arXiv:hep-th/0207093 v1 10 Jul 2002

April, 2002

Partition Function on Not-flat Brane

Kayoko FUJIMURA

Institute of Physics, University of Tsukuba Ibaraki 305-8571, Japan

Abstract

We show that a partition function on the not-flat D1-brane can be written in the same form as that on the flat one in α^′-order. In this case the information of the curvature of the brane configuration is included in tachyon beta function.

1 Introduction and Summary

On a flat D-brane in the bosonic string theory, Born-Infeld action can be obtained as the partition function of the two-dimensional nonlinear sigma model action on an open string world sheet. It is calculated by the path-integral. Then, the factor like Born-Infeld action appears in the scattering amplitudes calculated by the path-integral formalism [1] [2]. In these papers, the scattering amplitudes of closed string states with a D0, 1-brane are studied. It is shown that the Born-Infeld-like factor on the arbitrary configuration of a D-brane can be written as that in the case of a flat brane by renormalizing the embedding function f^μ.

Here we introduce the open string tachyon and calculate the partition function on the arbitrary configuration of a D-brane. It is shown that the partition function can be expressed as the same factor as that on a flat brane up to an α^{′2} order term. In such a case, however, the tachyon beta-function is shifted from that in the flat case.

In this letter we introduce a open string tachyon field and try to cancel a contribution from the curvature of the brane configuration. Following the method of [2], we setup tools needed for calculation in Sect. 2. In Sect. 3 the path-integral is performed and then we obtain the partition function and renormalize a tachyon field.

2 Setup - Geodesic Normal Coordinate Expansion

We deal with a D1-brane in flat 26-dimensional space-time of the bosonic string theory. The bosonic open string world-sheet action with a gauge field A_μ and an open string tachyon field T on the boundary is given by [5] S = 1 4πα^′ ∫ Σ d^2σ̄∂_āX^μ∂_āX^ν η_{μν} + i ∫ ∂Σ dθA_μ(X)∂_θX^μ + 1 ϵ ∫ ∂Σ dθT (X). (2.1) In (2.1) we take the world sheet to be a unit disk Σ and represent its boundary by ∂Σ, θ is the one-dimensional coordinate on ∂Σ, the subscript ā of ∂_āX^ν means the coordinate on the world sheet σ̄, X^μ are the coordinates of the target 26-dimensional space, the metric of the target space is taken as η_{μν} = diag(−1, 1, · · · 1), and ϵ stands for the short distance cutoff parameter.

Following [1] and [2], the partition function for the brane configuration f^μ(X(θ)) is evaluated as Z = c ∫ DX^μ Dt(θ)Dσ(θ)δ(X^μ(θ) − f^μ(t(θ), σ(θ))) exp(−S), (2.2) where t and σ are the coordinates on the D1-brane and c is an overall factor independent of A and T .

Using the method in [4], we reduce the two-dimensional action to the one-dimensional action on boundary of the world-sheet^∗: S = 1 4πα^′ X^μ · N^{−1}_{μν} · X^ν + i ∫ ∂Σ dθA_μ · ∂_θX^μ + ∫ ∂Σ dθ T ϵ . (2.3) The Neumann function N and its inverse are given by N^{μν} = η^{μν} 1 π ∑ k=1 1 k e^{−kϵ} cos k(θ − θ^′) (2.4) N^{−1}_{μν} = η_{μν} 1 π ∑ k=1 e^{−kϵ}k cos k(θ − θ^′). (2.5) The dot in (2.3) means the following operation; A · B(θ, θ^′) = ∫_{2π} 0 dϕA(θ, ϕ)B(ϕ, θ^′). (2.6) In order to calculate the partition function(2.2), we expand f in terms of the geodesic normal coordinates ζ^a [1][2][3];

f^μ(t(θ), σ(θ)) = f^μ(t, σ) + ∂_af^μ(t, σ)ζ^a(θ) + 1 2 K^μ_{ab}(t, σ)ζ^a(θ)ζ^b(θ) + 1 3! K^μ_{abc}(t, σ)ζ^a(θ)ζ^b(θ)ζ^c(θ) + · · · , (2.7) where h_{ab} = ∂_af^μ∂_bf^ν η_{μν} , (2.8) h^{ab} = (h^{−1}), (2.9) K^μ_{ab} = P^{μν} ∂_a∂_bf_ν = ∂_a∂_bf^μ − ∂_cf^μΓ^c_{ab} = ∇_a∇_bf^μ, (2.10) η^{μν} = h^{μν} + P^{μν} , (2.11) h^{μν} = ∂_af^μh^{ab}∂_bf^ν . (2.12)

∗ It is imposed that ∂F and ∂∂∂T can be ignored.

∇ denotes the covariant derivative for the subscripts a and b, h_{ab} the induced metric on the D1-brane, Γ^c_{ab} the Christoffel symbol for the induced metric h_{ab}, K^μ_{ab} the extrinsic curvature, and P^{μν} and h^{μν} stand for projectors to orthogonal and tangent directions to the D1-brane, respectively.

Following the background field method, we separate X(θ) into the zero-mode x and the fluctuation ξ(θ), X^μ(θ) = x^μ + ξ^μ(θ) with the condition ∮ ∂Σ dθξ^μ (θ) = 0. (2.13) Then the δ-function splits into factors corresponding to the different modes; δ(X^μ(θ) − f^μ(t(θ), σ(θ))) = δ(x^μ + ξ^μ(θ) − f^μ(t, σ) − ∂_af^μ(t, σ)ζ^a(θ) − · · ·) = δ(x^μ − f^μ(t, σ))δ(ξ^μ(θ) − ∂_af^μ(t, σ)ζ^a(θ) − · · ·) = ∫ Dν_{0μ} exp [ i ∫ dθν_{0μ}(x^μ − f^μ(t, σ)) ] · ∫ Dν_μ exp [ i ∫ dθν_μ(θ)(ξ^μ(θ) − ∂_af^μ(t, σ)ζ^a(θ) − · · ·) ] . Note that the fluctuation of X^μ comes from the change of the place where the open string is connected to the D1-brane, but not from the change of the form of the function f, that is, the change of the form of the D1-brane.

On the other hand, we transform the fields ξ^μ to ρ^a for which the determinant of the metric is −1.^† ξ^μ(σ^ā) = ê^μ_Aρ^A(σ^ā), (2.14) x^A = ê^A_μ x^μ, ê^μ_a = N^b_a∂_bf^μ(t, σ) a, b = 0, 1, (2.15) ê^μ_α = N^β_α e^μ_β , (2.16) ê^μ_aê_{μα} = 0, ê^μ_αê_{μβ} = δ_{αβ}. † We can take ρ^a to be the orthonormal coordinates [2], but we do not so here for simplicity.

where A, a and α denote all space-time directions, tangent and orthogonal directions to the D1-brane, respectively. Normalization factors are N^A_B = diag(N_0, N_1, 1, · · · , 1), N_0 = 1 √ −h_{00} , N_1 = √ h_{00} h , h = det(h_{ab}). (2.17) In the same time new tensors are defined as h̄_{AB} = 2πα^′ê^μ_Aê_{μB} = diag(h̄_{ab}, δ_{αβ}), h̄_{ab} = ê^μ_aê_{μb} = [ N^2_0 h_{00} N_0N_1h_{01} N_0N_1h_{01} N^2_1 h_{11} ] , det(h̄_{ab}) = −1, (2.18) F̄_{AB} = 2πα^′ê^μ_Aê^ν_BF_{μν} , F̄_{ab} ≠ 0, ū_{AB} = 2πα^′ê^μ_Aê^ν_B∂_μ∂_ν T, ū_{ab} ≠ 0, ν̂_A = ê^B_A ν_B, ν̂_{0A} = ê^B_A ν_{0B}.

In the following discussion the metrics in (2.4) and (2.5) change from η to h̄; The Neumann functions with the new metric are denoted by N^{AB} and N^{−1}_{AB}. It is supposed that A_μ is nonzero only for the component tangent to the D1-brane, and A and T depend only on the coordinates tangent to the D1-brane. In this case F̄_{αA} and ū_{αA} vanish and then ū can be written in the covariant form ū_{ab} = 2πα^′N^c_a N^d_b ∂_cf^μ∂_df^ν ∂_μ∂_ν T = 2πα^′N^c_a N^d_b ∇_c∇_dT. (2.19) By use of them, the action is rewritten in terms of ρ: S = 1 4πα^′ [ ρ^A · N^{−1}_{AB} · ρ^B + i ∫ ∂Σ dθF̄_{AB}(x^A)ρ^A∂_θρ^B + 1 ϵ ∫ ∂Σ ū_{AB} (x^A)ρ^Aρ^B + · · · ] , + 1 ϵ ∫ ∂Σ dθa(x^A), (2.20) where · · · means higher derivative terms of A_μ and T , and we ignore them here. In this action, regarding the terms from the tachyon field, a and ū, as perturbation,^‡ the conditions imposed on ρ^a and ρ^α are N^{−1}_{ab} · ρ^b(θ) + iF̄_{ab}∂_θρ^b(θ) = 0 (2.21) N^{−1}_{αβ} · ρ^β (θ) = 0. (2.22)

‡ If ū is included in the Green function, the Partition function looks like that in [8].

On the other hand, the conditions from the δ-function are given by ρ^a(θ) = (N^{−1})^a_b [ ζ^b(θ) − 1 3! K^μ_{cd}K_{μlm}h^{bc}ζ^d(θ)ζ^l(θ)ζ^m(θ) + · · · ] , (2.23) ρ_α(θ) = ê_{αμ} [ 1 2 ∂_a∂_bf^μζ^a(θ)ζ^b(θ) + 1 3! { ∂_a∂_b∂_cf^μ − 3Γ^d_{ab}∂_d∂_cf^μ } ζ^a(θ)ζ^b(θ)ζ^c(θ) + · · · ] . (2.24) From (2.22) we can put ρ^α as zero.

The Green function

Let think about the Green function for (2.22). The Green function satisfies the following condition;

N^{−1}_{AB} · M̄^{BC} + iF̄_{AB}∂_θM̄^{BC} = δ^C_A δ(θ − θ^′). (2.25) A solution of this equation is [5]

M̄^{AB} (θ, θ^′) = 1 π ∞∑ k=1 1 n e^{−ϵn}[G^{−1AB} cos n(θ − θ^′) + iΘ^{AB} sin n(θ − θ^′)], (2.26)

where G^{−1} and Θ are respectively symmetric and antisymmetric tensors defined as ( 1 h̄ − F̄ )_{AB} = G^{−1AB} + Θ^{AB} . (2.27) The Green function (2.26) has the short distance divergence such that M̄^{AB} (θ, θ) = 1 π ∞∑ k=1 1 n e^{−ϵn}G^{−1AB} = − 1 π G^{−1AB} ln ϵ + O(ln(1 − ϵ)). (2.28) The first term in (2.28) diverges as ϵ closes to zero.

3 Path Integral

Let carry out the calculations of the path integrals. At first, we integrate with respect to ρ^a. Since the integration of ρ^α give only a factor independent of A, T and those derivatives, we do not deal with it.

The part of the exponent of the partition function including ρ^a is I_ρa = ∫ Dρ^a exp { − 1 4πα^′ [ρ^a · N^{−1}_{ab} · ρ^b + iF̄_{ab}ρ^a · ∂_θρ^b + 2πα^′∂_ρ(F_{μν} )ê^ρ_aê^μ_b ê^ν_c ρ^a · ρ^b∂_θ x^c + 1 ϵ ū_{ab}ρ^a · ρ^b + O(ρ^3)] + iν̂_a · ρ^a } . (2.29) We treat ū and ∂F as perturbation. Integrating with respect to ρ^a, we have I_ρa ∝ [Det^′(N^{−1}_{ab} + iF̄_{ab}∂_θ)]^{−1}[1 − iπα^′ ∫ dθ∂_ν (F_{ρμ})ê^ν_aê^ρ_bê^μ_c M̄^{ab}(θ, θ)∂_θ x^c − 1 2ϵ ∫ dθtr[ūM̄(θ, θ)] ] exp[−πα^′ν̂_a · M̄^{ab} · ν̂_b]. (2.30) Det is defined as the determinant with respect to modes of the fields and Det^′ stands for also the determinant excluding the contributions from zero-modes. det and tr are defined as that with subscripts a and b.

Let integrate with respect to ν̂_a. The part of Z including ν̂_a is I_{ν̂a} = ∫ Dν̂_a exp[−πα^′ν̂_a · M̄^{ab} · ν̂_b − i ∫ dθν̂_aJ^a], (2.31) where J^a = (N^{−1})^a_e ( ζ^e − 1 3! K^μ_{ab}K_{μcd}h^{ea}ζ^bζ^cζ^d + O(ζ^4) ) . (2.32) Then we obtain I_{ν̂a} ∝ [Det^′(M̄^{ab})]^{−1} exp { − 1 4πα^′ J^a · M̄^{−1}_{ab} · J^b } . (2.33) The factor [Det^′(M̄^{ab})]^{−1} is canceled by the factor [Det^′(N^{−1}_{ab} + iF̄_{ab}∂_θ)]^{−1}.

Finally we integrate over ζ^a. In order to identify the derivative expansion with the α^′ expansion, we rescale ζ as follows: ζ^a = N^a_b √ α^′ζ̄^b, Dζ^a = 1 α^′ √ −hDζ̄^a. (2.34) The exponent including ζ̄^a is obtained as − 1 4π ∫ dθdθ^′ [ ζ̄^a(θ)D_{ab}(θ, θ^′)ζ̄^b(θ^′) − α^′ 3 N^{b′}_b N^{c′}_c N^{d′}_d (N^{−1})^e′ K^μ_a′_b′ K_{μc}′_d′ h^{e′ a′} (M̄^{−1}(θ, θ^′))_{ea}ζ̄^b(θ)ζ̄^c(θ)ζ̄^d(θ)ζ̄^a(θ^′) ]

+ O(α^{′ 32} ), (2.35) where

D_{ab}(θ, θ^′) = (M̄^{−1}(θ, θ^′))_{ab} + i2πα^′N^{a′}_a N^{b′}_b ν̂^α(θ)ê_{αμ}∂_a′ ∂_b′ f^μδ(θ − θ^′). (2.36)

Since ν̂^α does not have the zero mode and M̄^{ab}(θ, θ) is independent of θ, ∫ dθν̂^α(θ)M̄^{ab}(θ, θ) vanishes. Then, Det^′(D) = Det^′(M̄^{−1}) + O(α^{′2}).

By integration with respect to ζ, regarding α^′ higher order terms as perturbation, the partition function becomes Z ∝ ∫ DxDtDσδ(x^μ − f^μ(t, σ)) √ −h[Det^′(M̄^{−1})]^{− 12} exp ( − 1 ϵ ∫ dθT (x) )

{1 − iπα^′ ∫ dθ∂_ν (F_{ρμ})ê^ν_aê^ρ_bê^μ_c M̄^{ab}(θ, θ)∂_θx^c − 1 2ϵ ∫ dθ [ ū_{ab}M̄^{ba}(θ, θ) + α^′ 3 π[2N^{b′}_b N^{c′}_c K^μ_a′_b′ K_{μc}′_d′ h^{d′a′}M̄^{bc}(θ, θ) + N^{c′}_c N^{d′}_d K^μ_a′_b′ K_{μc}′_d′ h^{a′b′}M̄^{cd}(θ, θ)] + O(α^{′ 32} ) ]} , (2.37)

where

[Det^′(M̄^{−1})]^{− 12} = [Det^′(M̄ )]^{12} = √ det(h̄ + F̄ ). (2.38)

In the calculation of (2.38) we used the zeta-function regularization.

It is shown that the α^′ reading terms include divergences and the partition function is the same form as that on the flat D-brane when these divergent terms are canceled.

β function of tachyon

We have shown that the α^′ leading terms include divergences. Since the term proportional to ∂(F ) vanish when F is constant, the divergence included in the second term in (2.37) is ignored. We renormalize the tachyon field to cancel other two terms in (2.37). The renormalized tachyon denoted by T_R is defined in the α^′ order as follows:

T (x) = ϵ [T_R + tr[ūG^{−1}] ln ϵ + α^′ 3 (2N^{b′}_b N^{c′}_c K^μ_a′_b′ K_{μc}′_d′ h^{d′ a′} G^{−1bc} + N^{c′}_c N^{d′}_d K^μ_a′_b′ K_{μc}′_d′ h^{a′b′} G^{−1cd}) ln ϵ ] . (2.39)

Substituting (2.19) to (2.39), the beta-function of a tachyon becomes β_T = − [T_R + 2πα^′N^{a′}_a N^{b′}_b G^{−1ab}∇_a′ ∇_b′ T_R + α^′ 3 (2N^{b′}_b N^{c′}_c K^μ_a′_b′ K_{μc}′_d′ h^{d′ a′} G^{−1bc} + N^{c′}_c N^{d′}_d K^μ_a′_b′ K_{μc}′_d′ h^{a′b′} G^{−1cd}) ] . (2.40)

The β_T is different from that of the case of a flat brane by an inhomogeneous term. Because of the term the tachyon satisfies the equation different from that of the flat brane under the condition that the beta function vanishes. We see that the geometrical information of the brane configuration is included in the tachyon.

The effective action S including the tachyon is related to the partition function Z [5, 9]. Coefficients of the divergent terms in (2.37), the tachyon kinetic term and the term including the extrinsic curvatures, are scheme dependent and we can determine these coefficients from the claim that^{δS}_{δT} = 0 is equivalent to β_T = 0 [5, 10]. In general this calculation is complicated. Exceptionally in the case where the last term in (2.40), the normalization factor N^a_b , the induced metric h̄_{ab} and the field strength F̄_{ab} are constant (for example when the D1-brane forms a tube), we can determine these coefficients as in the flat case^§.

Acknowledgement

We would like to thank Dr. M. Naka for encouragement. We also grateful to Dr. Y. Satoh and Dr. K. Mohri for helpful discussions on several points in this paper. And we thank to Prof. T. Kobayashi for valuable comments.

§ Alternately we define the new field

T̃ = T + α^′ 3 (2N^{b′}_b N^{c′}_c K^μ_a′_b′ K_{μc}′_d′ h^{d′a′} G^{−1bc} + N^{c′}_c N^{d′}_d K^μ_a′_b′ K_{μc}′_d′ h^{a′b′} G^{−1cd}). (2.41) Then β_T = 0 means that T̃ satisfies the ordinary equation of motion of the tachyon on a flat brane and we can obtain the effective action as that on the flat brane.

References

[1] S. Hirano and Y. Kazama, “Scattering of Closed String States from a Quantized D-particle,” Nucl. Phys. B499 (1997) 495, hep-th/9612064.

[2] S. Kar and Y. Kazama, “Interaction of D-string with F-string: A Path-Integral Formalism,” Int. J. Mod. Phys. A14 (1999) 1531, hep-th/9807239.

[3] L. Alvalez-Gaumé, D. Z. Freedman and S. Mukhi, “The Background Field Method and the Ultraviolet Structure of the Supersymmetric Nonlinear σ-model,” Annals Phys. 134 (1981) 85.

[4] E. S. Fradkin and A. A. Tseytlin, “Non-linear Electrodynamics from Quantized Strings,” Phys. Lett. 163B (1985) 123.

[5] A. A. Tseytlin, “Sigma Model Approach to String Theory Effective Actions with Tachyons,” J. Math. Phys. 42 (2001) 2854, hep-th/0011033.

[6] A. A. Tseytlin, “Ambiguity in the Effective Action in String Theories,” Phys. Lett.

B176 (1986) 92.

[7] A. A. Tseytlin, “Renormalization of Möbius Infinities and Partition Function Representation for the String Theory Effective action,” Phys. Lett. B202 (1988) 81.

[8] K. Okuyama, “Noncommutative Tachyon from Background Independent Open String Field Theory”, Phys. Lett. B499 (2001) 167, hep-th/0010028.

[9] E. Witten, “On Background Independent Open-string Field Theory”, Phys. Rev.

D46 (1992) 5467, hep-th/9208027; “Some Computations in Background Independent Off-shell String Theory”, Phys. Rev. D47 (1993) 3405, hep-th/9210065; S. L. Shatashvili, “Comment on the Background Independent Open String Theory”, Phys.Lett. B311 (1993) 83, hep-th/9303143; “On the Problems with Background Independence in String Theory”, hep-th/9311177.

[10] A. A. Gerasimov and S. L. Shatashvili, “On Exact Tachyon Potential in Open String Field Theory”, JHEP 0010 (2000) 034, hep-th/0009103; D. Kutasov, M. Mariño and

G. Moore, “Some Exact Results on Tachyon Condensation in String Field Theory”, JHEP 0010 (2000) 045, hep-th/0009148.