arXiv:hep-th/0206076 v1 10 Jun 2002

Hecke algebraic approach to the reflection equation for spin chains

A Doikou

Mathematics, University of York, Heslington, York YO10 5DD, UK.

P P Martin

Mathematics Department, City University, Northampton Square, London EC1V 0HB, UK.

Abstract

We use the structural similarity of certain Coxeter Artin Systems to the Yang–Baxter and Reflection Equations to convert representations of these systems into new solutions of the Reflection Equation. We construct certain Bethe ansatz states for these solutions, using a parameterisation suggested by abstract representation theory.

1 Introduction and review

There has been much interest recently in the role of boundaries in integrable systems, both from the point of view of critical phenomena (see for example [1] and references therein), and integrability [26]. There has also been considerable progress in constructing representations of affine Hecke algebras [17, 31] with global (i.e. quasi–thermodynamic) limits [46, 44]. In this paper we apply this algebraic technology to the boundary R–matrix problem, in a way analogous to the use by many authors of the ordinary Hecke algebra in solving the Yang–Baxter equations (see [39, 27] for reviews).

We start by briefly reviewing the standard R–matrix formulation of the Yang– Baxter equation (YBE) in the context of spin chains, and the Hecke/Temperley–Lieb algebraic variant of this formulation. We then generalise to K–matrices and boundary YBE — i.e. to the reflection equation (RE) [11, 54]. In §2 we discuss the algebraic structures with roles analogous to the ordinary Hecke and Temperley–Lieb algebras in the boundary case, and give a number of constructions for representations of such algebras, which representations provide candidates for solutions to RE. In §3 we show that the resultant ‘blob algebra’ b_n indeed provides new (and well parameterized) solutions to RE. Finally we look at the Bethe ansatz for some intriguing ‘spin–chain–like’ representations of this algebra.

The parallels with the ordinary closed boundary U_q sl_2–invariant spin chain case are strong, but the symmetry algebra is not always U_qsl_2. This raises some very interesting questions for further study. The representation theory of b_n has parallels with that of the Virasoro algebras arising in conformal field theory, and Bethe ansatz may provide a mechanism for investigating this (cf. [33, 53, 27, 45]).

Fix integers N > 0 and n >> 0, and let V be complex N–space. Write V^n = ⊗^n_{i=1}V . For N = 2 the Pauli σ–matrices, and indeed U_qsl_2, act naturally on V , and V^n is the underlying space of the n–site XXZ model. Define H^N_n (q) = End_{Uq slN} (V^n). The ordinary Temperley–Lieb algebra T_n(q) (see later) is isomorphic to H^2_n(q).

1.1 R–matrices

Define P to act on V ⊗V by Px⊗y = y⊗x. If A is any matrix acting on V^m = ⊗^m_{i=1}V , and i_1, ..., i_m ≤ n distinct natural numbers, then (in ‘R–index notation’) A_{i1...im} acts on V^n by embedding the A action onto the i^{th}_1 ... i^{th}_m factors V . Eg., P_{12} = P_{21} and P_{12}P_{13}P_{12} = P_{23}. Dually, if T is a matrix acting on V ⊗ V^n (with factors indexed from 0, 1, ..., n) then T_0 is T regarded as an N^n × N^n–matrix–valued N × N–matrix in the obvious way. Generalising this (for a moment) so that T_i is T expanded with respect to the i^{th} factor then tr_i(T ) = tr(T_i), the trace (we may also write this as tr_i(T_i)); and T^{ti} = (T_i)^t, the transpose.

An (adjoint) R(λ)–matrix is a matrix acting on V^2 which solves the Yang–Baxter equation in the (R–index) form [34]

R_{12}(λ − λ^′) R_{13}(λ) R_{23}(λ^′) = R_{23}(λ^′) R_{13}(λ) R_{12}(λ − λ^′). (1)

We also require unitarity:

R_{12}(λ)R_{21}(−λ) ∝ 1 (2)

(NB, R_{21}(λ) = P_{12}R_{12}(λ)P_{12}); R_{21}(λ) = R_{12}(λ)^{t1t2} ; and [52] that there exist M = M^t and ρ such that

R_{12}(λ)^{t1} M_1R_{12}(−λ − 2ρ)^{t2} M^{−1}_1 ∝ 1 , (3)

[M_1M_2 , R_{12}(λ)] = 0 . (4)

Given such an R(λ)–matrix, introduce monodromy matrix [19, 20]

T (λ) = R_{0n}(λ) · · · R_{01}(λ) . (5)

NB, this acts on V ⊗V^n = V_0 ⊗V_1 ⊗V_2 . . . V_n. Spaces V_i (i > 0) are called ‘quantum’; space V_0 is called ‘lateral’ or ‘auxiliary’. One often makes manifest just the lateral space subscript: T (λ) = T_0(λ). The YBE implies

R_{00}′ (λ − λ^′) T_0(λ) T_0′ (λ^′) = T_0′ (λ^′) T_0(λ) R_{00}′ (λ − λ^′) . (6)

It will be convenient in what follows to have in mind a pictorial realisation of the verification of equation(6). One represents the YBE itself as in figure 1. The identity then follows by repeated application of the YBE as in figure 2.

The closed chain transfer matrix is

t(λ) = tr_0 T_0(λ) (7)

By virtue of (6) and the existence of inverse of R(λ) this obeys

[t(λ) , t(λ^′)] = 0. (8)

Figure 1: Pictorial realisation of the YBE generalising the permutation diagram realisation of the symmetric group. Here a crossing labelled by 1 (resp. 2, +) represents R_{ij} (θ_1) (resp. R_{ij} (θ_2), R_{ij} (θ_1 + θ_2)), and θ_1 = λ − λ^′, θ_2 = λ.

Figure 2: Application of the YBE to verify commutation.

Example: with N = 2 the XXZ model with anisotropy parameter μ ≥ 0 has [13]

R(λ) = a(λ) b(λ) c_+(λ) c_−(λ) b(λ) a(λ) (9)

where

a(λ) = sinh (μ(λ + i)) b(λ) = sinh(μλ) c_±(λ) = sinh(iμ)e^{±μλ} (10)

(also known as A^{(1)}_1 case, by an association with the A^{(1)}_1 affine Lie algebra). This R–matrix obeys (3) and (4) with [16, 14] M_{jk} = δ_{jk}e^{iμ(3−2j)} , ρ = i . (11) 1.2 R–matrices and the TL algebraic method

Given an R–matrix, set Ř_{ii+1}(λ) = P_{ii+1}R_{ii+1}(λ) = R_{i+1i}(λ)P_{ii+1}. (12)

Premultiplying (1) by P_{23}P_{12}P_{23} we get Ř_{12}(λ − λ^′) Ř_{23}(λ) Ř_{12}(λ^′) = Ř_{23}(λ^′) Ř_{12}(λ) Ř_{23}(λ − λ^′) (13)

What is deep about (1) is the construction of commuting transfer matrices, and this is not restricted to, and may be abstracted away from, the V^n setting. One introduces abstract operators Ř_i(λ) (not in R–index notation) obeying Ř_i(λ − λ^′) Ř_{i+1}(λ) Ř_i(λ^′) = Ř_{i+1}(λ^′) Ř_i(λ) Ř_{i+1}(λ − λ^′) (14) and Ř_i(λ) Ř_j (λ^′) = Ř_j (λ^′) Ř_i(λ) i − j > 1 . (15)

This is called the Hecke algebraic form of the YBE. It will be evident that every R–matrix gives a solution to these equations via the substitution Ř_i(λ) → Ř_{ii+1}(λ).

The abstract Temperley–Lieb algebra T_n(q) is generated by the unit element and elements U_1, . . . , U_{n−1} satisfying the following relations [55, 4]

U_iU_i = −(q + q^{−1})U_i, q = e^{iμ} U_iU_{i±1}U_i = U_i [U_i, U_j ] = 0 i − j > 1. (16)

Let N = 2, and V^n the corresponding tensor space with action of U_qsl_2 [35, 39]. Set

R(U_i) = R_q(U_i) = σ^+_i σ^−_{i+1} + σ^−_i σ^+_{i+1} + q + q^{−1} 1 ( σ^z_i σ^z_{i+1} − 1 4 ) + q − q^{−1} 2 ( −σ^z_i + σ^z_{i+1} ) = 1 ⊗ . . . ⊗ U ⊗ . . . ⊗ 1 (17) where

U = 0 −e^{iμ} 1 1 −e^{−iμ} 0 (18)

(i.e. the nontrivial part is a 4 × 4 matrix acting on V_i ⊗ V_{i+1}, so R(U_i) = U_{ii+1} in R–index notation).

Proposition 1 [40] The matrices R(U_i) define a representation of T_n(q) which is (i) faithful; and (ii) commutes with the action of U_qsl_2 on V^n.

For the XXZ R–matrix of equation (9) we find Ř_{ii+1}(λ) = sinh(μ(λ + i))1 + sinh(μλ)R(U_i). (19)

Thus R gives a solution to (13) and hence to (1). Since R is faithful, any representation of T_n(q) would give a solution to (14). We say T_n(q) gives a meta–solution.

1.3 K–matrices

Given an R–matrix, a K(λ)–matrix acts on V and obeys the reflection equation [11]:

R_{12}(λ_1 − λ_2) K_1(λ_1) R_{21}(λ_1 + λ_2) K_2(λ_2) = K_2(λ_2) R_{12}(λ_1 + λ_2) K_1(λ_1) R_{21}(λ_1 − λ_2) . (20)

We require K(0) = 1 and K(λ)K(−λ) ∝ 1. Using this one may construct commuting open boundary transfer matrices and solve corresponding Bethe ansatz equations [54].

A suitable transfer matrix t(λ) for an open chain of n spins is [54, 35, 47]

t(λ) = tr_0 M_0 K^+_0 (−λ − ρ)^t T_0(λ) K^−_0 (λ) T̂_0(λ) , (21)

where T̂_0(λ) = R_{10}(λ) · · · R_{n0}(λ) , (22)

K^−(λ) = K(λ) where the K(λ) is a solution of the reflection equation, and K^+ satisfies an equation similar to (20) [18] (we can and will set K^+ = 1 without significant loss of generality).

Following Sklyanin [54] define

T (λ) = T_0(λ) K^−_0 (λ) T̂_0(λ) , (23)

which satisfies

R_{12}(λ_1 − λ_2) T_1(λ_1) R_{21}(λ_1 + λ_2) T_2(λ_2) = T_2(λ_2) R_{12}(λ_1 + λ_2) T_1(λ_1) R_{21}(λ_1 − λ_2) . (24)

We may again use the pictorial representation to see this. Following figure 1 the picture for the reflection equation (20) is as in figure 3. In this realisation the Sklyanin operator appears as in figure 4. The identity (24) follows in the manner of

Figure 3: Pictorial realisation of the RE

Figure 4: The Sklyanin operator T (λ).

Figure 5: First steps in verification of commutation. Step 1 is an application of YBE as in figure 2. Step 2 is similar. At this point the left hand side of RE has appeared in the picture. One applies RE to it and then completes the manipulation by further applications of YBE.

figure 5.

The transfer matrix also obeys

[t(λ) , t(λ^′)] = 0 . (25)

Consider the XXZ/A^{(1)}_1 R–matrix as before. For K = 1,

[t(λ), g] = 0 (26)

where g is the usual U_qsl_2 action [50, 49, 48, 54]. The symmetry for the general diagonal K is more complicated (see e.g. [18]).

In the Temperley–Lieb notation the RE is

Ř_1(λ_1 −λ_2) Ǩ(λ_1) Ř_1(λ_1 +λ_2) Ǩ(λ_2) = Ǩ(λ_2) Ř_1(λ_1 +λ_2) Ǩ(λ_1) Ř_1(λ_1 −λ_2). (27)

As we will now see, this makes it natural to seek solutions among the affine generalisations of T_n(q).

2 (Affine) braids and Hecke algebras

Recall that a Coxeter graph G is any finite undirected graph without loops (almost everybody’s attention is habitually restricted to the subset of graphs of positive type [28, §2.3]). For given G let m(s, s^′) denote the number of edges between vertices s and s^′. The Coxeter system of G is a pair (W, S) consisting of a group W and a set S of generators of W labelled by the vertices of G, with relations of the form g_sg_s′ g_sg_s′ ... = g_s′ g_sg_s′ g_s... (28) where the number of factors on each side is m(s, s^′) + 2; and

g^{−1}_s = g_s. (29)

If we relax the set of relations in (29) (and add as generators the inverse of each g_s ∈ S) we get a Coxeter Artin system, and W = A_G is an Artin group [9]. For example, let B_n denote the ordinary Artin braid group, the group of composition of finite braidings of n strings running from the northern to the southern edge of a rectangular frame. Then A_{An−1} ∼= B_n.

In case G = B_n the (non–commuting) relations may be written

g_0g_1g_0g_1 = g_1g_0g_1g_0 (30)

g_ig_{i+1}g_i = g_{i+1}g_ig_{i+1} n − 1 > i ≥ 1. (31)

And here is the point of this excursion: We will use the structural similarity of these relations to the reflection equation (RE) [11, 54] and Yang–Baxter equation (YBE) [4] to develop various realisations of A_{Bn} into candidates for solutions to these equations. There are two parts to this task. Finding quotients of the braid group in which (30) and (31) may be deformed to solve RE and YBE respectively (see §2.3); and then finding realizations of these quotients suitable for Bethe ansatz formulation. Our approach to the latter problem is to borrow from what works in the ordinary case [4]. Thus we have to make contact with the ordinary case. We do this next.

π(1) c_0 = π(g_0 )

π(g^{−1}_2 ) π(g_1 )

Figure 6: Elements of the 3 string braid group on the cylinder.

=

Figure 7: Example of composition g_1g_0, and ambient isotopy/ Reidemeister move on the product in a cylinder braid group.

2.1 Boundaries, cylinder braids and A_{Bn}

Let B^∘_n denote the Artin braid group on the cylinder (or annulus — the correspondence between the cylinder and annulus versions is trivial, cf. [41, 29], and we will use them interchangeably). Figure 6 shows some elements of B^∘_3 (together with an assertion, to be verified later, of their preimages in A_{B3} under a certain group homomorphism). Figure 7 illustrates composition in the cylinder braid group, and the Reidemeister move [51, III§1] of type 2 in this context ([51] provides a summary of and link to Reidemeister’s original works). There is an obvious inclusion ι : B_n → B^∘_n got by identifying the right and left edges of the frame. There is an obvious surjective homomorphism σ : B^∘_n → B_n got by arranging for all the string endpoints to be gathered on one side of the cylinder and then squashing the cylinder flat with this side on top.^1 Figure 8 shows that τ = g_{n−1} . . . g_2g_1c_0 is a useful twist

1Most of the groups we consider here contain B_m as a subgroup at least for some m. For example, if A_{m−1} is a full subgraph of G then A_G ⊃ B_m. Where it is unambiguous to do so we will refer to the elements which lie in this subgroup by their B_m names (thus g_1 and so on).

=

Figure 8: Example of composition g_2g_1c_0, and ambient isotopy/ Reidemeister move on the product in a cylinder braid group, showing that this is a twist element τ .

element.

Proposition 2 Each of the sets S = {c^{±1}_0 , g^{±1}_1 , g^{±1}_2 , ...} and S^′ = {τ^{±1}, g^{±1}_1 , g^{±1}_2 , ...} generates B^∘_n.

Proof: These sets generate each other so it is enough to prove for S. Let w be an arbitrary cylinder braid. We may assume that it is drawn with no string tangent parallel to the top frame, and it has a finite number of crossings. Either it has no crossings, in which case it can evidently be generated by τ^{±1} (figure 8), or there exist a pair of strings adjacent at the top of the diagram which cross each other before crossing any other. This crossing can be removed by multiplying by an appropriate element of S (or finite product thereof). Since w is finite, iterating this process produces a braid with no crossings (and hence generated by τ ). Thus the inverse of w is generated by S, and so is w. □

The interplay between B–type and periodic algebraic systems and boundary conditions for YBE (cf. (30),(31)) is neatly summed up by the following.

Proposition 3 There is a group homomorphism π : A_{Bn+1} −→ B^∘_n in which the images of the set {g_0, g_1, g_2, ..} of generators are (the generators) as indicated in figure 6.

Figure 9 verifies the special relation (30) in this realisation, in as much as it is manifest that the (outer) factor of π(g_1) commutes with the rest of the diagram. Note from proposition 2 that π is surjective. (And see [8, 2].)

It will be evident that there is a homomorphism from A_{Ân+1} (with generator ĝ_{n+1}, say, where vertex n + 1 is adjacent to both 1 and n in Â_{n+1}) into B^∘_{n+1}. This may be given in our n = 2 example as ĝ_3 → τ g_1τ^{−1}.

2.2 On maps into the ordinary braid group

Recall that the pure braid group B^′_n is normal in B_n, and that the quotient defines a surjection onto the symmetric group S_n P : B_n → S_n.

Figure 9: Demonstration of the image of relation (30) in a cylinder braid group.

Figure 10: Inserting strings into the cylinder.

For p a partition of {1, 2, .., n}, the subset of permutations which fix p forms a subgroup, called the Young subgroup S_p of S_n. We may extend this to define a subgroup B_p of B_n which fixes p in the sense that braid b fixes p if P (b) does.

Note that for each p_i a part of p there is a natural ‘restricting’ map from B_p onto B_{|pi|} which simply ignores all strings not in p_i.

For m = 1, 2, ... let B^m_{n+m} denote the subgroup of B_{n+m} in which the first m strings are pure.

Next we establish maps between A_{Bn} , B^∘_n and B^1_{n+1} which enable us to port information between them. This is useful as each brings a particular utility to the problem of their analysis (B^∘_n has nice diagrams, and periodicity; B^1_{n+1} forms a tower of subalgebras on varying n, and has representations by restriction from B_n; and A_{Bn} has the direct structural similarity with RE and the blob algebra (see later)).

There is a mapping σ_l : B^∘_n → B^l_{n+l} like σ, but which keeps track of which strings actually went round the back of the cylinder (i.e. it is injective). Before squashing the cylinder completely flat we slide an extra row of l mutually non-crossing strings into the hole, pushing them over so that they lie at, say, the lefthand end of the row of strings in the squashed cylinder (see figure 10). For example σ_1(c_0) = g^2_1, σ_1(g_i) = g_{i+1} (i > 0). To see that this map is injective note that the strings which went round the back now go round the extra strings in the appropriate sense (so the manoeuvre is reversible). The image of this map is a nonempty subgroup of B^l_{n+l} which restricts, on the first l strings, to

Figure 11: Element of J ⊂ B_6, showing (dashed) symmetry axis.

the trivial group. Note, then, that σ_1 is an isomorphism. We will again use these two realisations interchangeably where no confusion arises. (Cf. [5, 6, 42].) Indeed, for mapping the braid groups themselves the generalisation to l > 1 is effectively spurious. We include it because we will later want to study the maps induced by σ_l on quotient algebras, and these maps do depend on l (and even on variations like attaching an idempotent to the first l strings [44]).

Next, consider the subgroup J of B_{2n} consisting of braids which are invariant under rotation about an axis passing north to south, starting halfway between the n^{th} and n + 1^{th} northern endpoints, as in figure 11. There is an injective homomorphism γ : B_n → J

γ : g_i → g_{n−i}g_{n+i} . (32) This extends to a homomorphism γ : A_{Bn+1} → J by γ : g_0 → g_n. Physicists will recognise an analogy in this with the method of images. There is a similar extension of the cabling map [44].

Without the extension, the map γ is essentially the group comultiplication Δ : B_n → B_n × B_n embedded, Young subgroup style, in B_{2n}. Recall that this equips the group algebra with the property of bialgebra (indeed Hopf algebra); and implies that the category of left modules is closed under tensor products (see [30] for example). There is a generalisation of this (see [38, §A(iii)][44]) which enables us to close the sum over q ∈ C of categories of left T_n(q)–modules under tensor products. It is possible to extend the representation obtained by tensoring two copies of the ordinary spin–chain representation (as in equation(17)) to a representation of B^∘_n [44]. We will recall the precise construction in §5. This is in particular a faithful 2– parameter representation of the blob algebra b_n [42], which is a quotient of B^∘_n which explicitly solves RE — see §3. As such this representation is arguably the most interesting candidate for studying spin–chains with boundary currently available. There are other possibilities, however, as we now summarize.

2.3 Quotient algebras and representations

The above discussion gives us a number of recipes for constructing representations of cylinder algebras from those of C B_n . Many C B_n representations may be used to construct exactly solvable models, so applying the recipes to these should provide good candidates for ESMs with more general boundary conditions. Unfortunately these representations have important properties which are not necessarily preserved by passage to the cylinder. When C B_n is used to solve the YBE it is never, physically, a faithful representation which appears (and the vanishing of the annihilator is used in the solution). Indeed, on physical representations each g_s has a finite spectrum.

If each g_s has spectrum of order 2 then we are in the realm of generic algebras [28] (natural generalisations of the corresponding Coxeter systems (W, S) in which, of course, g^2_s = 1 for all s ∈ S). In a generic algebra g_s and g_t have the same spectrum if s, t conjugate in W . Thus in the A_n case each g_s has the same spectrum — we write (g_i − q)(g_i + q^{−1}) = 0 (33)

whereupon we have the ordinary Hecke algebra H_n(q) [32]. Although H_n(q) is a relatively tiny vestige of C B_n , even this algebra is never faithfully represented in physical representations (and no global limit of the whole of H_n(q) is known). A natural example of a quotient of C B_n which does have a global limit is the Temperley–Lieb algebra [39].

We may assume that a similar situation pertains in the ‘affine’ case. Applying (33) to C A_{Bn} we get an affine Hecke algebra [12], again too big to be physical. A number of potentially suitable quotients are discussed in [46, 44]. The N = 2 case (an affine equivalent of Temperley–Lieb) is the aforementioned blob algebra. It has been examined in some detail from the ordinary representation theory viewpoint [42]. On the other hand, while C B_n and its quotients all have a natural inclusion via A_n ⊂ A_{n+1}, and a number of physically useful representations are known, embedding cylinder algebras in towers is somewhat harder. The preceding discussion provides solutions to this problem by building cylinder algebras out of ordinary ones. The price paid is that while these constructions work at the level of braids, they do not in general factor through the quotients which we are obliged to restrict to physically. The remainder of this paper is concerned with finding cases which do factor, and using these to solve the reflection equation. We typically have some variant of the following picture: C B^∘_n Ψ^2 �

σ_. �

� � � � � C B^l_{n+l} � � � C B_{n+l} � b_n^{Θ?} � End(V^{n+l}).

Here σ_. represents any of the maps constructed in §2.2; the diagonal map is defined by the commutativity of the upper triangle; Ψ^2 is the quotient map to the blob algebra (see §3) or some other suitable quotient; and Θ is the representation of b_n we get if the diagonal map factors through b_n.

Solutions which do not start with XXZ, or do not end up in the blob quotient, raise rather different problems, and will be examined in a separate paper.

3 The abstract blob algebra solution

In this section we look for solutions to the reflection equation based on the special representations of B–braids discussed above. We show that the abstract blob algebra provides a meta–solution in the same sense as the Temperley–Lieb algebra does for the ordinary YBE.

The blob algebra b_n = b_n(q, m) may be defined by generators U_1, U_2, ...U_{n−1} and e, and relations:

U_iU_i = δU_i (34) U_iU_{i±1}U_i = U_i (35) [U_i, U_j ] = 0 |i − j| ≠ 1 (36) (so far we have the ordinary Temperley–Lieb algebra with −δ = q + q^{−1})

ee = δ_ee (37)

U_1eU_1 = κU_1 (38) [U_i, e] = 0 i ≠ 1 Note that we are free to renormalize e, changing only δ_e and κ (by the same factor), thus from δ, δ_e, κ there are really only two relevant parameters. It will be natural later on to reparameterize so that they are related (they only depend on q and m), but it will be convenient to treat them separately for the moment, and leave m hidden.

Assuming for the moment that we have some viable representation of this algebra we may proceed as follows. Setting

R_1(θ_1 ± θ_2) = a_±1 + b_±U_1

K(θ_i) = x_i1 + y_ie (39)

the reflection equation

R_1(θ_1 − θ_2)K(θ_1)R_1(θ_1 + θ_2)K(θ_2) = K(θ_2)R_1(θ_1 + θ_2)K(θ_1)R_1(θ_1 − θ_2)

becomes (a_−1 + b_−U_1)(x_11 + y_1e)(a_+1 + b_+U_1)(x_21 + y_2e) = (x_21 + y_2e)(a_+1 + b_+U_1)(x_11 + y_1e)(a_−1 + b_−U_1) and hence

(a_−x_11 + a_−y_1e + b_−x_1U_1 + b_−y_1U_1e)(a_+x_21 + a_+y_2e + b_+x_2U_1 + b_+y_2U_1e)

= (a_+x_21 + a_+y_2e + b_+x_2U_1 + b_+y_2eU_1)(a_−x_11 + a_−y_1e + b_−x_1U_1 + b_−y_1eU_1) and hence a_−a_+x_1x_2 1 +a_−a_+(x_1y_2 + x_2y_1 + δ_ey_1y_2) e +(a_−b_+ + a_+b_− + δb_+b_−)x_1x_2 U_1 +((a_−b_+ + a_+b_− + δb_+b_−)x_1y_2+ a_+b_−(x_2y_1 + δ_ey_1y_2)) U_1e

+a_−b_+x_2y_1 eU_1 +a_−b_+y_1y_2 eU_1e +b_−b_+y_1x_2 U_1eU_1 +b_−b_+y_1y_2 U_1eU_1e

= a_−a_+x_1x_2 1 +a_−a_+(x_1y_2 + x_2y_1 + δ_ey_1y_2) e +(a_−b_+ + a_+b_− + δb_+b_−)x_1x_2 U_1

+a_−b_+x_2y_1 U_1e +((a_−b_+ + a_+b_− + δb_+b_−)x_1y_2+ a_+b_−(x_2y_1 + δ_ey_1y_2)) eU_1 +a_−b_+y_1y_2 eU_1e +b_−b_+y_1x_2 U_1eU_1 +b_−b_+y_1y_2 eU_1eU_1

Now applying relation(38) this becomes ((a_−b_+ +a_+b_− +δb_+b_−)x_1y_2 +a_+b_−(x_2y_1 +δ_ey_1y_2)−a_−b_+x_2y_1 +κb_−b_+y_1y_2) [e, U_1] = 0 Dividing by y_1y_2 and putting k_i =^{xi}_{yi} we have

(a_−b_+ + a_+b_− + δb_−b_+)k_1 + (−a_−b_+ + a_+b_−)k_2 + (δ_ea_+b_− + κb_+b_−) = 0 so A_2k_2 = A_1k_1 + B where A_1 = (a_−b_+ + a_+b_− + δb_−b_+), B = (δ_ea_+b_− + κb_+b_−) and A_2 = (a_−b_+ − a_+b_−). Since k_i can depend only on θ_i this equation is required to separate for a solution.

Recalling that q = e^{μi}, then a_± = sh(μ(θ_1 ± θ_2 + i)) , b_± = sh(μ(θ_1 ± θ_2)) are inherited from the global YB solution. Thus A_1= sh(μ(θ_1 −θ_2 +i)) sh(μ(θ_1 +θ_2)) +sh(μ(θ_1 +θ_2 +i)) sh(μ(θ_1 −θ_2)) −2sh(μ(θ_1 +θ_2)) sh(μ(θ_1 −θ_2)) ch(μi) = sh(μ2θ_1) sh(μi) A_2 = sh(μ2θ_2) sh(μi) B = δ_esh(μ(θ_1 − θ_2)) sh(μ(θ_1 + θ_2 + i)) + κsh(μ(θ_1 − θ_2)) sh(μ(θ_1 + θ_2)) = 1 2 (δ_e(ch(μ(2θ_1 + i)) − ch(μ(2θ_2 + i)) ) + κ(ch(μ(2θ_1)) − ch(μ(2θ_2)) )) so we may separate to obtain sh(μ2θ_j ) sh(μi) k_j = −1 2 (δ_ech(μ(2θ_j + i)) + κch(μ(2θ_j )) + ch(μ2iζ) ) where ζ is the (arbitrary) constant of separation. At this point we have established a solution to RE (or rather a meta–solution which produces a solution for each representation of b_n). The blob algebra is a quotient of a special case of the algebras shown to solve RE in [37, 46], which guarantees that it gives a solution in principle. However the precise form of b_n leads to a significant and crucial simplification in parameterization cf. the general case. This is even more striking when we apply the parameterization known from representation theory, as follows.

Recall [m] =^{sh(mμi)}_{sh(μi)} . In the abstract form a natural parameterisation of the two parameter algebra b_n is δ = −[2], δ_e = −[m], κ = [m − 1] (the two parameters are q and m), and hence sh(μ2θ_j ) sh(μi) k_j = −1 2 ( −sh(μmi) ch(μ(2θ_j + i)) + sh(μ(mi − i)) ch(μ2θ_j ) sh(μi) + ch(μ2iζ) )

= 1 2 (ch(μ(2θ_j + mi)) − ch(μ2iζ) ) and hence

k_j = x_j y_j = sh(μ(θ_j + i(^{+m}_2 + ζ))) sh(μ(θ_j + i(^{+m}_2 − ζ))) sh(μ2θ_j ) sh(μi) . (40)

Specifically we take

x_j = x(θ_j ; m) = sh(μ(θ_j + im 2 + iζ)) sh(μ(θ_j + im 2 − iζ)) (41)

y_j = z(θ_j ) = sh(μi) sh(2μθ_j ) . (42) (We see that m has the role of boundary parameter.)

Note that K(θ)K(−θ) ∝ k(θ)k(−θ)1 + (k(θ) + k(−θ) + δ_e)e = k(θ)k(−θ)1.

4 Realization via σ_l (auxiliary strings)

It remains to construct representations suitable for forming the Bethe ansatz. Our approach is to use the representations of the ordinary Temperley–Lieb algebra for which there exists a Bethe ansatz (we will concentrate on the XXZ representation) and pull them through to the blob case using the tools in §2. (Another approach would be to generalise [43], but we do not consider that here.) As noted in §2 we have to check that this procedure preserves the appropriate quotient inside C A_{Bn} . In general it does not. The first cases we consider in which it does are the cases of σ_l in which l = 0, 1. The most obvious relation obeyed by b_n cf. C A_{Bn} is (37). The representation of e will be a linear combination of that of 1 and c_0, so we require the representation of c_0 to have at most two eigenvalues. For σ_l (and general q) it is easy to check that this holds for l = 0, 1 only. Case l = 0 is the trivial solution (K ∝ 1, m = 1), so we will focus on l = 1. The XXZ representation of T_n(q) depends only on q, so the representation pulled through σ_1 also depends only on q, thus m must be fixed. Comparing (37), (38) and R(σ_1(c_0)) we see that m = 2.

Using the XXZ representation for T_{n+l}(q) as in eqn.(18) we have that Θ : b_n → T_{n+1} → End(V^{n+1}) is given by Θ(e) = R(U_1), Θ(U_i) = R(U_{i+1}). Then using (39),(42) the K–matrix becomes

K(λ) = x(λ; 2) w^−(λ) z(λ) z(λ) w^+(λ) x(λ; 2) , (43) with x(λ; 2), z(λ) given by (42), and

w^±(λ) = sinh μ(λ + iζ) sinh μ(λ − iζ) + e^{±2μλ} sinh^2(iμ). (44)

The K–matrix can be written in the following 2 × 2 form: K(λ) = ( α(λ) β(λ) γ(λ) δ(λ) )

= ( x(λ; 2)1 −^1_2 e^{iμ}z(λ)(1 − σ^z) z(λ)σ^− z(λ)σ^+ x(λ; 2)1 −^1_2 e^{−iμ}z(λ)(1 + σ^z) ) (45)

where σ^z, σ^± act on a two dimensional space V_e. NB, This means that we extend the space on which the transfer matrix acts from 2^n–dimensional to 2^{n+1}. This can be considered as a system with enhanced space (cf. [7, 3]), i.e. it is as if we added an extra site, with inhomogeneity iζ, to the original spin chain. The situation is similar in quantum impurity problems (see e.g. [56, 21, 25, 22, 10]).

Suppose we are considering a system in which the underlying bulk model is a spin chain on V^n. Then a solution to RE is called ‘C –number representation’ if K(λ) is an N × N matrix with complex entries [23, 24, 26, 15, 16, 14]. More generally, it will be evident from figures 3,4,5 that given any K(λ) which satisfies RE as in (20), the ‘factorized K–matrix’ K_f (λ) = R(λ + iζ)K(λ)R(λ − iζ) (46) where R is given by (9), is also a solution of RE. It is conjectured [36] that every solution of RE is some iteration of this construction, with a C –number representation as base. Our solution (43) is of this factorized form with K = 1.

The eigenvalues of the corresponding open transfer matrix (21) can be found via the algebraic Bethe ansatz method.

4.1 The Bethe ansatz solution

Here we show explicitly how the Bethe ansatz can be applied in the case of these ‘dynamical’ [22] boundary conditions. (The analysis in this case is much closer to the usual setup than the ‘cabled’ case we will consider in §5. We include it, since it also serves the purpose of providing a preparatory review.) We define the transfer matrix as in equation (21).

The next step is to diagonalize the transfer matrix (21) using the algebraic Bethe ansatz method. The T –matrix (23) has the form

T_0(λ) = ( A(λ) B^′(λ) C(λ) D(λ) ) ( α(λ) β(λ) γ(λ) δ(λ) ) ( A(λ) B(λ) C^′(λ) D(λ) ) = ( A(λ) B(λ) C(λ) D(λ) ) (47)

where the matrices α, β, γ and δ are as in (45).

Define state |ω_+⟩ to be that with all spins up (the ferromagnetic vacuum vector):

|ω_+⟩ = ( 1 0 ) ⊗ · · · ⊗ ( 1 0 )

n+1 . (48)

Note that C, C^′ ( 1 0 ) ⊗ · · · ⊗ ( 1 0 )

n = 0, γ(λ) ( 1 0 ) = 0, (49)

therefore |ω_+⟩ is annihilated by C(λ). The operators B(λ) obey

[B(λ) , B(λ^′)] = 0 , (50)

and act as creation operators. The Bethe state

|ψ⟩ = B(λ_1) · · · B(λ_M ) |ω_+⟩ (51)

is an eigenstate of the transfer matrix t(λ), i.e. t(λ)|ψ⟩ = (A + D)|ψ⟩ = Λ(λ)|ψ⟩ . (52) It is easy to determine the action of A and D on the pseudo–vacuum (see below). The action of the transfer matrix on the pseudo–vacuum, cf. (49), is given by

t(λ)|ω_+⟩ = tr_0 ( A(λ) B^′(λ) C(λ) D(λ) ) ( α(λ) β(λ) γ(λ) δ(λ) ) ( A(λ) B(λ) 0 D(λ) ) |ω_+⟩ = ( α(λ)A^2 + α(λ)CB + δ(λ)D^2 ) |ω_+⟩ . (53)

But (45) gives α(λ) ( 1 0 ) = x(λ; 2) ( 1 0 ) , δ(λ) ( 1 0 ) = w^+(λ) ( 1 0 ) , (54)

where x(λ; 2), w^±(λ) are given by (42), (44). We have A|ω_+⟩ = α(λ)A^2|ω_+⟩, D|ω_+ ⟩ = ( α(λ)CB + δ(λ)D^2 ) |ω_+⟩ (55) and finally, A|ω_+⟩ = x(λ; 2)a^{2n}(λ)|ω_+⟩, D|ω_+⟩ = ( w^+(λ)b^{2n}(λ) − x(λ; 2) a^{2n}(λ) − b^{2n}(λ) a^2(λ) − b^2(λ) ) |ω_+⟩.(56)

Having determined the action of the transfer matrix on the pseudo–vacuum, it is easy to see via (51), (52), (56) that knowledge of the commutation relations between A, B and D, B is enough for the derivation of any eigenvalue. It is convenient [54] to consider instead of D the following operator

D̄ = sinh(2μλ)D − sinh(iμ)A. (57)

Then from the fundamental relation for T (24) it follows that A(λ)B(λ_i) = X(λ, λ_i)B(λ_i)A(λ) + f(λ, λ_i)B(λ)A(λ_i) + g(λ, λ_i)B(λ)D̄(λ_i) D̄(λ)B(λ_i) = Y (λ, λ_i)B(λ_i)D̄(λ) + f^′(λ, λ_i)B(λ)A(λ_i) + g^′(λ, λ_i)B(λ)D̄(λ_i), (58)

where X(λ, λ_i ) = sinh μ(λ − λ_i − i) sinh μ(λ − λ_i) sinh μ(λ + λ_i − i) sinh μ(λ + λ_i) , Y (λ, λ_i) = sinh μ(λ − λ_i + i) sinh μ(λ − λ_i) sinh μ(λ + λ_i + i) sinh μ(λ + λ_i)

. (59)

The other functions (f, g, f^′, g^′) are not important for our purposes since they contribute to unwanted terms, and will vanish in the final eigenvalue expression.

We can now find the eigenvalues using the above commutation relations (58), also having in mind (57) and the action of A and D on the pseudo–vacuum (56). The eigenvalue of any Bethe ansatz state is given by

Λ(λ) = sinh μ(λ + i + iζ) sinh(μi) sinh μ(λ + i − iζ) sinh(μi) ( sinh μ(λ + i) sinh(μi) )_{2n} sinh μ(λ + i) sinh μ(λ +^i_2 ) M∏ α=1 sinh μ ( λ − λ_α −^i_2 ) sinh μ ( λ − λ_α +^i_2 ) sinh μ ( λ + λ_α −^i_2 ) sinh μ ( λ + λ_α +^i_2 )

+ sinh μ(λ + iζ)

sinh(μi) sinh μ(λ − iζ) sinh(μi) ( sinh(μλ) sinh(μi) )_{2n} sinh(μλ) sinh μ(λ +^i_2 ) M∏ α=1 sinh μ ( λ − λ_α +^{3i}_2 ) sinh μ ( λ − λ_α +^i_2 ) sinh μ ( λ + λ_α +^{3i}_2 ) sinh μ ( λ + λ_α +^i_2

) , (60)

provided that {λ_1 , . . . , λ_M } are distinct and obey the Bethe Ansatz equations

sinh μ(λ_α + iζ +^i_2 ) sinh μ(λ_α + iζ −^i_2 ) sinh μ(λ_α − iζ +^i_2 ) sinh μ(λ_α − iζ −^i_2 ) ( sinh μ(λ_α +^i_2 ) sinh μ(λ_α −^i_2 ) )2n = M∏ β=1 β≠α sinh μ (λ_α − λ_β + i) sinh μ (λ_α − λ_β − i) sinh μ (λ_α + λ_β + i) sinh μ (λ_α + λ_β − i) , α = 1 , · · · , M . (61)

5 Cabling representation

Now consider the cabling–like representation (Θ : b_n → End(V^{2n})) from [44] discussed at the end of §2.2. There the elements of the blob algebra are represented as follows. For U_{n±l} ∈ T_{2n}(r) let U_{n±l}(r) = R_r(U_{n±l}) ∈ End(V^{2n}), the usual XXZ representation (18). Then

Θ(U_l) = U~_l(q) = U_{n−l}(r)U_{n+l}(s), Θ(e) = U~_0(Q) = 1 i sinh(iμ)

U_n(Q) (62)

satisfy the relations of the blob algebra b_n(q, m) with r = i √ iq, s = √ iq, Q = ie^{imμ} (63) (NB, rs = −q).

Note from (62) that the single index on a blob generator is associated to a mirror image pair in the underlying V^{2n}. The Ř–matrix is given by (19), with R(U_l) = U~_l as defined by (62) and

R~_k~_l(λ) = sinh μ(λ + i)P_{kl}P_k′_l′ + sinh μλǓ_{kl}(r)Ǔ_k′_l′ (s) (64)

where we have introduced the space/mirror–space notations l̃ = (l, l^′), Ǔ_{kl}(r) = P_{kl}U_{kl}(r), Ř~_k~_l(λ) = P~_k~_lR~_k~_l(λ), P~_k~_l = P_{kl}P_k′_l′ . In the R–index form here, any operator O~_l = O_{ll}′ acts on V_l ⊗ V_l′ , where the V_l′ space can be considered as the ‘mirror’ space of V_l in the sense of figure 11.

This R–matrix satisfies the unitarity and crossing properties

R~_k~_l(λ)R~_l~_k(−λ) ∝ 1, R~_k~_l(λ) = V~_k R^{tl̃}_{k̃l̃}(−λ − i)V~_k (65)

where

V~_k = V_{kk}′ = V_k (r)V_k′ (s), (66)

and e.g. V_k (r) = 1 ⊗ ... ⊗ ( 0 −ir^12 ir^{− 1}2 0 ) ⊗ ... ⊗ 1 . (67) This R–matrix is a 16 × 16 matrix,

R(λ) = A(λ) B_1(λ) B_2(λ) B(λ) C_1(λ) A_1(λ) B_5(λ) B_3(λ) C_2(λ) C_5(λ) A_2(λ) B_4(λ) C(λ) C_3(λ) C_4(λ) D(λ) , (68)

where the entries shown are 4 × 4 matrices acting on V ⊗ V (see the Appendix for the explicit form of the R–matrix).

The corresponding K–matrix (39), (42) is given in matrix form by the following expression (recall that U~_0 is given by (62))

K(λ) = x(λ; m) w^{′−}(λ) z(λ) z(λ) w^{′+}(λ) x(λ; m) , (69) where x(λ; m), z(λ) are given by (42) and w^{′±}(λ) = x(λ; m) − 1 2 e^{∓imμ} sinh(2μλ). (70)

The monodromy matrix has the following structure.

T~_0(λ) =

A(λ) B_1(λ) B_2(λ) B(λ) C_1(λ) A_1(λ) B_5(λ) B_3(λ) C_2(λ) C_5(λ) A_2(λ) B_4(λ) C(λ) C_3(λ) C_4(λ) D(λ) . (71)

We define a reference state

|ω_+⟩ = ( 1 0 ) ⊗ · · · ⊗ ( 1 0 )

2n = ⊗^n_{i=1}|+⟩_i , (72)

|+⟩ = ( 1 0 ) ⊗ ( 1 0 ) . (73)

Then C_i, B_5|+⟩ = 0, i.e. |ω_+⟩ is annihilated by the operators C_i, B_5. Therefore, the action of the monodromy matrix on the reference state produces an upper triangular matrix,

T~_0(λ)|ω_+ ⟩ =

A(λ) B_1(λ) B_2(λ) B(λ) 0 A_1(λ) 0 B_3(λ) 0 0 A_2(λ) B_4(λ) 0 0 0 D(λ) |ω^+⟩ . (74)

Thus for the bulk case (71), (7) the pseudo-vacuum eigenvalue is given by t(λ)|ω_+⟩ = ( A + A_1 + A_2 + D ) |ω_+⟩ = ( a^n(λ) + b^n(λ) ) |ω_+⟩ (75)

where A(λ) = n∏ l=1 A^{l̃}, A_1(λ) = n∏ l=1 A^{l̃}_1, A_2(λ) = n∏ l=1 A^{l̃}_2, D(λ) = n∏ l=1 D^{l̃} (76)

(see also Appendix).

Now consider the open transfer matrix (21),

t(λ) = tr~_0M~_0T~_0(λ)K~_0(λ)T^{−1}_{~0} (−λ), (77)

where K~_0 = K_{00}′ given by (69) and

M~_0 = V~_0V^t_{~0} . (78)

Then the pseudo–vacuum eigenvalue will be

Λ^0(λ) = ⟨ω_+| ( qx(λ; m)A^2 + q^{−1}x(λ; m)D^2 + q^{−1}x(λ; m)CB + ix(λ; m)C_1B_1

−ix(λ; m)C_2B_2 + q^{−1}w^{′−}(λ)C_3B_3 + q^{−1}w^{′+}(λ)C_4B_4 ) |ω_+⟩. (79) where A, D are given by (76) and

C_{1,2}(λ) = n−1∏ l=1 A^{l̃}C^ñ_{1,2}, B_{1,2}(λ) = n−1∏ l=1 A^{l̃}B^ñ_{1,2}

C_{3,4}(λ) = n∏ l=2 D^{l̃}C^{~1}_{3,4}, B_{3,4}(λ) = n∏ l=2 D^{l̃}B^{~1}_{3,4} (80) and C(λ) = n∑ l=1 D^ñ . . . D^{~l+1}C^{l̃}A^{~l−1} . . . A^{~1} + n−1∑ l=1 D^ñ . . . D^{~l+2}C^{~l+1}_4 C^{l̃}_2A^{~l−1} . . . A^{~1}

+ n−1∑ l=1 D^ñ . . . D^{~l+2}C^{~l+1}_3 C^{l̃}_1A^{~l−1} . . . A^{~1} (81)

B(λ) = n∑ l=1 D^ñ . . . D^{~l+1}B^{l̃}A^{~l−1} . . . A^{~1} + n−1∑ l=1 D^ñ . . . D^{~l+2}B^{~l+1}_4 B^{l̃}_2A^{~l−1} . . . A^{~1}

+ n−1∑ l=1 D^ñ . . . D^{~l+2}B^{~l+1}_3 B^{l̃}_1A^{~l−1} . . . A^{~1} (82)

It is also useful to derive the action of the following operators on the |+⟩ state:

A^2|+⟩ = a^2(λ)|+⟩, B^2|+⟩ = b^2(λ)|+⟩, C_1B_1|+⟩ = a^2(λ)|+⟩, C_2B_2|+⟩ = a^2(λ)|+⟩, CB|+⟩ = ( a(λ) − qb(λ) )( a(λ) − q^{−1}b(λ) ) |+⟩, C_3B_3|+⟩ = b^2(λ)|+⟩, C_4B_4|+⟩ = b^2(λ)|+⟩. (83)

Taking into account equations (79)–(83) we conclude that the pseudo–vacuum eigenvalue has the form

Λ^0(λ) = f_1(λ)a(λ)^{2n} + f_2(λ)b(λ)^{2n} (84)

where the functions f_1(λ), f_2(λ) are due to the boundary, and are determined explicitly by (79)–(83)^2. The important observation here is that we are able to derive the pseudo–vacuum eigenvalue explicitly. Furthermore, we note that it has the expected form, compared to the corresponding bulk eigenvalue (75), in as much as the powers of a and b are doubled in the open chain, and the functions f_1 and f_2 appear as a result of the presence of the boundary. The next step is the derivation of the general Bethe ansatz state and the corresponding eigenvalue. Here, we do not give the details of this derivation. However we conjecture that the general eigenvalue will have the following form

Λ(λ) = f_1(λ)a(λ)^{2n}A_1(λ) + f_2(λ)b(λ)^{2n}A_2(λ), (85)

2 f_1(λ) =^{x(λ)}

a^2 (λ)−b^2(λ) { q ( a^2(λ) − b^2(λ) ) + q^{−1} ( a^2(λ) + 3b^2(λ) − (q + q^{−1})a(λ)b(λ) )} f_2(λ) =^{q−1}

a^2 (λ)−b^2(λ) {( x(λ) + w^{′+}(λ) + w^{′−}(λ) )( a^2(λ) − b^2(λ) ) − x(λ) ( 3a^2(λ) + b^2(λ) − (q + q^{−1})a(λ)b(λ) )}

where A_1(λ), A_2(λ) can be determined explicitly via the algebraic or the analytical Bethe ansatz method. We will report on the detailed analysis of the Bethe ansatz eigenstates and eigenvalues, which is a separate interesting problem, in a future work.

We have arrived at this solution from abstract considerations, however, it clearly describes a spin chain model and it does not coincide with any known solution. Furthermore we have retained complete freedom of choice of the boundary parameter m. This model also has interesting symmetry properties which appear to significantly generalize the role of U_qsl_2 for ordinary XXZ. This makes the model a very interesting candidate for study, and a full spectrum analysis. From the representation theory of b_n [45] we know that T_n(q) appears in b_n in two different ways — as a subalgebra on dropping the boundary generator e, and as a quotient for the special boundary parameter choice m = 1. We also know that the structure of b_n depends profoundly on the boundary parameter m. It will be interesting to see how the spectrum of t(λ) depends on m, and also how the connections with T_n(q) relate the spectrum of t(λ) here to that in the ordinary XXZ case. Indeed it is an interesting (and hopefully simpler) preliminary question to ask what is the spectrum of t(λ) in this ‘representation’ without the boundary term. (For example, does this spectrum still depend on r and s separately?) This should give an insight into the spectrum with boundary.

6 The Hamiltonian

Here we derive the Hamiltonians of the auxiliary string and cabling realizations.

6.1 The auxiliary string realization

The open spin chain Hamiltonian H is related to the derivative of the transfer matrix at λ = 0: H = n−1∑ m=1 H_{mm+1} + 1 4μx(λ; 2) d dλ K_1(λ) | | |_{λ=0} + tr_0 M_0H_{n0} μ tr M , (86)

where x(λ; m) is given by (42), and the two–site Hamiltonian H_{jk} is given by H_{jk} = 1 2μ P_{jk} d dλ R_{jk} (λ) | | |_{λ=0} − 1 4 cosh(iμ) , (87)

where the R–matrix is given by (19). This Hamiltonian is Hermitian.

Consider the model defined by the Hamiltonian in (87), (86): H = 1 4 n−1∑ i=1 ( σ^x_i σ^x_{i+1} + σ^y_i σ^y_{i+1} + cosh(iμ)σ^z_i σ^z_{i+1} ) + sinh(iμ) 4 ( σ^z_n − σ^z_1 )

+ sinh(iμ) 4x(0; 2) ( σ^x_e σ^x_1 + σ^y_e σ^y_1 + cosh(iμ)σ^z_e σ^z_1 ) + sinh^2(iμ) 4x(0; 2) ( σ^z_e − σ^z_1 ) (88) where σ^i_e act on the extra space of the chain. The bulk part is the usual XXZ bulk spin chain with first neighbour interaction. The last two terms describe the boundary interaction and come from the derivative of the K–matrix. This Hamiltonian describes a model which is coupled to a quantum mechanical (spin) system at the boundaries. Note that it is nothing more than an n + 1–site Hamiltonian with an inhomogeneity at the end.

Consider the Hamiltonian H_f obtained when we take boundaries of the form (46), where K is the diagonal matrix [15, 16, 14] K(λ) = diag ( sinh μ(−λ + iξ)e^{μλ}, sinh μ(λ + iξ)e^{−μλ} ) . (89)

By direct computation we find here

H_f = H + coth(iμξ) − 1

4x(0; 2) ( sinh^2(iμζ)σ^z_e − sinh^2(iμ)σ^z_1 )

+ (coth(iμξ) − 1) sinh(iμ) sinh(iμζ) 2x(0; 2)

F_e(ζ)G_1(−ζ) (90)

where H is from (88) and

F (ζ) = ( 0 e^{iμ ζ}2 e^{−iμ ζ2} 0 ) G(ζ) = ( 0 e^{iμ ζ}2 −e^{−iμ ζ2} 0 ) . (91)

For ζ = 0 the above matrices become proportional to σ^x and σ^y respectively. For iξ → ∞ we see that H_f coincides with H. Interestingly, the Hamiltonian H_f does not appear to have been written down explicitly before.

6.2 The cabling representation

Note from (64) that for λ = 0 the R–matrix reduces to a product of two permutation operators. Therefore the corresponding local Hamiltonian is defined: H_{open} = n−1∑ l=1 H_{l̃ ~l+1} + 1 4μx(λ; m) d dλ K~_1(λ) | | |_{λ=0} + tr~_0 M~_0H_ñ~_0 μ tr M , (92)

where the two–site Hamiltonian H~_k~_l is given by

H~_k~_l = 1 2μ P~_k~_l d dλ R~_k~_l(λ) | | |_{λ=0} − 1 4 cosh(iμ) , (93)

and the R–matrix is given by (64). Unlike (88) this is completely new. It will be studied in detail elsewhere.

Acknowledgements. PPM would like to thank EPSRC for partial financial support under GRM22536. AD would like to thank EPSRC for a research fellowship, and P Baseilhac, G Delius and V Kuznetsov for useful conversations.

Appendix

In this section we write explicitly the 16 × 16 R~_k~_l matrix. In particular we write down the 4 × 4 entries of the matrix,

A(λ) = a(λ) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 b(λ) , D(λ) = b(λ) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 a(λ) , (94)

A_1(λ) =

0 0 0 0 0 a(λ) 0 0 0 0 b(λ) 0 0 0 0 0

, A^2(λ) =

0 0 0 0 0 b(λ) 0 0 0 0 a(λ) 0 0 0 0 0 , (95)

B_1(λ) =

0 0 0 0 a(λ) 0 0 0 0 0 0 0 0 0 −sb(λ) 0 , B^2(λ) =

0 0 0 0 0 0 0 0 a(λ) 0 0 0 0 −rb(λ) 0 0 , (96)

B_5(λ) =

0 0 0 0 0 0 0 0 0 a(λ) − rs^{−1}b(λ) 0 0 0 0 0 0 , B(λ) = 0 0 0 0 0 0 0 0 0 0 0 0 a(λ) − qb(λ) 0 0 0 (97)

B_3, B_4 have the same structure as B_2, B_1 respectively, with the matrix elements interchanged. Also, C_i(p) = B_i(p^{−1})^t, where p is in general the anisotropy parameter, it can be r, s, q.

References

[1] I Affleck, M Oshikawa, and H Saleur, Boundary critical phenomena in the three–state Potts model, cond-mat/9804117 (1998).

[2] D Allcock, Braid pictures for Artin groups, math.GT/9907194 (1999).

[3] P Baseilhac and G Delius, J Phys A34 (2001), 8259.

[4] R J Baxter, Exactly solved models in statistical mechanics, Academic Press, New York, 1982.

[5] R J Baxter, S B Kelland, and F Y Wu, Equivalence of the Potts model or Whitney polynomial with an ice–type model, J Phys A 9 (1976), 397–406.

[6] R J Baxter, H N V Temperley, and S E Ashley, Proc R Soc A 358 (1978), 535.

[7] U Bilstein and V Rittenberg, cond-mat/0004241 (2000).

[8] E Brieskorn, Sur les groupes des tresses [d’apres V.I.Arnol’d], Seminaire Bourbaki, Exp. No. 401, Lec Notes in Math, no. 317, Springer, 1973, pp. 21–44.

[9] E Brieskorn and K Saito, Artin–gruppen und Coxeter–gruppen, Inventiones math. 17 (1972), 245–271, N.B., there exists a translation into English by Coleman, Corran, Crisp, Easdown, Howlett, Jackson and Ram (Sydney 1996).

[10] O A Castro-Alvaredo, A Fring, and F Gohmann, hep-th/0201142 (2002). [11] I Cherednik, Theor Math Phys 61 (1984), 977.

[12] , A unification of Knizhnik–Zamolodchikov and Dunkl operators via affine Hecke algebras, Invent Math 106 (1991), 411–431.

[13] H J de Vega, Yang-Baxter algebras, integrable theories and quantum groups, Int J Mod Phys A 4 (1989), 2371–2463.

[14] H J de Vega and A González-Ruiz, J Phys A 26 (1993), L519. [15] , Nucl Phys B417 (1994), 553.

[16] , Exact Bethe-ansatz solution for a(n-1) chains with non-su_q (n) invariant open boundary-conditions, Modern Physics Letters A 9 (1994), 2207–2216.

[17] R Dipper, G James, and A Mathas, The (Q, q)–Schur algebra, preprint (1999). [18] A Doikou and R I Nepomechie, Nucl Phys B530 (1998), 641. [19] L D Faddeev and L A Takhtajan, Russ Math Surv 34 (1979), 11. [20] , Phys Lett 85A (1981), 375. [21] P Fendley, Phys Rev Lett 71 (1993), 2485. [22] H Frahm and N A Slavnov, J Phys A32 (1999), 1547. [23] A Fring and R Koberle, Nucl Phys B421 (1994), 159. [24] , Nucl Phys B419 (1994), 647.

[25] X-Y Ge, M D Gould, J Links, and H-Q Zhou, cond-mat/9908191 (1999). [26] S Ghoshal and A B Zamolodchikov, Int J Mod Phys A 9 (1994), 3841. [27] M Henkel, Conformal invariance and critical phenomena, Texts and monographs in Physics, Springer, 1999.

[28] J E Humphreys, Reflection groups and Coxeter groups, Cambridge University Press, 1990.

[29] V F R Jones, A quotient of the affine Hecke algebra in the Brauer algebra, L’Enseignement Mathématique 40 (1994), 313–344.

[30] A Joseph, Quantum groups and their primitive ideals, Springer–Verlag, 1995. [31] M Kashiwara, T Miwa, and E Stern, Decomposition of q–deformed Fock spaces, q-alg/9508006, 1995.

[32] D Kazhdan and G Lusztig, Representations of coxeter groups and Hecke algebras, Inventiones Math. 53 (1979), 165–184.

[33] W M Koo and H Saleur, Int J Mod Phys A 8 (1993), 5165–5233. [34] V Korepin, G Izergin, and N M Bogoliubov, Quantum inverse scattering method, correlation functions, and algebraic Bethe ansatz, Cambridge UP, 1993.

[35] P P Kulish and E K Sklyanin, The general u_q[sl(2)] invariant XXZ integrable quantum spin chain, J Phys A 24 (1991), L435–L439.

[36] V Kuznetsov, private communication (2001).

[37] D Levy and P Martin, Hecke algebra solutions to the reflection equation, J Phys A 27 (1994), L521–L526.

[38] P P Martin, Block spin transformations in the operator formulation of two– dimensional Potts models, J Phys A 22 (1989), 3991–4005.

[39] , Potts models and related problems in statistical mechanics, World Scientific, Singapore, 1991.

[40] , On Schur-Weyl duality, A_n Hecke algebras and quantum sl(N), Int J Mod Phys A 7 suppl.1B (1992), 645–674.

[41] P P Martin and H Saleur, On an algebraic approach to higher dimensional statistical mechanics, Commun. Math. Phys. (1993), no. 158, 155–190.

[42] , The blob algebra and the periodic Temperley–Lieb algebra, Lett. Math.

Phys. (1994), no. 30, 189–206.

[43] , On algebraic diagonalisation of the XXZ chain, Int J Mod Phys B 8 (1994), 3637–3644.

[44] P P Martin and D Woodcock, On the blob algebra and generalisations, Tech.

report, City University, 1998, also available as Generalized blob algebras and alcove geometry, math.RT/0205263.

[45] , On the structure of the blob algebra, J Algebra 225 (2000), 957–988. [46] P P Martin, D Woodcock, and D Levy, A diagrammatic approach to Hecke algebras of the reflection equation, J Phys A 33 (2000), 1265–1296.

[47] L. Mezincescu and R. Nepomechie, J. Phys. A: Math. Gen. 24 (1991), L17–L23. [48] , Mod Phys Lett A6 (1991), 2497. [49] , Int. J. Mod. Phys. A 7 (1992), 5657. [50] V Pasquier and H Saleur, Nucl Phys B 330 (1990), 523. [51] K Reidemeister, Knotentheorie, Chelsea, New York, 1948. [52] N Yu Reshetikhin and M A Semenov-Tian-Shansky, Lett Math Phys 19 (1990), 133.

[53] A Rocha-Caridi, Vacuum vector representations of the Virasoro algebra, in Vertex Operators in Mathematics and Physics (MSRI #3, Springer) (1984), 451– 473.

[54] E K Sklyanin, Boundary conditions for integrable quantum systems, J Phys A 21 (1988), 2375–2389.

[55] H N V Temperley and E H Lieb, Proceedings of the Royal Society A 322 (1971), 251–280.

[56] A M Tsvelick and P B Wiegmann, Adv in Phys 32 (1983), 453.