum moduli space, which represents the geometry probed by D-branes, has certain redundancy compared with the classical geometric description of the orbifolds. We show that the redundancy has a simple combinatorial structure and find analytic expressions for degrees of the redundancy. For d = 2 the structure of the redundancy has a connection with representations of SU(N) Lie algebra, which provides a new correspondence between geometry and representation theory. We also prove that non-geometric phases do not appear in the Kähler moduli space for d = 2.

∗e-mail address:tmuto@ms.u-tokyo.ac.jp

1 Introduction

D-geometry, the geometry as seen by D-branes, has qualitatively different features from that probed by fundamental strings. One of the remarkable features of the D-geometry is that non-geometric phases, in which the orbifold singularity is resolved, are projected out from the Kähler moduli space [1, 2] in contrast to the analysis based on fundamental strings [3, 4]. By inspecting the calculation in [1], one can see that the projection of the non-geometric phases stems from certain redundancy of lattice vectors describing the toric data of the orbifold: the redundancy of the lattice vectors implies redundancy of coordinates describing the toric variety, and elimination of the redundant variables leads to the resolution of the orbifold singularity. Therefore it is important to clarify the structure of the redundancy to understand the nature of D-geometry. The redundancy, however, occurs as a result of a combinatorial algorithm based on toric geometry, and even the degree of the redundancy has not been known except for the models for which explicit calculation was carried out^1. For example, the orbifolds of the form C^3/Z_N , ((x, y, z) ≡ (ωx, ωy, ω^{−2}z) with ω^N = 1, N:odd) have been analyzed only for N ≤ 11 [2]. Total number n_D(N) of lattice vectors in the toric data which describes the D-geometry of the orbifold are shown in table 1. For reference we also show the total number n_C (N) of lattice vectors in the classical geometric description of the orbifold. As one easily see, n_C (2N + 1) = N + 3, while the analytic expression for the number n_D(N) has not been known.

N 3 5 7 9 11 n_C (N) 4 5 6 7 8 n_D(N) 6 13 31 78 201

Table 1: n_D(N) is the total number of lattice vectors necessary to describe the D-geometry the orbifold C^3/Z_N . n_C (N) is the total number of lattice vectors necessary to describe the orbifold C^3/Z_N in classical geometry.

The purpose of the present paper is to clarify the structure of the redundancy by reexamining the toric data carefully. In section 2 we investigate two-dimensional abalian orbifold C^2/Z_3 with Z_3 ∈ SU(2) to illustrate the idea of our analysis. We find that the structure of the redundancy is related to representations of SU(3) Lie algebra. It implies that there is a correspondence between exceptional divisors of the resolution of the orbifold C^2/Z_3 and representations of the SU(3) Lie algebra. We discuss the meaning of the elimination of the redundant variables from the viewpoint of representation theory. In section 3, we generalize the analysis to the orbifold C^2/Z_N and find a relation between the D-geometry of C^2/Z_N and SU(N) Lie algebra. We also show that non-geometric phases are projected out for any N. In section 4, we study the three-dimensional abelian orbifold mentioned above. We show that there is a simple combinatrial structure similar to the two-dimensional case and derive the analytic expression for the number n_D(N).

After completion of this work, a paper [6] appeared which has overlap with ours.

1The meaning of the redundancy for the orbifold C^3/Z_2 × Z_2 is discussed in [5].

2 D-geometric structure of C^2/Z_3

In this section we study D-branes on the orbifold C^2/Z_3 where the action of g ∈ Z_3 on (x, y) ∈ C^2 is given by

(x, y) → (ω_3x, ω^{−1}_3 y), ω_3 = exp(2πi/3). (2.1)

Field contents of the worldvolume gauge theory of the D-brane is encoded in the quiver diagram [7]. The quiver diagram of this model is depicted in Figure 1. Each node represents a factor U(1) of the gauge group and each arrow represents a complex scalar field. Note that the gauge group is U(1)^2 since the diagonal U(1) of U(1)^3 is trivial.

x_1 y_1

x_2 y_2 x_3 y_3

Figure 1: The quiver diagram for C^2/Z_3.

The classical moduli space M of the quiver gauge theory, which is interpreted as the space probed by the D-brane, is obtained from the space C^6 of complex scalars (x_i, y_i) by imposing the F-flatness conditions

x_1y_1 = x_2y_2 = x_3y_3, (2.2)

and D-flatness conditions

|x_1|^2 − |y_1|^2 − |x_2|^2 + |y_2|^2 = ζ_1, |x_2|^2 − |y_2|^2 − |x_3|^2 + |y_3|^2 = ζ_2, (2.3)

and further dividing by the gauge group U(1)^2. The Fayet-Iliopoulos parameters ζ_i coming from twisted sector of closed strings parameterize the Kähler moduli space of the orbiofld.

We calculate the space M following the procedure given in [1]. We first consider the space W on which only the F-flatness constraints (2.2) are imposed,

W = {(x_i, y_i) ∈ C^6|x_1y_1 = x_2y_2 = x_3y_3}. (2.4)

As explained in [1], W can be expressed as a holomophic quotient of the form

(C^k − F )/(C^∗)^{k−4}, (2.5)

and furthermore it is realized as a vacuum moduli space of a certain two-dimensional N = (2, 2) supersymmetric U(1)^{k−4} gauged linear sigma model [4]. Homogeneous coordinates p_i of C^k is interpreted as scalar components of chiral superfields P_i in the gauge theory, and the C^∗ quotient is realized by the combined operation of imposing D-flatness constraint and then dividing by the U(1) gauge symmetry. The procedure for realizing W as a vacuum moduli space of a gauge theory is carried out by a combinatorial algorithm based on toric geometry. The first step of the algorithm is to write the solution of the F-flatness constraints as x_1 = u_1, y_1 = u_2, y_2 = u_3, y_3 = u_4, x_2 = u_1u_2u^{−1}_3 , x_3 = u_1u_2u^{−1}_4 (2.6)

by introducing four complex variables u_1, · · · , u_4. (Note that the dimensions of W is four.) The form of the solution is specified by the matrix

K = u_1 u_2 u_3 u_4 m_1 1 0 0 0 m_2 0 1 0 0 m_3 0 0 1 0 m_4 0 0 0 1 m_5 1 1 −1 0 m_6 1 1 0 −1

. (2.7)

The row vectors m_i of the matrix K define the edges of a cone σ̂ in R^4. The next step is to calculate the dual cone of σ̂ defined by σ = {n ∈ R^4|m · n ≥ 0, ∀m ∈ σ̂}. (2.8) Calculation of σ is a problem of integer programming, and in the present case the cone σ is generated by eight vectors n_i in the lattice Z^4. They are represented by column vectors in the matrix,

T = n_1 n_2 n_3 n_4 n_5 n_6 n_7 n_8 u_1 1 0 1 1 0 0 1 0 u_2 0 1 0 0 1 1 0 1 u_3 0 0 1 0 1 0 1 1 u_4 0 0 0 1 0 1 1 1

. (2.9)

Chiral multiplets P_i in the gauge theory realization corresponds to each vector n_i, so the number k in (2.5) is equal to 8. D-flatness conditions imposed on the variables p_i are determined from linear relations among the vectors n_i. The four linear relations

n_1 − n_2 − n_3 + n_5 = 0, n_1 − n_3 − n_4 + n_7 = 0, n_1 − n_4 − n_2 + n_6 = 0, (2.10) n_4 − n_6 − n_7 + n_8 = 0,

imply four D-flatness conditions in the gauge theory realization,

|p_1|^2 − |p_2|^2 − |p_3|^2 + |p_5|^2 = 0, |p_1|^2 − |p_3|^2 − |p_4|^2 + |p_7|^2 = 0, |p_1|^2 − |p_4|^2 − |p_2|^2 + |p_6|^2 = 0, (2.11) |p_4|^2 − |p_6|^2 − |p_7|^2 + |p_8|^2 = 0.

Thus W is obtained from the space C^8 with coordinates (p_1, · · · , p_8) by imposing the four D-flatness conditions (2.11) and dividing by the U(1)^4 gauge symmetry.

To combine the D-flatness conditions (2.3) existing from the beginning, we must represent the equations (2.3) in terms of the variables p_i. Since the relation between the coordinates (v_1, · · · , v_6) = (x_1, y_1, y_2, y_3, x_2, x_3) and (p_1, · · · , p_8) is given by

v_i = ∏ j p^{mi ·nj}_j , (2.12) the D-flatness conditions are rewritten as

|p_2|^2 − |p_3|^2 = ζ_1, |p_3|^2 − |p_4|^2 = ζ_2. (2.13)

Thus the moduli space M is described by the six D-flatness conditions (2.11) and (2.13). For later use we make some rearrangements,

|p_1|^2 − |p_3|^2 − |p_4|^2 + |p_7|^2 = 0, |p_4|^2 − |p_6|^2 − |p_7|^2 + |p_8|^2 = 0, |p_2|^2 − |p_3|^2 = ζ_1, |p_3|^2 − |p_4|^2 = ζ_2, (2.14) |p_5|^2 − |p_6|^2 = ζ_2, |p_6|^2 − |p_7|^2 = ζ_1.

The analysis of M described by (2.14) depends on the values of (ζ_1, ζ_2). We first examine in the region ζ_1 > 0 and ζ_2 > 0, where we obtain inequalities |p_2|^2 > |p_3|^2 > |p_4|^2 and |p_5|^2 > |p_6|^2 > |p_7|^2 from the last four equations of (2.14). Hence the four variables p_2, p_3, p_5 and p_6 are not zero in this region. In such a situation, the four variables can be eliminated by using the last four D-flatness conditions of (2.14) and the corresponding U(1)^4 gauge symmetry. Thus we obtain two D-flatness conditions on four variables p_1, p_4, p_7 and p_8,

|p_1|^2 − 2|p_4|^2 + |p_7|^2 = ζ_2, |p_4|^2 − 2|p_7|^2 + |p_8|^2 = ζ_1. (2.15)

Since we are considering in the region ζ_1 > 0 and ζ_2 > 0, the right hand side of the equations are positive, which implies that M is the resolution of the orbifold C^2/Z_3. The topology of M is represented by the toric diagram in Figure 2. In the figure, the vector n_i corresponding to the variable p_i is attached to each vertex.

Next we examine (2.14) in the region ζ_1 < 0 and ζ_1 + ζ_2 > 0 as another example. Then we obtain inequalities |p_3|^2 > |p_2|^2 > |p_4|^2 and |p_5|^2 > |p_7|^2 > |p_6|^2 from the last four equations of (2.14), and hence the four variables p_2, p_3, p_5 and p_7 are not zero. In such a situation, the four variables are redundant. Thus we obtain two D-flatness conditions on four variables p_1, p_4, p_6 and p_8,

|p_1|^2 − 2|p_4|^2 + |p_6|^2 = ζ_1 + ζ_2, |p_4|^2 − 2|p_6|^2 + |p_8|^2 = −ζ_1. (2.16) n_1 n_4 n_7 n_8

Figure 2: Toric diagram representing M in the region ζ_1 > 0 and ζ_2 > 0.

Although the variable p_7 is replaced by p_6 compared with the first case, the form of the equations are the same and furthermore the right hand side of the two D-flatness equations remain to be positive since we are now considering in the region ζ_1 < 0 and ζ_1 + ζ_2 > 0. Hence M is the resolution of the orbifold C^2/Z_3 also in this region. These two examples show that the exchange of variables from p_7 to p_6 is the key to the fact that M remains to be the resolution of the orbifold C^2/Z_3: if such an exchange of variables does not occur, M becomes singular after crossing the line ζ_1 = 0.

Similar analysis shows that the equations (2.14) describe the resolution of the orbifold C^2/Z_3 independent of the region in the (ζ_1, ζ_2) space by choosing appropriate set of variables, thus non-geometric phases are projected out from the the Kähler moduli space of the orbifold^2. In Figure 3 we summarize toric diagrams representing W and lattice vectors n_i corresponding to the variables p_i chosen in each region in the ζ-space.

n_1 n_4 n_7 n_8 n_1 n_4 n_6 n_8

n_1 n_2 n_6 n_8

n_1 n_2 n_5 n_8

n_1 n_3 n_5 n_8 n_1 n_3 n_7 n_8 ζ_1 ζ_2

Figure 3: Phase structure for C^2/Z_3.

As shown in the Figure, the vector n_1 (n_8) corresponds to the left (right) vertex independent of the values of (ζ_1, ζ_2). On the other hand, the three vectors n_2, n_3, n_4 (n_5, n_6, n_7) correspond to the second vertex from the left (right). One of the three vectors is chosen in each region in the ζ-space and the other two are redundant.

2On codimension one loci in the ζ-space, the singularity does not completely resolved at the classical level.

To understand the meaning of the redundancy, let us look closely at the vectors n_i in (2.9). We first note that every vector n_i satisfies the following condition

n_i · ρ_0 = 1, for ρ_0 = (1, 1, 0, 0), (2.17)

which corresponds to the fact that the space M satisfies Calabi-Yau condition. Thus n_i lies on a three-dimensional hyperplane, and it is enough to consider three-dimensional vectors n̂_i obtained by omitting the first entry of n_i. The vectors n̂_i corresponding to each vertex of the toric diagram are given in Figure 4.

n̂_1 = (0, 0, 0) n̂_2 = (1, 0, 0) n̂_3 = (0, 1, 0) n̂_4 = (0, 0, 1) n̂_5 = (1, 1, 0) n̂_6 = (1, 0, 1) n̂_7 = (0, 1, 1) n̂_8 = (1, 1, 1)

Figure 4: Toric diagram for C^2/Z_3.

Structure of the redundancy is clear from the form of the vectors; the three entries of each vector are equal to 0 or 1, and vectors whose k components are equal to 1 correspond to the k + 1-th vertex from the left. Hence the multiplicity of the vectors associated to the k + 1-th vertex from the left is given by (^3_k).

Now we would like to show that the above structure has correspondence with representations of the SU(3) Lie algebra. Let us consider the eigenvalues ν_i of the vectors n̂_i for the generators of the Cartan subalgebra of SU(3), 1 2 1 0 0 0 −1 0 0 0 0 , 1 2 √ 3 1 0 0 0 1 0 0 0 −2

. (2.18)

We obtain the following results,

ν_1 = (0, 0), (2.19)

ν_2 = ( 1 2 , 1 2 √ 3 ) , ν_3 = ( − 1 2 , 1 2 √ 3 ) , ν_4 = ( 0, − 1 √ 3 ) , (2.20)

ν_5 = ( 0, 1 √ 3 ) , ν_6 = ( 1 2 , − 1 2 √ 3 ) , ν_7 = ( − 1 2 , − 1 2 √ 3 ) , (2.21)

ν_8 = (0, 0), (2.22)

and they are depicted in Figure 5. The figure implies that the three vectors ν_2, ν_3 and ν_4 form the weights of the representation 3 of SU(3) and the three vectors ν_5, ν_6 and ν_7 form the weights of the representation ¯3 of SU(3). Thus the three vectors n_2, n_3, n_4 (n_5, n_6, n_7) ν_1 ν_2 ν_3

ν_4 ν_5

ν_6 ν_7 ν_8^1_2

−^1_2

−^{1√}_3

1√ 3

−^1_2^√_3

1 2 √ 3

Figure 5: Eigenvalues of the vectors n̂_i.

associated to the second vertex from the left (right) in the toric diagram correspond to the representation 3 (¯3) of SU(3). Furthermore it is reasonable to consider the vector n_1 (n_8) associated to the left (right) vertex in the toric diagram corresponds to the representation 1 (¯1) of SU(3), where 1 is the trivial representation. Thus antisymmetric representations of SU(3) corresponds to each vertex in the toric diagram as depicted in Figure 6. The degrees of the redundancy (the multiplicity of the vectors) coincide with the dimensions of the representations.

1

Figure 6: Correspondence between representations of SU(3) and the toric diagram for C^2/Z_3. The Dynkin diagrams indicate the representations.

Since the vertices except for the both ends of the diagram represent exceptional divisors, the graph implies that there is a correspondence between exceptional divisors of the resolution of the orbifold C^2/Z_3 and antisymmetric representations of the Lie algebra SU(3). Note that the McKay correspondence [8] gives the connection between exceptional divisors of the resolution of C^2/Γ and irreducible representations of Γ. The above correspondence gives a new kind of connection between geometry and representation theory.

Finally we would like to discuss positivity of roots of the SU(3) Lie algebra. It gives a simple explanation on the choice of four variables p_i in each region in the ζ-space. In identifying the degeneracy of the lattice vectors n_i with representations of SU(3), ν_i − ν_j is identified with a root of the SU(3) Lie algebra. However, the positivity of roots is irrelevant in the discussion. Now we define the positivity of the roots as sign(ν_2 − ν_3) = sign(ζ_1), sign(ν_3 − ν_4) = sign(ζ_2), (2.23) sign(ν_2 − ν_4) = sign(ζ_1 + ζ_2).

The definition comes from the D-flatness conditions

|p_2|^2 − |p_3|^2 = ζ_1, |p_3|^2 − |p_4|^2 = ζ_2. (2.24)

The conditions lead to the relations sign(ν_5 − ν_6) = sign(ζ_2) sign(ν_6 − ν_7) = sign(ζ_1) (2.25) sign(ν_5 − ν_7) = sign(ζ_1 + ζ_2),

which corresponds to the D-flatness conditions

|p_5|^2 − |p_6|^2 = ζ_2, |p_6|^2 − |p_7|^2 = ζ_1. (2.26)

By definition, positivity depend on the values of (ζ_1, ζ_2). In the region ζ_1 > 0 and ζ_2 > 0, for example, we obtain inequalities

ν_2 > ν_3 > ν_4, ν_5 > ν_6 > ν_7, (2.27)

They mean that ν_4 and ν_7 are lowest weight states of the representations 3 and ¯3 respectively. Thus the coordinate p_i which remains after elimination of the redundant variables corresponds to the lowest weight state in each representation. This property also holds for any region in the ζ-space.

3 D-geometric structure of C^2/Z_N

The discussion in the last section is generalized to the orbifold C^2/Z_N where the action of g ∈ Z_N on (x, y) ∈ C^2 is given by

(x, y) → (ω_N x, ω^{−1}_N y), ω_N = exp(2πi/N). (3.1)

The quiver diagram of this model is depicted in Figure 7. The classical moduli space M of the corresponding quiver gauge theory is obtained from the space C^{2N} of variables (x_i, y_i) by imposing the F-flatness conditions

x_1y_1 = x_2y_2 = · · · = x_N y_N , (3.2) x_1

y_1

x_2 y_2 x_{N −1} y_{N −1} x_N y_N

Figure 7: Quiver diagram for C^2/Z_N .

and D-flatness conditions

|x_i|^2 − |y_i|^2 − |x_{i+1}|^2 + |y_{i+1}|^2 = ζ_i, (i = 1, 2, · · · , N − 1), (3.3)

and further dividing by the gauge group U(1)^{N −1}.

We first consider the space W imposed only the F-flatness constraints (3.2). The solution of the constraints (3.2) of the form

x_1 = u_1, y_1 = u_2, y_2 = u_3, · · · , y_N = u_{N +1}, x_2 = u_1u_2u^{−1}_3 , x_3 = u_1u_2u^{−1}_4 , · · · , x_N = u_1u_2u^{−1}_{N +1}, (3.4)

is encoded in the rows of the matrix K,

K = u_1 u_2 u_3 u_4 · · · u_{N +1} m_1 1 0 0 0 · · · 0 m_2 0 1 0 0 · · · 0 m_3 0 0 1 0 · · · 0 m_4 0 0 0 1 · · · 0 . . m_{N +1} 0 0 0 0 · · · 1 m_{N +2} 1 1 −1 0 · · · 0 m_{N +3} 1 1 0 −1 · · · 0 . . m_{2N} 1 1 0 0 · · · −1

. (3.5)

The N + 1-dimensional vectors m_i form a cone σ̂ in R^{N +1}. To represent the space W as a holomorphic quotient, we consider the dual cone σ defined by σ = {n ∈ R^{N +1}|m · n ≥ 0, ∀m ∈ σ̂}. (3.6) After some calculations, we obtain the cone σ generated by 2^N vectors n_i (i = 1, · · · , 2^N ) of the form (1, 0, ∗, ∗, · · · , ∗) or (0, 1, ∗, ∗, · · · , ∗), (3.7) where each of the last N − 1 entries denoted by ∗ is equal to 0 or 1. Since the N + 1- dimensional vector n_i satisfies the relation ρ_0 · n_i = 1 for ρ_0 = (1, 1, 0, · · · , 0), n_i lies on a N-dimensional hyperplane, so we consider N-dimensional vectors n̂_i obtained by omitting the first entry of n_i. As one can see from (3.7), every entry of n̂_i is equal to 0 or 1, hence the 2^N vectors n̂_i are labeled by the elements of Z^N_2 ; in other words, n̂_i corresponds to a vertex of the N-dimensional cube with volume one.

For later use, we define degree d(n̂_i) of a vector n̂_i by d(n̂_i) = ρ̂_1 ·n̂_i for an N-dimensional vector ρ̂_1 = (1, 1, · · · , 1). By definition, the degree d(n̂_i) is the number of components of n̂_i whose entry is 1, and d(n̂_i) takes values from 0 to N. Thus the vectors n̂_i are classified according to their degrees. We denote the set of vectors with degree k as F_k, in which there are (^N_k ) elements. We also introduce N-dimensional vectors e_i (i = 1, · · · , N) defined by

e_i = (0, · · · , 0, 1, 0, · · · , 0) (3.8)

where the i-th entry is equal to 1. The vectors in F_k are written in the form

n̂_{(a1,···,ak )} = e_{a1} + e_{a2} + · · · + e_{ak} (3.9)

where (a_1, a_2, · · · , a_N ) is a permutation of (1, 2, · · · , N). For k = 0, we define n̂_{(ϕ)} = (0, · · · , 0). Note that the vectors n_i and the corresponding complex scalars p_i are also labeled by the same indices.

Under these definitions, 2^N − N − 1 linear relations among the 2^N vectors n_i are written in the form n_{(a1,···,ak)} − n_{(a1,···,ak ,ak+1)} − n_{(a1,···,ak,ak+2)} + n_{(a1,···,ak ,ak+1,ak+2)} = 0, (3.10) where k = 0, 1, · · · , N − 2. These relations imply 2^N − N − 1 D-flatness conditions, |p_{(a1,···,ak )}|^2 − |p_{(a1,···,ak ,ak+1)}|^2 − |p_{(a1 ,···,ak,ak+2)}|^2 + |p_{(a1,···,ak ,ak+1,ak+2)}|^2 = 0. (3.11) These are the D-flatness conditions converted from the F-flatness conditions (3.2). On the other hand, the D-flatness conditions (3.3) existing from the beginning are rewritten as

|p_{(i)}|^2 − |p_{(i+1)}|^2 = ζ_i (3.12)

where i = 1, 2, · · · , N − 1. Thus the vacuum moduli space M is described by the 2^N − 2 D-flatness conditons (3.11) and (3.12).

Once the Fayet-Iliopoulos parameters (ζ_1, · · · , ζ_{N −1}) are fixed, relative size of |p_{(i)}|^2 are determined by (3.12), and one obtains the following inequalities^3,

|p_{(L1)}|^2 < |p_{(L2)}|^2 < · · · < |p_{(LN )}|^2. (3.13)

Here (L_1, L_2, · · · , L_N ) is a certain permutation of (1, 2, · · · , N).

Next we rewrite the 2^N − 2 D-flatness conditions by taking the ordering (3.13) into account^4. They are classified into two types. The first type of equations are written as |p_{(L1 ,···,Lk )}|^2 − |p_{(L1,···,Lk ,Lk+1 )}|^2 − |p_{(L1,···,Lk ,Lk+2 )}|^2 + |p_{(L1,···,Lk ,Lk+1,Lk+2)}|^2 = 0 (3.14) 3We ignore codimension one hyperplanes in the parameter space. 4The rearrangement of the D-flatness conditions is similar to that considered in [9].

where k = 0, 1, · · · , N − 2. The second type of equations are written as |p_{(L1,···,Li)}|^2 − |p_{(a1,···,ai)}|^2 = ζ_{(L1,···,Li)−(a1,···,ai)} (3.15) where i = 1, 2, · · · , N − 1, and (a_1, · · · , a_N ) is a permutation of (1, · · · , N) which gives p_{(a1,···,ai)} other than p_{(L1 ,···,Li)}. Note that the number of independent equations in the second type is_{N −1} ∑ i=1 ( (^N_k ) − 1 ) = 2^N − N − 1. (3.16)

The parameter in the right hand side of the equation (3.15) is defined by ζ_{(L1,···,Li)−(a1,···,ai)} = i∑ j=1 ζ_{(Lj )−(aj )}, (3.17)

where ζ_{(Li)−(ai)} is a linear combination of ζ_i defined by

ζ_{(Lj )−(aj )} = ζ_{Lj} + ζ_{Lj +1} + · · · + ζ_{aj −1}, (if L_j < a_j ) −(ζ_{aj} + ζ_{aj +1} + · · · + ζ_{Lj −1}), (if a_j < L_j ) 0. (if L_j = a_j )

(3.18)

By the definition of the permutation (L_1, · · · , L_N ), the parameter ζ_{(L1 ,···,Li)−(a1,···,aj )} turns out to be negative. This implies that |p_{(a1,···,ai)}|^2 is not zero, and the variable p_{(a1,···,ai)} can be eliminated by (3.15) and the corresponding U(1) gauge symmetry. After the elimination of the redundant variables, we obtain N − 1 D-flatness conditions on N + 1 variables p_{(L1,···,Li)} (i = 0, · · · , N), |p_{(L1,···,Lk )}|^2 − 2|p_{(L1,···,Lk ,Lk+1)}|^2 + |p_{(L1 ,···,Lk ,Lk+1,Lk+2)}|^2 = −ζ_{(Lk+1 )−(Lk+2)}, (3.19) where k = 0, 1, · · · , N − 2. By the definition of (L_1, · · · , L_N ), the right hand side of (3.19) is positive. This implies that M is the resolution of the orbifold C^2/Z_N . Thus the singularity of the orbifold is resolved in every region in the (ζ_1, · · · , ζ_{N −1}) space (except for codimension one loci) and non-geometric phases are projected out.

Finally we would like to discuss correspondence between geometry of C^2/Z_N and representation theory. Similar argument to the N = 3 case shows that the (^N_k ) vectors in F_k corresponds to the k-th vertex from the left in the toric diagram and they form an antisymmetric representation of SU(N) Lie algebra as shown in Figure 8. By defining positivity of roots of SU(N) Lie algebra in a similar manner to the last section, we find out that the variables p_{(L1 ,···,Li)} remaining after the elimination of the redundant variables correspond to the lowest weight state of each antisymmetric representation of SU(N).

4 Three-dimensional orbifolds

In this section we consider D-branes on the orbifold C^3/Z_N where the action of g ∈ Z_N on (x, y, z) ∈ C^3 is given by (x, y, z) → (ω_N x, ω_N y, ω^{−2}_N z), ω_N = exp(2πi/N). (4.1)

1 N-1 N

Figure 8: Correspondence between representations of SU(N) and the toric diagram for C^2/Z_N .

By a similar analysis to the two-dimensional case, we obtain toric data of the vacuum moduli space of the quiver gauge theory. As an example, we consider the orbifold C^3/Z_7. F-flatness conditions are represented by a cone σ̂ in R^9 generated by 21 vectors m_i, and its dual cone σ turns out to be generated by 31 vectors n_i. (The form of the vectors is given in the Appendix.) After combining D-flatness conditions, we obtain the toric diagram depicted in Figure 9. In the toric diagram 7 vectors n_4, · · · , n_{10} correspond to the left vertex inside the diagram, 14 vectors n_{11}, · · · , n_{24} correspond to the middle one and 7 vectors n_{25}, · · · , n_{31} correspond to the right one.

n_3

n_1 n_2 {n_4, · · · , n_{10}} {n_{11}, · · · , n_{24}} {n_{25}, · · · , n_{31}} Figure 9: Toric diagram for C^3/Z_7.

The structure of the multiplicity can be analyzed from the explicit form of the ninedimensional vectors n_i. However, not all the components of the vector are necessary to describe the structure of the multiplicity as in the two-dimensional case. In this case it is enough to consider only seven components of n_i, which we will denote by n̂_i. The 7 vectors corresponding to the left vertex inside the toric diagram are given by the columns of the matrix, n̂_4 n̂_5 n̂_6 n̂_7 n̂_8 n̂_9 n̂_{10} 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1

, (4.2)

the 14 vectors corresponding to the middle vertex inside the toric diagram are given by the columns of the matrix,

n̂_{11} n̂_{12} n̂_{13} n̂_{14} n̂_{15} n̂_{16} n̂_{17} n̂_{18} n̂_{19} n̂_{20} n̂_{21} n̂_{22} n̂_{23} n̂_{24} 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 1 0 1 0 0 0 0 0 0 1 0 0 0 1 0 1 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0 0 1 0 0 1

, (4.3)

and the 7 vectors corresponding to the right vertex inside the toric diagram are given by the columns of the matrix,

n̂_{25} n̂_{26} n̂_{27} n̂_{28} n̂_{29} n̂_{30} n̂_{31} 1 0 0 1 0 1 0 0 1 0 0 1 0 1 1 0 1 0 0 1 0 0 1 0 1 0 0 1 1 0 1 0 1 0 0 0 1 0 1 0 1 0 0 0 1 0 1 0 1

. (4.4)

The structure of these vectors can be represented diagrammatically as in Figure 10. The seven small circles in the graph correspond to the seven components of each vector n̂_i and the black circles represent the positions where the entries are equal to 1. Each diagram represents seven vectors by performing Z_7 rotations. Thus the vectors on the k-th vertex from the left inside the toric diagram are obtained by choosing k positions from seven with the constraints that two neighboring positions must not be chosen.

This structure also holds for the orbifold C^3/Z_N defined by (4.1), and the total number n_D(N) of the vectors n_i necessary to describe the D-geometry of the orbifold is given by

n_D (N) = [N/2]∑

k=1 N N − k ( N − k k ) + 3. (4.5)

Note that this equation also holds when N is even. If we define

f(N) = n_D(N) − 2, (4.6)

Figure 10: Diagrams representing the structure of n̂_i for C^3/Z_7. The black circles represent positions where the entries are equal to 1. (a) represents the vectors {n̂_4, · · · , n̂_{10}} corresponding to the left vertex inside the toric diagram. (b) and (c) represent the vectors {n̂_{11}, · · · , n̂_{24}} corresponding to the middle vertex inside the toric diagram. (d) represents vectors {n̂_{25}, · · · , n̂_{31}} corresponding to the right vertex inside the toric diagram.

f(N) satisfies the recursion relation similar to the Fibonacci sequence,

f(N) = f(N − 1) + f(N − 2) (4.7)

with the conditions f(1) = 1 and f(2) = 3. The solution of the recursion relation is given by f(N) = ( 1 + √ 5 2 )_N + ( 1 − √ 5 2 )_N , (4.8)

and hence analytic expression of n_D(N) is

n_D(N) = ( 1 + √ 5 2 )_N + ( 1 − √ 5 2 )_N + 2. (4.9)

It reproduces the numbers given in the Table in the Introduction.

Acknowledgements

I would like to thank T. Tani for valuable discussions.

A Toric data for the orbifold C^3/Z_7.

K = m_1 1 0 0 0 0 0 0 0 0 m_2 0 1 0 0 0 0 0 0 0 m_3 0 0 1 0 0 0 0 0 0 m_4 0 0 0 1 0 0 0 0 0 m_5 0 0 0 0 1 0 0 0 0 m_6 0 0 0 0 0 1 0 0 0 m_7 0 0 0 0 0 0 1 0 0 m_8 0 0 0 0 0 0 0 1 0 m_9 0 0 0 0 0 0 0 0 1 m_{10} 1 0 1 0 −1 0 0 0 0 m_{11} 1 0 1 1 −1 −1 0 0 0 m_{12} 1 0 1 1 0 −1 −1 0 0 m_{13} 1 0 1 1 0 0 −1 −1 0 m_{14} 1 0 1 1 0 0 0 −1 −1 m_{15} 1 0 0 1 0 0 0 0 −1 m_{16} 0 1 1 0 0 0 0 0 −1 m_{17} 0 1 0 1 0 0 0 0 −1 m_{18} 0 1 0 0 1 0 0 0 −1 m_{19} 0 1 0 0 0 1 0 0 −1 m_{20} 0 1 0 0 0 0 1 0 −1 m_{21} 0 1 0 0 0 0 0 1 −1

(A.1)

T = n_1 n_2 n_3 n_4 n_5 n_6 n_7 n_8 n_9 n_{10} n_{11} n_{12} n_{13} n_{14} n_{15} n_{16} n_{17} 0 1 0 0 0 1 1 1 1 1 0 0 1 1 1 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 1 0 1 1 0 0 1 0 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1

n_{18} n_{19} n_{20} n_{21} n_{22} n_{23} n_{24} n_{25} n_{26} n_{27} n_{28} n_{29} n_{30} n_{31} 0 0 1 1 0 0 1 0 0 1 0 0 0 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 1 0 0 0 1 0 0 1 0 0 1 0 1 0 0 1 0 0 0 1 0 0 1 0 0 1 0 1 0 0 1 0 0 0 1 1 0 1 0 0 1 0 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1 0 0 0 0 1 0 0 1 0 0 1 0 1 0 1

(A.2)

References

[1] M. R. Douglas, B. R. Greene and D. R. Morrison, “Orbifold resolution by D-branes,” Nucl. Phys. B 506 (1997) 84 [hep-th/9704151].

[2] T. Muto, “D-branes on orbifolds and topology change,” Nucl. Phys. B 521 (1998) 183 [hep-th/9711090].

[3] P. S. Aspinwall, B. R. Greene and D. R. Morrison, “Calabi-Yau moduli space, mirror manifolds and spacetime topology change in string theory,” Nucl. Phys. B 416 (1994) 414 [hep-th/9309097].

[4] E. Witten, “Phases of N = 2 theories in two dimensions,” Nucl. Phys. B 403 (1993) 159 [hep-th/9301042].

[5] T. Muto and T. Tani, “Stability of quiver representations and topology change,” JHEP 0108 (2001) 008 [hep-th/0107217].

[6] B. Feng, S. Franco, and A. Hanany and Y. H. He, “Symmetries of Toric Duality,” hep-th/0205144.

[7] M. R. Douglas and G. Moore, “D-branes, Quivers, and ALE Instantons,” hepth/9603167.

[8] J. McKay, “Graphs, Singularities, and Finite Groups,” Proc. Symp. Pure Math. 37 (1980) 183.

[9] C. Beasley, B. R. Greene, C. I. Lazaroiu and M. R. Plesser, “D3-branes on partial resolutions of abelian quotient singularities of Calabi-Yau threefolds,” Nucl. Phys. B 566 (2000) 599 [hep-th/9907186].