arXiv:hep-th/0206163 v5 2 May 2003

© 2002 International Press Adv. Theor. Math. Phys. 6 (2002) 643–702

Geometric Transitions, del Pezzo

Surfaces and Open String Instantons

D.-E. Diaconescu,^1 B. Florea,^2 and A. Grassi^3

1 Department of Physics and Astronomy, Rutgers University, Piscataway, NJ 08855-0849, USA email: duiliu@physics.rutgers.edu

2Mathematical Institute, University of Oxford, 24-29 St. Giles’, Oxford OX1 3LB, England email: florea@maths.ox.ac.uk

3 Department of Mathematics, University of Pennsylvania, Philadelphia, PA 19104-6395, USA email: grassi@math.upenn.edu

We continue the study of a class of geometric transitions proposed by Aganagic and Vafa which exhibit open string instanton corrections to Chern-Simons theory. In this paper we consider an extremal transition for a local del Pezzo model which predicts a highly nontrivial relation between topological open and closed string amplitudes. We show that the open string amplitudes can be computed exactly using a combination of enumerative techniques and Chern-Simons theory proposed by Witten some time ago. This yields a striking conjecture relating all genus topological amplitudes of the local del Pezzo model to a system of coupled Chern- Simons theories.

e-print archive: http://xxx.lanl.gov/hep-th/0206163

1 Introduction

In the original formulation [20], geometric transitions have predicted a remarkable relation between Chern-Simons theory on S^3 and closed topological strings on the small resolution of a conifold singularity. This correspondence has been extended to knots and links in [32, 33, 34, 42, 45] and it has been recently proven from a linear sigma model perspective in [43]. A different generalization has been proposed in [5], where the Chern-Simons theory was corrected by open string instanton effects. This new class of dualities yields very interesting predictions relating topological open string amplitudes in various toric backgrounds to certain open string expansions. The new feature of these transitions is a fascinating interplay of open string enumerative geometry and Chern-Simons theory proposed by Witten in [48]. Open string enumerative techniques have been developed in [1]-[5],[8, 21, 22],[24]-[29],[32]-[35],[38]-[42],[45]-[47]. Applying some of these results, we have successfully tested this approach for a simple exactly soluble model in [12].

The question we would like to address in this paper is if one can perform similar high precision tests of the duality in more general toric backgrounds. In particular, we consider the local dP_2 model, which is a toric noncompact Calabi-Yau threefold fibered over the del Pezzo surface of degree two. This is the simplest local model containing a compact divisor which exhibits extremal transitions. Since there is an abundance of holomorphic curves on the del Pezzo surface, the topological closed string amplitudes are quite complicated. So far, concrete computations have been performed only for genus zero Gromov-Witten invariants [10]. The extremal transition in question is obtained by contracting two (−1, −1) curves on the noncompact threefold, and then smoothing out the conifold singularities. After a somewhat technical analysis, one can show that the resulting open string theory consists of two Chern-Simons theories supported on two disjoint 3-spheres which are coupled by instanton effects. Systems of this kind have been predicted by Witten in [48].

The main result of this paper is that the open string instanton corrections can be summed exactly using the techniques developed in [22, 29, 38]. This yields a fairly simple system of Chern-Simons theories by interpreting the instanton corrections as Wilson loop perturbations of the Chern-Simons theories [48]. Then large N duality predicts that the ’t Hooft expansion of these coupled Chern-Simons theories computes all topological closed string amplitudes of the local dP_2 model! We show by direct computations that this conjecture is valid up to degree four in the expansion in terms of Kähler parameters. This is very strong evidence that the conjecture is true to all orders, but we do not have a general proof.

This paper is structured as follows. In section two we study the geometry of the extremal transition and construct the primitive open string instantons after deformation. Section three consists of a review of the topological closed string theory for the local dP_2 model following [10]. In section four we present the main results, namely the open string instanton expansion accompanied by Chern- Simons computations. Here we find a precise agreement with the known genus zero Gromov-Witten invariants, and make some higher genus predictions. Sections five and six are devoted to open string enumerative computations based on localization techniques as in [22, 29, 38]. Finally, some technical details and calculations are presented in the two appendixes.

Acknowledgements. During this work we have greatly benefited from interactions with Mina Aganagic, Marcos Mariño and Cumrun Vafa who were working simultaneously on a similar project [6]. We would like to express our special thanks to them for sharing their ideas and insights with us regarding the framing dependence (section 4).

We would also like to thank Ron Donagi and Tony Pantev for collaboration on a related project, and Bobby Acharya, Michael Douglas, John Etnyre, Albrecht Klemm, John McGreevy and Harald Skarke for very stimulating conversations. We owe special thanks (and lots of tiramisù) to Corina Florea for invaluable help with the LaTeX conversion of the original draft. The work of D.-E. D. has been supported by DOE grant DOE-DE-FG02-96ER40959; A.G. is supported in part by the NSF Grant DMS-0074980.

2 Geometric Transitions for Local dP_2 Model

The local dP_2 model is a toric Calabi-Yau threefold X isomorphic to the total space of the canonical bundle O(K_{dP2} ). We have X = ( C^5 \ F ) /(C^∗)^3 defined by the following toric data

X_0 X_1 X_2 X_3 X_4 X_5 l_1 −1 1 −1 1 0 0 l_2 −1 0 1 −1 1 0 l_3 −1 0 0 1 −1 1 (1)

with disallowed locus F = {X_1 = X_3 = 0}∪{X_2 = X_4 = 0}∪{X_3 = X_5 = 0}. This toric quotient can be equivalently described as a symplectic quotient C^6//U(1)^3 with moment maps

|X_1|^2 + |X_3|^2 − |X_2|^2 − |X_0|^2 = ξ_1 |X_2|^2 + |X_4|^2 − |X_3|^2 − |X_0|^2 = ξ_2 |X_3|^2 + |X_5|^2 − |X_4|^2 − |X_0|^2 = ξ_3 (2) where ξ_1, ξ_2, ξ_3 > 0. The toric fan of X is a cone over the two dimensional polytope represented below.

Figure 1: A section in the toric fan of X. The resulting polytope describes IP^2 blown-up at two points.

There is a single compact divisor S on X which is the zero section of π : X−→dP_2 defined by X_0 = 0. The Mori cone of X is generated by the curve classes e_1, h − e_1 − e_2, e_2 corresponding the cones over v_0v_2, v_0v_3 and respectively v_0v_4. One can check that these are rigid rational curves with normal bundle O_{IP}1 (−1)⊕O_{IP}1 (−1). Since X is a toric manifold, it can be represented as a topological T^2 × IR fibration over IR^3 [23, 36] whose discriminant is the two dimensional planar graph represented in fig. 1. Then the curves e_1, h − e_1 − e_2, e_2 can be represented as S^1 fibrations over certain edges of the graph as shown there.

The moment maps (2) yield the following parameterization of the Kähler cone

J = ξ_1(h − e_1) + ξ_2h + ξ_3(h − e_2) (3)

where J represents the restriction of the Kähler class to S. In the following we will use alternative Kähler parameters (s_1, t, s_2) defined by

J = −s_1e_1 + th − s_2e_2. (4)

We are interested in a extremal transition consisting of a contraction of e_1, e_2 on X followed by a smoothing of the two nodal singularities. It turns out that the resulting singular threefold ^X can be described as a nodal hypersurface in a toric variety Z = ( C^3 \ {0} ) × C^2/C^∗. The (C^∗) action is defined by

Z_1 Z_2 Z_3 U V C^∗ 1 1 1 −1 −2. (5)

Obviously, Z is isomorphic to the total space of O(−1) ⊕ O(−2) over IP^2. The embedding of i : ^X → Z is given terms of homogeneous coordinates by

Z_1 = X_2X_3X_4, Z_2 = X_1X_2, Z_3 = X_4X_5, U = X_0X_1X_5, V = −X_0X_3. (6) In order to make sure this is a regular map, one has to check that (6) is compatible with the toric actions (1), (5) and that the disallowed loci agree. We have included the details in appendix A.1. The image of ^X in Z is given by

UZ_1 + V Z_2Z_3 = 0. (7)

One can easily check that this hypersurface has exactly two nodal singularities, as expected. The singular locus is described by

U = 0, Z_1 = 0, Z_2Z_3 = 0, V Z_2 = 0, V Z_3 = 0. (8)

Since Z_1, Z_2, Z_3 do not vanish simultaneously, the singular points are {U = V = 0, Z_1 = Z_2 = 0} ∪ {U = V = 0, Z_1 = Z_3 = 0}. Therefore we obtain the two expected conifold singularities.

This representation of ^X allows a concrete description of the extremal transition. We can resolve the singularities by blowing up Z along the zero section U = V = 0. The proper transform of ^X will then be isomorphic to the local dP_2 model X discussed before. Alternatively, we can smooth out (7) by deforming the polynomial equation to UZ_1 + V Z_2Z_3 = μ. (9) We obtain a family of hypersurfaces Y/Δ parameterized by a complex parameter μ ∈ Δ, where Δ is the unit disc. Without loss of generality we can take μ to be real and positive, and we denote by Y ≡ Y_μ the corresponding fiber. The transition can be very conveniently described in terms of the T^2 fibration structure represented in fig. 1. The discriminant of the torus fibration undergoes the following sequence of transformations. As a differential manifold, Y is obtained from X by performing surgery along the links of the two nodes, which are both isomorphic to S^2 × S^3 [11]. The third homology is generated by the two vanishing cycles L_1, L_2 associated to the nodal singularities, subject to the relation [L_1] − [L_2] = 0. Topologically, these cycles are 3-spheres which can be locally described as fixed point sets of local antiholomorphic involutions. We will give some details below, since this is an important point for the rest of the paper. Let us cover Z with three coordinate patches

U_1 = {Z_1 ≠ 0} : x_1 =

Z_2 Z_1

, y_1 =

Z_3 Z_1

, u_1 = UZ_1, v_1 = V Z^2_1

U_2 = {Z_2 ≠ 0} : x_2 =

Z_1 Z_2

, y_2 =

Z_3 Z_2

, u_2 = UZ_2, v_2 = V Z^2_2

U_3 = {Z_3 ≠ 0} : x_3 =

Z_1 Z_3

, y_3 =

Z_2 Z_3

, u_3 = UZ_3, v_3 = V Z^2_3 . (10)

Figure 2: Description of the extremal transition in terms of T^2 fibration.

In local coordinates, the hypersurface equation (7) can be written

U_1 : u_1 + v_1x_1y_1 = μ U_2 : u_2x_2 + v_2y_2 = μ U_3 : u_3x_3 + v_3y_3 = μ. (11)

One can then see two conifold singularities at μ = 0 in the patches U_2, U_3. The corresponding vanishing cycles are defined by the real sections

U_2 : u_2 = x_2, v_2 = y_2 U_3 : u_3 = x_3, v_3 = y_3.

(12)

We show in appendix A.2. that one can choose a symplectic Kähler form ω on Y so that L_1, L_2 are lagrangian cycles. More precisely, one can construct ω so that it is locally isomorphic to the standard symplectic form on a deformed conifold near L_1, L_2. To conclude this section, let us discuss the second homology of Y . An exact sequence argument shows that H_2(Y, L_1 ∪ L_2, Z) ≃ H_2(Y, Z) = Z. One can construct certain nontrivial relative 2-cycles on Y as holomorphic discs D_1, D_2 with boundaries on L_1, L_2. Let Σ_{0,1} be the disc {|t| ≤ μ^{−1/2}} = {μ^{1/2} ≤ |t^′|} in a projective line IP^1 with affine coordinates t, t^′. We construct a holomorphic embedding f_1 : Σ_{0,1}−→Y given in local coordinates by

U_1 : x_1(t) = t, y_1(t) = 0, u_1(t) = μ, v_1(t) = 0

U_2 : x_2(t^′) = t^′, y_2(t^′) = 0, u_2(t^′) = μ t^′ , v_2(t^′) = 0.

(13)

It easy to check that f is well defined and it maps the boundary |t^′| = μ^{1/2} of Σ_{0,1} to an unknot Γ_1 in L_1. We will denote the image of Σ_{0,1} in Y by D_1. We can construct similarly a disc ending on L_2. The embedding map is locally given by

U_1 : x_1(t) = 0, y_1(t) = t, u_1(t) = μ, v_1(t) = 0

U_3 : x_3(t^′) = t^′, y_3(t^′) = 0, u_3(t^′) = μ t^′ , v_3(t^′) = 0.

(14)

To complete this discussion, note that one can also embed a holomorphic annulus C in Y , the boundary components being mapped to L_1, L_2. For this we have to use the coordinate patches U_2, U_3. Let Σ_{0,2} be the cylinder { μ^{1/2} ≤ |t| ≤ μ^{−1/2} } = { μ^{−1/2} ≥ |t^′|^2 ≥ μ^{1/2} } in IP^1 with affine coordinates (t, t^′) (recall that μ is a positive real number inside the unit disc, hence μ < 1.) We define a map f : Σ_{0,2}−→Y by U_2 : x_2(t) = 0, y_2(t) = t, u_2(t) = 0, v_2(t) = μ t U_3 : x_3(t^′) = 0, y_3(t^′) = t^′, u_3(t^′) = 0, v_3(t^′) = μ t^′ . (15)

Then the boundary component |t| = μ^{1/2} is mapped to L_1, while the boundary |t| = μ^{−1/2} is mapped to L_2. Note that the discs D_1, D_2 and the cylinder C can be in principle covered by a single coordinate patch. We have used two coordinate patches for reasons that will be clear in section six. Let us denote the two boundary components of C by Ξ_1, Ξ_2, which are again to be regarded as knots in L_1, L_2. An important point for Chern-Simons computations is that {Γ_1, Ξ_1} and respectively {Γ_2, Ξ_2} are algebraic links in L_1, L_2. This can be seen by noting that locally we can identify for example L_1 to the sphere

|x_2|^2 + |y_2|^2 = μ (16)

in C^2 with coordinates (x_2, y_2). Then the disc D_1 and C can be locally described by the equation x_2y_2 = 0 in C^2. It is a well known fact that the intersection of this singular curve with the sphere surrounding the origin is an algebraic link with linking number one in the orientations induced by the complex structure. More precisely, if we parameterize the two boundary components as x_2 = μ^{1/2}e^{iθx} , y_2 = μ^{1/2}e^{iθy} , the 1-forms dθ_x, dθ_y define orientations of Γ_1, Ξ_1 such that the linking number is 1 [9]. The same is true for Γ_2, Ξ_2 in L_2. In particular this shows that D_1, C and D_2, C are disconnected. Note that from now on we will fix the

Figure 3: Primitive open string instantons on Y : the linking number of the linked boundaries is 1.

above orientations for Γ_1, Ξ_1, Γ_2, Ξ_2. In terms of the T^2 fibrations, D_1, D_2, C can be represented as in fig. 3.

Using this picture it is easy to see that there is a continuous family of 2-spheres interpolating between D_1 and D_2, hence the relation [D_1] − [D_2] = 0. Similarly, we have [C] = [D_1] = [D_2], and we will denote this relative homology class by β. However note that these 2-spheres are not holomorphically embedded in Y . In fact we will show in section five that there are no holomorphic curves on Y and that β is a generator of H_2(Y, L_1 ∪ L_2; Z). Therefore D_1, D_2, C constructed above are primitive open string instantons. Since L_1, L_2 are lagrangian, this shows that D_1, D_2, C have the same symplectic area t_{op} = ∫ D_1 ω = ∫ D_2 ω = ∫ C ω. (17)

By deforming the discs as topological spheres away from the vanishing cycles, one can show that classically t = t_{op}. This is so because the transition leaves the symplectic form essentially unchanged away from the singular locus. This concludes our discussion of the extremal transitions for the local dP_2 model from a geometric point of view. The physics of the transitions will be explored in the next sections.

3 Closed String Amplitudes and Duality Predictions

In the context of geometric transitions we are interested in a relation between the topological closed string A model on X and a topological open string A model on the deformation space Y . The topological open string theory on Y is defined by wrapping N_1 and respectively N_2 D-branes on the lagrangian cycles L_1, L_2. The target space action of this theory consists of two Chern-Simons theories with gauge groups U(N_1), U(N_2) supported on the two cycles [48]. We will see later that these theories are coupled by open string instanton effects.

In order to have the right integrality properties, the topological amplitudes must be written in terms of flat coordinates. On the closed string side we have flat coordinates (^s_1, ^s_2, ^t) corresponding to the classical coordinates (s_1, s_2, t). For simplicity, we will drop the notation ^, keeping in mind that topological amplitudes will always be written in terms of flat coordinates. The open string theory contains a classical geometric parameter defined in (17). Accordingly we have a flat coordinate ^t_{op}, which will also be denoted by t_{op} from now on. As discussed above, classically, one would predict a relation of the form t = ^t_{op}, but this has to be refined at quantum level, as discussed in [12]. Moreover, we will see later in section four that the open string amplitudes depend in fact on three flat coordinates corresponding to the three primitive instantons constructed in section two.

Without going into details for the moment, note that large N duality predicts a relation between closed and open string amplitudes of the form

F_{cl}(g_s, s_1, s_2, t) = F_{op}(g_s, λ_1, λ_2, t_{op}). (18)

Here λ_1 = N_1g_s, λ_2 = N_2g_s are the ’t Hooft coupling constants of the two Chern- Simons theories on L_1, L_2 which should be related to the closed string parameters (s_1, s_2). We will discuss the precise relation in section four.

According to [19], the closed string free energy on X has the following structure^1

F_{cl}(t, s_1, s_2, g_s) = ∞∑ r=0 ∞∑ n=1 ∑ C∈H_2 (X,Z) N^r_C 1 n ( 2 sin ng_s 2 )_{2r−2} e^{−n<J,C>} . (19)

In this expression, N^r_C are the Gopakumar-Vafa invariants of X which count the number of BPS states of charge C and spin quantum number r in M-theory compactified on X; n counts multicovers. In the following we will refer to them as GV invariants. In terms of the generators (e_1, h − e_1 − e_2, e_2) of the Mori cone we have

C = d_1e_1 + d(h − e_1 − e_2) + d_2e_2, d, d_1, d_2 ∈ Z (20)

Note that C is representable by an irreducible reduced curve only if 0 ≤ d_1, d_2 ≤ d or d = 0 and d_1 = d_2 = 1. Recall that the Kähler class J is given by (4),

1Throughout this paper, we will consider truncated expressions for the free energy, that is we will omit the polynomial terms.

J = −s_1e_1 + th − s_2e_2. Then we can rewrite (19) as

F_{cl}(t, s_1, s_2, g_s) = ∞∑ n=1 1 n ( 2 sin^{ngs}_2

)_2 (e^{−ns1} + e^{−ns2} )

+ ∞∑ r=0 ∞∑ n=1 ∑ d>0 ∑ 0≤d_1 ,d_2≤d N^r_{d,d1,d2} 1 n ( 2 sin ng_s 2 )_{2r−2} e^{−n(dt−(d−d1 )s1−(d−d2 )s2 )}. (21) Note that the first two terms represent the universal contributions of the two exceptional curves, whose open string interpretation is well understood [20]. In the second series, the GV invariants are not known for the local dP_2 model, except for r = 0, when they can be computed using mirror symmetry. This calculation has been performed in [10].

4 Open String Amplitudes and The Duality Map

We now consider the open string A model defined by wrapping N_1 and respectively N_2 branes on the lagrangian cycles L_1, L_2 in Y . According to [48], the target space physics of this model is captured by two Chern-Simons theories with gauge groups U(N_1) and respectively U(N_2) supported on the cycles L_1, L_2. As explained in [48], the Chern-Simons theory is in general corrected by open string instantons which give rise to Wilson loop operators in the target space action. The complete action can then be schematically written in the form

S(A_1, A_2) = S_{CS} (A_1) + S_{CS} (A_2) + F_{inst}(g_s, t_{op}, A_1, A_2) (22)

where A_1, A_2 denote the two gauge fields on L_1, L_2. The concrete form of the instanton expansion depends on the details of the model. In general A_1, A_2 enter F_{inst}(g_s, t_{op}, A_1, A_2) via holonomy operators associated to the boundary components of open string instantons interpreted as knots in L_1, L_2. For large volume, the instanton corrections can be treated perturbatively from the Chern-Simons point of view. Therefore in the large N limit, the open string free energy can be written as

F_{op}(t_{op}, λ_1, λ_2, g_s) = F^{CS}_1 (λ_1, g_s) + F^{CS}_2 (λ_2, g_s) + ln ⟨ e^{Finst(gs,top,A1 ,A2)} ⟩ (23)

where λ_1 = N_1g_s and λ_2 = N_2g_s denote the ’t Hooft coupling constants of the two Chern-Simons theories. In the last term of (23) we have a double functional integral over both gauge fields. Therefore the computation of the free energy consists of two steps. First we have to find F_{inst}(g_s, t_{op}, A_1, A_2) using open string enumerative techniques, and then compute the Wilson line expectation values in

Chern-Simons theory. For convenience, we will denote the last term in (23) by F_{inst}(g_s, t_{op}, λ_1, λ_2) so that (23) becomes

F_{op}(t_{op}, λ_1, λ_2, g_s) = F^{CS}_1 (λ_1, g_s) + F^{CS}_2 (λ_2, g_s) + F_{inst}(g_s, t_{op}, λ_1, λ_2). (24)

The above discussion is quite schematical since the interaction between Chern- Simons theory and open string instantons is more subtle. According to [48], the perturbative Chern-Simons expansion should be interpreted as a sum over degenerate open string Riemann surfaces which develop infinitely thin ribbons. The ribbons, which are mapped to the spheres L_1, L_2 as geodesic graphs, have been interpreted in [48] as virtual instantons at infinity. So far there is no rigorous mathematical treatment of this type of degenerate behavior at infinity. In particular it is not known how to actually write down the open string amplitudes as finite dimensional integrals on a well defined moduli space. The prescription outlined above following [48] is to first sum over nondegenerate instantons, i.e. Riemann surfaces which have at worst double node singularities, and then sum over degenerate instantons by performing the Chern-Simons path integral.

The sum over non-degenerate instantons should be in principle defined in terms of intersection theory on some moduli space of stable open string maps^2 M_{g,h}(Y, L, dβ), where L = L_1 ∪ L_2. This theory has not been rigorously developed so far, but at the level of rigor of [22, 29, 38], one can give a computational definition of open string amplitudes. The main idea is to proceed by localization with respect to a torus action induced by a torus action on Y preserving L_1, L_2. Although the structure of the moduli space is unknown, one can describe in detail the structure of the fixed point loci. From this data, we can obtain enumerative invariants essentially by adapting on spot the known closed string techniques [7, 17, 31, 37] in order to evaluate the contribution of each fixed point locus. This approach has been successfully implemented for noncompact lagrangian cycles in [22, 29, 38, 41]. In that case one can fix a flat unitary connection on the lagrangian cycles as a background field.

In the present context, since the cycles are compact, the unitary connections become dynamical variables and one should integrate over all (gauge equivalence classes) of such fields [48]. This is achieved by performing the Chern-Simons theory path integral. The coupling between finite area instantons and Chern-Simons theory is quite subtle [48]. As explained there, if one had only isolated open string instantons, their effects would be encoded in a series of holonomy (Wilson loop) operators added to the Chern-Simons action. For each rigid isolated instanton D ⊂ Y , one adds a term of the form e^{−t}TrV , where V is the holonomy around the boundary of D, which is a knot in L. It is important to note that in this formula V

2This is a schematic discussion. Since Y is noncompact, the compactification of this moduli space is a very subtle issue. Some aspects will be mentioned in section six.

is not a flat gauge field, therefore this operator is not invariant under deformations of the knot. If D is rigid and isolated, this is not a problem. However, what happens if we have families of such instantons? Then the holonomy V depends on the particular member in the family, and it is not clear how one should write the associated corrections. A general answer to this question is not known at the present stage, but we would like to propose an answer for situations in which there is a torus action on Y preserving the lagrangian cycles. In such cases, one can simply use localization arguments to argue that all nontrivial contributions to the instanton sum come from fixed maps under this action. Then, to each component of the fixed point locus we associate a certain series of holonomy operators in Chern- Simons theory, as detailed below. Because of this coupling with Chern-Simons theory, the procedure described above should not be thought as localization of a virtual cycle on a moduli space of maps in the usual sense. It would certainly be desirable to have a more precise mathematical formulation of this construction, but this is not known at the present stage.

The final step is to perform the Chern-Simons functional integral with the instanton corrections included in order to compute the open string free energy. This approach has been successfully tested in a simple geometric situation in [12]. Note that this last step requires the choice of a framing for each boundary ∂D in order to regulate the divergences in Chern-Simons perturbation theory. We will comment more in this point below.

In the present situation, we define an S^1 action on Z by

Z_1 Z_2 Z_3 U V C^∗ λ_1 λ_2 0 −λ_1 −λ_2.

(25)

Obviously, this action preserves Y and L_1, L_2. Then, a somewhat technical analysis shows that the only primitive open string instantons left invariant by this action are the discs D_1, D_2 and the annulus C constructed in the previous section. The proof follows the lines of [12] (section 5); one has to take a projective completion Y of Y and show that the problem reduces to finding invariant curves on Y subject to certain homology constraints. We leave the details for the next section.

Note that the two discs D_1, D_2 have a common origin, therefore they form a nodal (or pinched) cylinder D_1 ∪ D_2. As discussed at the end of section two, D_1 ∪ D_2 and C are disconnected. Therefore the fixed locus of the torus action on M_{g,h}(Y, L, dβ) consists of two disconnected components: multicovers of D_1 ∪ D_2 and respectively multicovers of C. The precise structure of these components will be discussed in detail in section five. For now, let us note that on general grounds, an open string map to the pinched cylinder D_1 ∪D_2 is characterized by two degrees d_1, d_2 and two sets of winding numbers m_i, i = 1, . . ., h_1, n_j , j = 1, . . ., h_2, where h_1, h_2 are the numbers of boundary components mapped to Γ_1 and respectively

Γ_2. We have the constraints ∑_{h1} i=1 = d_1, ∑_{h2} j=1 n_j = d_2. Similarly, a generic map to the cylinder C is characterized by a degree d and two sets of winding numbers m_i, n_j , i = 1, . . ., h_1, j = 1, . . ., h_2 with ∑_{h1} i=1 m_i = ∑_{h2} j=1 n_j = d, where h_1, h_2 are the numbers of boundary components mapped to Ξ_1, Ξ_2.

Based on these elements, we can write down the general form of the open string instanton expansion on Y . We noticed earlier that D_1, D_2 and C have the same symplectic area, therefore one would be tempted to write down this expansion in terms of a single open string Kähler modulus t_{op}. However, things are more subtle here since the instanton expansion should be written in terms of flat coordinates rather than classical moduli. One of the lessons of [12] was that in the presence of dynamical A branes, the open string flat coordinates can receive nonperturbative corrections generated by virtual instantons at infinity. These corrections can be different for different open string instantons, depending on the lagrangian cycle they end on. For this reason, we will refine (23) by writing the instanton expansion in terms of three distinct flat Kähler moduli t_1, t_2, t_c corresponding to D_1, D_2, C. We will show later that this is in precise agreement with the duality predictions from the closed string side. We also introduce the following holonomy variables

U_1 = Pexp ∫ Ξ_1

A^{(1)}, U_2 = Pexp ∫ Ξ_2

A^{(2)},

V_1 = Pexp ∫ Γ_1

A^{(1)}, V_2 = Pexp ∫ Γ_2

A^{(2)}

(26)

corresponding to the boundary components of D_1, D_2 and C. Then the open string expansion takes the form

F_{inst}(g_s, t_1, t_2, t_c, U_1, U_2, V_1, V_2) = F^{(1)}_{inst}(g_s, t_c, U_1, U_2)+F^{(2)}_{inst}(g_s, t_1, t_2, V_1, V_2) (27)

where

F^{(1)}_{inst}(g_s, t_c, U_1, U_2) = ∞∑ g=0 ∞∑ h_1,h_2 =0 ∞∑ d=0 ∑ m_i≥0,n_j ≥0 i^{h1+h2} g^{2g−2+h1+h2} s

× C_{g,h1,h2} (d; m_i, n_j )e^{−dtc} h_1∏

i=1 TrU^{mi}_1

h_2∏

j=1 TrU^{nj}_2

(28)

F^{(2)}_{inst}(g_s, t_1, t_2, V_1, V_2) = ∞∑ g=0 ∞∑ h_1 ,h_2=0 ∞∑ d_1,d_2=0 ∑ m_i≥0,n_j ≥0 i^{h1+h2} g^{2g−2+h1+h2} s

× F_{g,h1 ,h2} (d_1, d_2; m_i, n_j )e^{−d1 t1−d2t2} h_1∏

i=1 TrV^{mi}_1

h_2∏

j=1 TrV^{nj}_2 .

(29)

In (28) we have a sum over multicovers of the annulus C, while (29) represents a sum over multicovers of the two discs D_1, D_2, which form a nodal cylinder. Note that the winding numbers are subject to the constraints mentioned above, that is ∑_{h1} i=1 m_i = ∑_{h2} j=1 n_j = d for C, and ∑_{h1} i=1 m_i = d_1, ∑_{h2} j=1 n_j = d_2 for D_1 ∪ D_2.

As discussed earlier in this section, the coefficients C_{g,h1,h2} (d; m_i, n_j ) as well as F_{g,h1 ,h2} (d_1, d_2; m_i, n_j ) can be computed by evaluating the contribution of the fixed loci in M_{g,h}(Y, L, dβ). Note however, that to each component of the fixed locus we assign a certain holonomy operator in the Chern-Simons theory. Therefore, one does not simply sum over all fixed loci as in standard localization computations. This means that the contribution of each fixed component depends on the weights of the toric action used in the localization process. In order to obtain a physically sensible answer, we have to make a certain choice of weights similar to the choices made in [22, 29, 41]. Moreover, in our case the situation is more complicated since we also have to make a choice of framing in Chern-Simons theory. The two choices are in fact related, as discussed below and in more detail in section 6.3.

Before giving the details, note that given the geometric context, there may be many choices of weights and/or framings that result in distinct open string expansions. At this stage we do not know if there is a preferred choice based on certain intrinsic consistency criteria of the open string theory. This problem is very hard, and it cannot be answered without a better development of the mathematical formalism. In the following we will pursue a more modest goal, namely we will try to find a set of choices which leads to an agreement with the dual closed string expansion. Formulated differently, we will try to find the correct prescriptions for the duality map in this geometric situation.

For a single disc D ⊂ C^3 with boundary on a noncompact lagrangian cycle L, it was shown in [29] that the choice of weights is equivalent to the choice of an equivariant section of the normal bundle N_{∂D/L}. This prescription formalizes the relation between framing and toric action found for the first time in [3]. In particular, the instanton expansion for D depends on an integer ambiguity a which parameterizes isomorphism classes of S^1 equivariant sections of the normal bundle N_{∂D/L}. For the discs D_1, D_2 embedded in Y , one can still choose the boundary data in the form of two sections to N_{Γ1/L1} , N_{Γ2/L2} which are labeled by two integers a, b. Generalizing the strategy proposed by [29], we assume that these choices have to be compatible with the global S^1 action on Y . By explicitly writing these conditions in local coordinates, we show in section 6.3. that we are left with only two consistent choices, namely (a, b) = (0, 0) or (a, b) = (2, 2). In the following we will choose (a, b) = (0, 0) since in this case the instanton expansion takes a very simple compact form. The second choice is not logically ruled out, but leads to a very complicated formula for the instanton corrections. We leave it for future work.

Having made this choice, the open string topological theory is still not completely determined, since we also have to specify the framing of the knots Γ_1, Γ_2, Ξ_1 and Ξ_2. In principle, the equivariant sections introduced in the previous paragraph should determine the framings of Γ_1 = ∂D_1 and Γ_2 = ∂D_2. However, there is a subtlety at this point explained in detail in section 6.3. Briefly, the choice of a single section does not determine the framing as an integer number; one also needs a reference section which is typically provided by the geometric context. In our case we have a natural reference section since Γ_1, Γ_2 are algebraic knots. Then a short local computation shows that the framings of Γ_1, Γ_2 are (2 − a, 2 − b). Therefore for (a, b) = (0, 0) we obtain framings (2, 2).

For the annulus C, the choice of framing is more subtle since the localization computation does not require the choice of special values of toric weights. Therefore one does not have to choose equivariant sections on the two boundaries components Ξ_1, Ξ_2. In the present context, this framing can be related to the framings of the discs by a deformation argument detailed in section six. The resulting values are (1 −^a_2 , 1 −^b_2 ) = (1, 1) for the two boundaries of C. Moreover, it is shown in [6] that for an annulus with framings (p, p), the p-dependence of the amplitudes can be absorbed in a simple shift of the open string Kähler parameters, leaving the amplitudes otherwise unchanged. This allows us to choose canonical framing without loss of generality. We are very grateful to the authors of [6] for explaining this to us.

The open string instanton expansions (28),(29) can be determined by adding the contributions of all fixed points of the S^1 action. These are computed in section six, equations (6.30), (6.100), (6.101) and (6.102). There is one subtle aspect at this point, namely given the choices made so far, one has to count the contribution of the pinched cylinder, eqn (6.102), twice in order to match the predictions of large N duality. This factor of two does not follow directly from localization computations, and it cannot be satisfactorily explained using our present knowledge of moduli spaces of open string maps. In fact, since the only criterion for introducing this factor is agreement with the closed string dual, we should think of it as a prescription of the duality map. A more conceptual explanation would require a much deeper mathematical understanding of the open/closed string duality, which is beyond the purpose of this work. We hope to report on this aspect in the future.

To summarize this discussion, we propose the following large N Chern-Simons dual to the local dP_2 model

F^{(1)}_{inst}(g_s, t_c, U_1, U_2) = − ∞∑ d=1 e^{−dtc} d TrU^d_1 TrU^d_2 (30)

F^{(2)}_{inst}(g_s, t_1, t_2, V_1, V_2) = ∞∑ d=1 ie^{−dt1} 2d sin^{dgs}_2

TrV^d_1 + ∞∑ d=1 ie^{−dt2} 2d sin^{dgs}_2

TrV^d_2

+ 2 ∞∑ d=1 e^{−d(t1 +t2)} d TrV^d_1 TrV^d_2

(31)

where the framings of the knots Γ_1, Γ_2, Ξ_1, Ξ_2 are (2, 2, 0, 0). In the next subsection, we will present very convincing evidence for this conjecture by computing the open string free energy up to degree four in e^{−t1} , e^{−t2} , e^{−tc} and finding perfect agreement with the closed string results.

4.1 Chern-Simons Computations

As discussed above, we have to evaluate

F_{op}(t_1, t_2, t_c, λ_1, λ_2) = F^{CS}_1 (λ_1, g_s) + F^{CS}_2 (λ_2, g_s) + F_{inst}(g_s, t_1, t_2, t_c, λ_1, λ_2) (32)

where F_{inst}(g_s, t_1, t_2, t_c, λ_1, λ_2) = ln ⟨ e^{Finst(gs,t1,t2,tc,U1,U2,V1,V2)} ⟩ . (33)

Moreover, the instanton expansion is obtained by adding (30) and (31)

F_{inst}(g_s, t_1, t_2, t_c, U_1, U_2, V_1, V_2) = F^{(1)}_{inst}(g_s, t_c, U_1, U_2) + F^{(2)}_{inst}(g_s, t_1, t_2, V_1, V_2). (34) The holonomy variables (U_1, V_1),(U_2, V_2) are associated to the unknots (Ξ_1, Γ_1), (Ξ_2, Γ_2) in L_1 and respectively L_2. Each pair of knots form a link with linking number one in the present choice of orientations. Moreover, (Ξ_1, Ξ_2) are canonically framed while (Γ_1, Γ_2) have framings (2, 2). This completely specifies the Chern- Simons system. The first two terms in (32) are well understood. Performing an analytic continuation as in [13, 19, 20, 44], we can write them in the form

F^{CS}_1 (λ_1, g_s) + F^{CS}_2 (λ_2, g_s) = ∞∑ n=1 1 n ( 2 sin^{ngs}_2

)_2 (e^{inλ1} + e^{inλ2} ). (35)

The third term is more complicated. We will evaluate it perturbatively up to terms of order three in e^{−t1} , e^{−t2} , e^{−tc} .

For a systematic approach, let us write the instanton corrections in the form

F_{inst}(g_s, t_1, t_2, t_c,U_1, U_2, V_1, V_2) = ∞∑ n=1 [ ia_ne^{−nt1} + ib_ne^{−nt2} − c_ne^{−ntc} + 2d_ne^{−n(t1 +t2)} ] (36) where a_n = 1 2n sin^{ngs}_2

TrV^n_1 , b_n = 1 2n sin^{ngs}_2

TrV^n_2

c_n = 1 n TrU^n_1 TrU^n_2 , d_n = 1 n TrV^n_1 TrV^n_2 .

(37)

Then the first order terms are

F_{inst}(g_s, t_1, t_2, t_c, λ_1, λ_2)^{(1)} = e^{−t1} X_{(t1)} + e^{−t2} X_{(t2)} + e^{−tc} X_{(tc)}, (38) where we have introduced the notation

X_{(t1)} = x_{(t1)} = i⟨a_1⟩, X_{(t2)} = x_{(t2)} = i⟨b_1⟩, X_{(tc)} = x_{(tc)} = −⟨c_1⟩. (39) The expectation values in (39) can be evaluated using the Chern-Simons techniques developed in [32, 33, 34, 39, 45]. Some extra care is needed since we have to work with U(N) Chern-Simons theory, and not SU(N) [39]. Let us consider a link L with c components with representations R_α and framings p_α, α = 1, . . ., c. The framing dependence of the expectation value ⟨W_{Rα} (L)⟩ is of the form ⟨W_{Rα} (L)⟩_{(p1,...,pc)} = e^{igs2 ∑cα=1 κRα pα} e^{iλ2 ∑cα=1 lαpα} ⟨W_{Rα} (L)⟩_{(0,...,0)} (40) where l_α is the total number of boxes in the Young tableau of R_α, and κ_{Rα} is a group theoretic quantity defined as follows. Let v = 1, . . .r label the rows of the Young tableau of a representation R, and l_v denote the length of the v-th row. Then we have [39]

κ_R = l + r∑ v=1 (l^2_v − 2vl_v) (41)

where l = ∑_r v=1 l_v is the total number of boxes. Applying this formula, and taking into account the framings specified below (34), we have ⟨a_1⟩ = (−i)e^{iλ1} e^12^{iλ1} − e^{− 1}2^{iλ1} ( 2 sin^{gs}_2

)_2

⟨b_1⟩ = (−i)e^{iλ2} e^12^{iλ2} − e^{− 1}2^{iλ2} ( 2 sin^{gs}_2

)_2

⟨c_1⟩ = − (e^12^{iλ1} − e^{− 1}2^{iλ1} )(e^12^{iλ2} − e^{− 1}2^{iλ2} ) ( 2 sin^{gs}_2

)_2 .

(42)

By direct substitution in (36), we find

F_{inst}(g_s, t_1, t_2, t_c, λ_1, λ_2)^{(1)} = 1 ( 2 sin^{gs}_2

)_2 [ e^{−t1} (−e^12^{iλ1} + e^32^{iλ1} ) + e^{−t2} (−e^12^{iλ2} + e^32^{iλ2} )

+ e^{−tc} (e^{12 i(λ1+λ2)} − e^{12 i(−λ1+λ2)} − e^{12 i(λ1−λ2)} + e^{− 12 i(λ1+λ2)}) ] . (43)

Let us consider the second order terms in (33). By successively expanding the exponential and the logarithm, we obtain

F_{inst}(g_s, t_1, t_2, t_c, λ_1, λ_2)^{(2)} = e^{−2t1} X_{(2t1)} + e^{−2t2} X_{(2t2)} + e^{−2tc} X_{(2tc)} + e^{−t1 −t2} X_{(t1,t2)} + e^{−t1−tc} X_{(t1,tc)} + e^{−t2 −tc} X_{(t2,tc)}, (44) where X_{(2ti)} = x_{(2ti)} − 1 2 x^2_{(ti)}, i = 1, 2, c, X_{(ti,tj )} = x_{(ti,tj )} − x_{(ti)}x_{(tj )}, i, j = 1, 2, c, i ≠ j, (45)

with

x_{(2t1)} = i⟨a_2⟩ − 1 2 ⟨a^2_1⟩, x_{(2t2)} = i⟨b_2⟩ − 1 2 ⟨b^2_1⟩, x_{(2tc)} = −⟨c_2⟩ + 1 2 ⟨c^2_1⟩, x_{(t1,t2)} = −⟨a_1b_1⟩ + 2⟨d_1⟩, x_{(t1,tc)} = −i⟨a_1c_1⟩, x_{(t2,tc)} = −i⟨b_1c_1⟩. (46) In order to compute the relevant expectation values, we have to use the Frobenius formula in order to linearize quadratic expressions in the holonomy variables. Since the formula (44) is symmetric under the exchange of Γ_1 and Γ_2, it suffices to consider only V_1 (TrV_1)^2 = Tr V_1 + Tr V_1

TrV^2_1 = Tr V_1 − Tr V_1

(47)

where , are the Young tableaux corresponding to the symmetric and antisymmetric representations of U(N_1), respectively. Applying (40) we have

⟨(TrV_1)^2⟩ = e^{2igs} e^{2iλ1} ⟨Tr V_1⟩_0 + e^{−2igs} e^{2iλ1} ⟨Tr V_1⟩_0

⟨TrV^2_1 ⟩ = e^{2igs} e^{2iλ1} ⟨Tr V_1⟩_0 − e^{−2igs} e^{2iλ1} ⟨Tr V_1⟩_0

(48)

where the subscript zero means canonical framing. Now, the expectation value of Tr_RV_1 for the unknot with the canonical framing is given by the quantum dimension of R with quantum parameter e^{igs} [39]. Therefore we have

⟨TrV_1⟩_0 = e^12^{iλ1} − e^{− 1}2^{iλ1} e^12^{igiλ} − e^{− 1}2^{igiλ} ⟨Tr V_1⟩_0 =

(e^12^{iλ1} − e^{− 1}2^{iλ1} )(e^12^{iλ1} e^12^{igs} − e^{− 1}2^{iλ1} e^{− 1}2^{igs} ) (e^12^{igs} − e^{− 1}2^{igs} )(e^{igs} − e^{−igs} )

⟨Tr V_1⟩_0 =

(e^12^{iλ1} − e^{− 1}2^{iλ1} )(e^12^{iλ1} e^{− 1}2^{igs} − e^{− 1}2^{iλ1} e^12^{igs} ) (e^12^{igs} − e^{− 1}2^{igs} ) (e^{igs} − e^{−igs} ) .

(49)

Taking also into account (37), after some elementary computations, we arrive at

X_{(2t1)} = 1 ( 2 sin^{gs}_2

)_2 (e^{2iλ1} − e^{3iλ1} ) + 1 2 (2 sin g_s)^2

(−e^{iλ1} + e^{3iλ1} ). (50)

The result for X_{(2t2)} can be obtained by substituting t_1−→t_2 and λ_1−→λ_2 in (50)

X_{(2t2)} = 1 ( 2 sin^{gs}_2

)_2 (e^{2iλ2} − e^{3iλ2} ) + 1 2 (2 sin g_s)^2

(−e^{iλ2} + e^{3iλ2} ). (51)

The term X_{(2tc)} can be evaluated analogously by linearizing the quadratic expressions in U_1, U_2. The computation is straightforward since the unknots Ξ_1, Ξ_2 are canonically framed. We obtain

X_{(2tc)} = 1 2 (2 sin g_s)^2

(e^{iλ1} − e^{−iλ1} )(e^{iλ2} − e^{−iλ2} ). (52)

We now compute X_{(t1,tc)} and X_{(t2,tc)}. These terms are more interesting since they involve expectation values of linked Wilson loops. We can exploit again the Z/2 symmetry which exchanges the links (Γ_1, Ξ_1) and (Γ_2, Ξ_2). This means it suffices to consider X_{(t1,tc)} = i 2 sin^{gs}_2 [ − ⟨TrV_1TrU_1⟩ + ⟨TrV_1⟩⟨TrU_1⟩ ] ⟨TrU_2⟩. (53)

As discussed at length in [33, 34], in order for this expression to have the correct integrality properties, the expectation value of the link ⟨TrV_1TrU_1⟩ has to be taken with a particular normalization. For U(N_1) Chern-Simons theory, this amounts to writing the expectation value of a Hopf link L with linking number −1 as [33, 34]

⟨W (L)⟩_{(0,0)} = ( e^12^{iλ1} − e^{− 1}2^{iλ1} e^12^{igs} − e^{− 1}2^{igs}

)_2

− (1 − e^{−iλ1} ) (54)

where the subscript (0, 0) means that both components are in canonical framing. Up to normalization, this is the HOMFLY polynomial of the Hopf link. In our case, we have a link with linking number +1, which is in fact the mirror link L^∗ of L. The expectation value of the mirror link L^∗ is related to that of L by sending g_s−→ − g_s, λ−→ − λ [39]. Therefore, taking into account the framing correction, the expression we need in (53) is

⟨TrV_1TrU_1⟩ = e^{iλ1} ( e^12^{iλ1} − e^{− 1}2^{iλ1} e^12^{igs} − e^{− 1}2^{igs}

)_2

− (1 − e^{iλ1} ) . (55)

Then, a direct computation yields X_{(t1,tc)} = 1 ( 2 sin^{gs}_2

)_2 (e^{iλ1} − e^{2iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} ). (56)

Next, X_{(t2,tc)} can be obtained using the exchange symmetry as before X_{(t2,tc)} = 1 ( 2 sin^{gs}_2

)_2 (e^{iλ2} − e^{2iλ2} )(e^{12 iλ1} − e^{− 12 iλ1} ). (57)

Finally, we have to evaluate X_{(t1,t2)}. Given what has been said so far, and using the observation that

− ⟨a_1b_1⟩ + ⟨a_1⟩⟨b_1⟩ = 1 2 sin^{gs}_2 [ ⟨TrV_1TrV_2⟩ − ⟨TrV_1⟩⟨TrV_2⟩ ] = 0, (58)

a straightforward computation leads to

X_{(t1,t2)} = − 2 ( 2 sin^{gs}_2

)_2 e^{i(λ1+λ2 )}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} ). (59)

This concludes the evaluation of (44). The last step is to collect all the intermediate results (35),(43),(50)-(52) and (56)-(59) in a single formula. Writing only terms up to order two, we have

F_{op}(t_1, t_2, t_c, λ_1, λ_2) = 1 ( 2 sin^{gs}_2

)_2 [ e^{iλ1} + e^{iλ2} + e^{−t1} (−e^{12 iλ1} + e^{32 iλ1} ) + e^{−t2} (−e^{12 iλ2} + e^{32 iλ2} )

+ e^{−tc} (e^{12 i(λ1+λ2 )} − e^{12 i(−λ1+λ2 )} − e^{12 i(λ1−λ2)} + e^{− 12 i(λ1+λ2)}) + e^{−2t1} (e^{2iλ1} − e^{3iλ1} ) + e^{−2t2} (e^{2iλ2} − e^{3iλ2} ) − 2e^{−t1−t2} e^{i(λ1+λ2 )}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )

+ e^{−t1 −tc} (e^{iλ1} − e^{2iλ1} )(e^12^{iλ2} − e^{− 1}2^{iλ2} ) + e^{−t2 −tc} (e^{iλ2} − e^{2iλ2} )(e^12^{iλ1} − e^{− 1}2^{iλ1} ) ]

+ 1 2 (2 sin g_s)^2 [ e^{2iλ1} + e^{2iλ2} + e^{−2t1} (−e^{iλ1} + e^{3iλ1} ) + e^{−2t2} (−e^{iλ2} + e^{3iλ2} )

+ e^{−2tc} (e^{i(λ1+λ2)} − e^{i(−λ1 +λ2)} − e^{i(λ1−λ2)} + e^{−i(λ1+λ2)}) ] . (60) We have also computed the terms of degree three and four in Appendix B, but we will not reproduce them here.

4.2 Comparison with Duality Predictions

In order to test large N duality, the free energy (60) must be compared with its closed string counterpart. For convenience we write below the r = 0 (see (19)) closed string result of [10]

F^{(0)}_{cl} (q, q_1, q_2, g_s) = 1 ( 2 sin^{gs}_2

)_2 [ q_1 + q_2 + q(q^{−1}_1 q^{−1}_2 − 2q^{−1}_1 − 2q^{−1}_2 + 3) + q^2(−4q^{−1}_1 q^{−1}_2

+ 5q^{−1}_1 + 5q^{−1}_2 − 6) + q^3(−6q^{−2}_1 q^{−1}_2 − 6q^{−1}_1 q^{−2}_2 + 7q^{−2}_1 + 7q^{−2}_2 + 35q^{−1}_1 q^{−1}_2 − 32q^{−1}_1 − 32q^{−1}_2 + 27) + q^4(−8q^{−3}_1 q^{−1}_2 − 32q^{−2}_1 q^{−2}_2 − 8q^{−1}_1 q^{−3}_2 + 9q^{−3}_1 + 135q^{−2}_1 q^{−1}_2 + 135q^{−1}_1 q^{−2}_2 + 9q^{−3}_2 − 110q^{−2}_1 − 400q^{−1}_1 q^{−1}_2 − 110q^{−2}_2 + 286q^{−1}_1 + 286q^{−1}_2

− 192) + . . . ]

+ 1 2 (2 sin g_s)^2 [ q^2_1 + q^2 + q^2(q^{−2}_1 q^{−2}_2 − 2q^{−2}_1 − 2q^{−2}_2 + 3)

+ q^4(−4q^{−2}_1 q^{−2}_2 + 5q^{−2}_1 + 5q^{−2}_2 − 6) + . . . ]

+ 1 3 ( 2 sin^{3gs}_2

)_2 [ q^3_1 + q^3_2 + q^3(q^{−3}_1 q^{−3}_2 − 2q^{−3}_1 − 2q^{−3}_2 + 3) + . . . ]

+ 1 4 (2 sin 2g_s)^2 [ q^4_1 + q^4_2 + q^4(q^{−4}_1 q^{−4}_2 − 2q^{−4}_1 − 2q^{−4}_2 + 3) + . . . ] , (61) where we have introduced the notation q = e^{−t}, q_1 = e^{−s1} , q_2 = e^{−s2} . Note that we have written only terms up to degree 4 in q in (61).

As a first qualitative test, note that the terms in the open string expression (60) satisfy the integrality constraints of a closed string expansion [19]. Namely, the terms weighted by^1_{2(2 sin gs)2} have the structure of degree two multicover contributions of the terms of degree one. In order to perform a precise test, we have to find a duality map relating the open string parameters (t_1, t_2, t_c, λ_1, λ_2) to the closed string parameters (t, s_1, s_2). We conjecture the following relations λ_1 = is_1, λ_2 = is_2

t_1 = t − 3 2 s_1, t_2 = t − 3 2 s_2, t_c = t − 1 2 (s_1 + s_2).

(62)

Note that the flat coordinates t_1, t_2, t_c associated to the three primitive instantons receive indeed different quantum corrections, as anticipated in the paragraph preceding equation (26). This is quite sensible, given the interpretation of these corrections in terms of degenerate instantons proposed in [12].

Collecting (60) and the degree three and four terms computed in Appendix B, we can write the final expression for the free energy up to degree four F_{op}(t_1, t_2, t_c, λ_1, λ_2) = F^{(0)}_{op} + F^{(1)}_{op} + F^{(2)}_{op} + F^{(3)}_{op} , (63) where

F^{(0)}_{op} = 1 ( 2 sin^{gs}_2

)_2 [ e^{−s1} + e^{−s2} + e^{−t}(e^{s1 +s2} − 2e^{s1} − 2e^{s2} + 3) + e^{−2t}(−4e^{s1+s2}

+ 5e^{s1} + 5e^{s2} − 6) + e^{−3t}(−6e^{2s1+s2} − 6e^{s1 +2s2} + 7e^{2s1} + 7e^{2s2} + 35e^{s1+s2} − 32e^{s1} − 32e^{s2} + 27) + e^{−4t}(−8e^{3s1 +s2} − 32e^{2s1+2s2} − 8e^{s1+3s2} + 9e^{3s1} + 135e^{2s1+s2} + 135e^{s1+2s2} + 9e^{3s2} − 110e^{2s1}

− 400e^{s1+s2} − 110e^{2s2} + 286e^{s1} + 286e^{s2} − 192) ]

+ 1 2 (2 sin g_s)^2 [ e^{−2s1} + e^{−2s2} + e^{−2t}(e^{2s1+2s2} − 2e^{2s1} − 2e^{2s2} + 3)

+ e^{−4t}(−4e^{2s1+2s2} + 5e^{2s1} + 5e^{2s2} − 6) ]

+ 1 3 ( 2 sin^{3gs}_2

)_2 [ e^{−3s1} + e^{−3s2} + e^{−3t}(e^{3s1+3s2} − 2e^{3s1} − 2e^{3s2} + 3) ]

+ 1 4 (2 sin 2g_s)^2 [ e^{−4s1} + e^{−4s2} + e^{−4t}(e^{4s1+4s2} − 2e^{4s1} − 2e^{4s2} + 3) ] ,

F^{(1)}_{op} = e^{−3t} [ − 8e^{s1 +s2} + 9e^{s1} + 9e^{s2} − 10 ] + e^{−4t} [ 9e^{2s1+2s2} − 72e^{2s1+s2} − 72e^{s1 +2s2} + 68e^{2s1} + 344e^{s1+s2} + 68e^{2s2} − 288e^{s1} − 288e^{s2} + 231 ] ,

F^{(2)}_{op} = ( 2 sin g_s 2 )_2 e^{−4t} [ 11e^{2s1+s2} + 11e^{s1 +2s2} − 12e^{2s1} − 112e^{s1+s2} − 12e^{2s2}

+ 108e^{s1} + 108e^{s2} − 102 ] ,

F^{(3)}_{op} = ( 2 sin g_s 2 )_4 e^{−4t} [ 13e^{s1+s2} − 14e^{s1} − 14e^{s2} + 15 ] . (64) Since q = e^{−t}, q_1 = e^{−s1} , q_2 = e^{−s2} , we see that all the terms in F^{(0)}_{op} are in perfect agreement with (61). This is a highly nontrivial test of our conjecture. The other three expressions contain terms that have the g_s dependence of GV invariants with r = 1, r = 2 and r = 3 respectively and we interpret them as duality predictions. Note that some of these higher genus invariants can be computed using the methods of [30]. For example all degree three r = 1 invariants can be computed this way obtaining perfect agreement with (64). The successful comparison obtained so far leads us to conjecture that the free energy of the Chern-Simons system considered in this section captures all genus topological amplitudes of the local dP_2 model.

It would be very interesting to test this conjecture at higher order and eventually develop a more conceptual understanding of this correspondence.

5 Localization of Open String Maps – Geometric Considerations

As discussed in the previous section, the instanton expansions (30) and (31) can be derived using the open string localization techniques developed in [12]. In this section we carry out the first part of this program, by finding the general structure of invariant open string maps f : Σ_{g,h}−→Y subject to the homology constraint f_∗[Σ_{g,h}] = d~β, where ~β is an (yet undetermined) integral generator of H_2(Y, L_1 ∪ L_2; Z). The main result is that ~β = [D_1] = [D_2] = [C] = β, where D_1, D_2, C are the holomorphic cycles constructed in section two. The sought maps are then multicovers of D_1, D_2, C, as promised in section two.

We first compactify the hypersurfaces Y_μ by taking a projective closure of the ambient variety Z. Recall that Z is isomorphic to the total space of O(−1)⊕O(−2) over IP^2, which can be represented as a toric variety

Z_1 Z_2 Z_3 U V C^∗ 1 1 1 −1 −2.

(65)

The family Y/Δ can be described as a family of hypersurfaces in Z determined by

Z_1U + V Z_2Z_3 = μ. (66)

Recall also that Y_μ → IP^2 is a fibration with non-compact fibers and no holomorphic section (nor multi-section).

The (relative) projective closure of Z is the compact toric variety Z = ( C^3 \ {0} ) × ( C^3 \ {0} ) /(C^∗)^2 determined by

Z_1 Z_2 Z_3 U V W C^∗ 1 1 1 −1 −2 0 C^∗ 0 0 0 1 1 1.

(67)

Note that Z ≃ IP (O ⊕ O(−1) ⊕ O(−2)) over IP^2. The Picard group of Z has rank two and is generated by the divisor classes

ζ_1 : Z_1 = 0, ζ_2 : W = 0. (68)

By constructing the toric fan associated to (67), one can check that the Mori cone of Z is generated by the curve classes η_1 = ζ_1(ζ_2 − ζ_1)(ζ_2 − 2ζ_1), η_2 = ζ^2_1 (ζ_2 − 2ζ_1).

One can also choose concrete representatives of the form

η_1 : Z_1 = U = V = 0, η_2 : Z_1 = Z_2 = V = 0. (69)

The projective completion of the family (66) is a family Y/Δ of compact hypersurfaces in Z given by Z_1U + V Z_2Z_3 = μW. (70)

Let Y denote a generic fiber of this family (as noted before, we drop the subscript μ with the understanding that μ is fixed at some real positive value). We denote by Y^i→Y^j→Z the obvious embedding maps. The induced fibration π : Y → IP^2 is a IP^1 fibration; the inverse image of a line L in IP^2 is a complex surface π^{−1}(L) ≃ IF_1. Moreover, Y ≃ IP (O(−1) ⊕ O(−2)), and Y can be identified with IP^3 blown up at a point. It follows that H_2(Y , Z) ≃ H^2(Y , Z) ≃ Z⊕ Z. As generators of H^2(Y , Z) we can take the section σ defined by V = 0, and π^∗(L) (defined, say, by Z_1 = 0). The second homology of Y is similarly generated by algebraic cycles. For example, one can choose a basis consisting of the curve classes η_2, η_1 + η_2 restricted to Y . In particular this shows that the pushforward map j_∗ : H_2(Y , Z)−→H_2(Z, Z) is an isomorphism.

The divisor at infinity in Y is defined as the pull back of the Cartier divisor W = 0 on Z: ζ_∞ = Y \Y . Note that ζ_∞ ∈ |σ+π^∗(L)|, which is an ample divisor on Y . In particular any holomorphic curve on Y must intersect ζ_∞, and Y contains no holomorphic curve classes, as mentioned in section two.

From this point, our analysis follows [12]. We restrict our considerations to open string morphisms which are fixed points of a certain torus action. Recall that there is a natural S^1 action (25) on Z, which can be extended such that it preserves ζ_∞^3:

Z_1 Z_2 Z_3 U V W λ_1 λ_2 0 −λ_1 −λ_2 0.

(71)

As in [12], we restrict our search to T -invariant open string maps to the pair (Y , L_1 ∩ L_2) subject to the homology constraint f_∗[Σ_{g,h}] = d~β. There is a subtlety here, since one might think it suffices to consider open string maps to Y instead of Y . The problem is related to the compactification of M_{g,h}(Y, d~β). Since Y is not compact, the correct point of view is to consider open string maps to (Y , L_1 ∪ L_2) subject to certain contact conditions along ζ_∞. In our case, the order of contact should be zero, but we cannot automatically exclude eventual compactification effects. Therefore we will consider open string morphisms to Y , and in the end show that such effects are ruled out by homology constraints.

3This is not the most general action, but it suffices for localization purposes on Y .

According to [22, 29], the domain of an S^1-invariant map f : Σ_{g,h}−→Y has to be a nodal bordered Riemann surface whose irreducible components are either closed compact Riemann surfaces or holomorphic discs. In the present situation there is an extra possibility, namely the domain can also be an annulus. Therefore, we can divide the problem into two parts. The compact components of Σ_{g,h} have to be mapped to invariant closed curves on Y , which can be found using simple toric considerations. The second part reduces to finding T -invariant maps f : Σ_{0,1}−→Y and f : Σ_{0,2}−→Y with lagrangian boundary conditions along L_1 and L_2. As in [12], we can show that any such f can be extended to a T -invariant map f : Σ_0−→Y from a smooth rational curve to Y . Proceeding as in section five of [12], we see that the only curves on Y satisfying these conditions are

d_1 : Z_1U = μW, Z_3 = V = 0, (72)

d_2 : Z_1U = μW, Z_2 = V = 0, (73)

c : Z_2Z_3V = μW, Z_1 = U = 0. (74)

By writing (72) (resp. (73)) in local coordinates, it follows that d_1 (resp. d_2) intersects L_1 (resp. L_2) along Γ_1 (Γ_2) which divides it into two discs D_1 (resp. D_2) and D^′_1 (D^′_2) with boundary on L_1 (L_2). Similarly c intersects both L_1 and L_2 in Ξ_1 and Ξ_2, which divide c in the cylinder C and two other discs D_3 and D_4.

For future reference, let us note at this point that there is a family of degree two curves on Y which induces similarly a family of degree two holomorphic annuli on Y with boundaries on L_1, L_2. In terms of homogeneous coordinates, this family is described by

ρZ^2_1 − ηZ_2Z_3 = 0, ρU^2 − ηV = 0, UZ_1 + V Z_2Z_3 = μW (75)

where (ρ, η) are projective moduli. By writing these equations in local coordinates, one can check that (75) indeed intersects the two spheres L_1, L_2 along two circles. Moreover, if (ρ, η) = (1, 0), (75) describes the cylinder C with multiplicity 2 whereas if (ρ, η) = (0, 1) we obtain the nodal cylinder D_1 ∪ D_2 with multiplicity 1. Therefore 2C and D_1 ∪ D_2 belong to the same moduli space of bordered Riemann surfaces in Y with boundaries on L_1, L_2.

Returning to our problem, we next show as in [12] that the discs D^′_1, D^′_2, D_3 and D_4 are in fact ruled out by the homology constraint f_∗[Σ_{g,h}] = d[D] by computing the homology classes in H_2(Y , L_1 ∩ L_2; Z) ≃ H_2(Y , Z). We have a commutative diagram of homology groups

H_2(Y , L; Z)^{j∗} � H_2(Z, L; Z)

H_2(Y , Z)^{j∗} �

�

H_2(Z, Z)

� (76) in which all the four arrows are isomorphisms. Therefore we can reduce the problem to computing the homology classes of the discs in question as relative cycles for Z rather than (Y , L). In fact L_1 and L_2 are fillable in Z; this is realized geometrically by deforming to μ = 0. In this limit, the discs become holomorphic curves on the singular fiber Y_0 whose homology classes in H_2(Z, Z) can be easily determined from the algebraic equations. Note that the singularities of Y_0 have no effect on this computation. In the limit μ = 0, d_1 specializes to a reducible curve with components Z_1 = U = V = 0 (class of a fiber) and V = Z_1 = Z_3 = 0, which are precisely the generators η_1 and η_2 of H_2(Z, Z). The two discs D^′_1, D_1 are deformed in this limit to these two components of d_1; therefore we find

j_∗[D_1] = η_1, j_∗[D^′_1] = η_2. (77)

By a similar reasoning we also find

j_∗[D_2] = j_∗[C] = η_1, j_∗[D^′_2] = j_∗[D_3] = j_∗[D_4] = η_2. (78)

Since η_1, η_2 are generators of the Mori cone of Z, using the commutative diagram (76), we conclude that [D_1] = [D_2] = [C] = ~β are integral generators of H_2(Y, L_1 ∪ L_2; Z). Therefore we can identify ~β = β from now on.

Now we can complete the description of a general S^1-invariant map f : Σ_{g,h}−→Y subject to the homology constraint f_∗[Σ_{g,h}] = dβ. If the domain of the map is an annulus Σ_{0,2}, the above analysis shows that f : Σ_{0,2}−→Y has to be an invariant d : 1 cover of C. If the domain is a nodal bordered Riemann surface, the disc components have to be mapped either to D_1 or D_2 in an invariant manner. This leaves us with question of finding the images of the closed compact components of Σ_{g,h}. This is a simple exercise, taking into account the homology constraints. Note that j_∗β is identified with η_1 under the isomorphism H_2(Z, L_1 ∪L_2; Z) ≃ H_2(Z, Z). Since η_1 is a generator of the Mori cone of Z, it follows that any closed component of Σ_{g,h} has to be mapped to an invariant curve in the class η_1 lying on Y . Moreover, since the image of f must be connected, this curve would have to pass through the common origin of D_1, D_2 i.e. the point P : Z_2 = Z_3 = U = V = 0. It is easy to check that the only invariant curves on Y passing through this point are in the fiber class η_2, which is a distinct generator of the Mori cone of Z. Therefore we conclude that there are no curves on Y satisfying all the required conditions; all closed components of Σ_{g,h} have to be mapped to the point P . This completes the description of the fixed loci. In the next section we will evaluate the contributions all these fixed points using localization techniques.

6 Localization of Open String Maps – Explicit Computations

In this section we conclude the localization computation for open string maps with an explicit evaluation of the contributions of all fixed loci. We will be using the tangent–obstruction complex technique [7, 17, 31, 37] generalized to open string morphisms in [22, 29]. Based on the results obtained so far, the fixed locus of the induced toric action on M_{g,h}(Y, L, dβ) consists of two disconnected components. The first component consists of invariant maps to the annulus C, while the second component consists of invariant maps to the pinched cylinder D_1 ∪ D_2. Given the structure of the fixed locus in the target space Y , there are no other components. Let us evaluate their contributions.

6.1 Multicovers of C

Recall that the annulus C is defined by an embedding f : Σ_{0,2}−→Y given locally by U_2 : x_2(t) = 0, y_2(t) = t, u_2(t) = 0, v_2(t) = μ t U_3 : x_3(t^′) = 0, y_3(t^′) = t^′, u_3(t^′) = 0, v_3(t^′) = μ t^′ . (79)

Moreover, the boundary conditions at the two ends are imposed by the local equations of L_1, L_2, which are

L_1 : u_2 = x_2, v_2 = y_2 L_2 : u_3 = x_3, v_3 = y_3.

(80)

Up to reparameterizations, there is a single invariant multicover of C of degree d, which is the Galois cover. In local coordinates we have f : Σ_{0,2}−→Y given by^4

U_2 : x_2(t) = 0, y_2(t) = t^d, u_2(t) = 0, v_2(t) = μ t^d U_3 : x_3(t^′) = 0, y_3(t^′) = t^{′d}, u_3(t^′) = 0, v_3(t^′) = μ t^{′d} . (81)

where t, t^′ are local coordinates on Σ_{0,2} = {μ^{1/2d} ≤ |t| ≤ μ^{−1/2d}}. This means that the only nontrivial coefficients in (28) are C_{0,1,1}(d; d, d), the rest being zero. These coefficients can be computed by evaluating the contributions of the fixed loci in the moduli space of stable open string maps along the lines of [22, 29].

4In order to keep the notation simple, we will denote all open string maps generically by f. The meaning should be clear from the context.

Let us denote Σ_{0,2} by Σ in order to simplify the formulas. Note that the automorphism group of this map has an automorphism group of order d generated by (t−→ζt, t^′−→ζ^{−1}t^′) where ζ is a d-th root of unity. In local coordinates, the torus action (25) reads U_2 : x_2−→e^{iϕ(λ1−λ2)}x_2, y_2−→e^{−iϕλ2} y_2, u_2−→e^{iϕ(−λ1+λ2)}u_2, v_2−→e^{iϕλ2} v_2 U_3 : x_3−→e^{iϕλ1} x_3, y_3−→e^{iϕλ2} y_3, u_3−→e^{−iλ1} u_3, v_3−→e^{−iϕλ2} v_3. (82) The map (81) is left invariant if we let S^1 act on Σ by t−→e^{−iϕλ2/d}t, t^′−→e^{iϕλ2/d}t^′. (83) In order to write down the tangent-obstruction complex for the above map we need to introduce some more notation. Note that the tangent bundles T_{L1,2} of the lagrangian cycles L_1, L_2 are real subbundles of the holomorphic tangent bundle T_Y restricted to L_1 and respectively L_2. Pulling back to Σ we obtain a triple^5 (f^∗(T_Y ), f^∗_∂ (T_{L1} ), f^∗_∂ (T_{L2} )) which defines a Riemann-Hilbert bundle on Σ. We let T_Y denote the sheaf of germs of holomorphic sections of f^∗(T_Y ) with boundary values in (f^∗_∂ (T_{L1} ), f^∗_∂ (T_{L2} )). Similarly, the holomorphic tangent bundle of Σ together with the tangent bundles to the two boundary components form a Riemann-Hilbert bundle whose associated sheaf of holomorphic sections will be denoted by T_Σ. Then the tangent-obstruction complex of f takes the form

0−→H^0 (Σ, T_Σ) −→H^0 (Σ, T_Y ) −→T^1−→H^1 (Σ, T_Σ) −→H^1 (Σ, T_Y ) −→T^2−→0. (84) The torus actions (82), (83) induce an action on all terms in (84), so that we obtain a complex of equivariant vector spaces. The contribution of the fixed point (81) is given by 1 |Aut(f)| ∫ pt_{S1} e(T^2) e(T^1) = 1 d ∫ pt_{S1} e(B^m_5 )e(B^m_1 ) e(B^m_4 )e(B^m_2 )

(85)

where B^m_i denotes the moving part of the i-th term in the complex (84) and e( ) is the S^1- equivariant Euler class. The integration is S^1-equivariant integration over the fixed point locus, which is a point.

In order to evaluate (85) we have to compute the relevant cohomology groups and take the moving parts [17]. We will do this computation in Čech cohomology, as in [38]. The cylinder Σ is covered by two open sets U_1 = {μ^{1/2d} < t ≤ μ^{−1/2d}}, U_2 = {μ^{1/2d} < t^′ ≤ μ^{−1/2d}}. (86) The Čech complex we are interested in is

0−→T_Y (U_1) ⊕ T_Y (U_2)^κ−→T_Y (U_{12})−→0 (87)

5We denote by f∂ the restriction of f : Σ−→Y to the boundary of Σ.

where κ(s_1, s_2) = s_1|_{U12} − s_2|_{U12} . The local sections of T_Y over U_1, U_2 have the form

s_1 = ( ∑ n∈Z α_nt^n ) ∂_{x2} + ( ∑ n∈Z β_nt^n ) ∂_{y2} + ( ∑ n∈Z γ_nt^n ) ∂_{u2} + ( μ ∑ n∈Z δ_nt^n ) ∂_{v2}

s_2 = ( ∑ n∈Z α^′_nt^{′n} ) ∂_{x3} + ( ∑ n∈Z β^′_nt^{′n} ) ∂_{y3} + ( ∑ n∈Z γ^′_nt^{′n} ) ∂_{u3} + ( μ ∑ n∈Z δ^′_nt^{′n} ) ∂_{v3} (88) where the coefficients α_n, β_n, γ_n, δ_n, α^′_n, β^′_n, γ^′_n, δ^′_n are subject to two types of constraints. We have constraints imposed by the boundary conditions (80) which can be written in the form ∑ n∈Z α_nr^ne^{inθ} = ∑ n∈Z γ_nr^ne^{−inθ} , ∑ n∈Z β_nr^ne^{inθ} = μ ∑ n∈Z δ_nr^ne^{−inθ} (89) and identical conditions for primed coefficients. At the same time, one must impose the condition that the infinitesimal deformations parameterized by (88) be tangent to Y . Recall that the local equation of Y in U_2 is x_2u_2 + y_2v_2 = μ. (90) Therefore the sheaf of holomorphic differentials on Y ∩ U_2 is generated by (dx_2, dy_2, du_2, dv_2) subject to the condition x_2du_2 + u_2dx_2 + y_2dv_2 + v_2dy_2 = 0. (91) By contracting (91) with (88) and taking into account the fact that x_2 = u_2 = 0 along C, we find ( ∑ n∈Z β_nt^n ) + t^{2d} ( ∑ n∈Z δ_nt^n ) = 0. (92)

The conditions for local sections over U_2 are very similar. In terms of coefficients, (89) and (92) yield α_n = μ^{−n/d}γ_{−n}, β_n = μ^{(d−n)/d}δ_{−n}, β_n + δ_{n−2d} = 0 (93) and, similarly, α^′_n = μ^{−n/d}γ^′_{−n}, β^′_n = μ^{(d−n)/d}δ^′_{−n}, β^′_n + δ^′_{n−2d} = 0. (94) In order to be able to compare the two sections upon restriction, we have to write say s_2 in terms of t = 1/t^′ and ∂_{x2} , . . ., ∂_{v2} . The relevant linear transformations are ∂_{x3} = y_2∂_{x2} , ∂_{y3} = −x_2y_2∂_{x2} − y^2∂_{y2} + y_2u_2∂_{u2} + 2y_2v_2∂_{v2} , ∂_{u3} = 1 y_2

∂_{u2} , ∂_{v3} = 1 y_2^2 ∂_{v2} . (95)

Using these transformations, a straightforward computation shows that the map κ is given by

κ(s_1, s_2) = ( ∑ n∈Z (α_n − α^′_{−n+d} )t^n ) ∂_{x2} + ( ∑ n∈Z (β_n + β^′_{−n+2d})t^n ) ∂_{y2}

+ ( ∑ n∈Z (γ_n − γ^′_{−n−d})t^n ) ∂_{u2} + ( μ ∑ n∈Z (δ_n + δ^′_{−n−2d} )t^n ) ∂_{v2} . (96)

Let us determine the kernel and cokernel of this map. For this, let us consider the following system of equations

α_n − α^′_{−n+d} = a_n, β_n + β^′_{−n+2d} = b_n γ_n − γ^′_{−n−d} = c_n, δ_n + δ^′_{−n−2d} = d_n (97)

where a_n, b_n, c_n, d_n are coefficients of a generic section of T_Y (U_{12}). Hence we have

b_n + d_{n−2d} = 0. (98)

Using the constraints (93) and (94) we can rewrite (97) in the following form

α_n − α^′_{−n+d} = a_n, β_n + β^′_{−n+2d} = b_n μ^{n/d}α_n − μ^{(d−n)/d}α^′_{−n+d} = c_{−n}, μ^{(n−d)/d}β_n + μ^{(d−n)/d}β^′_{−n+2d} = d_{−n}. (99)

In order to find the kernel of κ we have to set all a_n, . . ., d_n to zero, and solve the resulting homogeneous equations. Then it is easy to check that there are no nonzero solutions except for the following cases 2n = d, α_{d/2} = α^′_{d/2} n = d, β_d = −β^′_d. (100)

In all other cases, the solutions are identically zero. Note that the first case cannot be realized unless d is even. Therefore we find that Ker(κ) ≃ H^0(Σ, T_Y ) is generated by

α_{d/2}t^{d/2}∂_{x2} + β_dt^d∂_{y2} + μ^{1/2}α_{d/2}t^{−d/2}∂_{u2} + μβ_dt^{−d}∂_{v2} , for d even β_dt^d∂_{y2} + μβ_dt^{−d}∂_{v2} , for d odd

(101)

where β_d + β_d = 0. We can similarly compute the cokernel of κ. The equations (99) have solutions for any values of a_n, . . ., d_n subject to the constraints

c_{−d/2} = μ^{1/2}a_{d/2}, d_{−d} = b_d, b_d + b_d = 0. (102)

If these constraints are not satisfied, the equations (99) have no solutions. Taking also into account (98), it follows that Coker(κ) ≃ H^1(Σ, T_Y ) is generated by sections of the form

a_{d/2}t^{d/2}∂_{x2} + b_dt^d∂_{y2} , for d even b_dt^d∂_{y2} , for d odd

(103)

where b_d − b_d = 0. Note that for d even we obtain one extra deformation and one extra obstruction compared to d odd. This reflects the fact that there is a family of holomorphic cylinders of degree two on Y interpolating between 2C and D_1 ∪ D_2 as shown in (75). This means that for d even the invariant map (81) can be deformed to a d/2 : 1 cover of the holomorphic cylinders described in (75).

In order to finish the computation of the integral in (85), we have to determine the moving parts of H^0(Σ, T_Y ) and H^1(Σ, T_Y ). The action of S^1 on H^0(Σ, T_Y ) is determined by (1) and the explicit form of the generators (101), (103). We adopt the notation conventions of [29] for representations of S^1, namely the representation z−→e^{iwϕ}z, where z ∈ C, will be denoted by (w). The trivial real representation will be denoted by (0)_{IR}. One can define an S^1-equivariant isomorphism H^0(Σ, T_Y )−→H^1(Σ, T_Y ) by

α_{d/2}t^{d/2}∂_{x2} + β_dt^d∂_{y2} + μ^{1/2}α_{d/2}t^{−d/2}∂_{u2} + μβ_dt^{−d}∂_{v2} −→ α_{d/2}t^{d/2}∂_{x2} + β_dt^d∂_{y2} β_dt^d∂_{y2} + μβ_dt^{−d}∂_{v2} −→ iβ_dt^d∂_{y2} , (104) for d even and respectively odd. This shows that both H^0(Σ, T_Y ) and H^1(Σ, T_Y ) are isomorphic to ( λ_2 2 − λ_1 ) ⊕ (0)_{IR}, for d even

(0)_{IR}, for d odd.

(105)

Therefore we have e(B^m_5 ) e(B^m_2 )

= 1 (106)

in (85). A similar computation shows that B^m_1 and B^m_4 are trivial, hence

e(B^m_1 ) e(B^m_4 )

= 1. (107)

We conclude that contribution of the fixed point (81) to the open string topological amplitudes is simply C_{0,1,1}(d; d, d) = 1 d . (108)

6.2 Multicovers of D_1 ∪ D_2

We now perform a similar computation for the components of the fixed locus which map to the pinched cylinder D_1 ∪ D_2. In this case the structure of S^1 invariant maps f : Σ_{g,h}−→Y is more complicated [22, 29, 38]. Recall that the two discs are defined locally by (13) and (14). For convenience let us reproduce the relevant formulas below. The common domain of the maps f_{1,2} : Σ_{0,1}−→Y is the disc {|t| ≤ μ^{−1/2}} = {μ^{1/2} ≤ |t^′|} in IP^1 with affine coordinates (t, t^′). The local form of the holomorphic embeddings is

U_1 : x_1(t) = t, y_1(t) = 0, u_1(t) = μ, v_1(t) = 0

U_2 : x_2(t^′) = t^′, y_2(t^′) = 0, u_2(t^′) = μ t^′ , v_2(t^′) = 0.

(109)

and respectively

U_1 : x_1(t) = 0, y_1(t) = t, u_1(t) = μ, v_1(t) = 0

U_3 : x_3(t^′) = t^′, y_3(t^′) = 0, u_3(t^′) = μ t^′ , v_3(t^′) = 0.

(110)

We will also need the defining equations for the two spheres in all coordinate patches. For L_1 we have

U_1 : u_1x_1x_1 = 1, v_1x^2_1x_1 = y_1 U_2 : u_2 = x_2, v_2 = y_2

(111)

and for L_2 U_1 : u_1y_1y_1 = 1, v_1y^2_1 y_1 = x_1 U_3 : u_3 = x_3, v_3 = y_3.

(112)

Recall also that the open string maps are labelled by three integers (g, h_1, h_2), where h_1, h_2 denote the number of holes mapped to Γ_1 = ∂D_1 and respectively Γ_2 = ∂D_2. The homotopy class of such a map is determined by the degrees d_1, d_2 and the winding numbers m_i, i = 1, . . ., h_1, n_j , j = 1, . . ., h_2 subject to the constraints ∑_{h1} i=1 m_i = d_1, ∑_{h2} j=1 n_j = d_2. In order to describe the structure of the corresponding fixed loci, we need to distinguish several cases.

i) (g, h_1, h_2) = (0, 1, 0). The invariant maps are Galois covers f : Δ^1−→D_1 of degree m = d_1 with automorphism group Z/d_1.

ii) (g, h_1, h_2) = (0, 0, 1). The invariant maps are Galois covers f : Δ^2−→D_2 of degree n = d_2 with automorphism group Z/d_2.

iii) (g, h_1, h_2) = (0, 2, 0). The domain of an invariant map has to be a pinched cylinder Δ^1 ∪ Δ^1_2. The components are mapped as Galois covers of degrees m_1, m_2 to D_1. In this case the automorphism group is a product of Z/m_1 × Z/m_2 with a permutation group P which is trivial in m_1 ≠ m_2 and it permutes the two boundary components if m_1 = m_2. |Aut(f)| = |P|m_1m_2 where |P| = 1 if m_1 ≠ m_2, and |P| = 2 if m_1 = m_2.

iv) (g, h_1, h_2) = (0, 0, 2). The domain is similarly a pinched cylinder Δ^2_1 ∪ Δ^2 which are again mapped as Galois covers of degrees (n_1, n_2) to D_2. By analogy with the previous case we have |Aut(f)| = |P|n_1n_2, where P is defined similarly.

v) (g, h_1, h_2) = (0, 1, 1). The domain is of the form Δ^1 ∪ Δ^2_1, and the two components are mapped to D_1, D_2 as Galois covers of degrees (m_1, n_1) = (d_1, d_2). The automorphism group is simply Z/m_1×Z/n_1 since permuting the two boundary components does not preserve f in this case. Therefore |Aut(f)| = m_1n_1.

vi) In all other cases, the domain of the map must be of the form Σ^0_g ∪ Δ^1 ∪ . . . ∪ Δ^1_{h1} ∪ Δ^2_1 ∪ . . . ∪ Δ^2_{h2} where (Σ^0_g, p_1, . . ., p_{h1} , q_1, . . ., q_{h2} ) is a stable hpunctured curve of genus g and Δ^1, . . ., Δ^1_{h1} , Δ^2_1, . . ., Δ^2_{h2} are holomorphic discs whose origins are attached to Σ_g at the punctures (p_1, . . ., p_{h1} ) and respectively (q_1, . . ., q_{h2} ). The map f sends Σ^0_g to the point P which is the common origin of the discs D_1, D_2 in Y , and maps the discs Δ^1, . . ., Δ^1_{h1} , Δ^2_1, . . ., Δ^2_{h2} to D_1 and respectively D_2. By S^1 invariance, all these maps must be Galois covers of some degrees m_1, . . ., m_{h1} and n_1, . . ., n_{h2} . In this case, the automorphism group is generated by a) automorphisms of the Galois covers and b) permutations of (p_1, . . ., p_{h1} ) and respectively (q_1, . . ., q_{h2} ) which leave the orders unchanged. Note that only permutations which act on (p_1, . . ., p_{h1} ) and (q_1, . . ., q_{h2} ) separately are allowed. The permutations which exchange p_i with q_j are not automorphisms of f even if m_i = n_j for some values of i and j. Therefore Aut(f) is a product between ∏_{h1} i=1 Z/m_i × ∏_{h2} j=1 Z/n_j × S_{h1} × S_{h2} We have accordingly |Aut(f)| = ∏_{h1} i=1 m_i ∏_{h2} j=1 n_j h_1!h_2!.

In the following we will denote Σ_{g,h} by Σ and Σ^0_g by Σ^0 in order to simplify the equations. The tangent-obstruction complex has the form 0−→Aut(Σ)−→H^0(Σ, T_Y )−→T^1−→Def(Σ)−→H^1(Σ, T_Y )−→T^2−→0 (113) where Aut(Σ), Def(Σ) are the groups of infinitesimal automorphisms and respectively infinitesimal deformations of Σ. In the generic case, which is number six on the above list, we have to evaluate 1 |Aut(f)| ∫ [M_{g,h}]_{S1} e(B^m_5 )e(B^m_1 ) e(B^m_4 )e(B^m_2 )

(114)

where the notation is as before. In the special cases (i)–(v), the fixed locus is just a point, hence the integral should be modified accordingly. Note that in the instanton series we have to sum over ordered h_1-uples (m_1, . . ., m_{h1} ) and respectively h_2- uples (n_1, . . ., n_{h2} ). Since the value of (114) is invariant under a permutation of the winding numbers, we can alternatively sum over unordered (m_1, . . ., m_{h1} ), (n_1, . . ., n_{h2} ) and divide only by ∏_{h1} i=1 m_i ∏_{h2} j=1 n_j in (114). This is the point of view we will take in this section.

Let us start with the generic case. Since the domain Riemann surface is nodal, we have to use a normalization exact sequence in order to compute the terms in (113). Let T^1_{Yi} , i = 1, . . ., h_1, T^2_{Yj} , j = 1, . . ., h_2 denote the restrictions of T_Y to the discs Δ^1_i and respectively Δ^j_2. In other words, T^1_{Yi} is the sheaf associated to the Riemann-Hilbert bundle obtained by pulling back the pair (T_Y , T_{L1} ) to the disc Δ^1_i , and similarly for T^2_{Yj} . In the following we will always label the boundary components mapped to L_1 by i = 1, . . ., h_1, and the boundary components mapped to L_2 by j = 1, . . ., h_2. Then we have the following exact sequence

0−→T_Y −→ ⊕^{h1}_{i=1} T^1_{Yi} ⊕ ⊕^{h2}_{j=1}T^2_{Yj} ⊕ f^∗_0 (T_Y )−→ ⊕^{h1}_{i=1} (T_Y )_P ⊕ ⊕^{h2}_{j=1}(T_Y )_P −→0 (115)

where f_0 : Σ^0−→Y denotes the restriction of f to Σ^0. This yields the following long exact sequence

0−→H^0(Σ, T_Y )−→ ⊕^{h1}_{i=1} H^0(Δ^1_i , T^1_{Yi} ) ⊕ ⊕^{h2}_{j=1}H^0(Δ^2_j , T^2_{Yj} ) ⊕ H^0(Σ^0, f^∗_0 (T_Y ))

−→ ⊕^{h1}_{i=1} (T_Y )_P ⊕ ⊕^{h2}_{j=1}(T_Y )_P −→H^1(Σ, T_Y )

−→ ⊕^{h1}_{i=1} H^1(Δ^1_i , T^1_{Yi} ) ⊕ ⊕^{h2}_{j=1}H^1(Δ^2_j , T^2_{Yj} ) ⊕ H^1(Σ^0, f^∗_0 (T_Y ))−→0. (116) We denote by F^m_k , k = 1, . . ., 5 the moving parts of the terms in (116). Then we have e(B^m_5 ) e(B^m_2 ) = e(F^m_5 )e(F^m_3 ) e(F^m_2 )

. (117)

The other factors in (114) are

e(B^m_1 ) e(B^m_4 ) = e(Aut(Σ)^m) e(Def(Σ)^m) . (118)

Since we are in the generic case, Aut(Σ) consists only of rotations of the h discs, which have S^1-weight zero, therefore we have e(Aut(Σ)^m) = 1. The moving part of Def(Σ) consists only of deformations of the h nodes, namely

Def(Σ)^m = ⊕^{h1}_{i=1} ( T_{pi} (Σ^0) ⊗ T_0(Δ^1_i ) ) ⊕ ⊕^{h2}_{j=1} ( T_{qj} (Σ^0) ⊗ T_0(Δ^2_j ) ) . (119)

Therefore, in order to finish the computation we have to determine F^m_2 , F^m_3 , F^m_5 . In order to do that, let us begin with some local considerations. We will focus on the disc D_1, since D_2 is entirely analogous. In the following we will need the local form of the torus action in the coordinate patches U_1, U_2 U_1 : x_1−→e^{iϕ(λ2−λ1)}x_1, y_1−→e^{−iϕλ1} y_1, u_1−→u_1, v_1−→e^{iϕ(2λ1−λ2 )}v_1, U_2 : x_2−→e^{iϕ(λ1−λ2)}x_2, y_2−→e^{−iϕλ2} y_2, u_2−→e^{iϕ(−λ1+λ2)}u_2, v_2−→e^{iϕλ2} v_2. (120)

We will also need the local form of the sheaf of Kähler differentials on U_1, U_2. Given the local equations (11) we find the following relations U_1 : du_1 + y_1v_1dx_1 + x_1v_1dy_1 + x_1y_1dv_1 = 0 U_2 : x_2du_2 + u_2dx_2 + y_2dv_2 + v_2dy_2 = 0.

(121)

Let us now compute the Čech cohomology groups H^∗(Δ^1_i , T^1_{Yi} ) and H^∗(Δ^2_j , T^2_{Yj} ). We consider as before a disc Δ of the form {|t| ≤ μ^{−1/2d}} = {μ^{1/2d} ≤ |t^′|} in IP^1 with affine coordinates (t, t^′). A Galois cover of degree d f : Δ−→D_1 is given in local coordinates by

U_1 : x_1(t) = t^d, y_1(t) = 0, u_1(t) = μ, v_1(t) = 0 U_2 : x_2(t^′) = t^{′d}, y_2(t^′) = 0, u_2(t^′) = μ t^{′d} , v_2(t^′) = 0. (122) Note that (122) is left invariant if we let S^1 act on the domain Δ by t−→e^{iϕ(λ1−λ2)/d}, t^′−→e^{iϕ(λ2−λ1)/d}. (123) We cover the disc Δ by two open sets

U_1 = {0 ≤ |t| < μ^{−1/2d}}, U_2 = {μ^{1/2d} ≤ |t| < (μ + ϵ^2)^{1/2d}} (124) and construct the Čech complex 0−→T_Y (U_1) ⊕ T_Y (U_2)^κ−→T_Y (U_{12})−→0. (125)

The generic sections in T_Y (U_1), T_Y (U_2) have the form

s_1 = (_∞ ∑ n=0 α_nt^n ) ∂_{x1} + (_∞ ∑ n=0 β_nt^n ) ∂_{y1} + ( μ ∞∑ n=0 γ_nt^n ) ∂_{u1} + (_∞ ∑ n=0 δ_nt^n ) ∂_{v1}

s_2 = ( ∑ n∈Z α^′_nt^{′n} ) ∂_{x2} + ( ∑ n∈Z β^′_nt^{′n} ) ∂_{y2} + ( μ ∑ n∈Z γ^′_nt^{′n} ) ∂_{u2} + ( ∑ n∈Z δ^′_nt^{′n} ) ∂_{v2} . (126) Note that we sum over n ≥ 0 for sections in T (U_1). In order to have a uniform notation, we can extend these sums to n ∈ Z, with the convention that α_n, . . ., δ_n are zero for n < 0.

The coefficients α_n, β_n, . . ., δ^′_n are again subject to two types of constraints. The boundary conditions at |t^′| = μ^{1/2d} take the form ∑ n∈Z α^′_nr^ne^{inθ′} = μ ∑ n∈Z γ^′_nr^ne^{−inθ′} , ∑ n∈Z β^′_nr^ne^{inθ′} = ∑ n∈Z δ^′_nr^ne^{−inθ′} (127) where r = μ^{1/2d}. This yields the following relations between coefficients α^′_n = μ^{(d−n)/d}γ^′_{−n}, β^′_n = μ^{−n/d}δ^′_{−n}. (128) Obviously, the un-primed coefficients are not subject to boundary conditions. Next, we want the infinitesimal deformations (126) to be tangent to Y . By evaluating (121) along D_1, and contracting with (88), we obtain ∑ n∈Z α^′_nt^{′n} + t^{′2d} ∑ n∈Z γ^′_nt^{′n} = 0, ∞∑ n=0 γ_nt^n = 0. (129)

The resulting relations between coefficients can be written as α^′_n + γ^′_{n−2d} = 0, γ_n = 0. (130) In order to compute the kernel and cokernel of κ, we have to rewrite s_2 in terms of t and ∂_{x1} , . . ., ∂_{v1} . The relevant linear transformations are

∂_{x2} = −x^2_1∂_{x1} − x_1y_1∂_{y1} + u_1x_1∂_{u1} + 2x_1v_1∂_{v1} , ∂_{y2} = x_1∂_{y1} , ∂_{u2} = 1 x_1

∂_{u1} , ∂_{v2} = 1 x^2_1 ∂_{v1} . (131)

Then, by direct computations, one can check that the map κ takes the form

κ(s_1, s_2) = ( ∑ n∈Z (α_n + α^′_{−n+2d})t^n ) ∂_{x1} + ( ∑ n∈Z (β_n − β^′_{−n+d})t^n ) ∂_{y1}

+ ( ∑ n∈Z (δ_n − δ^′_{−n−2d})t^n ) ∂_{v1} . (132)

Again, in order to determine the kernel and cokernel of κ we have to consider the following system of equations α_n + α^′_{−n+2d} = a_n, β_n − β^′_{−n+d} = b_n δ_n − δ^′_{−n−2d} = d_n (133)

where a_n, b_n, c_n, d_n are coefficients in the Laurent expansion of an arbitrary section of T_Y (U_{12}). Therefore they are subject to the constraints c_n = 0. (134) In order to find the kernel, we set a_n, . . ., d_n to zero and solve for the coefficients in the left hand side of equations (98). Combining (128) and (130) we have α^′_n + μ^{(d−n)/d}α^′_{−n+2d} = 0, β^′_n − μ^{−n/d}δ^′_{−n} = 0. (135)

Consider the equation in the first column of (98). Since α_n = 0 for n < 0, using the first equation in (135), we find that α^′_n = 0 for n < 0 or 2d < n. This leaves only 2d+1 nonzero coefficients α_n = −α^′_{−n+2d}, 0 ≤ n ≤ 2d subject to the relations

α_n + μ^{(d−n)/d}α_{−n+2d} = 0. (136) Next, using (133) and the second equation in (135) we can find the relations β_n = μ^{(n−d)/d}δ_{−n−d}, β_{−n−d} = μ^{−(n+2d)/2}δ_n. (137) Since β_n, δ_n = 0 for n < 0, it follows that the only solutions are β_n = δ_n = 0. Therefore the kernel of κ is generated by sections of the form [_{d−1} ∑ n=0 (α_nt^n − μ^{(n−d)/d}α_nt^{2d−n}) + α_dt^d ] ∂_{x1} (138)

where α_d + α_d = 0.

Now let us determine the cokernel of κ, which is generated by local sections with coefficients a_n, . . ., d_n for which the equations (133) have no solutions. Let us first analyze the equation in the first column of (133). Using (135), we find that α_n = 0, α^′_n = −μ^{(d−n)/d}a_n, for n < 0 α_n + α^′_{−n+2d} = a_n, α^′_n − μ^{(d−n)/d}α^′_{−n+2d} = 0, for 0 ≤ n ≤ 2d α_n = μ^{(n−d)/d}a_{2d−n} − a_n, α^′_n = a_{2d−n}, for 2d < n. (139)

It is clear that these equations have solutions for any values of a_n therefore we do not obtain any obstructions from the first equation in (98). We have to perform a similar analysis for the second set of equations in (98). Exploiting again the fact that β_n, δ_n = 0 for n < 0, one can show that β^′_n = −b_{−n+d} , δ^′_{−n} = −d_{n−2d} (140) for d < n < 2d. Substituting (140) in the second equation of (135) we obtain the following condition on b_n, d_n b_{−n−d} = μ^{−(n+2d)/d}d_n (141) for −d < n < 0. Therefore the cokernel of κ is (d − 1)-dimensional and generated by sections of the form (_{−1} ∑ n=−d+1 d_nt^n ) ∂_{v1} . (142)

In particular, if d = 1 there are no obstructions.

Collecting the results obtained so far, we can determine the contribution of a single disc to the integrand in (114). Recall that we are using the notation conventions of [29] for representations of S^1, namely the representation z−→e^{iwϕ}z is denoted by (w). The real trivial representation is denoted by (0)_{IR}. Then, taking into account (120) and (123), H^0(Δ, T_Y ) computed in (138) is S^1-isomorphic to^6

(λ_1 − λ_2) ⊕ ( (λ_1 − λ_2) d − 1 d ) ⊕ . . . ⊕ ( (λ_1 − λ_2) 1 d ) ⊕ (0)_{IR}. (143)

Similarly, the obstruction group H^1(Δ, T_Y ) computed in (142) is S^1-isomorphic to ( λ_2 − 2λ_1 + 1 d (λ_1 − λ_2) ) ⊕ ( λ_2 − 2λ_1 + 2 d (λ_1 − λ_2) ) ⊕ . . . ⊕ ( λ_2 − 2λ_1 + d − 1 d (λ_1 − λ_2) ) . (144)

The above formulas have been derived for f : Δ−→D_1 a Galois cover of D_1. We can perform entirely analogous computations for Galois covers of D_2. In fact, one can simply find the S^1 action on the corresponding deformation and obstruction groups by exchanging x_2 ↔ x_3 and y_2 ↔ y_3 in the above computations. In that case, H^0(Δ, T_Y ) is S^1-isomorphic to

(λ_1) ⊕ ( d − 1 d λ_1 ) ⊕ . . . ⊕ ( 1 d λ_1 ) ⊕ (0)_{IR} (145)

and H^1(Δ, T_Y ) is S^1-isomorphic to ( λ_2 − 2λ_1 + 1 d λ_1 ) ⊕ ( λ_2 − 2λ_1 + 2 d λ_1 ) ⊕ . . . ⊕ ( λ_2 − 2λ_1 + d − 1 d λ_1 ) . (146)

Using these formulas, we can complete the computation of the moving parts of the terms F_2, F_3, F_5 in (116). Recall that ∑_{h1} i=1 m_i = d_1, ∑_{h2} j=1 n_j = d_2, where (d_1, d_2) are the degrees of the map f : Σ^0 ∪ ∪^{h1}_{i=1}Δ^1_i ∪ ∪^{h2}_{j=1}Δ^2_j −→Y with respect to the two discs D_1, D_2. Moreover, Σ^0 is mapped to the point P : Z_2 = Z_3 = 0 on

6There is a subtlety here related to the choice of signs for the weights of the toric action on H^{0,1} (Δ, TY ), which can be traced to the choice of orientations. We made this choice so that the signs agree with [29].

Y , hence H^0(Σ^0, f^∗_0 (T_Y )) ≃ H^0(Σ_0, O_Σ0 ) ⊗ T_P (Y ). Then we have

e(F^m_2 ) = H^{d1+d2 +3}λ_1(λ_1 − λ_2)(λ_2 − 2λ_1)(λ_1 − λ_2)^{d1} λ^{d2}_1

× h_1∏

i=1 m_i −1∏

k=0 ( m_i − k m_i )_{h2}∏ j=1 n_j −1∏

l=0 ( n_j − l n_j )

e(F^m_3 ) = H^{3(h1+h2 )}(λ_1(λ_1 − λ_2)(λ_2 − 2λ_1))^{h1+h2}

e(F^m_5 ) = c_g(IE^∗((λ_1 − λ_2)H))c_g(IE^∗(λ_1H))c_g(IE^∗((λ_2 − 2λ_1)H))H^{d1+d2 −h1 −h2}

× h_1∏

i=1 m_i −1∏

k=1 ( λ_2 − 2λ_1 + k m_i (λ_1 − λ_2) )_{h2}∏ j=1 n_j −1∏

l=1 ( λ_2 − 2λ_1 + l n_j λ_1 )

(147) where H ∈ H^2(BS^1) ≃ H^2_{S1} (pt) is the generator of the equivariant cohomology ring of a point, and IE denotes the Hodge bundle on the moduli space of stable pointed curves M_{g,h}. Note that we are using the orientation conventions of [29]. In the second equation in (147), the expressions of the form c_g(IE^∗(ηH)) with η = λ_1 − λ_2, λ_1, λ_2 − 2λ_1 denote

c_g(IE^∗(ηH)) = (ηH)^g − c_1(IE)(ηH)^{g−1} + c_2(IE)(ηH)^{g−2} + . . . + (−1)^gc_g(IE) (148)

in the equivariant cohomology ring H^∗_{S1} (M_{g,h}). The last ingredients we need are the terms in equation (118). Since we are in the generic case, Aut(Σ) consists only of rotations of the h discs Δ^1, . . ., Δ^1_{h1} , Δ^2_1, . . ., Δ^2_{h2} which are generated by t∂t over IR. Therefore Aut(Σ) ≃ (0)_{IR}, and the moving part is trivial. We are left with the moving part of Def(Σ), which is given by (119). This yields

e(Def(Σ)^m) =

h_1∏

i=1 ( λ_1 − λ_2 m_i H − ψ_i )_{h2}∏ j=1 ( λ_1 n_j H − ψ_j ) (149)

where ψ_i = c_1(IL_i), i = 1, . . ., h_1, ψ_j = c_1(IL_j ), j = 1, . . ., h_2 are the first Chern classes of the tautological line bundles IL_i, IL_j over M_{g,h} associated to the marked points p_i, q_j .

Now we can collect all the results obtained so far, and write down an integral expression for the coefficients F_{g,h1 ,h2} in (29)

F_{g,h1,h2} (d_1, d_2; m_i, n_j) = 1 ∏_{h1} i=1 m_i ∏_{h2} j=1 n_j ∫ [M g,h ]_{S1} e(F^m_5 )e(F^m_3 ) e(F^m_2 )e(Def(Σ)^m) = [λ_1(λ_1 − λ_2)(λ_2 − 2λ_1)]^{h1 +h2 −1}

(λ_1 − λ_2)^{d1} λ^{d2}_1

h_1∏

i=1 ∏_{mi −1} k=1 ((λ_2 − 2λ_1)m_i + k(λ_1 − λ_2)) (m_i − 1)! × h_2∏

j=1 ∏_{nj −1} l=1 ((λ_2 − 2λ_1)n_j + lλ_1) (n_j − 1)! × ∫ [M g,h]_{S1} c_g(IE^∗((λ_1 − λ_2)H))c_g(IE^∗(λ_1H))c_g(IE^∗((λ_2 − 2λ_1)H))H^{2(h1+h2 )−3} ∏_{h1} i=1 ((λ_1 − λ_2)H − m_iψ_i) ∏_{h2} j=1 (λ_1H − n_j ψ_j ) . (150) This is the result for the generic case. Note that this formula takes values in the fraction field of the cohomology ring H^∗(BS^1) and in general it need not be a multiple the unit element. In order to obtain a physically meaningful answer, we have to impose certain conditions on the weights λ_1, λ_2 whose origin has been explained in [29]. We will discuss this specialization of the toric action after treating the special cases (i)-(v).

i) (g, h_1, h_2) = (0, 1, 0). In this case, the map is of the form f : Δ^1−→D_1 given in local coordinates by (122) with d = d_1. Therefore we can directly use equations (143) and (144) obtaining

e(B^m_5 ) e(B^m_2 ) = d^{d1−1}_1 H^{−1} (d_1 − 1)!(λ_1 − λ_2)^{d1} d_1−1∏

k=1 ( λ_2 − 2λ_1 + k d_1

(λ_1 − λ_2) ) . (151)

The automorphism group Aut(Δ^1) is in this case nontrivial and generated by t^′∂_t′ , ∂_t′ which span (0)_{IR} ⊕ (_{λ1−λ2} d_1 ) . This yields

e(B^m_1 ) = λ_1 − λ_2

d_1

H. (152)

The overall contribution to the multicover formula is

F_{0,1,0}(d_1, 0; d_1, 0) = 1 d_1 ∫ pt_{S1} e(B^m_5 )e(B^m_1 ) e(B^m_2 ) = 1 d^2_1(d_1 − 1)! 1 (λ_1 − λ_2)^{d1−1}

d_1 −1∏

k=1 ((λ_2 − 2λ_1)d_1 + k(λ_1 − λ_2)) .

(153)

ii) (g, h_1, h_2) = (0, 0, 1). This case is analogous to the previous one. We just have to exchange D_1 ↔ D_2, and the final result is

F_{0,0,1}(0, d_2; 0, d_2) = 1 d^2(d_2 − 1)! 1 λ^{d2−1}_1 d_2−1∏

l=1 ((λ_2 − 2λ_1)d_2 + lλ_1). (154)

iii) (g, h_1, h_2) = (0, 2, 0). In this case we have a map f : Δ^1 ∪ Δ^1_2−→D_1 which maps the two components of the domain to D_1 with degrees m_1, m_2, m_1 + m_2 = d_1. Since the domain is nodal, we have to consider again a normalization exact sequence of the form

0−→T_Y −→T^1_{Y1} ⊕ T^1_{Y2} −→(T_Y )_P −→0 (155)

which yields a long exact sequence

0−→H^0(Σ, T_Y )−→H^0(Δ^1, T^1_{Y1} ) ⊕ H^0(Δ^1_2, T^1_{Y2} )−→(T_Y )_P −→H^1(Σ, T_Y )−→H^1(Δ^1, T^1_{Y1} ) ⊕ H^1(Δ^1_2, T^1_{Y2} )−→0.

(156)

We denote the terms of (156) by F_1, . . ., F_5 as before, so that

F_{0,2,0}(d_1, 0; m_1, m_2, 0, 0) = 1 m_1m_2 ∫ pt_{S1} e(F^m_5 )e(F^m_3 ) e(F^m_2 ) e(Aut(Σ)^m) e(Def(Σ)^m) . (157)

The contributions of the terms in (156) have been evaluated before. The automorphism group is again trivial from an equivariant point of view since we have only rotations of the two discs. The moving part of Def(Σ) consists of deformations of the node, which are parameterized by T_0(Δ^1) ⊗ T_0(Δ^1_2). Therefore

e(Def(Σ)^m) = ( 1 m_1 + 1 m_2 ) (λ_1 − λ_2)H. (158)

Collecting all the factors, we arrive at the following expression

F_{0,2,0}(d_1, 0; m_1, m_2, 0, 0) = 1 d_1 λ_1(λ_2 − 2λ_1) (λ_1 − λ_2)^{d1} 2∏ i=1 ∏_{mi −1} k=1 ((λ_2 − 2λ_1)m_i + k(λ_1 − λ_2)) (m_i − 1) . (159)

iv) (g, h_1, h_2) = (0, 0, 2). This case can be obtained from the previous one by exchanging D_1 ↔ D_3. We have a map f : Δ^2_1 ∪ Δ^2−→D_2 with degrees n_1, n_2, n_1 + n_2 = d_2. Going through the steps (155)-(159) yields the following formula

F_{0,0,2}(0, d_2; 0, 0, n_1, n_2) = 1 d_2

(λ_1 − λ_2)(λ_2 − 2λ_1) λ^{d2}_1 2∏ j=1 ∏_{nj −1} l=1 ((λ_2 − 2λ_1)n_j + lλ_1) (n_j − 1)! . (160) v) (g, h_1, h_2) = (0, 1, 1). We have a map f : Δ^1 ∪ Δ^2_1−→Y mapping the two components of the domain onto D_1, D_2 with degrees d_1, d_2. Then one has to use a normalization sequence similar to (155) and evaluate the contributions of the terms as before. Therefore we have

0−→T_Y −→T^1_{Y1} ⊕ T^2_{Y2} −→(T_Y )_P −→0 (161)

which yields a long exact sequence

0−→H^0(Σ, T_Y )−→H^0(Δ^1, T^1_{Y1} ) ⊕ H^0(Δ^2_1, T^2_{Y2} )−→(T_Y )_P −→H^1(Σ, T_Y )−→H^1(Δ^1, T^1_{Y1} ) ⊕ H^1(Δ^2_1, T^2_{Y2} )−→0.

(162)

Denoting again the terms of (162) by F_1, . . ., F_5, we have

e(B^m_5 ) e(B^2_m) = e(F^m_5 )e(F^m_3 ) e(F^m_2 )

. (163)

In order to complete the computation, we also need to evaluate

e(B^m_1 ) e(B^m_4 ) = e(Aut(Σ)^m) e(Def(Σ)^m) . (164)

This is analogous to cases (iii) and (iv) above. The only nontrivial moving part consists of deformations of the node of the domain, which are parameterized by T_0(Δ^1) ⊗ T_0(Δ^2_1). Hence we are left with

e(Def(Σ)^m) = λ_1 − λ_2

d_1 + λ_1 d_2

. (165)

Collecting all the intermediate results, we obtain

F_{0,1,1}(d_1, d_2; d_1, d_2) = 1 d_1d_2 ∫ pt_{S1} e(F^m_5 )e(F^m_3 ) e(F^m_2 )e(Def(Σ)^m) = 1 (d_1 − 1)!(d_2 − 1)!

λ_2 − 2λ_1 (d_2(λ_1 − λ_2) + d_1λ_1)(λ_1 − λ_2)^{d1−1}λ^{d2−1}_1 × d_1−1∏

k=1 ((λ_2 − 2λ_1)d_1 + k(λ_1 − λ_2))

d_2 −1∏

l=1 ((λ_2 − 2λ_1)d_2 + lλ_1) .

(166) This concludes our localization computations for open string morphisms. In principle, instanton corrections (29) can be obtained by adding add the contributions (150), (153), (154), (159), (160), and (166). Besides being very complicated, the resulting expression would be a homogeneous rational function of λ_1, λ_2 rather than a number. This is a common problem with open string localization computations [29, 22] which can be solved by making a specific choice of the toric action.

6.3 Choice of Toric Action

As discussed in detail in section four, in order to obtain a physically meaningful answer, one has to choose specific values for the weights λ_1, λ_2. This approach is similar to that of [22, 29, 41], except that in our case the motivation for these choices is somewhat different. In those references, there is an ambiguity in the definition of the virtual fundamental class due to the fact that the open string moduli spaces have boundaries. In our situation, we do not really have a virtual class in the standard sense since the contribution of each fixed locus is a formal series of operators in Chern-Simons theory. Therefore we have to choose weights in order to make sense of this series of instanton corrections for each fixed component. Moreover, the choice of weights has to be correlated to the choice of framings in Chern-Simons theory.

We will follow the approach of [29], choosing two sections of the real normal bundles N^1_{IR}, N^2_{IR}. We will work in the coordinate patch U_1, which covers both discs. The boundaries Γ_1, Γ_2 of the two discs can be parameterized by

Γ_1 : x_1 = μ^{−1/2}e^{iθ1} , y_1 = 0, u_1 = μ, v_1 = 0

Γ_2 : x_1 = 0, y_1 = μ^{−1/2}e^{iθ2} , u_1 = μ, v_1 = 0.

(167)

The sections of the real normal bundles must be of the form

N^1_{IR} : (y_1, v_1) = ( e^{i(a−1)θ1} , μ^{3/2}e^{−iaθ1} )

N^2_{IR} : (x_1, v_1) = ( e^{i(b−1)θ2} , μ^{3/2}e^{−ibθ2} ) (168)

where a, b ∈ Z. At this point, one might be tempted to conclude that the sections (168) determine the framing of the two knots Γ_1, Γ_2 in L_1, L_2. In fact, we have to be more careful here, since we need more data in order to determine the framing as an integer number. Note that the sections (168) can be regarded as sections of the circle bundles associated to N^1_{IR}, N^2_{IR}, which are topologically trivial. The group of homotopy classes of sections of an S^1 bundle over S^1 is isomorphic to Z, but one has to choose an isomorphism in order to associate an integer number to such a class. More concretely, the choice of such an isomorphism is equivalent to the choice of a trivialization of the circle bundle which plays the role of reference section. In our case, we can obtain natural trivializations of N^1_{IR}, N^2_{IR} exploiting the fact that Γ_1, Γ_2 are algebraic knots. By changing coordinates to (x_2, y_2, u_2, v_2) and respectively (x_3, y_3, u_3, v_3) the spheres L_1, L_2 can be identified with the canonical sphere in C^2, as in equation (16). Moreover, the boundary components of D_1, D_2 are now parameterized by

Γ_1 : x_2 = μ^{1/2}e^{iθ′1} , y_2 = 0, u_2 = μ^{1/2}e^{−iθ′1} , v_2 = 0

Γ_2 : x_3 = μ^{1/2}e^{iθ′2} , y_3 = 0, u_3 = μ^{1/2}e^{−iθ′2} , v_3 = 0

(169) where θ^′_1 = −θ_1, θ^′_2 = −θ_2. In the new coordinates, the sections (168) read

N^1_{IR} : (y_2, v_2) = ( μ^{1/2}e^{i(2−a)θ′1} , μ^{1/2}e^{−i(2−a)θ′1} )

N^2_{IR} : (x_2, v_2) = ( μ^{1/2}e^{i(2−b)θ′2} , μ^{1/2}e^{−i(2−b)θ′2} ) . (170)

In this form, one can choose canonical reference sections for N^1_{IR}, N^2_{IR} determined by ∂_{y2} and respectively ∂_{x2} . With respect to these sections, the framings of the two knots are (2 − a, 2 − b).

Following the strategy proposed in [29], we require that the sections (168) be equivariant. Then the toric action is fixed, since we have the following constraints on the weights

− λ_1 = (a − 1)(λ_2 − λ_1), 2λ_1 − λ_2 = −a(λ_2 − λ_1) λ_2 − λ_1 = −(b − 1)λ_1, 2λ_1 − λ_2 = bλ_1.

(171)

Using the equations in the first column, we easily find

λ_1(λ_2 − λ_1)(ab − a − b) = 0. (172)

If we choose either λ_1 = 0 or λ_2 − λ_1 = 0, one can check that the remaining equations imply λ_1 = λ_2 = 0. This is not an acceptable solution, therefore we are left with the equation ab = a + b, a, b ∈ Z. (173) This has two solutions, namely (a, b) = (0, 0) or (a, b) = (2, 2). The first case, (a, b) = (0, 0) implies 2λ_1 − λ_2 = 0, while the second case implies λ_2 = 0.

At this point, we do not have any further selection criteria, hence we cannot rule any solution out. However, the first solution, (a, b) = (0, 0) is more convenient since it yields the simple closed form for the instanton expansion (30), (31). In the following we will make this choice, and finish the derivation of (30), (31). The second solution should also lead to consistent results, but it is much harder to do explicit calculations. We will not pursue this problem here.

If (a, b) = (0, 0), we have to impose the relation 2λ_1 − λ_2 = 0 in (150), (153), (154), (159), (160), (166) and collect the results. Let us start with (150). Because of the factor (λ_2 −2λ_1)^{h1−h2 −1} we can obtain a nonzero answer only if h_1 +h_2 = 1, that is from bordered Riemann surfaces with one boundary component. Some care is needed in this argument, since in principle we could get other contributions if the expansion of the integrand in (150) yields terms with negative powers of

(λ_2 − 2λ_1). In order to show that such terms are absent, we can rewrite (150) as

F_{g,h1 ,h2} (d_1, d_2; m_i, n_j ) =

(λ_2 − 2λ_1)^{h1+h2 −1} (λ_1 − λ_2)^{d1+1}λ^{d2+1}_1

h_1∏

i=1 ∏_{mi −1} k=1 ((λ_2 − 2λ_1)m_i + k(λ_1 − λ_2)) (m_i − 1)! × h_2∏

j=1 ∏_{nj −1} l=1 ((λ_2 − 2λ_1)n_j + lλ_1) (n_j − 1)! × ∫ [M g,h ]_{S1} c_g(IE^∗((λ_1 − λ_2)H))c_g(IE^∗(λ_1H))c_g(IE^∗((λ_2 − 2λ_1)H))H^{(h1+h2 )−3}

× h_1∏

i=1 [_∞ ∑ k=0 ( m_iψ_iH^{−1} λ_1 − λ_2

)_k ]_{h2}∏ j=1 [_∞ ∑ l=0 ( n_j ψ_j H^{−1} λ_1 )_l] . (174) All terms in this expressions contain negative powers of λ_1, (λ_1 − λ_2) but not (λ_2 − 2λ_1). Therefore we can conclude that imposing the relation λ_2 − 2λ_1 = 0 leaves only terms with h_1 + h_2 = 1. This leads to a significant simplification of the instanton expansion. The nontrivial contributions are

F_{g,1,0}(d_1, 0; d_1, 0) = 1 λ^2_1 ∫ [M g,h]_{S1} (−1)^gc_g(IE^∗(−λ_1H))c_g(IE^∗(λ_1H))c_g(IE)H^{−2}

× [_∞ ∑ k=0 ( − d_1ψH^{−1} λ_1 )_k ] . (175)

F_{g,0,1}(0, d_2; 0, d_2) = 1 λ^2_1 ∫ [M g,h]_{S1} (−1)^gc_g(IE^∗(−λ_1H))c_g(IE^∗(λ_1H))c_g(IE)H^{−2}

× [_∞ ∑ l=0 ( d_2ψH^{−1} λ_1 )_l] . (176) Now we can finish the computation as in [29] using the relation in [16]

c_g(IE^∗(λ_1H))c_g(IE^∗(−λ_1H)) = (−1)^g(λ_1H)^g. (177)

Then the final result reads

F_{g,1,0}(d_1, 0; d_1, 0) = d^{2g−2}_1 b_g, F_{g,0,1}(0, d_2; 0, d_2) = d^{2g−2}_2 b_g (178)

where b_g are the Bernoulli numbers, and g ≥ 1.

The contributions of special cases (i) − (iv) be computed easily by direct evaluation F_{0,1,0}(d_1, 0; d_1, 0) = 1 d^2_1

F_{0,0,1}(0, d_2; 0, d_2) = 1 d^2 F_{0,2,0}(d_1, 0; m_1, m_2, 0, 0) = F_{0,0,2}(0, d_2; 0, 0, n_1, n_2) = 0.

(179)

This leaves us with (166) corresponding to the fifth case. Here we have again a factor of (λ_2 − 2λ_1) which gives a zero answer unless we have similar factors in the denominator. The only monomial in the denominator which can produce powers of (λ_2 − 2λ_1) is d_2(λ_1 − λ_2) + d_1λ_1. If d_1 = d_2 = d this reduces to d(2λ_1 − λ_2) cancelling the effect of the similar factor in the denominator. Therefore we obtain F_{0,1,1}(d, d; d, d) = − 1 d . (180)

It is easy to check that all other amplitudes are zero.

In order to complete the description of the Chern-Simons system, we have to specify the framing of the knots. The framing of Γ_1, Γ_2 has been discussed below equation (170). Since we have fixed a = b = 0, we have framings (2, 2). On the other hand, the framing of Ξ_1, Ξ_2 is not fixed by the localization computation. The result (108) is true for any values of (λ_1, λ_2). This is actually an important consistency check of the formalism, since one can see from (82) that once we fix (a, b) = (0, 0) or (a, b) = (2, 2), there is no S^1-equivariant choice of framings of Ξ_1, Ξ_2. Had such a choice been necessary, we would have found an inconsistency between the localization computations for C and D_1 ∪ D_2. However, we can determine the framing of Ξ_1, Ξ_2 using the following deformation argument. As noted in the paragraph containing equation (5.11) and also below (6.25), if d is even, the d : 1 cover of C and the d/2 : 1 cover of D_1, D_2 belong to the same component of the moduli space M_{0,2}(Y, L, dβ). A natural assumption is that the homotopy class of the framing is preserved under deformations of maps which do not change the isotopy type of the knots in L_1, L_2. In the present case, this shows that the framing of Ξ_1, Ξ_2 have to be equal half the framing of Γ_1, Γ_2, that is ( 1 −^a_2 , 1 −^b_2 ) . This concludes the computation of open string instanton corrections.

A Some Geometric Facts

In this appendix we elaborate on some technical points which have been used without proof in section two. First, we would like to check that the map i : ^X−→Z defined in (6) is a well defined toric morphism. The second issue we would like to address is the construction of a suitable symplectic Kähler form of the deformed hypersurface Y_μ so that L_1, L_2 are lagrangian cycles.

A.1 The Toric Embedding

Recall that the map i : ^X−→Z is defined in terms of homogeneous coordinates by

Z_1 = X_2X_3X_4, Z_2 = X_1X_2, Z_3 = X_4X_5, U = X_0X_1X_5, V = −X_0X_3. (181) In order to check that this is a well defined toric morphism, we have to show that it is compatible with the toric actions and with the disallowed loci. Note first that the monomials (181) transform under the toric action (1) as

Z_1 Z_2 Z_3 U V 0 0 0 0 0 1 1 1 −1 −2 0 0 0 0 0,

(182)

which is indeed compatible with (5). In order to check the disallowed loci, note that ^X is defined by the toric data (1), the Kähler parameters ξ_1, ξ_3 being set to zero in (2). This corresponds to a partial triangulation of the polytope in fig. 1. obtained by erasing the simplexes v_0v_2 and v_0v_4. Therefore we have to show that given the moment map equations (2) with ξ_1 = ξ_3 = 0 and ξ_2 > 0, the monomials Z_1, Z_2, Z_3 cannot vanish simultaneously. This is elementary, but we include the details below for completeness. Let us first rewrite the equations (2) in the form

|X_2|^2 + |X_4|^2 − |X_3|^2 − |X_0|^2 = ξ_2 |X_1|^2 + |X_4|^2 − 2|X_0|^2 = ξ_2 |X_2|^2 + |X_5|^2 − 2|X_0|^2 = ξ_2 |X_1|^2 + |X_3|^2 + |X_5|^2 − 3|X_0|^2 = ξ_2.

(183)

The last equation is a linear combination of the first three, but it will be needed in this particular form below. Next, note that for Z_2 and Z_3 to vanish simultaneously, one of the following conditions must be realized a) X_1 = X_4 = 0 b) X_1 = X_5 = 0 c) X_2 = X_4 = 0 d) X_2 = X_5 = 0

It suffices to prove on a case by case basis that if any of these conditions is realized, Z_1 cannot vanish. Note that a), d) and c) are immediately excluded by

(183). We are left with b). If X_1 = X_5 = 0, it follows from (183) that X_2, X_3, X_4 are not allowed to vanish, therefore Z_1 is not allowed to vanish. It is also easy to check that any two of Z_1, Z_2, Z_3 are allowed to vanish at the same time. The monomials U, V are allowed to vanish independently of Z_1, Z_2, Z_3 since they are multiples of X_0. We conclude that the map (181) is well defined.

A.2 The Symplectic Form

Another claim made in section two is that we can choose a symplectic Kähler form ω on Y which agrees locally near the cycles L_1, L_2 with the standard symplectic form on a deformed conifold. The following construction is a refinement of standard symplectic surgery techniques [14, 15].

Since the argument is local, it suffices to consider only one cycle, say L_1. Since Z is toric, it can be represented as a symplectic quotient C^5//U(1) with level sets

|Z_1|^2 + |Z_2|^2 + |Z_3|^2 + |U|^2 + |V |^2 = ξ (184)

where ξ ∈ IR_+. Therefore Z is endowed with a symplectic Kähler form ω_0 obtained by descent from the invariant form Ω = i 2 ( dZ_1 ∧ dZ_1 + dZ_2 ∧ dZ_2 + dZ_3 ∧ dZ_3 + dU ∧ dU + dV ∧ dV ) . (185)

In the patch Z_3 ≠ 0, we can rewrite (183) in terms of local coordinates as

(|x_2|^2 + |y_2|^2 + 1)|Z_3|^6 + |u_2|^2|Z_3|^2 + |v_2|^2 = ξ|Z_3|^4, (186)

which can be interpreted as an equation of degree three in |Z_3|^2. At this point, it is convenient to introduce polar coordinates

x_2 = r_xe^{iθx} , y_2 = r_y e^{iθy} , u_2 = r_ue^{iθu} , v_2 = r_ve^{iθv} . (187)

By solving for |Z_3|^2 in (186), we obtain |Z_3|^2 = F (r_x, r_y, r_u, r_v) for some real positive function F . Then we can take a local transversal slice for the U(1) action on C^5 of the form

Z_1 = F (r_x, r_y,r_u, r_v)r_xe^{iθx} , Z_2 = F (r_x, r_y, r_u, r_v)r_ye^{iθy} , Z_3 = F (r_x, r_y, r_u, r_v)r_x, U = F (r_x, r_y, r_u, r_v)r_ue^{iθu} , V = F (r_x, r_y, r_u, r_v)r_ve^{iθv} . (188) Substituting (188) in (185) we find that ω_0 has the local form

ω_0|_{U2} = 1 2 d [ F (r_x, r_y, r_u, r_v)(r^2_xdθ_x + r^2_ydθ_y + r^2_udθ_u + r^2_v dθ_v) ] . (189)

On the other hand the standard symplectic form ω_c can be written

ω_c = c 2 d ( r^2_xdθ_x + r^2_y dθ_y + r^2_udθ_u + r^2_vdθ_v ) (190)

where c is a positive real constant. Note that in polar coordinates the cycle L_2 is determined by

r_x = r_u, θ_x + θ_u = 0, r_y = r_v, θ_y + θ_v = 0, r^2_x + r^2_u = μ. (191)

Now let us consider the polycylinder C_ϵ(r) defined by

μ^{1/2} + r − ϵ ≤ r_x, r_y, r_u, r_v ≤ μ^{1/2} + r + ϵ. (192)

In the following argument, we will also need the polydiscs Δ(r − ϵ) = {0 ≤ r_x, r_y, r_u, r_v ≤ μ^{1/2} +r −ϵ}, Δ(r +ϵ) = {0 ≤ r_x, r_y, r_u, r_v ≤ μ^{1/2} +r +ϵ}. The main idea is to construct a symplectic Kähler form ω on Z which interpolates smoothly between ω_c and ω_0 over C_ϵ(r). Let ρ : IR_+−→[0, 1] be a decreasing interpolating smooth function such that ρ(t) = { 1, for 0 ≤ t ≤ μ^{1/2} + r − ϵ 0, for μ^{1/2} + r + ϵ ≤ t.

Then we define the form ω = ω_0 + 1 2 d [ (c − F (r_x, r_y, r_u, r_v))(ρ(r_x)r^2_xdθ_x + ρ(r_y)r^2_ydθ_y + ρ(r_u)r^2_udθ_u + ρ(r_v)r^2_vdθ_v) ] . (193) It is straightforward to check that ω agrees with ω_c in the polydisc Δ(r − ϵ) and with ω_0 on the complement of Δ(r +ϵ). Since ω is also closed, in order to complete the argument, we have to check it is a Kähler form, that is ω(ψ, Jψ) ≥ 0 for any tangent vector ψ to Z. It is clear that it suffices to check that ω is positive definite over C_ϵ(r). A straightforward computation shows that ω|_{Cϵ(r)} = ρ(r_x)r_xdr_x ∧ dθ_x + ρ(r_y)r_ydr_y ∧ dθ_y + ρ(r_u)r_udr_u ∧ dθ_u + ρ(r_v)r_vdr_v ∧ dθ_v + (1 − ρ(r_x))d(r^2_xF ) ∧ dθ_x + (1 − ρ(r_y))d(r^2_yF ) ∧ dθ_y + (1 − ρ(r_u))d(r^2_uF ) ∧ dθ_u + (1 − ρ(r_v))d(r^2_vF ) ∧ dθ_v + (c − F ) [ ρ^′(r_x)r^2_xdr_x ∧ dθ_x + ρ^′(r_y)r^2_ydr_y ∧ dθ_y + ρ^′(r_u)r^2_udr_u ∧ dθ_u + ρ^′(r_v)r^2_vdr_v ∧ dθ_v ] . (194) Moreover, the complex structure J on U_2 is given locally by

J(∂_{rx} ) = 1 r_x ∂_{θx} , J(∂_{θx} ) = −r_x∂_{rx} (195)

and similar expressions for the other coordinates. Then one can check that the terms in the first three lines of (194) are positive definite since ω_0, ω_c must be positive definite. Therefore it suffices to check that the form defined by the last two lines of (194) is positive semi-definite. At this point, recall that we have chosen ρ(t) a decreasing function, hence ρ^′(t) ≤ 0. Given the explicit form of the complex structure, it is easy to check that the form in question is positive semi-definite if F (r_x, r_y, r_u, r_v) − c ≤ 0. Since the polycylinder is compact, this can be achieved throughout C_ϵ(r) if we choose c sufficiently small. Therefore, after a rescaling of the standard symplectic form ω_c by a sufficiently small positive constant, ω is a symplectic Kähler form on Z. By construction ω agrees with ω_c in a neighborhood of L_1, hence L_1 is a lagrangian cycle. It is now obvious that we can perform the same construction for L_2.

B Degree 3 and 4 Chern-Simons Computation

Let us consider now the third order terms in (33). By successively expanding the exponential and the logarithm, we obtain

F_{inst}(g_s, t_1, t_2, t_c, λ_1, λ_2)^{(3)} = e^{−3t1} X_{(3t1)} + e^{−3t2} X_{(3t2)} + e^{−3tc} X_{(3tc)} + e^{−2t1 −t2} X_{(2t1,t2)} + e^{−t1 −2t2} X_{(t1,2t2)} + e^{−t1−t2 −tc} X_{(t1,t2,tc)} + e^{−2t1−tc} X_{(2t1,tc)} + e^{−2t2 −tc} X_{(2t2,tc)} + e^{−t1 −2tc} X_{(t1,2tc)} + e^{−t2 −2tc} X_{(t2,2tc)}, (196) where

X_{(3ti)} = x_{(3ti)} − x_{(2ti)}x_{(ti)} + 1 3 x^3_{(ti)}, i = 1, 2, c, X_{(2ti,tj )} = x_{(2ti,tj)} − x_{(2ti)}x_{(tj )} − x_{(ti,tj )}x_{(ti)} + x^2_{(ti)}x_{(tj )} i, j = 1, 2, c, i ≠ j, X_{(t1,t2,tc)} = x_{(t1,t2,tc)} − x_{(t1,t2)}x_{(tc)} − x_{(t1,tc)}x_{(t2)} − x_{(t2,tc)}x_{(t1)} + 2x_{(t1)}x_{(t2)}x_{(tc)}, (197) with x_{(··· )} defined as in (39), (46) and

x_{(3t1)} = i⟨a_3⟩ − ⟨a_1a_2⟩ − i 6 ⟨a^3_1⟩, x_{(3t2)} = i⟨b_3⟩ − ⟨b_1b_2⟩ − i 6 ⟨b^3_1⟩, x_{(3tc)} = −⟨c_3⟩ + ⟨c_1c_2⟩ − 1 6 ⟨c^3_1⟩, x_{(2t1,t2)} = −⟨a_2b_1⟩ + 2i⟨a_1d_1⟩ − i 2 ⟨a^2_1b_1⟩,

x_{(t1,2t2)} = −⟨a_1b_2⟩ + 2i⟨b_1d_1⟩ − i 2 ⟨a_1b^2_1⟩, x_{(t1,t2,tc)} = ⟨a_1b_1c_1⟩ − 2⟨c_1d_1⟩,

x_{(2t1,tc)} = −i⟨a_2c_1⟩ + 1 2 ⟨a^2_1c_1⟩, x_{(2t2,tc)} = −i⟨b_2c_1⟩ + 1 2 ⟨b^2_1c_1⟩,

x_{(t1,2tc)} = −i⟨a_1c_2⟩ + i 2 ⟨a_1c^2_1⟩, x_{(t2,2tc)} = −i⟨b_1c_2⟩ + i 2 ⟨b_1c^2_1⟩. (198)

First, we evaluate X_{(3t1)}. In doing so, we have to use again the Frobenius formula in order to linearize cubic expressions in the holonomy variables. We have

(TrV_1)^3 = Tr V_1 + 2Tr V_1 + Tr V_1

TrV_1TrV^2_1 = Tr V_1 − Tr V_1

TrV^3_1 = Tr V_1 − Tr V_1 + Tr V_1.

(199)

Applying (40) we have ⟨ (TrV_1)^3 ⟩ = e^32^{iλ1} e^{3igs} ⟨Tr V_1⟩_0 + 2e^{3igs} ⟨ Tr V_1 ⟩ 0 + e^{− 3}2^{iλ1} e^{3igs} ⟨ Tr V_1 ⟩ 0 ⟨ TrV_1TrV^2_1 ⟩ = e^{32 iλ1} e^{3igs} ⟨Tr V_1⟩_0 − e^{− 32 iλ1} e^{3igs} ⟨ Tr V_1 ⟩ 0 ⟨ TrV^3_1 ⟩ = e^{32 iλ1} e^{3igs} ⟨Tr V_1⟩_0 − e^{3igs} ⟨ Tr V_1 ⟩ 0 + e^{− 32 iλ1} e^{3igs} ⟨ Tr V_1 ⟩ 0 . (200) The expectation values in the canonical framing are given by

⟨Tr V_1⟩_0 =

(y − y^{−1})(yx − y^{−1}x^{−1})(yx^2 − y^{−1}x^{−2}) (x − x^{−1})(x^2 − x^{−2})(x^3 − x^{−3}) , ⟨ Tr V_1 ⟩ 0 = (x + x^{−1})(y − y^{−1})(yx − y^{−1}x^{−1})(yx^{−1} − y^{−1}x) (x − x^{−1})(x^2 − x^{−2})(x^3 − x^{−3}) , ⟨ Tr V_1 ⟩ 0 = (y − y^{−1})(yx^{−1} − y^{−1}x)(yx^{−2} − y^{−1}x^2) (x − x^{−1})(x^2 − x^{−2})(x^3 − x^{−3}) , (201)

where x = e^12^{igs} and y = e^12^{iλ1} . Using (199)-(201), a straightforward computation gives

X_{(3t1)} = e^52^{iλ1} (2sin^{gs}_2 )^2

(e^{iλ1} −1)(2e^{iλ1} −1)+ 1 3(2sin^{3gs}_2 )^2

(−e^32^{iλ1} +e^92^{iλ1} )+e^72^{iλ1} −e^92^{iλ1} .

(202) By symmetry, we can therefore write

X_{(3t2)} = e^52^{iλ2} (2sin^{gs}_2 )^2

(e^{iλ2} −1)(2e^{iλ2} −1)+ 1 3(2sin^{3gs}_2 )^2

(−e^{32 iλ2} +e^{92 iλ2} )+e^{72 iλ2} −e^{92 iλ2} .

(203) A similar computation gives

X_{(3tc)} = 1 3(2sin^{3gs}_2 )^2

(e^32^{iλ1} − e^{− 3}2^{iλ1} )(e^32^{iλ2} − e^{− 3}2^{iλ2} ). (204)

Next, X_{(2t1,t2)}, X_{(t1,2t2)} and X_{(t1,t2,tc)} can be easily computed using (42), (48), (49), (55) and the exchange symmetry. The results read

X_{(2t1,t2)} = 2 e^{i( 3}2^{λ1+λ2)} (2sin^{gs}_2 )^2

(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(3e^{iλ1} − 1)

− 2e^{52 iλ1+iλ2} (e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} ),

X_{(t1,2t2)} = 2 e^{i(λ1+ 3}2^{λ2)} (2sin^{gs}_2 )^2

(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(3e^{iλ2} − 1)

− 2e^52^{iλ2+iλ1} (e^12^{iλ1} − e^{− 1}2^{iλ1} )(e^12^{iλ2} − e^{− 1}2^{iλ2} ), X_{(t1,t2,tc)} = e^12^{i(λ1+λ2)} (2sin^{gs}_2 )^2

(e^12^{iλ1} − e^{− 1}2^{iλ1} )(e^12^{iλ2} − e^{− 1}2^{iλ2} )(5e^{iλ1+iλ2} − 2e^{iλ1} − 2e^{iλ2} )

− 2e^{32 iλ1+ 32 iλ2} (e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} ). (205) Next, in order to evaluate X_{(2t1,tc)} and X_{(2t2,tc)} we need to compute expectation values of the form ⟨(TrV_i)^2TrU_i⟩, ⟨TrV^2_i TrU_i⟩ for the Hopf links (Γ_i, Ξ_i) with i = 1, 2. Again, due to the exchange symmetry, it is sufficient to compute the above expectation values for the first link only. After taking into account the framing correction we have

⟨(TrV_1)^2TrU_1⟩ = e^{2igs} e^{2iλ1} ⟨Tr V_1TrU_1⟩_0 + e^{−2igs} e^{2iλ1} ⟨Tr V_1TrU_1⟩_0,

⟨TrV^2_1 TrU_1⟩ = e^{2igs} e^{2iλ1} ⟨Tr V_1TrU_1⟩_0 − e^{−2igs} e^{2iλ1} ⟨Tr V_1TrU_1⟩_0.

(206)

Now, for a Hopf link with linking number −1 we have

⟨Tr_{R1} V_1Tr_{R2} V_2⟩_0 = e^{igs2 (kR1 +kR2 )} ∑ ρ∈R_1⊗R_2 e^{− igs2 kρ} dim_qρ, (207)

where the sum is after all the representations ρ occurring in the decomposition of the tensor product of R_1 and R_2 and dim_qρ is the quantum dimension of the representation ρ [39] . Now, using (42), (48), (49), (55), (206) and (207) and keeping in mind that in our case the linking number is +1 we obtain after a simple computation X_{(2t1,tc)} = e^{2iλ1} (2sin^{gs}_2 )^2

(3e^{iλ1} − 1)(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )

− e^{3iλ1} (e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} ).

(208)

By the exchange symmetry, we have X_{(2t2,tc)} = e^{2iλ2} (2sin^{gs}_2 )^2

(3e^{iλ2} − 1)(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )

− e^{3iλ2} (e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} ).

(209)

Finally, in order to compute X_{(t1,2tc)} and X_{(t2,2tc)} we need to evaluate expectation values of the form ⟨TrV_i(TrU_i)^2⟩, ⟨TrV_iTrU^2_i ⟩ for the Hopf links (Γ_i, Ξ_i) with i = 1, 2. Taking into account the framing correction we have, for one of the links,

⟨TrV_1(TrU_1)^2⟩ = e^{iλ1} (⟨TrV_1Tr U_1⟩_0 + ⟨TrV_1Tr U_1⟩_0), ⟨TrV_1TrU^2_1 ⟩ = e^{iλ1} (⟨TrV_1Tr U_1⟩_0 − ⟨TrV_1Tr U_1⟩_0).

(210)

Now, using (42), (48), (49), (55), (207) and (210) and the exchange symmetry, we obtain after another direct computation X_{(t1,2tc)} = − e^{i(2λ1− 1}2^{λ2)} (2sin^{gs}_2 )^2

(e^12^{iλ1} − e^{− 1}2^{iλ1} )(e^12^{iλ2} − e^{− 1}2^{iλ2} ), X_{(t2,2tc)} = − e^{i(− 1}2^{λ1+2λ2)} (2sin^{gs}_2 )^2

(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} ).

(211)

Let us consider now the fourth order terms in (33). By successively expanding the exponential and the logarithm, we obtain

F_{inst}(g_s, t_1, t_2, t_c, λ_1, λ_2)^{(4)} = e^{−4t1} X_{(4t1)} + e^{−4t2} X_{(4t2)} + e^{−4tc} X_{(4tc)} + e^{−3t1−t2} X_{(3t1,t2)} + e^{−2t1−2t2} X_{(2t1,2t2)} + e^{−t1 −3t2} X_{(t1,3t2)} + e^{−3t1 −tc} X_{(3t1,tc)} + e^{−2t1−t2−tc} X_{(2t1,t2,tc)} + e^{−t1−2t2−tc} X_{(t1,2t2,tc)} + e^{−3t2 −tc} X_{(3t2,tc)} + e^{−2t1−2tc} X_{(2t1,2tc)} + e^{−t1 −t2 −2tc} X_{(t1,t2,2tc)} + e^{−2t2 −2tc} X_{(2t2,2tc)} + e^{−t1−3tc} X_{(t1,3tc)} + e^{−t2 −3tc} X_{(t2,3tc)}, (212) where

X_{(4ti)} = x_{(4ti)} − x_{(3ti)}x_{(ti)} − 1 2 x^2_{(2ti)} + x_{(2ti)}x^2_{(ti)} − 1 4 x^4_{(ti)}, i = 1, 2, c, X_{(3ti,tj )} = x_{(3ti,tj )} − x_{(3ti)}x_{(tj)} − x_{(2ti,tj )}x_{(ti)} − x_{(2ti)}x_{(ti,tj )} + 2x_{(2ti)}x_{(ti)}x_{(tj )} − x^3_{(ti)}x_{(tj)} + x^2_{(ti)}x_{(ti,tj)}, i, j = 1, 2, c, i ≠ j, X_{(2ti,2tj)} = x_{(2ti,2tj)} − x_{(2ti)}x_{(2tj)} − x_{(2ti,tj )}x_{(tj )} − x_{(ti,2tj)}x_{(ti)} + x_{(2ti)}x^2_{(tj )} + x_{(2tj )}x^2_{(ti)} − 1 2 x^2_{(ti,tj)} − 3 2 x^2_{(ti)}x^2_{(tj )} + 2x_{(ti,tj )}x_{(ti)}x_{(tj )}, for i, j = 1, 2, c, i ≠ j, X_{(2ti,tj ,tk)} = x_{(2ti,tj ,tk)} − x_{(2ti,tj )}x_{(tk)} − x_{(2ti,tk)}x_{(tj )} − x_{(2ti)}x_{(tj ,tk)} + 2x_{(2ti)}x_{(tj)}x_{(tk )} − x_{(ti,tj ,tk)}x_{(ti)} + x^2_{(ti)}x_{(tj,tk )} − 3x^2_{(ti)}x_{(tj )}x_{(tk)} − x_{(ti,tj )}x_{(ti,tk)} + 2x_{(ti,tj )}x_{(ti)}x_{(tk)} + 2x_{(ti,tk )}x_{(ti)}x_{(tj)}, for i, j, k = 1, 2, c, i ≠ j, j ≠ k, k ≠ i. (213) with

x_{(4t1)} = i⟨a_4⟩ − ⟨a_1a_3⟩ − 1 2 ⟨a^2⟩ − i 2 ⟨a^2_1a_2⟩ + 1 24 ⟨a^4_1⟩, x_{(4t2)} = i⟨b_4⟩ − ⟨b_1b_3⟩ − 1 2 ⟨b^2⟩ − i 2 ⟨b^2_1b_2⟩ + 1 24 ⟨b^4_1⟩, x_{(4tc)} = −⟨c_4⟩ + ⟨c_1c_3⟩ + 1 2 ⟨c^2⟩ − 1 2 ⟨c^2_1c_2⟩ + 1 24 ⟨c^4_1⟩, x_{(3t1,t2)} = −⟨a_3b_1⟩ + 2i⟨a_2d_1⟩ − i⟨a_1a_2b_1⟩ − ⟨a^2_1d_1⟩ + 1 6 ⟨a^3_1b_1⟩,

x_{(2t1,2t2)} = −⟨a_2b_2⟩ + 2⟨d_2⟩ − i 2 ⟨a^2_1b_2⟩ − i 2 ⟨a_2b^2_1⟩ + 2⟨d^2_1⟩ + 1 4 ⟨a^2_1b^2_1⟩ − 2⟨a_1b_1d_1⟩,

x_{(t1,3t2)} = −⟨a_1b_3⟩ + 2i⟨b_2d_1⟩ − i⟨a_1b_1b_2⟩ − ⟨b^2_1d_1⟩ + 1 6 ⟨a_1b^3_1⟩,

x_{(3t1,tc)} = −i⟨a_3c_1⟩ + ⟨a_1a_2c_1⟩ + i 6 ⟨a^3_1c_1⟩,

x_{(3t2,tc)} = −i⟨b_3c_1⟩ + ⟨b_1b_2c_1⟩ + i 6 ⟨b^3_1c_1⟩,

x_{(2t1,t2,tc)} = ⟨a_2b_1c_1⟩ − 2i⟨a_1c_1d_1⟩ + i 2 ⟨a^2_1b_1c_1⟩,

x_{(t1,2t2,tc)} = ⟨a_1b_2c_1⟩ − 2i⟨b_1c_1d_1⟩ + i 2 ⟨a_1b^2_1c_1⟩,

x_{(2t1,2tc)} = −i⟨a_2c_2⟩ + i 2 ⟨a_2c^2_1⟩ + 1 2 ⟨a^2_1c_2⟩ − 1 4 ⟨a^2_1c^2_1⟩,

x_{(t1,t2,2tc)} = ⟨a_1b_1c_2⟩ − 2⟨c_2d_1⟩ − 1 2 ⟨a_1b_1c^2_1⟩ + ⟨c^2_1d_1⟩,

x_{(2t2,2tc)} = −i⟨b_2c_2⟩ + i 2 ⟨b_2c^2_1⟩ + 1 2 ⟨b^2_1c_2⟩ − 1 4 ⟨b^2_1c^2_1⟩,

x_{(t1,3tc)} = −i⟨a_1c_3⟩ + i⟨a_1c_1c_2⟩ − i 6 ⟨a_1c^3_1⟩,

x_{(t2,3tc)} = −i⟨b_1c_3⟩ + i⟨b_1c_1c_2⟩ − i 6 ⟨b_1c^3_1⟩ (214) and the other x_{(··· )} defined as in (39), (46) and (198). First, we evaluate X_{(4t1)}. In doing so, we have to use again the Frobenius formula in order to linearize quartic expressions in the holonomy variables.

We have

(TrV )^4 = Tr V + 3Tr V + 2Tr V + 3Tr V + Tr V,

(TrV )^2 TrV^2 = Tr V + Tr V − Tr V − Tr V,

TrV^2TrV^2 = Tr V − Tr V + 2Tr V − Tr V + Tr V,

TrV TrV^3 = Tr V − Tr V + Tr V,

TrV^4 = Tr V − Tr V + Tr V − Tr V.

(215)

The expectation values in the canonical framing are given by

⟨Tr V_1⟩_0 =

(y − y^{−1})(yx − y^{−1}x^{−1})(yx^2 − y^{−1}x^{−2})(yx^3 − y^{−1}x^{−3}) (x − x^{−1})(x^2 − x^{−2})(x^3 − x^{−3})(x^4 − x^{−4}) , ⟨ Tr V_1 ⟩ 0 = (y − y^{−1})(yx − y^{−1}x^{−1})(yx^2 − y^{−1}x^{−2})(yx^{−1} − y^{−1}x) (x − x^{−1})^2(x^2 − x^{−2})(x^4 − x^{−4}) , ⟨ Tr V_1 ⟩ 0 = (y − y^{−1})^2(yx − y^{−1}x^{−1})(yx^{−1} − y^{−1}x)

(x − x^{−1})(x^2 − x^{−2})^2(x^3 − x^{−3}) , ⟨ Tr V_1 ⟩ 0 = (y − y^{−1})(yx − y^{−1}x^{−1})(yx^{−1} − y^{−1}x)(yx^{−2} − y^{−1}x^2) (x − x^{−1})^2(x^2 − x^{−2})(x^4 − x^{−4}) , ⟨ Tr V_1 ⟩

0 = (y − y^{−1})(yx^{−1} − y^{−1}x)(yx^{−2} − y^{−1}x^2)(yx^{−3} − y^{−1}x^3) (x − x^{−1})(x^2 − x^{−2})(x^3 − x^{−3})(x^4 − x^{−4}) ,

(216)

where x = e^12^{igs} and y = e^12^{iλ1} . We also have

k = 12, k = 4, k = 0, k = −4, k = −12. (217)

Now, using (215) , (216) and (217) we obtain

X_{(4t1)} = e^{3iλ1} (2sin^{gs}_2 )^2

(e^{iλ1} − 1)(−7e^{2iλ1} + 6e^{iλ1} − 1) + 1 2(2sing_s)^2

(e^{4iλ1} − e^{6iλ1} ) + 1 4(2sin2g_s)^2

(−e^{2iλ1} + e^{6iλ1} ) + e^{4iλ1} (e^{iλ1} − 1)(11e^{iλ1} − 5) + ( 2sin g_s 2 )_2

e^{4iλ1} (e^{iλ1} − 1)(−6e^{iλ1} + 1) + ( 2sin g_s 2 )_4 (−e^{5iλ1} + e^{6iλ1} ), (218) and, by the exchange symmetry,

X_{(4t2)} = e^{3iλ2} (2sin^{gs}_2 )^2

(e^{iλ2} − 1)(−7e^{2iλ2} + 6e^{iλ2} − 1) + 1 2(2sing_s)^2

(e^{4iλ2} − e^{6iλ2} ) + 1 4(2sin2g_s)^2

(−e^{2iλ2} + e^{6iλ2} ) + e^{4iλ2} (e^{iλ2} − 1)(11e^{iλ2} − 5) + ( 2sin g_s 2 )_2 e^{4iλ2} (e^{iλ2} − 1)(−6e^{iλ2} + 1) + ( 2sin g_s 2 )_4 (−e^{5iλ2} + e^{6iλ2} ). (219) Another straightforward calculation yields

X_{(4tc)} = 1 4(2sin2g_s)^2

(e^{2iλ1} − e^{−2iλ1} )(e^{2iλ2} − e^{−2iλ2} ). (220)

Now, using (42), (48), (49) (55), (200) and (201), we get

X_{(3t1,t2)} =

2e^{i(2λ1+λ2)} (2sin^{gs}_2 )^2

(e^12^{iλ1} − e^{− 1}2^{iλ1} )(e^12^{iλ2} − e^{− 1}2^{iλ2} )(−13e^{2iλ1} + 9e^{iλ1} − 1)

+ 4e^{i(3λ1+λ2)}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(8e^{iλ1} − 1) + 2 ( 2sin g_s 2 )_2

e^{i(3λ1+λ2)}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(−7e^{iλ1} + 1) + 2 ( 2sin g_s 2 )_4

e^{i(4λ1+λ2)}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} ), (221) and, by the exchange symmetry,

X_{(t1,3t2)} =

2e^{i(λ1+2λ2)} (2sin^{gs}_2 )^2

(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(−13e^{2iλ2} + 9e^{iλ2} − 1)

+ 4e^{i(λ1+3λ2)}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(8e^{iλ2} − 1) + 2 ( 2sin g_s 2 )_2

e^{i(λ1+3λ2)}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(−7e^{iλ2} + 1) + 2 ( 2sin g_s 2 )_4

e^{i(λ1+4λ2)}(e^12^{iλ1} − e^{− 1}2^{iλ1} )(e^12^{iλ2} − e^{− 1}2^{iλ2} ). (222)

Next, a similar computation gives X_{(2t1,2t2)} = 2e^32^{i(λ1+λ2 )} (2sin^{gs}_2 )^2

(e^12^{iλ1} − e^{− 1}2^{iλ1} )(e^12^{iλ2} − e^{− 1}2^{iλ2} )(−18e^{i(λ1+λ2)} + 9e^{iλ1} + 9e^{iλ2} − 4) − 2e^{2i(λ1+λ2)} 2(2sing_s)^2 (e^{iλ1} − e^{−iλ1} )(e^{iλ2} − e^{−iλ2} ) + e^{32 i(λ1+λ2 )}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(45e^{i(λ1+λ2 )} − 14e^{iλ1} − 14e^{iλ2} + 3) + ( 2sin g_s 2 )_2 e^{32 i(λ1+λ2)}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(−20e^{i(λ1+λ2)} + 3e^{iλ1} + 3e^{iλ2} − 1) + 3 ( 2sin g_s 2 )_4

e^{32 i(λ1+λ2)}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} ). (223) Now we compute X_{(3t1,tc)} and X_{(3t2,tc)}. Using (42), (48), (49), (55), (200), (201) and (207) and the fact that the linking number is +1 we obtain X_{(3t1,tc)} = e^52^{iλ1} (2sin^{gs}_2 )^2

(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(−13e^{2iλ1} + 9e^{iλ1} − 1)

+ 2e^{72 iλ1} (e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(8e^{iλ1} − 1) + ( 2sin g_s 2 )_2 e^{72 iλ1} (e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(−7e^{iλ1} + 1) + ( 2sin g_s 2 )_4 e^{92 iλ1} (e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} ), (224) and, by the exchange symmetry, X_{(3t2,tc)} = e^52^{iλ2} (2sin^{gs}_2 )^2

(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(−13e^{2iλ2} + 9e^{iλ2} − 1)

+ 2e^{72 iλ2} (e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(8e^{iλ2} − 1) + ( 2sin g_s 2 )_2 e^{72 iλ2} (e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(−7e^{iλ2} + 1) + ( 2sin g_s 2 )_4 e^{92 iλ2} (e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} ). (225)

Another direct computation gives X_{(2t1,t2,tc)} = e^{i(λ1+ 1}2^{λ2)} (2sin^{gs}_2 )^2

(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )

× (−29e^{i(2λ1+λ2)} + 18e^{2iλ1} + 19e^{i(λ1+λ2)} − 8e^{iλ1} − 2e^{iλ2} ) + e^{i(2λ1+ 12 λ2)}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(33e^{i(λ1+λ2)} − 12e^{iλ1} − 12e^{iλ2} + 2) + 2 ( 2sin g_s 2 )_2

e^{i(2λ1+ 12 λ2)}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(−7e^{i(λ1+λ2)} + e^{iλ1} + e^{iλ2} ) + 2 ( 2sin g_s 2 )_4

e^{i(3λ1+ 32 λ2)}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} ), (226) and, by the exchange symmetry, X_{(t1,2t2,tc)} = e^{i( 1}2^{λ1+λ2 )} (2sin^{gs}_2 )^2

(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )

× (−29e^{i(λ1+2λ2)} + 18e^{2iλ2} + 19e^{i(λ1+λ2)} − 8e^{iλ2} − 2e^{iλ1} ) + e^{i( 12 λ1+2λ2)}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(33e^{i(λ1+λ2)} − 12e^{iλ1} − 12e^{iλ2} + 2) + 2 ( 2sin g_s 2 )_2

e^{i( 12 λ1+2λ2)}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(−7e^{i(λ1+λ2)} + e^{iλ1} + e^{iλ2} ) + 2 ( 2sin g_s 2 )_4

e^{i( 3}2^{λ1+3λ2)}(e^12^{iλ1} − e^{− 1}2^{iλ1} )(e^12^{iλ2} − e^{− 1}2^{iλ2} ). (227) Next, we compute X_{(2t1,2tc)} and X_{(2t2,2tc)}. Using (42), (48), (49), (55), (206), (207) and (210) we obtain X_{(2t1,2tc)} = e^12^{i(5λ1−λ2 )} (2sin^{gs}_2 )^2

(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(−2e^{i(λ1+λ2)} + 7e^{iλ1} + e^{iλ2} − 3) + 1 (2sing_s)^2

(e^{2iλ1} − e^{4iλ1} )(e^{iλ2} − e^{−iλ2} )

+ e^{12 i(5λ1−λ2 )}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(e^{i(λ1+λ2)} − 5e^{iλ1} + 1) + ( 2sin g_s 2 )_2

e^{12 i(7λ1−λ2 )}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} ), (228) and, by the exchange symmetry, X_{(2t2,2tc)} = e^12^{i(−λ1+5λ2)} (2sin^{gs}_2 )^2

(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(−2e^{i(λ1+λ2)} + 7e^{iλ2} + e^{iλ1} − 3) + 1 (2sing_s)^2

(e^{2iλ2} − e^{4iλ2} )(e^{iλ1} − e^{−iλ1} )

+ e^{12 i(−λ1+5λ2)}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(e^{i(λ1+λ2)} − 5e^{iλ2} + 1) + ( 2sin g_s 2 )_2

e^{12 i(−λ1+7λ2)}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} ). (229) After a computation similar to (226) we get X_{(t1,t2,2tc)} = e^12^{i(λ1+λ2)} (2sin^{gs}_2 )^2

(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )

× (−2e^{i(λ1+λ2)} − 2e^{i(λ1−λ2)} − 2e^{i(−λ1+λ2)} + 5e^{iλ1} + 5e^{iλ2} − 2) − 4e^{32 i(λ1+λ2)}(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} )(e^{12 i(λ1−λ2)} + e^{12 i(−λ1+λ2)}). (230) Finally, a computation similar to (224) yields X_{(t1,3tc)} = − e^{i( 5}2^{λ1−λ2 )} (2sin^{gs}_2 )^2

(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} ), X_{(t2,3tc)} = − e^{i(−λ1 + 5}2^{λ2)} (2sin^{gs}_2 )^2

(e^{12 iλ1} − e^{− 12 iλ1} )(e^{12 iλ2} − e^{− 12 iλ2} ).

(231)

References

[1] B. Acharya, M. Aganagic, K. Hori and C. Vafa, “Orientifolds, Mirror Symmetry and Superpotentials”, hep-th/0202208.

[2] M. Aganagic and C. Vafa, “Mirror Symmetry, D-Branes and Counting Holomorphic Discs”, hep-th/0012041.

[3] M. Aganagic, A. Klemm and C. Vafa, “Disk Instantons, Mirror Symmetry and the Duality Web”, Z. Naturforsch. A 57 (2002) 1, hep-th/0105045.

[4] M. Aganagic and C. Vafa, “Mirror Symmetry and a G_2 Flop”, hepth/0105225.

[5] M. Aganagic and C. Vafa, “G_2 Manifolds, Mirror Symmetry and Geometric Engineering”, hep-th/0110171.

[6] M. Aganagic, M. Mariño and C. Vafa, “All Loop Topological String Amplitudes from Chern-Simons Theory”, to appear.

[7] K. Behrend and B. Fantechi, “The Intrinsic Normal Cone”, Invent. Math.

128 (1997) 45.

[8] J. Blum, “Calculation of Nonperturbative Terms in Open String Models”, hep-th/0112039.

[9] G. Burde and H. Zieschang, Knots, de Gruyter, Berlin 1985.

[10] T.-M. Chiang, A. Klemm, S.-T. Yau and E. Zaslow, “Local Mirror Symmetry: Calculations and Interpretations”, ATMP 3 (1999) 495, hepth/9903053.

[11] H. Clemens, “Double Solids”, Adv. Math. 47 (1983) 107.

[12] D.-E. Diaconescu, B. Florea and A. Grassi, “Geometric Transitions and Open String Instantons”, hep-th/0205234.

[13] M.R. Douglas, “Chern-Simons-Witten Theory as a Topological Fermi Liquid”, hep-th/9403119.

[14] Y. Eliashberg, A. Givental and H. Hofer, “Introduction to Symplectic Field Theory”, math.SG/0010059.

[15] J.B. Etnyre, “Symplectic Convexity in Low Dimensional Topology”, Topology Appl. 88 (1998) 3.

[16] C. Faber and R. Pandharipande, “Hodge Integrals and Gromov–Witten Theory”, Invent. Math. 139 (2000) 139, math.AG/9810173.

[17] T. Graber and R. Pandharipande, “Localization of Virtual Classes”, Invent. Math. 135 (1999) 487, math.AG/9708001.

[18] R. Gopakumar and C. Vafa, “Topological Gravity as Large N Topological Gauge Theory”, ATMP 2 (1998) 413, hep-th/9802016.

[19] R. Gopakumar and C. Vafa, “ M-Theory and Topological Strings – I”, hep-th/9809187; “ M-Theory and Topological Strings – II”, hepth/9812127.

[20] R. Gopakumar and C. Vafa, “On the Gauge Theory/Geometry Correspondence”, ATMP 3 (1999) 1415, hep-th/9811131.

[21] S. Govindarajan, T. Jayaraman and T. Sarkar, “Disc Instantons in Linear Sigma Models”, hep-th/0108234.

[22] T. Graber and E. Zaslow, “Open String Gromov-Witten Invariants: Calculations and a Mirror Theorem’ ”, hep-th/0109075.

[23] M. Gross, “Topological Mirror Symmetry”, math.AG/9909015.

[24] K. Hori and C. Vafa, “Mirror Symmetry”, hep-th/0002222.

[25] K. Hori, A. Iqbal and C. Vafa, “D-Branes and Mirror Symmetry”, hepth/0005247.

[26] A. Iqbal and A.-K. Kashani-Poor, “Discrete Symmetries of the Superpotential and Calculation of Disk Invariants”, hep-th/0109214.

[27] S. Kachru, S. Katz, A. Lawrence and J. McGreevy, “Open String Instantons and Superpotentials”, Phys. Rev. D62 (2000) 026001, hepth/9912151.

[28] S. Kachru, S. Katz, A. Lawrence and J. McGreevy, “Mirror Symmetry for Open Strings”, hep-th/0006047.

[29] S. Katz and C.-C. M. Liu, “Enumerative Geometry of Stable Maps with Lagrangian Boundary Conditions and Multiple Covers of the Disc”, ATMP 5 (2001) 1, math.AG/0103074.

[30] S. Katz, A. Klemm and C. Vafa, “M-Theory, Topological Strings and Spinning Black Holes”, ATMP 3 (1999) 1445, hep-th/9910181.

[31] M. Kontsevich, “Enumeration of Rational Curves via Torus Actions”, The Moduli Space of Curves, 335-368, Progr. Math. 129, Birkhäuser Boston, MA, 1995.

[32] J.M.F. Labastida and M. Mariño, “Polynomial Invariants for Torus Knots and Topological Strings”, Commun. Math. Phys. 217 (2001) 423, hepth/0004196.

[33] J.M.F. Labastida, M. Mariño and C. Vafa, “Knots, Links and Branes at Large N”, JHEP 11 (2000) 007, hep-th/0010102.

[34] J.M.F. Labastida and M. Mariño, “A New Point of View in the Theory of Knot and Link Invariants”, math.QA/0104180.

[35] W. Lerche and P. Mayr, “On N = 1 Mirror Symmetry for Open Type II Strings”, hep-th/0111113.

[36] N.-C. Leung and C. Vafa, “Branes and Toric Geometry”, ATMP 2 (1998) 91, hep-th/9711013.

[37] J. Li and G. Tian, “Virtual Moduli Cycles and Gromov-Witten Invariants of Algebraic Varieties”, J. Amer. Math. Soc. 11 (1998) 119.

[38] J. Li and Y.S. Song, “Open String Instantons and Relative Stable Morphisms”, hep-th/0103100.

[39] M. Mariño and C. Vafa, “Framed Knots at Large N”, hep-th/0108064.

[40] P. Mayr, “N = 1 Mirror Symmetry and Open/Closed String Duality”, hep-th/0108229.

[41] P. Mayr, “Summing up Open String Instantons and N = 1 String Amplitudes”, hep-th/0203237.

[42] H. Ooguri and C. Vafa, “Knot Invariants and Topological Strings”, Nucl.

Phys. B 577 (2000) 419, hep-th/9912123.

[43] H. Ooguri and C. Vafa, “Worldsheet Derivation of a Large N Duality”, hep-th/0205297.

[44] V. Periwal, “Topological Closed String Interpretation of Chern-Simons Theory”, Phys. Rev. Lett. 71 (1993) 125, hep-th/9305115.

[45] P. Ramadevi and T. Sarkar, “On Link Invariants and Topological String Amplitudes”, Nucl. Phys. B600 (2001) 487, hep-th/0009188.

[46] C. Vafa, “Extending Mirror Conjecture to Calabi-Yau with Bundles”, hep-th/9804131.

[47] C. Vafa, “Superstrings and Topological Strings at Large N”, J. Math.

Phys. 42 (2001) 2798, hep-th/0008142.

[48] E. Witten, “Chern-Simons Gauge Theory as a String Theory”, “The Floer Memorial Volume”, H. Hofer, C.H. Taubes, A. Weinstein and E. Zehnder, eds, Birkhäuser 1995, 637, hep-th/9207094.