arXiv:hep-th/0207037 v2 11 Jul 2002

hep-th/0207037 IPM/P-2002/028

On Type IIA String Theory on the PP-wave Background

Mohsen Alishahiha^a, Mohammad A. Ganjali^b, Ahmad Ghodsi^{a,b} and Shahrokh Parvizi^a

a Institute for Studies in Theoretical Physics and Mathematics (IPM) P.O. Box 19395-5531, Tehran, Iran b Department of Physics, Sharif University of Technology P.O. Box 11365-9161, Tehran, Iran

Abstract

We study type IIA superstring theory on a PP-wave background with 24 supercharges. This model can exactly be solved and then quantized. The open string in this PP-wave background is also studied. We observe that the theory has supersymmetric Dp-branes for p = 2, 4, 6, 8.

1 Introduction

An interesting observation in [1] (see also [2]) is that type IIB string theory on the 10-dimensional PP-wave background with five form RR field strength is exactly solvable. In fact it has been shown that in the light-cone gauge the Green-Schwarz action of type IIB string theory in this background is quadratic in both bosonic and fermionic sectors and can therefore be quantized in spite of the presence of RR field. Besides it has also been shown [3] that this background is a maximally supersymmetric solution of type IIB supergravity. Thus with the flat ten dimensional Minkowski space and AdS_5 × S^5 we have three maximally supersymmetric background of type IIB string theory but two of them have led to the exactly solvable models so far.

Another interesting fact is that this maximally supersymmetric PP-wave background can be obtained as a Penrose limit of another maximally supersymmetric background which is AdS_5 × S^5 [4]. On the other hand type IIB string theory on AdS_5 × S^5 is believed to be dual to the N = 4 SYM theory in four dimensions. Indeed it has been shown [5] that taking Penrose limit of AdS_5 × S^5 has a corresponding limit for the gauge theory as well. By making use of this fact the authors of [5] have been able to identify the excited string states with a class of gauge invariant operators in the large N limit of N = 4 SYM SU(N) theory in four dimensions^1. Such an identification is very difficult for AdS_5 × S^5 itself mainly because the string theory in this maximally supersymmetric background has not proved to be exactly solvable yet.

Regarding the fact that the string theory on a PP-wave background, obtained by taking the Penrose limit of AdS_5 × S^5, is exactly solvable one might wonder if this is the case for other gravity backgrounds of the string theory. In particular if this also works for string theory on PP-wave coming from the Penrose limit of a gravity backgrounds with less than maximal supersymmetries. In fact it has been observed that taking the Penrose limit of a type IIB gravity background with the form of AdS_5 × M_5, where M_5 is a five dimensional Einstein manifold which could also be singular and therefore with less supersymmetries, would lead to a PP-wave background in which the string theory can be exactly solved. We note however that the PP-wave background could be either the maximal supersymmetric PP-wave, the same as one obtained by AdS_5 × S^5, or a PP-wave background with less than 32 supercharges. For more detail of these observations see [6].

Of course, it is not always the case that a PP-wave limit of a gravity solution leads to a background in which the string theory can be exactly solved (for example see [7])^2. Nevertheless there are examples of PP-wave systems which provide a class of models that are exactly solvable in string perturbation theory [9, 10, 11]. In [14], the holography problem, and in [15, 16] open strings and D-branes have also been

1Another approach to study the highly excited string states in AdS_5 × S^5 and their relation to specific sectors of dual gauge theory has also been proposed in [12]. For further study in this direction see [13].

2The Penrose limit of different gravity backgrounds have also been studied in [8].

studied in the PP-wave background.

The PP-wave solutions we have been talking so far are mostly type IIB PPwave backgrounds. A way to find type IIA PP-wave is to use T-duality. In fact in [17] a supersymmetric type IIA PP-wave background has found by making use of T-duality on the maximally supersymmetric type IIB PP-wave. It has also been shown that the obtained type IIA PP-wave preserves only 24 supercharges. The PP-waves with 24 and 28 supercharges in IIB have also been studied in [18]. More recently a unique type IIA PP-wave with 26 supercharges has been presented in [19] where the authors argued that there is no type IIA PP-waves preserving 28 or 30 supercharges. This argument is based on the fact that there is no 11-dimensional PP-wave with 28 and 30 supercharges and there is a unique 11-dimensional PP-wave with 26 supercharges. Therefore upon compactification, we just get PP-wave with 26 supercharges. Moreover it was argued that there is no supersymmetric D-branes in this type IIA background.

This is the aim of this paper to study type IIA string theory on the PP-wave background with 24 supercharges. In this case, we find that the theory can be exactly solved and then quantized. We shall also see that the theory has supersymmetric Dp-branes for p = 2, 4, 6, 8.

The organization of the paper is as following. In section 2 we will review the compactification and T-duality in type IIB string theory on the maximally supersymmetric PP-wave background which leads to a type IIA PP-wave background with 24 supercharges. In section 3 we shall study the bosonic and fermionic closed string in this background. In section 4 we work out the first quantized bosonic and fermionic Hamiltonian of the system. In section 5 the bosonic and fermionic open string sectors in this background are studied. Finally the last section is devoted to the conclusions and comments.

2 PP-wave solution in type IIA

The supergravity solution of the maximally supersymmetric PP-wave in type IIB string theory is given by [3]

dS^2 = 2dX^+ dX^− − μ^2X^iX^i(dX^+)^2 + dX^idX^i,

F_{+1234} = F_{+5678} = 1 2 μ, (1) where i = 1, 2, · · · , 8. This solution has SO(4)×SO(4)×Z_2 symmetry which rotates and exchanges the {X^1, X^2, X^3, X^4} and {X^5, X^6, X^7, X^8} subspaces. Its 30 Killing vectors are given by [3]

k_{ei} = − cos(2μx^+)∂_i − 2μ sin(2μx^+)x^i∂_− , k_{e+} = −∂_+,

k_e∗_i = −2μ sin(2μx^+)∂_i + 4μ^2 cos(2μx^+)x^i∂_− , k_{e−} = −∂_−,

k_{Mij} = x^i∂_j − x^j ∂_i, both i, j = 1 · · · 4 or i, j = 5 · · · 8, (2)

The compactification of the PP-wave background (1) along the circle generated by the isometry k_{e−} + k_{e+} has been considered in [3]. Although this is a manifest isometry of (1), it is not space-like and moreover breaks all supersymmetries, except at special values of radius of compactification. On the other hand, this background has several isometries which are not manifest in the form written in (1). For example in [17] the compactification of the background (1) on the other directions has been considered. The space-like of unit norm isometry, considered in [17], is given by k_S±_{ij} = k_{ei} ± 1 2μ k_e∗_j . (3)

Using SO(4) × SO(4) × Z_2 symmetry of background one can choose the “+” sign and i = 1. Then we left with two possibilities for j; either j = 2 or j = 5. It was also shown that using k_S+_{12} the compactified theory would preserve only 24 supercharges. This is the case we work with in this paper.

To make this isometry manifest, it is useful to change the coordinates as following

X^+ = x^+, X^− = x^− − μx^1x^2, X^I = x^I , for I = 3 · · · 8,

X^1 = x^1 cos(μx^+) − x^2 sin(μx^+), X^2 = x^1 sin(μx^+) + x^2 cos(μx^+). (4)

Then the solution (1) reads

ds^2 = 2dx^+dx^− − μ^2x^I x^I (dx^+)^2 − 4μx^2dx^1dx^+ + dx^idx^i , F = μ 2 dx^+(dx^1dx^2dx^3dx^4 + dx^5dx^6dx^7dx^8) . (5)

In this coordinate system,^∂_{∂x1} is a manifest isometry. Therefore we can compactify the background in x^1 direction and perform T-duality along it. Doing so, we will get the following type IIA PP-wave configuration [17]

ds^2 = 2dx^+dx^− − μ^2[4(x^2)^2 + (x^I )^2]dx^+dx^+ + dx^idx^i, B_{+1} = −2μx^2, F_{+234} = 4μ. (6)

One can check that this solution solves the type IIA supergravity equations of motion. To see this we note that the μ dependence appears nontrivially only in the Ricci tensor R_{++}, where one obtains a constant contribution of 10μ^2, which is canceled by 2μ^2 contribution coming from B field and 8μ^2 contribution from RR 4-form.

This type IIA PP-wave background has SO(2) × SO(4) symmetry and preserves 24 supercharges. Its Killing spinor equation is given by

(∇_μ + Ω_μ)ϵ = 0 , (7)

where Ω_μ = − 1 8 Γ^{νρ} H_{μνρ}σ_3 + 1 8 1 4! F_{νρλδ}Γ^{νρλδ} Γ_μσ_1 . (8)

For the solution (6) one finds

Ω_+ =^1_2 μΓ^{12}σ_3 + μΓ^{+234}Γ_+σ_1 , Ω_a = μΓ^{+234}Γ_aσ_1 , a = 3 · · · 8 ,

Ω_1 = −^1_2 μΓ^{+2}σ_3 + μΓ^{+234}Γ_1σ_1 , Ω_2 =^1_2 μΓ^{+1}σ_3 + μΓ^{+234}Γ_2σ_1 , (9) and the Killing spinor is given by

ϵ(ψ) = (1 − 8∑ j=1 x^j Ω_j )χ(x^+), (10)

where χ(x^+) = e^{−Ω+ x+} ψ with ψ is a constant spinor. Regarding the fact that χ depends only on x^+ gives the following two equations,

∂_+χ + Ω_+χ = 0

∑_8 j=1 ( δ_{ij} [Ω_j , Ω_+] +^1_2 μ^2A_{ij} Γ^−Γ^j ) χ = 0 , (11)

where A_{ij} = diag(0, 4, 1, 1, 1, 1, 1, 1). We note also that the solution (10) should be accompanied by the condition (11), which implies that Γ^+χ = Γ^+ψ = 0. Finally as it has been argued in [17], using this information one can show that the solution (6) preserves only 24 supercharges.

3 Type IIA string theory on PP-wave background

In this section we shall study type IIA PP-wave on the PP-wave background (6). In comparison with type IIB PP-wave, this background has 6 massive bosonic fields plus a non-zero B field in two other directions. Although in this case the equations of motion coming from the Green-Schwarz action in light-cone gauge are coupled, we will see that in fact they can exactly be solved and quantized. In this section, we shall only consider the classical solution and leave the quantization to the next section. To make the results more clear we will study the bosonic and fermionic sectors separately.

3.1 Bosonic sector

The bosonic 2-dimensional worldsheet action in the presence of non-zero B-field is given by S_{bos} = − 1 4πα^′ ∫ dσ^2 [ η^{ab}G_{μν} ∂_ax^μ∂_bx^ν + ϵ^{ab}B_{μν} ∂_ax^μ∂_bx^ν ] , (12)

where η = diag(−1, 1) is the worldsheet metric and we use a notation in which ϵ^{τ σ} = 1.

Plugging the type IIA PP-wave solution (6) in this action, one finds

S_{bos} = − 1 4πα^′ ∫ dσ^2 [ η^{ab} ( 2∂_ax^+∂_bx^− + ∂_ax^i∂_bx^i − μ^2[4(x^2)^2 + (x^I )^2]∂_ax^+∂_bx^+ )

− 2μx^2ϵ^{ab} ( ∂_ax^+∂_bx^1 − ∂_ax^1∂_bx^+ ) ] . (13)

The same as type IIB case [1], the action can be simplified using the light-cone gauge. In this gauge, setting, x^+ = p^+τ , the action (13) reads

S_{bos} = − 1 4πα^′ ∫ dσ^2 ( η^{ab}∂_ax^i∂_bx^i + m^2[(x^I )^2 + 4(x^2)^2] − 4mx^2∂_σx^1 ) , (14)

where m = μp^+. From the variation of this action, the equations of motion therefore in the light-cone gauge read

η^{ab}∂_a∂_bx^I − m^2x^I = 0, for I = 3 · · · 8,

η^{ab}∂_a∂_bx^2 − 4m^2x^2 + 2m∂_σx^1 = 0,

η^{ab}∂_a∂_bx^1 − 2m∂_σ x^2 = 0 (15)

subject to the following boundary conditions

∂_σx^I δx^I |_{boundary} = 0, ∂_σx^2δx^2|_{boundary} = 0, ∂_σx^1δx^1 − 2mx^2δx^1|_{boundary} = 0 . (16) Now we can proceed to solve the equation of motion subject to the above boundary condition. In this section we only study the closed string and leave the open string for the next section. The closed string boundary conditions are given by

x^I (τ, σ + 2π) = x^I (τ, σ), x^1(τ, σ + 2π) = x^1(τ, σ), x^2(τ, σ + 2π) = x^2(τ, σ). (17)

Using these boundary conditions one can consider an ansatz for the solution as e^{i(ωτ +nσ)} and the solution is then given by the following mode expansion

x^1 = x^1_0 + α^′p^1_0τ + i √ α^′ 2 ∑ n≠0 1 ω^1_n ( α^1_ne^{inσ} + ~α^1_ne^{−inσ} ) e^{−iω1nτ} + + i √ α^′ 2 ∑ n≠0 1 ω^2_n ( α^2_ne^{inσ} + ~α^2_ne^{−inσ} ) e^{−iω2n τ} , x^2 = x^2_0 cos(2mτ ) + α^′ 2m p^2_0 sin(2mτ ) + √ α^′ 2 ∑ n≠0 sgn(n) n ( α^1_ne^{inσ} − ~α^1_ne^{−inσ} ) e^{−iω1n τ} + + √ α^′ 2 ∑ n≠0 sgn(n) n ( α^2_ne^{inσ} − ~α^2_ne^{−inσ} ) e^{−iω2n τ} x^I = x^I_0 cos(mτ ) + α^′ m p^I_0 sin(mτ ) + i √ α^′ 2 ∑ n≠0 1 ω_n (α^I_ne^{inσ} + ~α^I_ne^{−inσ} )e^{−iωnτ} , (18) where

ω^1_n = m + √ m^2 + n^2 , ω^2_n = m − √ m^2 + n^2 , ω_n = √ m^2 + n^2 , n > 0

ω^1_n = −m − √ m^2 + n^2 , ω^2_n = −m + √ m^2 + n^2 , ω_n = − √ m^2 + n^2 , n < 0. (19) One should also impose the reality condition of fields which leads to the following relations between the coefficients of Fourier modes

α^{1†}_n = α^1_{−n} , α^{2†}_n = α^2_{−n} , α^{I†}_n = α^I_{−n} ,

~α^{1†}_n = α^1_{−n} , ~α^{2†}_n = α^2_{−n} , ~α^{I†}_n = α^I_{−n} .

(20)

3.2 Fermionic sector

Probably the most interesting and also confusing part of the Green-Schwarz action is the quadratic fermionic part. Actually there are several expressions for the quadratic fermionic part of the Green-Schwarz action in a general background for type IIB string theory but with several inconsistencies in signs and numerical factors (for example see [10]).

An expression for the quadratic fermionic part of the Green-Schwarz action in a general background in type IIA is also given in [20]. It seems to us that this action has the same problem as one in type IIB, namely the correct coefficients seem to be different from that appeared for example in equation (2.10) in [20]. Indeed, following [10] one could find a clear principle that defines the relevant part of the action [2]: the differential operator is precisely the supercovariant derivative that appears in the gravitino variation. Using this procedure, the quadratic fermionic action in type IIA is given by i π ∫ d^2σ ( η^{ab}δ_{pq} − ϵ^{ab}(σ_3)_{pq} ) ∂_ax^μθ̄^pΓ_μD_bθ^q, (21)

where θ^p, p = 1, 2 are two 10 dimensional spinors with different chiralities, and σ_3 = diag(1, −1). The generalized covariant derivative, D is given by [21, 22]

D_a = ∂_a + 1 4 ∂_ax^ρ [ (ω_{μνρ} − 1 2 H_{μνρ} σ_3)Γ^{μν} + 1 2 × 4! F_{μνλδ}Γ^{μνλδ} σ_1Γ_ρ ] , (22)

moreover we have also added a factor of half in the last term. As we will see this is needed to get the expected supersymmetric solution. We will give a comment about this later.

In the light-cone gauge we set x^+ = p^+τ, Γ^+θ^p = 0, then the non-zero contribution to the (21) comes only from the term where both the “external” and “internal” ∂_ax^μ factors become p^+δ^μ_+δ^0_a. Therefore the action in the light-cone gauge reads − ip^+ π ∫ dσ^2 θ̄^pΓ_+ ( δ_{pq}D_τ + (σ_3)_{pq}D_σ ) θ^q, (23) where the supercovariant derivatives are given by

D_τ = ∂_τ + 1 4 p^+ [ (ω_{μν+} − 1 2 H_{μν+} σ_3)Γ^{μν} + 1 2 × 4! F_{μνλδ}Γ^{μνλδ} σ_1Γ_+ ] , D_σ = ∂_σ (24)

here σ_i’s are Pauli matrices. Plugging (24) into (23) and taking into account that Γ^+θ^p = 0 one finds the following expression for the quadratic fermoinic action in the light-cone gauge − ip^+ π ∫ dσ^2 [ θ̄^1Γ^−∂_+θ^1 + θ̄^2Γ^−∂_−θ^2 + m 2 ( θ̄^1Γ^−Γ^{12}θ^1 − θ̄^2Γ^−Γ^{12}θ^2 )

+ m ( θ̄^1Γ^−Γ^{234}θ^2 + θ̄^2Γ^−Γ^{234}θ^1 ) ] . (25)

The equations of motion read ( ∂_+ + m 2 Γ^{12} ) θ^1 + mIθ^2 = 0, ( ∂_− − m 2 Γ^{12} ) θ^2 + mIθ^1 = 0 , (26)

where I = Γ^{234}. The fermionic boundary condition is also given by

∂_σ (θ^1Γ^−δθ^1 + θ^2Γ^−δθ^2)(τ, σ = 2π) = ∂_σ(θ^1Γ^−δθ^1 + θ^2Γ^−δθ^2)(τ, σ = 0) (27)

which is satisfied by imposing the periodicity condition on the fermions for closed string theory. The open string sector will be considered in the next section.

Using an ansatz for the fermions as θe^{i(ωτ +nσ)} and θ̃e^{i(ωτ +nσ)} and imposing the closed string boundary conditions, we get the following mode expansion for the fermionic fields

θ^1 = e^{− m2 Γ12τ} ( cos(mτ )θ_0 + sin(mτ ) ~θ_0 )

+ ∑ n≠0 ( e^{−i(ωnτ −nσ)}θ_n + im 2n e^{−i(ωnτ +nσ)} ~θ_n ) , θ^2 = Ie^{− m2 Γ12 τ} ( − sin(mτ )θ_0 + cos(mτ ) ~θ_0 )

+ ( −iI m ) ∑ n≠0 [ (√ m^2 + n^2sgn(n) − n ) e^{−i(ωnτ −nσ)}θ_n + im 2n (√ m^2 + n^2sgn(n) + n ) e^{−i(ωnτ +nσ)} ~θ_n ] , (28)

with

ω_n = − imΓ^{12} 2 + √ m^2 + n^2, n > 0 , ω_n = − imΓ^{12} 2 − √ m^2 + n^2, n < 0 . (29)

The reality condition for the fermionic field implies that θ^{α†}_n = θ^α_{−n}, ~θ^{α†}_n = ~θ^α_{−n} (30) where α is the spinor index.

Since iΓ^{12} has eigenvalues ±1, the fermionic frequencies are the same as bosonic’s up to an m dependent constant. In fact this is what we would expect to get as a necessary condition for the supersymmetry. The situation is very similar to the type IIB PP-wave compactified on a circle using the isometry k_S+_{12} in (3) where the system has 24 charges. This model has been studied in [17] where the relation between bosonic and fermionic modes are the same as our case.

Note that taking another form for the quadratic fermionic part of the action, for example by dropping the factor of half in the last term of supercovariant derivative or that considered in [20] we would get another answer which might not have a reasonable explanation for the supersymmetry which is presence in the system. Regarding this fact, we believe the fermionic action we started with, (21) and (22) is the correct one.

4 Quantization

In this section we proceed to study the canonical quantization of our model considered in the previous section. Again to make our computation more clear we shall consider the bosonic and fermionic sectors separately.

4.1 Bosonic sector

Using the bosonic mode expansion one can write an expression for the canonical momentum P^i = ẋ^i and then using the canonical quantization relation [P^i(τ, σ), x^j(τ, σ^′)] = δ^{ij}δ(σ − σ^′), (31) we get the following commutation relations

[a^I_r, a^J_s ] = [~a^I_r, ~a^J_s ] = sgn(r)δ_{r+s,0} δ^{IJ} , [x^1_0, p^1_0] = [x^2_0, p^2_0] = i ,

[a^1_r, a^1_s ] = [~a^1_r, ~a^1_s ] = −sgn(r)δ_{r+s,0} , [x^I_0, p^J_0 ] = iδ^{IJ} ,

[a^2_r, a^2_s ] = [~a^2_r, ~a^2_s ] = sgn(r)δ_{r+s,0} , [a^2_0, a^2_0] = 1 , [a^I_0, a^I_0] = 1 ,

(32)

where a^n_i and ~a^n_i are defined in terms of the oscillators modes as following

a^2_0 =^1_2 (α^′p^2_0 + 2imx^2_0), a^2_0 =^1_2 (α^′p^2_0 − 2imx^2_0), a^I_0 =^{1√}_2 (α^′p^I_0 + imx^I_0), a^I_0 =^{1√}_2 (α^′p^I_0 − imx^I_0),

a^2_r =^4

√_{4(m2+r2 )} ir α^2_r , a^1_r =^4

√_{4(m2+r2 )} ir α^1_r , a^I_r =^1_4√_{(m2+r2 )} α^I_r ,

~a^2_r =^4

√_{4(m2+r2 )}

ir ~α^2_r , ~a^1_r =^4

√_{4(m2+r2 )}

ir ~α^1_r , ~a^I_r =^1_4√_{(m2+r2 )} ~α^I_r ,

(33)

The light-cone Hamiltonian of bosonic part is given by

H_b = 1 4πα^′ ∫_{2π} 0 dσ ( (P^i)^2 + ∂_σx^i∂_σx^i + m^2[(x^I )^2 + 4(x^2)^2] − 4mx^2∂_σx^1 ) , (34)

which in terms of creation and annihilation operators is

H_b = 4 + 1 2 (α^′p^1_0)^2 + 2a^2_0a^2_0 + a^I_0a^I_0 + ∑ n≠0 ω_nsgn(n) ( a^I_{−n}a^I_n + ~a^I_{−n}~a^I_n )

+ 1 2 ∑ n≠0 ω^1_nsgn(n) ( a^1_{−n}a^1_n + ~a^1_{−n} ~a^1_n ) − 1 2 ∑ n≠0 ω^2_nsgn(n) ( a^2_{−n}a^2_n + ~a^2_{−n} ~a^2_n ) ,(35)

where 4 in the Hamiltonian is the zero point energy, which can easily be read from the zero-mode terms. In fact we have a contribution^1_2 × 2 from x^2 direction and 1 2 × 6 form x^I , I = 3 · · · 8 with altogether come to 4.

4.2 Fermionic sector

The canonical momenta of the fermionic fields are given by

p^1_α = ip^+(Γ^−θ^1)_α , p^2_α = −ip^+(Γ^−θ^2)_α . (36)

The classical Poisson brackets between fermionic fields and their conjugate momenta are {p^i_β , θ^{jα}} = 1 2 (Γ^{11}Γ^+Γ^−)^α_β δ^{ij}δ(σ, σ^′) , Γ^{11} = Γ^0 . . . Γ^9, (37)

which lead to the classical Dirac brackets between fermionic fields {θ^{iα}, θ^{jβ} } = 1 4ip^+ (Γ^+)^{αβ}δ^{ij} δ(σ, σ^′). (38)

To quantize the theory we replace the classical brackets with anticommutators for corresponding creation and annihilation operators. Doing so, the anticommutation relations for fermionic creation and annihilation operators become {ϑ^α_r , ϑ^β_s } = (Γ^+)^{αβ} δ_{r,−s}, { ~ϑ^α_r , ~ϑ^β_s } = (Γ^+)^{αβ}δ_{r,−s} {ϑ^α_0 , ϑ^β_0 } = (Γ^+)^{αβ} , { ~ϑ^α_0 , ~ϑ^β_0 } = (Γ^+)^{αβ}.

(39) where the normalized creation and annihilation operators ϑ^α_i and ~ϑ^α_i in terms of the mode expansion coefficient θ^α_i and ~θ^α_i are defined by

ϑ_r = √_{16p+√m2 +r2} √ m^2 +r^2+rsgn(r) θr, ~ϑ_r = √_{4p+m2√m2+r2} r^2( √ m^2 +r^2−rsgn(r)) ~θ_r ϑ_0 = √ 8p^+θ_0, ~ϑ_0 = √ 8p^+ ~θ_0 .

(40)

Using the equations of motion, the Hamiltonian for fermionic sector takes the following form

H_f = − ip^+ 2π ∫_{2π} 0 dσ(θ^1Γ^−∂_τ θ^1 + θ^2Γ^−∂_τ θ^2), (41)

and in terms of creation and annihilation operators the Hamiltonian reads

H_f = im 16 ( ϑ_0Γ^−Γ^{12}ϑ_0 + ~ϑ_0Γ^−Γ^{12} ~ϑ_0 − 4ϑ_0Γ^− ~ϑ_0 )

− 1 8 ∑ n≠0 ϑ_{−n}Γ^−ω_nϑ_n − 1 8 ∑ n≠0 ~ϑ_{−n}Γ^−ω_n ~ϑ_n . (42)

It can also be seen that the zero point energy is zero for the fermionic sector.

Note that the metric we started with has SO(6) global symmetry while the 4-form RR field breaks the symmetry to SO(2) × SO(4). We might expect to see this symmetry breaking in the fermionic zero mode. We note however that whether the symmetry breaking is manifest in the level of Hamiltonian depends on the way we define the creation and annihilation operators. One could choose the the creation and annihilation operators in such a way that the vacuum preserves SO(6) symmetry, but the zero mode of fermionic Hamiltonian is not SO(6) invariant. On the other hand, one could introduce another set of creation and annihilation operators which preserves only SO(2) × SO(4) global symmetry, but the zero mode of the fermionic Hamiltonian will formally restores the full SO(6) symmetry. Here we have taken the second choice. For the similar discussion for the type IIB on PP-wave background see [2].

Finally we note also that, in the light-cone gauge where we set x^+ = p^+τ , the x^− coordinate can be fixed using the Virasoro constraint. In fact we get the following constraint for x^−

p^+∂_σx^− + ∂_σx^i∂_τ x^i − 4iα^′p^+(θ^1Γ^−∂_σθ^1 + θ^2Γ^−∂_σθ^2) = 0 . (43)

Plugging the mode expansions for bosonic and fermionic fields into this constraint one finds the usual constraint for the left and right moving modes appear in each level, namely N_1 = N_2, (44)

where

N_1 = πα^′ ∑ n≠0 [ n sgn(n) ( −a^1_{−n}a^1_n + a^2_{−n}a^2_n − a^I_{−n}a^I_n ) + nϑ_{−n}Γ^−ϑ_n ]

N_2 = πα^′ ∑ n≠0 [ n sgn(n) ( −~a^1_{−n}~a^1_n + ~a^2_{−n} ~a^2_n − ~a^I_{−n}~a^I_n ) + n ~ϑ_{−n}Γ^− ~ϑ_n ] , (45)

are oscillation numbers for left and right moving sectors in our closed string theory.

5 Open strings

So far, we have considered the closed string on the PP-wave background (6). It is also important to study the open string sector on this PP-wave background. This is because by making use of the open string dynamics we can find and classify Dbranes of the theory. The D-branes of type IIB string theory on the maximally PP-wave background have been studied in [15, 16] where it was shown that the theory has supersymmetric Dp-branes with half of the original supersymmetries only for p = 3, 5, 7. In this section we would like to study D-branes of the type IIA string theory on the PP-wave background (6). Here we will use the notation of [15]. We will separately consider the bosonic and fermionic sectors to make the thing more clear.

5.1 Bosonic sector

In this subsection we study the bosonic open string solutions for the action (14). In the study of open string the essential role is played by the boundary conditions which we can impose for different directions. This could be either Neumann or Dirichlet boundary conditions. We note, however, since our background (6) has also a non-zero B field in “1” and “+” directions we could have mixed boundary condition for these directions as well.

In the light-cone gauge where x^+ = p^+τ the only consistent boundary condition for x^+ is Neumann boundary condition. On the other hand from the bosonic part of the Virasoro constraint we get

∂_σ x^− = − ∂_σx^i∂_τ x^i p^+

(46)

which means for p^+ ≠ 0 the only boundary condition for x^− is Neumann boundary condition too. Therefore the branes we are considering in this section are along x^+ and x^− directions.

For the direction x^I we could choose either Neumann or Dirichlet boundary conditions. For Neumann boundary condition in x^I direction we get

x^I = x^I_0 cos(mτ ) + α^′p^I_0 m sin(mτ ) + i √ 2α^′ ∑ n≠0 α^I_n ω_n cos(nσ)e^{−iωnτ} , (47) which gives the following contribution to the open string Hamiltonian of bosonic sector H_I = a^I_0a^I_0 + N 2 + 2 ∑ n≠0 ω_nsgn(n)(a^I_{−n}a^I_n) , (48)

where N/2 is the zero point energy corresponding to N-Neumann directions. On the other hand, for the Dirichlet boundary condition in x^I direction one finds

x^I = − √ 2α^′ ∑ n≠0 α^I_n ω_n sin(nσ)e^{−iωnτ} , (49) with the following contribution to the open string Hamiltonian in the bosonic sector

H_I = 2 ∑ n≠0 ω_nsgn(n)(a^I_{−n}a^I_n) . (50)

In the above equations, the frequency is defined the same as closed string case, namely ω_n = √ m^2 + n^2 sgn(n).

For x^2 direction the situation is the same as x^I , though with different mode expansion. On the other hand for x^1 direction we could have mixed boundary condition as following

∂_σ x^a + B^a_b ∂_τ x^b = 0, for a, b = +, 1 . (51)

But since the boundary condition for x^+ is always Neumann, the x^1 must obey the following boundary condition

∂_σx^1 − 2mx^2|_{boundary} = 0 . (52)

Looking at the mode expansion of x^2 we realize that for the Dirichlet boundary condition the value of x^2 at the boundary must be zero. From (52) this means that the boundary condition for x^1 must be Neumann. On the other hand for the Neumann boundary condition for x^2 one can show that the condition (52) is not satisfied and therefore we need to set δx^1 = 0 at the boundary, i.e. the boundary condition for x^1 must be Dirichlet. Therefore choosing Neumann boundary condition for x^2 implies that x^1 must have Dirichlet boundary condition and vise versa. In these cases, their mode expansions are given by

1) Neumann boundary condition for x^2

x^2 = x^2_0 cos(2mτ ) + α^′p^2_0 2m sin(2mτ )+ + √ 2α^′ ∑ n≠0 sgn(n) n cos(nσ) ( α^1_ne^{−iω1n τ} + α^2_ne^{−iω2nτ} )

x^1 = − √ 2α^′ ∑ n≠0 sin(nσ) ( α^1_n ω^1_n e^{−iω1nτ} + α^2_n ω^2_n e^{−iω2nτ} ) , (53) with the following contribution to the bosonic Hamiltonian for open string

H_{1,2} = 2a^2_0a^2_0 + 1 + ∑ n≠0 ω^1_nsgn(n) ( a^1_{−n}a^1_n ) − ∑ n≠0 ω^2_nsgn(n) ( a^2_{−n}a^2_n ) (54)

2) Dirichlet boundary condition for x^2

x^2 = i √ 2α^′ ∑ n≠0 sgn(n) n sin(nσ) ( α^1_ne^{−iω1nτ} + α^2_ne^{−iω2nτ} )

x^1 = x^1_0 + α^′p^1_0τ + i √ 2α^′ ∑ n≠0 cos(nσ) ( α^1_n ω^1_n e^{−iω1nτ} + α^2_n ω^2_n e^{−iω2nτ} ) , (55)

and its contribution to the bosonic Hamiltonian is

H_{1,2} = 1 2 (α^′p^1_0)^2 + ∑ n≠0 ω^1_nsgn(n) ( a^1_{−n}a^1_n ) − ∑ n≠0 ω^2_nsgn(n) ( a^2_{−n}a^2_n ) . (56)

In these equations the frequencies are defined the same as closed string case

ω^1_n = (m + √ m^2 + n^2) sgn(n), ω^2_n = (m − √ m^2 + n^2) sgn(n) . (57)

5.2 Fermionic sector

Since θ^1 and θ^2 have different chiralities, the fermionic boundary condition (27) is satisfied for θ^1 = MΓ^0θ^2, (58) where M is made out of product of even number of ten dimensional gamma matrices which satisfies the following conditions

− M^T Γ^0Γ^−MΓ^0 = Γ^− , MΓ^0IMΓ^0I = −1. (59)

Using this boundary condition for open fermionic string, we find the following solution for the fermionic field

θ^1 = e^{− m2 Γ12 τ} ( cos(mτ ) − MΓ^0I sin(mτ ) ) θ_0+ + ∑ n≠0 e^{−iωnτ} [ θ_ne^{inσ} − iMΓ^0I m (√ m^2 + n^2sgn(n) − n ) θ_ne^{−inσ} ] , θ^2 = −Ie^{− m2 Γ12 τ} ( sin(mτ ) + MΓ^0I cos(mτ ) ) θ_0+ + iI m ∑ n≠0 e^{−iωn τ} [(√ m^2 + n^2sgn(n) − n ) θ_ne^{inσ} − imMΓ^0Iθ_ne^{−inσ} ] , (60)

and the fermionic Hamiltonian for the fermionic sectors is given by

H_f = im 16 ϑ_0 ( Γ^−Γ^{12} − IM^T Γ^0Γ^−Γ^{12}MΓ^0I + 4Γ^− MΓ^0I ) ϑ_0−

− 1 8 ∑ n≠0 ϑ_{−n} [ Γ^−ω_n −

4n^2 m^4 ( √ m^2 + n^2sgn(n) − n)^2IM^T Γ^0Γ^−ω_nMΓ^0I ] ϑ_n (61)

where ω_n =^{−imΓ12}_2 + √ m^2 + n^2 sgn(n), the same as the closed string case.

To classify the possible supersymmetric D-branes in type IIA string theory on the PP-wave background (6), we should solve the conditions (59) for M. To do this, it is convenient to define Ω as M = γ^0Ω, which is made out of product of odd number of gamma matrices, i.e. Ω = Γ^{μ1} · · · Γ^{μ2k+1} . These indices correspond to the directions which have Dirichlet boundary condition, in other words, the directions which are transverse to the brane. This shows that we will have even branes.

It turns out that the only solutions for the conditions (59) are

Ω = Γ^a , Ω = Γ^iΓ^j Γ^k , Ω = Γ^aΓ^bΓ^i , Ω = Γ^2Γ^3Γ^4Γ^iΓ^j , Ω = Γ^aΓ^iΓ^j Γ^k Γ^l , Ω = Γ^aΓ^bΓ^iΓ^j Γ^k Γ^lΓ^m , (62)

where a, b, c = 2, 3, 4, and i, j, k, l, m = 1, 5, 6, 7, 8. This means that we can have supersymmetric Dp-branes with p = 2, 4, 6, 8. This is in fact what we would expect from T-duality of corresponding D-branes in type IIB [15].

6 Conclusions

In this paper we have studied type IIA string theory on a PP-wave background which preserves 24 supercharges. This PP-wave background can be obtained from the maximally supersymmetric PP-wave in type IIB using T-duality [17]. This model is exactly solvable. Of course this is what might be expected, because the T-duality does not change the quadratic structure of the action in the light-cone gauge, though it could mix the fields to each others.

An essential fact about our consideration is how to write the type IIA superstring action in a general background. Although the bosonic part has a well-known form, there are several confusions for the quadratic fermionic action. We have been able to fix this using the supercovariant derivative which appears in the gravitino transformation in type IIA superstring theory. This is analogues to that proposed in [2, 10] for type IIB. We have found that using this procedure, the solutions we get are consistent with the supersymmetry of theory.

In this paper we have also considered open string sectors and thereby the possible supersymmetric D-branes in the theory. We found that type IIA in the PP-wave background can not have D0-brane which of course can be understood from the fact that both x^+ and x^− have Neumann boundary condition. Thus we could get Dp-brane for p = 2, 4, 6, 8. This is of course consistent with the result of [15]. There the authors have found that possible supersymmetric Dp-branes are those with p = 3, 5, 7. Starting from Dp-branes in type IIB [15] and applying T-duality as in the section 2 we see that the possible type IIA D-branes are those classified in (62).

References

[1] R. R. Metsaev, “Type IIB Green-Schwarz superstring in plane wave Ramond- Ramond background,” Nucl. Phys. B625 (2002) 70; hep-th/0112044.

[2] R. R. Metsaev and A. A. Tseytlin, “Exactly solvable model of superstring in Ramond-Ramond plane wave background,” hep-th/0202109.

[3] M. Blau, J. Figueroa-O’Farrill, C. Hull, G. Papadopoulos, “A New Maximally Supersymmetric Background of IIB Superstring Theory,” JHEP 0201 (2002) 047, hep-th/0110242.

[4] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, “Penrose limits and maximal supersymmetry,” Class.Quant.Grav. 19 (2002) L87, hepth/0201081.

[5] D. Berenstein, J. Maldacena and H. Nastase, “String in flat space and pp-waves from N = 4 Super Yang Mills,” hep-th/0202021.

[6] N. Itzhaki, I. R. Klebanov and S. Mukhi, “ PP Wave Limit and Enhanced Supersymmetry in Gauge Theories,” JHEP 0203 (2002) 048, hep-th/0202153. J. Gomis and H. Ooguri, “Penrose Limit of N = 1 Gauge Theories,” hepth/0202157.

L. A. Pando Zayas and J. Sonnenschein, “On Penrose Limits and Gauge Theories,” JHEP 0205 (2002) 010, hep-th/0202186.

M. Alishahiha and M. M. Sheikh-Jabbari, “The PP-Wave Limits of Orbifolded AdS_5 × S^5,” Phys.Lett. B535 (2002) 328, hep-th/0203018.

N. Kim, A. Pankiewicz, S-J. Rey and S. Theisen, “Superstring on PP-Wave Orbifold from Large-N Quiver Gauge Theory,” hep-th/0203080. T. Takayanagi and S. Terashima, “Strings on Orbifolded PP-waves,” hepth/0203093.

U. Gursoy, C. Nunez and M. Schvellinger, “RG flows from Spin(7), CY 4-fold and HK manifolds to AdS, Penrose limits and pp waves,” hep-th/0203124. E. Floratos and A. Kehagias, “Penrose Limits of Orbifolds and Orientifolds,” hep-th/0203134.

S. Mukhi, M. Rangamani and E. Verlinde, “Strings from Quivers, Membranes from Moose,” JHEP 0205 (2002) 023, hep-th/0204147.

M. Alishahiha and M. M. Sheikh-Jabbari, “Strings in PP-Waves and Worldsheet Deconstruction,” Phys. Lett. B538 (2002) 180, hep-th/0204174. K. Oh and R. Tatar, “Orbifolds, Penrose Limits and Supersymmetry Enhancement,” hep-th/0205067.

Y. Hikida and Y. Sugawara. “Superstrings on PP-Wave Backgrounds and Symmetric Orbifolds, hep-th/0205200.

C. Ahn, “More on Penrose Limit of AdS_4 × Q^{1,1,1},” hep-th/0205008. C. Ahn, ”Comments on Penrose Limit of AdS_4 × M^{1,1,1},” hep-th/0205109. C. Ahn, “Penrose Limit of AdS_4 × V_{5,2} and Operators with Large R Charge,” hep-th/0206029.

S. G. Naculich, H. J. Schnitzer and N. Wyllard, “pp-wave limits and orientifolds,” hep-th/0206094.

[7] V. E. Hubeny, M. Rangamani and E. Verlinde, “Penrose Limits and Non-local theories,” hep-th/0205258.

[8] M. Blau, J. Figueroa-O’Farrill and G. Papadopoulos,“Penrose limits, supergravity and brane dynamics,” hep-th/0202111.

M. Cvetic, H. Lu and C.N. Pope, “Penrose Limits, PP-Waves and Deformed M2-branes,” hep-th/0203082.

R. Gueven, “Randall-Sundrum Zero Mode as a Penrose Limit,” Phys.Lett. B535 (2002) 309, hep-th/0203153.

S. R. Das, C. Gomez and S-J. Rey, “Penrose limit, Spontaneous Symmetry Breaking and Holography in PP-Wave Background,” hep-th/0203164. M. Cvetic, H. Lu and C.N. Pope, “M-theory PP-waves, Penrose Limits and Supernumerary Supersymmetries,” hep-th/0203229.

H. Lu and J.F. Vazquez-Poritz, “Penrose Limits of Non-standard Brane Intersections,” hep-th/0204001.

A. Parnachev and D. A. Sahakyan, “Penrose limit and string quantization in AdS_3 × S^3,” hep-th/0205015.

S. Seki, “D5-brane in Anti-de Sitter Space and Penrose Limit,” hep-th/0205266. D. Mateos and S. Ng, “Penrose Limits of the Baryonic D5-brane,” hepth/0205291.

E. G. Gimon, L. A. Pando Zayas and J. Sonnenschein, “Penrose Limits and RG Flows,” hep-th/0206033.

A. Feinstein, “Penrose Limits, the Colliding Plane Wave Problem and the Classical String Backgrounds,” hep-th/0206052.

D. Mateos, “Penrose Limits, Worldvolume Fluxes and Supersymmetry.” hepth/0206194.

A.A. Zheltukhin and D.V. Uvarov, “An Inverse Penrose Limit and Supersymmetry Enhancement in the Presence of Tensor Central Charges,” hepth/0206214.

[9] J.G. Russo and A.A. Tseytlin, “On solvable models of type IIB superstring in NS-NS and R-R plane wave backgrounds,” JHEP 0204 (2002) 021, hepth/0202179.

[10] R. Corrado, N. Halmagyi, K. D. Kennaway and N. P. Warner, “Penrose Limits of RG Fixed Points and PP-Waves with Background Fluxes,” hep-th/0205314.

[11] D. Brecher, C. V. Johnson, K. J. Lovis and R. C. Myers, “Penrose Limits, Deformed pp-Waves and the String Duals of N=1 Large n Gauge Theory,” hep-th/0206045.

[12] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, “A semi-classical limit of the gauge/string correspondence,” hep-th/0204051.

[13] S. Frolov and A.A. Tseytlin, “Semi-Classical Quantization of Rotating Superstring in AdS_5 × S^5,” hep-th/0204226.

E. Sezgin and P. Sundell, “Massless Higher Spins and Holography,” hepth/0205131.

J.G. Russo, “Anomalous Dimensions in Gauge Theories from Rotating Strings in AdS_5 × S^5,” hep-th/0205244.

A. Armoni, J.L.F. Barbon and A.C. Petkou, “Orbiting Strings in AdS Black Holes and N=4 SYM at Finite Temperature,” hep-th/0205280. G. Mandal, N. V. Suryanarayana and S. R. Wadia, “ Aspects of Semiclassical Strings in AdS_5,” hep-th/0206103.

M. Alishahiha and M. Ghasemkhani, “Orbiting Membranes in M-theory on AdS_7 × S^4 Background,” hep-th/0206237.

[14] S. R. Das, C. Gomez, S. Rey, “Penrose limit, Spontaneous Symmetry Breaking and Holography in PP-Wave Background,” hep-th/0203164. E. Kiritsis and B. Pioline, “Strings in homogeneous gravitational waves and null holography,” hep-th/0204004.

R. G. Leigh, K. Okuyama, M. Rozali, “PP-Waves and Holography,” hepth/0204026.

[15] A. Dabholkar and S. Parvizi, “Dp Branes in PP-wave Background,” hepth/0203231.

[16] M. Billo’ and I. Pesando, “Boundary States for GS superstrings in an Hpp wave background,” Phys.Lett. B536 (2002) 121, hep-th/0203028. C-S. Chu and P-M. Ho, “Noncommutative D-brane and Open String in pp-wave Background with B-field,” hep-th/0203186.

P. Lee and J. Park, “Open Strings in PP-Wave Background from Defect Conformal Field Theory,” hep-th/0203257.

A. Kumar, R. R. Nayak and Sanjay, “D-Brane Solutions in pp-wave Background,” hep-th/0204025.

D. Bak, “Supersymmetric Branes in PP Wave Background,” hep-th/0204033. K. Skenderis and M. Taylor, “Branes in AdS and pp-wave spacetimes,” JHEP 0206 (2002) 025, hep-th/0204054.

V. Balasubramanian, M-x. Huang, T. S. Levi and A. Naqvi, “Open Strings from N=4 Super Yang-Mills,” hep-th/0204196.

H. Takayanagi and T. Takayanagi, “Open Strings in Exactly Solvable Model of Curved Spacetime and PP-Wave Limit,” JHEP 0205 (2002) 012, hepth/0204234.

H. Singh, “M5-branes with 3/8 supersymmetry in pp-wave background,” hepth/0205020.

P.Bain, P.Meessen and M.Zamaklar, “Supergravity solutions for D-branes in Hpp-wave backgrounds,” hep-th/0205106.

M. Alishahiha and A. Kumar, “D-Brane Solutions from New Isometries of pp- Waves,” hep-th/0205134.

O. Bergman, M. R. Gaberdiel and M. B. Green, “D-brane interactions in type IIB plane-wave background,” hep-th/0205183.

S. Sekhar Pal, “Solution to worldvolume action of D3 brane in pp-wave background.” hep-th/0205303.

S. Hyun and H. Shin, “Branes from Matrix Theory in PP-Wave Background,” hep-th/0206090.

Y. Michishita, “D-branes in NSNS and RR pp-wave backgrounds and Sduality,” hep-th/0206131.

[17] J. Michelson, “(Twisted) Toroidal Compactification of pp-Waves,” hepth/0203140.

[18] I. Bena and R. Roiban, “Supergravity pp-wave solutions with 28 and 24 supercharges,” hep-th/0206195.

[19] J. Michelson, “A pp-Wave With 26 Supercharges,” hep-th/0206204.

[20] M. Cvetic, H. Lu, C.N. Pope and K.S. Stelle, “T-Duality in the Green-Schwarz Formalism, and the Massless/Massive IIA Duality Map,” Nucl.Phys. B573 (2000) 149, hep-th/9907202.

[21] L. J. Romans, “Massive N=2a Supergravity In Ten-Dimensions,” Phys.Lett.

B169 (1986) 374.

[22] S. F. Hassan, “T-Duality, Space-time Spinors and R-R Fields in Curved Backgrounds,” Nucl.Phys. B568 (2000) 145, hep-th/9907152.