arXiv:hep-th/0207188 v1 20 Jul 2002

CERN-TH/2001-380 ACT-06/02, CPT-TAMU-16/02

hep-th/0207188

Universal Calabi-Yau Algebra:

Towards an Unification of Complex Geometry

F. Anselmo^1, J. Ellis^2, D.V. Nanopoulos^3 and G. Volkov^4 1 INFN-Bologna, Bologna, Italy 2 Theory Division, CERN, CH-1211 Geneva 23, Switzerland 3 Dept. of Physics, Texas A & M University, College Station, TX 77843-4242, USA, HARC, The Mitchell Campus, Woodlands, TX 77381, USA, and Academy of Athens, 28 Panepistimiou Avenue, Athens 10679, Greece 4Theory Division, CERN, CH-1211 Geneva, Switzerland, LAPP TH, Annecy-Le-Vieux, France, and St Petersburg Nuclear Physics Institute, Gatchina, 188300 St Petersburg, Russia Abstract

We present a universal normal algebra suitable for constructing and classifying Calabi- Yau spaces in arbitrary dimensions. This algebraic approach includes natural extensions of reflexive weight vectors to higher dimensions, related to Batyrev’s reflexive polyhedra, and their n-ary combinations. It also includes a ‘dual’ construction based on the Diophantine decomposition of invariant monomials, which provides explicit recurrence formulae for the numbers of Calabi-Yau spaces in arbitrary dimensions with Weierstrass, K3, etc., fibrations. Our approach also yields simple algebraic relations between chains of Calabi-Yau spaces in different dimensions, and concrete visualizations of their singularities related to Cartan-Lie algebras. This Universal Calabi-Yau Algebra is a powerful tool for decyphering the Calabi- Yau genome in all dimensions.

CERN-TH/2001-380 July 2002

1 Introduction: an Algebraic Way to Unify Calabi-Yau Geometry

Geometrical ideas play ever-increasing rôles in the quest to unify all the fundamental interactions. They were introduced by Einstein in the formulation of general relativity, and extended to higher dimensions by Kaluza and Klein in order to include electromagnetism. This is described by the geometrical principle of gauge invariance, which is also used in the formulation of the strong and weak interactions. The only known framework for combining gravity with these other interactions is String Theory, which has introduced a host of new geometrical ideas into physics.

One of the key problems in String Theory [1, 2, 3, 4] is its reduction from ten to four dimensions, which is also naturally approached from a geometrical point of view, though algebraic approaches are also possible. One of the most powerful ways of compactifying the six surplus dimensions is on a Calabi-Yau manifold, namely a complex compact manifold with Kähler structure and an SU(3) holonomy group [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19]. Extensions of the concept of Calabi-Yau manifolds to other numbers of complex dimensions are also interesting for various purposes. For example, K3 spaces, which may be regarded as Calabi-Yau manifolds in four real (two complex) dimensions, have been known and studied for a long time. They may be related to gauge groups using methods of algebraic geometry, via Coxeter-Dynkin diagrams [20, 21, 10, 22, 23, 24, 25, 26, 27, 28, 29, 30]. Other useful examples are Calabi-Yau spaces in eight real (four complex) dimensions, which are used in the compactification of F theory from twelve to four dimensions.

One way of constructing at least some Calabi-Yau manifolds is as solutions of homogeneous polynomial equations in weighted projective spaces, i.e., polynomial equations in n variables whose monomial exponents ⃗μ_α satisfy the relation ⃗k · ⃗μ_α = d, where the ⃗k = (k_1, ..., k_{n+1}) are n + 1 positive weights that determine the set of monomials ⃗m_α, and d is given by the sum of the components of k_i, i.e., d = k_1 + ... + k_{n+1}. The ⃗μ_α = (μ_1, ..., μ_{n+1})_α are the set of n + 1 exponents that characterize the possible monomials m_α, where α runs over the set of integer monomials allowed by the Calabi-Yau equation. All Calabi-Yau spaces are not derivable from weighted projective spaces, but one can obtain many other (possibly all) Calabi-Yau manifolds as the intersections of two or more such spaces.

A useful technique for constructing Calabi-Yau spaces in any number of dimensions is to visualize the various possible monomials m_α = (x^{μ1}_1 x^{μ2}_2 ...x^{μn+1}_n )_α as the (μ_1, ..., μ_{n+1})_α points in the Z_{n+1} integer lattice of an n-dimensional polyhedron. Using this technique, Batyrev [10] demonstrated how to associate by explicit construction a mirror polyhedron to each Calabi-Yau space. This approach also established in a very elegant way [26] the corresponding mirror duality among Calabi-Yau spaces [31, 33].

Some topological properties of Calabi-Yau manifolds in six dimensions, namely their Euler numbers, are related to the numbers of chiral matter generations in string theory compactified on them. The Euler and Hodge numbers are directly calculable in the Batyrev approach, without solving the Calabi-Yau equations.

We have recently proposed an algebraic approach [34, 35] to the construction of Calabi- Yau manifolds, in which the geometrical structure of the Batyrev polyhedra, and therefore the associated gauge groups, are derived from an algebraic structure of the weight vectors ⃗k. This opens the way to a generalization of Candelas’ results to higher dimensions. It may also provide a deeper understanding of the origin of gauge symmetry, which appears naturally in singular limits of Calabi-Yau spaces. Moreover, our algebraic approach provides a unified framework for ‘decyphering the Calabi-Yau genome’, that may ultimately prove suitable for understanding which of many Calabi-Yau manifolds has been chosen by Nature to compactify string theory, if any.

In our previous articles [34, 35] we explained how to proceed constructively by first constructing the weight vectors ⃗k in a given dimension n out of sets of between two and n vectors ⃗k in lower dimensions. Our technique was first to extend the lower-dimensional vectors by adding zero components in any position in order to obtain n-dimensional ‘extended’ vectors. These were then combined in binary, ternary, etc., operations to obtain allowed n-dimensional vectors and hence Calabi-Yau spaces, which are associated into chains characterized by their eldest and youngest vectors. The eldest vectors substantially determine the structure of all vectors in the chain, and knowledge of these suffices to obtain much of the important physical information, reminiscent of the situation with eldest weight vectors and representations of Cartan-Lie algebras. The resulting Universal Calabi-Yau Algebra (UCYA) structure of reflexive weight vectors in different dimensions depends on two integer parameters: the arity r of the combination operation ω_r, and the dimension n.

As an example of the extension procedure in the case of K3 manifolds, we classified [34] the 95 different possible weight vectors ⃗k in 22 binary chains generated by pairs of extended vectors, which included 90 of the total, and 4 ternary chains generated by triplets of extended vectors, which yielded 91 weight vectors of which 4 were not included in the binary chains. The one remaining K3 weight vector was found in a quaternary chain [34]. This algebraic construction provides a convenient way of generating all the K3 weight vectors, and arranging them in chains of related vectors whose overlaps yield further indirect relationships.

Moreover, as we discuss in more detail in this paper, our construction builds higherdimensional Calabi-Yau spaces systematically out of lower-dimensional ones, enabling us to enumerate explicitly their fibrations. As examples, we showed previously [34, 35] how our construction reveals elliptic and K3 fibrations of CY_3 manifolds. Our approach may also be used to obtain the projective weight vector structure of a mirror manifold, starting from those of a given Calabi-Yau manifold.

The main purpose of this article is to develop further the understanding of this universal algebraic approach to constructing Calabi-Yau manifolds in various numbers of dimensions with all possible structures, introducing a new technique based on the Diophantine decomposition of invariant monomials (IMs).

Our construction of a Universal Calabi-Yau algebra (UCYA) is based on the two integer parameters, arity and the dimension of the reflexive weight vectors (RWVs), that are connected one-to-one with Batyrev’s reflexive polyhedra. We discussed previously how these could be classified using the natural extensions of lower-dimensional vectors and their combination via binary, ternary, etc., operations. The main innovation in this paper is the introduction of a complementary algebraic approach to the construction of Calabi-Yau spaces, based on the construction of suitable monomials ⃗μ obeying the ‘duality’ condition: ⃗k · ⃗μ_α = d. This new ‘dual’ approach is based on suitable decompositions of invariant monomials (IMs) of given dimensionality, yielding eldest vectors that could only be obtained by higher-order n-ary operations in the previous approach. This construction supplements the previous geometrical method related to Batyrev polyhedra, and enables one to calculate the numbers of eldest vectors, and hence chains, in arbitrary dimensions. We verify explicitly that the eldest vectors found in the two different ways agree in several instances for both CY_3 and CY_4 spaces, providing increased confidence in our results. The study of the Calabi-Yau equations and the associated hypersurfaces via the remarkable composite properties of IMs provides an alternative algebraic route to reflexive polyhedron techniques. We recall that the arity-dimension parameter structure is directly connected to the singularity properties of Calabi-Yau hypersurfaces, and thereby to the types of Cartan-Lie algebras. Using these remarkable properties one can hope to decypher the Calabi-Yau genome in any dimension.

We emphasize the complementarity between our approach and that of [27], which is more geometrical, being based on the classification of the all reflexive Batyrev polyhedra: see also [28]. Our method is more algebraic, being based on the construction of the weight vectors ⃗k and/or the corresponding monomials ⃗m. Central rôles are played in our approach by the composite structures in lower dimensions ≤ (d − 1) of CY d-folds, and the algebraically dual ways of expansions using weight vectors ⃗k and invariant monomials (IMs). By analogy with the Galois normal extension of fields, we term the first way of expanding weight vectors a normal extension, and the dual decomposition in terms of IMs we call the Diophantine expansion. These two expansion techniques are consistently combined in our algebraic approach, whose composition rules exhibit explicitly the internal structure of the Calabi-Yau algebra. Our method is closely connected to the well-known Cartan method for constructing Lie algebras, and reveal various structural relationships between the sets of Calabi-Yau spaces of different dimensions. Furthermore, this information is relatively easy to obtain without large computer facilities. We interpret our approach as revealing a ‘Universal Calabi-Yau Algebra’ [36] for the following reasons: ‘Universal’ because it may, in principle, be used to generate all Calabi-Yau manifolds of any dimension with all possible substructures, and ‘Algebra’ because it is based on a sequence of binary and higher n-ary operations on weight vectors and monomials.

We first summarize in Section 2 essential aspects of the UCYA based on normal extensions of weight vectors, as introduced in our previous articles [34, 35]. Then, in section 3 we use this method to review some results derived previously for K3 and CY_3 spaces, and to derive some new results for CY_4 spaces. We then develop in Section 4 our new ‘dual’ method based on the decomposition of monomials, and use it to confirm our previous results on CY_3 and CY_4 spaces. We also show that the method of invariant monomials can give recurrence formulae valid in all dimensions for Calabi-Yau spaces with specific fibrations. We illustrate this by examples of Calabi-Yau spaces of arity r = d, with some specific types of elliptic fibres like {7}_Δ, {9}_Δ, {10}_Δ. Finally, Section 5 summarizes the conclusions and prospects of this algebraic approach.

2 The Main Elements of Universal Calabi-Yau Algebra

2.1 Basic Framework

In the search for a universal classification of Calabi-Yau spaces, one should consider the complex projective algebraic spaces CP^n with homogeneous coordinates or their quasihomogeneous generalizations, including toric varieties [37, 38], since the only complex compact submanifold (with analytic structure) embedded in C^n is a point [13]. The starting point for our algebraic approach to the classification of Calabi-Yau spaces has therefore been the construction of ‘reflexive’ weight vectors ⃗k, whose components specify the complex quasihomogeneous projective spaces CP^n(k_1, k_2, ..., k_{n+1}). These have (n + 1) quasihomogeneous coordinates x_1, ..., x_{n+1}, which are subject to the following identification:

(x_1, . . . , x_{n+1}) ∼ (λ^{k1} · x_1, . . . , λ^{kn+1} · x_{n+1}). (1)

In the case of CP^n projective spaces there exists a very powerful conjecture, called Chow’s theorem, that each analytic compact (closed) submanifold in CP^n can be specified by a set of polynomial equations. The set of zeroes of quasihomogeneous polynomial equations, hereafter referred to as Calabi-Yau equations, define a projective algebraic variety in such a weighted projective space.

A d-dimensional Calabi-Yau space X_d can be given by the locus of zeroes of a transversal quasihomogeneous polynomial ℘ of degree deg(℘) = [d] : [d] = ∑_{n+1} j=1 k_j in a complex projective space CP^n(⃗k) ≡ CP^n(k_1, ..., k_{n+1}) [11, 12]: X ≡ X^{(n−1)}(k) ≡ {⃗x = (x_1, ..., x_{n+1}) ∈ CP^n(k)|℘(⃗x) = 0}. (2) The general quasihomogeneous polynomial of degree [d] is a linear combination ℘ = ∑ ⃗μ_α c_{⃗μα} x^{⃗μα} (3)

of monomials x^{⃗μα} = x^{μ1α}_1 x^{μ2α}_2 ...x^{μ(r+1)α}_{r+1} with the condition: ⃗μ_α · ⃗k = [d]. (4) This algebraic projective variety is irreducible if and only if its polynomial is irreducible. A hypersurface will be smooth for almost all choices of polynomials. To obtain Calabi-Yau d-folds one should choose reflexive weight vectors (RWVs), related to Batyrev’s reflexive polyhedra or to the set of IMs. Other examples of compact complex manifolds can be obtained as the complete intersections (CICY) of such quasihomogeneous polynomial constraints: X^{(n−r)}_{CICY} = {⃗x = (x_1, . . . x_{n+1}) ∈ CP^n | ℘_1(⃗x) = . . . = ℘_r(⃗x) = 0}, (5) where each polynomial ℘_i is determined by some weight vector ⃗k_i, i = 1, . . . , r.

We also recall the existence of mirror symmetry, relating each Calabi-Yau manifold to a dual partner, which was first observed pragmatically in the literature [7, 8, 9, 32, 33] to which we return later.

2.2 The Holomorphic-Quotient Approach to Toric Geometry

In the toric geometry approach, algebraic varieties are described by a dual pair of lattices Λ and Λ^∗, each isomorphic to Z^n, and a fan Σ [37] defined on Λ^∗_R, the real extension of the lattice Λ^∗. In the new holomorphic-quotient approach of Batyrev [10] and Cox [38], a single homogeneous coordinate is assigned to the system specified by the variety ℧_Σ, in a way similar to the usual construction of CP^n. This holomorphic-quotient construction immediately gives us the usual description in terms of projective spaces, and moreover describes naturally the elliptic, K3 and other fibrations of Calabi-Yau spaces that interest us.

The integer points of Δ^∗ ∩ Λ^∗ define one-dimensional cones

(⃗v_1, ..., ⃗v_N ) = Σ^1_Δ∗

of the fan Σ_Δ∗ , to each of which one can assign a coordinate x_k : k = 1, ..., N. The onedimensional cones span the vector space Λ^∗_R and satisfy (N − n) linear relations with nonnegative integer coefficients: ∑ l k^l_j⃗v_l = 0, k^l_j ≥ 0. (6)

These linear relations can be used to determine relations of equivalence on the space C^N \Z_Σ∗ . A variety ℧_{ΣΔ∗} is the space C^N \Z_{ΣΔ∗} modulo the action of a group which is product of a finite Abelian group and the torus (C^∗)^{(N −n)} : (x_1, ..., x_N ) ∼ (λ^{k1j} x_1, ...., λ^{kNj} x_N ), j = 1, ..., N − n. (7) The set Z_{ΣΔ∗} is defined by the fan in the following way:

Z_{ΣΔ∗} = ⋃ I ((x_1, ..., x_N )|x_i = 0, ∀i ∈ I) (8)

where the union is taken over all index sets I = (i_1, ..., i_k) such that (⃗v_{i1} , ..., ⃗v_{ik} ) do not belong to the same maximal cone in Σ^∗, or several x_i can vanish simultaneously only if the corresponding one-dimensional cones ⃗v_i are from the same cone. The elements of Σ^∗_1 are in one-to-one correspondence with divisors

D_{vi} = ℧_Σ1i_{Δ∗} . (9)

The divisors D_{vi} are subvarieties given simply by x_i = 0. The divisors D_{vi} form a free Abelian group Div(℧_{ΣΔ∗} ). In general, a divisor D ∈ Div(℧_{ΣΔ∗} ) is a linear combination of some irreducible hypersurfaces with integer coefficients: D = ∑ a_i · D_{vi} . (10)

The points of Δ∩Λ are in one-to-one correspondence with the monomials in the homogeneous coordinates x_i. A general polynomial is given by

℘ = ∑ ⃗μ∈Δ∩Λ c_{⃗μ} Λ^∗∏ l=1 x^{⟨⃗vl,⃗μ⟩+1} l . (11)

The equation ℘ = 0 is well defined, and ℘ is holomorphic if the following condition ⟨⃗v_l, ⃗μ⟩ ≥ −1 for all l (12) is fulfilled. The c_{⃗μ} parametrize a family of M_Δ of Calabi-Yau surfaces defined by the zero locus of ℘.

We see that toric varieties can be defined by the quotient C^k\Z_Σ, not only by a group (C\0)^{k−n}. One should divide C^k\Z_Σ also by a finite Abelian group G(v_1, ..., v_k), that is determined from the relations between the D_{vi} divisors. In this case, the toric varieties can often have orbifold singularities, C^k\G. Orbifolding of a manifold M by a group G gives a new orbit space M ⇒ M/G (13) which is characterized by the identification x ∼ y of all points x, y ∈ M, such that x = g(y), g ∈ G. (14) The isotropy subgroup G_P is determined by the following condition:

G_{xP} = {g ∈ G : g · x_P = x_P , x_P ∈ M } ∈ G. (15) These points are called fixed points, and yield singularities of the hypersurface M/G. If G acts freely, i.e., if g · x_P = x_P for some g ∈ G implies g = 1, then the projection p : M ⇒ M/G (16) is called a covering projection.

Similarly, due to the transformations x_i → λ^{ki} x_i, λ ∈ C^∗, whose orbits define points of CP^n , the weighted projective space has singular strata

F_I = P^n( −→ k ) ⋂ [x_i = 0, ∀i ∈ (1, ..., n + 1) \ I] if the subset of ([k_i], i ∈ I), has a non-trivial common factor N_I . The possible singular sets on X are either points or curves. In the cases of singular points, these singularities are locally of the type C^2/G, whilst a singular curve has locally a C^3/G singularity, where G is a discrete group. Both types of singularities and their resolution can be described by the methods of toric geometry, using the ‘blow-up’ procedure [11, 12, 30]. For example, resolving the C^2/Z_n singularity gives for rational, i.e., genus zero, (-2)-curves an intersection matrix that coincides with the A_{n−1} Cartan matrix. For a general form of the C^2/G singularity, one can show [11] using the condition K = 0 that G is a discrete subgroup of SU(2). Any discrete subgroup of SU(2) can be projected into a subgroup of SO(3), and thus can be related to the finite symmetry classification of three-dimensional space. Thus, resolving the orbifold singularities yields a beautiful interrelation between the classification of finite group rotations in three-space and the ADE classification of Cartan-Lie algebras.

2.3 Calabi-Yau Spaces as Toric Fibrations

A huge set of the reflexive polyhedra corresponding to Calabi-Yau manifolds can be classified by their fibration structures. In this way it is possible, as we show explicitly later, to connect the structures of all the projective vectors in one specific dimension with the projective vectors of other dimensions and, as a result, to construct a new algebra acting on the set of all reflexive weight vectors (RWVs), giving the full set of CY_d hypersurfaces in all dimensions: 1 ≤ d < inf.

To understand this better, we provide more information about two operations, intersection and projection, that give information about the possible fibration structures of CY_d spaces defined via reflexive polyhedra [26, 29]:

• There may exist a projection operation π : Λ → Λ_{n−k} , where Λ_{n−k} is an (n − k)- dimensional sublattice and π(Δ) is also a reflexive polyhedron;

• There may exist an intersection operation σ through the origin of a reflexive polyhedron, such that σ(Δ) is a again a (n − l)-dimensional reflexive polyhedron;

• These operations exhibit the following duality properties:

π(Δ) ⇔ σ(Δ^∗) σ(Δ) ⇔ π(Δ^∗). (17)

For a reflexive polyhedron Δ with fan Σ^∗ over a triangulation of the facets of Δ^∗, the Calabi-Yau hypersurface in the variety ℧_Σ∗ is given by the zero locus of the polynomial ℘. One can consider the variety ℧_Σ∗ as a fibration over the base ℧_{Σbase} with generic fibre ℧_{Σf ibre} .

This fibration structure can be written in terms of homogeneous coordinates. The fibre is determined as an algebraic subvariety by the polyhedron Δ^∗_{f ibre} ⊂ Δ^∗_{CY} , and the base can be seen as projection of the fibration along the fibre. The set of one-dimensional cones in Σ_{base} (the primitive generator of a cone is zero or ~⃗v_i) is the set of images of one-dimensional cones in Σ_{CY} (the primitive generator is ⃗v_j ) that do not lie in N_{f ibre}. The image Σ_{base} of Σ_{CY} under Π : N_{CY} → N_{base} gives us the following relation:

Π⃗v_i = r^j_i · ~⃗v_j (18)

if Π⃗v_i is in the set of one-dimensional cones determined by ~⃗v_j r^j_i ∈ N, otherwise r^j_i = 0.

Similarly, the base space is the weighted space with the toroidal structure:

(x̃_1, ..., x̃~_N ) ∼ (λ^{k̃1j} · x̃_1, ..., λ^{k̃Ñj} · x̃~_N ), j = 1, ..., Ñ − ñ, (19) where the k̃^i_j are integers such that ∑ j k̃^j_i ~⃗v_j = 0. The projection map from the variety ℧_Σ to the base can be written as

x̃_i = ∏ j x^{rij}_j , (20) that corresponds to a redefinition of the torus transformation for x̃_i: Π : x̃_i → λ^{kjl ·rij} · x̃_i, ∑ k^j_l · r^i_j · ~⃗v_i = 0. (21)

A simple well-known example with an elliptic fibre and base P^1 is given by the following Weierstrass equation for the fibre. To illustrate how this may appear, we consider the case of a dual pair of polyhedra Δ(P^3(1, 1, 4, 6)[12]) and its dual Δ^∗. The mirror polyhedron contains, as intersection H through the interior point, the elliptic fibre P^2(1, 2, 3). For all integer points of Δ^∗ (excluding the interior point) one can write the corresponding complex variables:

⃗v_1 = (0, −2, −3) → x_1 ⃗v_2 = (0, −1, −2) → x_2 ⃗v_3 = (0, −1, −1) → x_3

⃗v_4 = (0, 0, −1) → x_4 ⃗v_0 = (0, 0, 0) ⃗v_6 = (0, 1, 0) → x_6 ⃗v_7 = (0, 0, 1) → x_7 (22) and ⃗v_8 = (−1, −4, −6) → x_8 ⃗v_9 = (1, 0, 0) → x_9. (23)

There are some linear relations between integer points inside the fibre:

⃗v_1 + 2 · ⃗v_6 + 3 · ⃗v_7 = 0,

⃗v_2 + ⃗v_6 + 2 · ⃗v_7 = 0,

⃗v_3 + ⃗v_6 + ⃗v_7 = 0, ⃗v_4 + ⃗v_7 = 0 (24)

and we have the relation between all the points in Δ^∗:

⃗v_8 + ⃗v_9 + 4 · ⃗v_6 + 6 · ⃗v_7 = 0. (25)

We see later that, according our algebraic approach, this example corresponds to the case of the eldest RWV ⃗k_8 = (1, 1, 1, 1, 1, 1, 8, 13)[27], which defines a CY_6 space that has an elliptic K3 fibre. The 7-dimensional polyhedron corresponding to this CY_6 has an intersection consisting of the 3-dimensional polyhedron Δ(P^3(1, 1, 4, 6)). This example indicates that the toric description ‘closes upon itself’ and has a natural extension to higher dimensions. This provides additional motivation for an algebraic description of Calabi-Yau geometry in all dimensions. The toric holomorphic approach can be embedded naturally in the UCYA: see [34, 35] and Sections 3 and 4.

The polyhedron Δ(P^3(1, 1, 4, 6)) is contains 39 points, which can be subdivided as follows. The even points of the fibre P^2(1, 2, 3) are determined by the intersection of the plane m_1 + 2 · m_2 + 3 · m_3 = 0 with the positive integer lattice. This plane separates the remaining 32 points into 16 ‘left’ and 16 ‘right’ points. These ‘left’ and ‘right’ points each have structures isomorphic to the Coxeter-Dynkin diagrams for E_8, and their singularities can be used to produce these groups, as we now illustrate.

The 7 points of the plane H(Δ) = m_1 + 2m_2 + 3m_3 are the following:

t_1 = (5, −1, −1) → (x^6_8x^6_9) · (x^6_1x^4_2x^3x^2_4), t_2 = (3, 0, −1) → (x^4_8x^4_9) · (x^4_1x^3_2x^2_3x^2_4x_6), t_3 = (2, −1, 0) → (x^3_8x^3_9) · (x^3_1x^2x^2_3x_4x_7), t_4 = (1, 1, −1) → (x^2_8x^2_9) · (x^2_1x^2x_3x^2_4x^2_6), t_5 = (0, 0, 0) → (x_8x_9) · (x_1x_2x_3x_4x_6x_7), t_6 = (−1, 2, −1) → (x_2x^2_4x^3_6), t_7 = (−1, −1, 1) → (x_3x^2_7). (26)

One can write the Weierstrass equation for the E_{8L} group based on the polyhedron Δ(P^3(1, 1, 4, 6)) in the form:

x^3_6 + x^2_6 · (a^{(1)}_2 x_8x^3_9 + a^{(2)}_2 x^4_9) + x^4_1 · x_6 · (a^{(1)}_4 x^3_8x^5_9 + a^{(2)}_4 x^2_8x^6_9 + a^{(3)}_4 x_8x^7_9 + a^{(4)}_4 x^8_9) + x^6_1 · (a^{(1)}_6 x^5_8x^7_9 + a^{(2)}_6 x^4_8x^8_9 + a^{(3)}_6 x^3_8x^9 + a^{(4)}_6 x^2_8x^{10}_9 + a^{(5)}_6 x_8x^{11}_9 + a^{(6)}_6 x^{12}_9 ) = x^2_7 + a_1 · x_6x_7 · x^2_9 + x_7 · (a^{(1)}_3 x^2_8x^4_9 + a^{(2)}_3 x_8x^5_9). (27)

The second Weierstrass equation for the E_{8R} group can be obtained from this equation by interchanging base variables: x_8 ↔ x_9. The coefficients a_i correspond to the notations of the paper by Bershadsky et al. [22]. The Weierstrass triangle equation can be presented in the following general form, where we write x_6 ≡ x, x_7 ≡ y:

y^2 + a_1 · x · y + a_3 · y = x^3 + a_2 · x^2 + a_4 · x + a_6, (28)

and the a_i are polynomial functions on the base. In a more simplified form, the Weierstrass equation can be written as:

y^2 = x^3 + x · f + g, (29) with discriminant Δ = 4f^3 + 27g^2. (30) In the zero locus of the discriminant, some divisors D_i define the degeneration of the torusfibre. If one can choose the polynomials f and g to be homogeneous of orders 8 and 12, respectively, the fibration will degenerate over 24 points of the base. For this form of Weierstrass equation, there exists an ADE classification of degenerations of elliptic fibres, as given by Kodaira [22]. In this approach, the type of degeneration of the fibre is determined by the orders a, b, c of the zeroes of the functions f, g and δ. For the case under consideration, one has two singularities at x_8 = 0 and x_9 = 0 with (a = 4, b = 5, c = 10), both corresponding to E_8. The general algoritm for the ADE classification of elliptic singularities for the general Weierstrass equation was considered by Tate [23, 22]. Tate’s algorithm allows one to define in general the type of Lie-algebra singularity. The example of the K3 space determined by the RWV ⃗k_4 = (1, 1, 3, 4)[9] is displayed in Fig. 1.

As an example of the use of these observations, we consider F -theory, which can be considered as a decompactification of the type-IIA string. Our understanding of the duality between the heterotic string and type-IIA string in D = 6 dimensions can be used in the duality between heterotic string on T^2 and F -theory on an elliptically fibred K3 hypersurface. The gauge group is directly defined by the above ADE classification of the quotient singularities of hypersurfaces. The Cartan matrix of the Lie group in this case coincides, up to a sign, with the intersection matrix of the blown-down divisors. There are two different mechanisms for enhancing the gauge groups on the F -theory side and on the heterotic string theory side. On the F -theory side, the singularities of the Calabi-Yau hypersurface give rise to the gauge groups, but on the heterotic side the singularities can enhance the gauge group if ‘small’ instantons of the gauge bundle lie on these singularities. These questions have been studied as a function of the number of instantons placed on a singularity of type G, where G is a simply laced group.

Furthermore, the elliptic CY_n (n = 3, 4) with K3 fibres can be also used to study F - theory dual compactifications of the E_8 × E_8 or SO(32)- string theory. To study this in toric geometry, one may consider a K3-polyhedron fibre as a subpolyhedron of the CY_n polyhedron, and the Dynkin diagrams of the gauge groups of the type-IIA string (F -theory) compactifications on the corresponding threefold (fourfold) can be seen in the polyhedron of this K3 hypersurface. Of course, one could also consider the case of an elliptic CY_4-fold with CY_3 fibre, where the latter is a Calabi-Yay hypersurface with K3 fibre.

We recall [34] that the lattice structure of the K3 projective vectors obtained by a binary construction exhibits a very interesting correspondence between the Dynkin diagrams for Cartan-Lie groups in the A, D series and E_{6,7,8} and particular reflexive weight vectors (see also Figure 1):

⃗k_1 = (1) ↔ A_r; ⃗k_2 = (1, 1) ↔ D_r;

⃗k_3 = (1, 1, 1) ↔ E_6; ⃗k_3 = (1, 1, 2) ↔ E_7;

⃗k_3 = (1, 2, 3) ↔ E_8. (31)

This appearance in Calabi-Yau geometry of the A, D and E series of Cartan-Lie algebras is connected [34] with specific one- (two-) (three-)dimensional structures in an auxiliary complex space.

2.4 The Arity-Dimension Structure of Universal Calabi-Yau Algebra

Our objective is to construct an universal algebra [36] acting on the set of reflexive weight vectors in all dimensions, A_n ≡ {RWV(n)}, and the corresponding set of invariant monomials, {IMs(n)}, which is ‘dual’ to A_n in the sense of (4). We note that the number of IMs is much less the full set of monomials ⃗m_α : 1 ≤ α ≤ α_{max} which determine the Calabi-Yau equation. Through the IMs one can determine the highest vectors of the chains and also the full list of weight vectors in the corresponding chain. To see this, we start from the unit IM in some dimension n and then, via a Diophantine expansion, can go on to determine the conic IMs, the cubic IMs, the quartic IMs, etc.. Similarly, one can continue this process of studying the set of IMs via the Diophantine expansions of conic IMs, of cubic IMs, etc..

The RWVs and IMs provide independent routes for constructing explicitly Calabi-Yau spaces of arbitrary dimension (including CICYs). The resulting UCYA structure of RWVs in different dimensions depends on two integer parameters, including the ‘arity’ r defined below, as well as the dimension n. An overview in the (n, r) plane is shown in Fig. 2, where the entries A^{(r)}_n label the types of possible eldest vectors, corresponding to ‘chains’ of related Calabi-Yau spaces.

As we have just discussed, the algebraic-geometry realization [11, 12, 26] of Coxeter- Dynkin diagrams provides a general characterization of the possible structures in singular limits of Calabi-Yau hypersurfaces. Thus, a deeper understanding of the origins of gauge invariance provides an additional motivation for studying string vacua via our unification of the complex geometry of d = 1 elliptic curves, complex tori, K3 manifolds, CY_3, CY_4, etc. This point is illustrated in Fig. 2, where the points on the the first three sloping lines, labelled A_r (red), D_r (green) and E (blue), correspond to those d-folds that are characterized by the ‘maximal’ quotient A, D, E singularities, respectively^1. As we discuss later in more detail, this characterization of the types of singularities is directly connected to the degrees of the associated monomials - linear, conics, cubics, quartics, etc., that appear along the corresponding sloping lines.

We now consider in detail important operations in the (r, n) plane. We seek a map from the sets, A_i, of reflexive weight vectors (RWVs) of lower dimensions i = 1, 2, 3, ..., p < n to the set of RWVs of dimension n, A_n. For this purpose, we define on the space A_p = ∪^p_{i=1}A_i of RWVs a set ω_r : (p = n−r +1) of operations combining r elements, where r = 0, 1, 2, 3, ..., n: ω_r : A_p ⋆ A_p ⋆ ... ⋆ A_p r → A_n. (32)

We term r the arity (or rank) of ω_r [36]. An operation of arity r = 0 on A, called a nullary (or constant) operation, selects one element of A. An operation of arity r = 1 on A is just a mapping of A into A, termed a unary operation, and higher-order operations with arity r = 2(3) are binary (ternary) operations, etc.. The precise sense of the symbol “⋆” will be provided later, together with a description of the normal property of the algebra. It is possible to generate all n-dimensional weight vectors if one already knows all the RWVs of lower dimensions 1, 2, ..., n − 1, using the unary, binary, ternary, ... , r = n-ary composition operations ω_r .

The first step in this programme is to define a sequence of unary operations consisting of extensions of the RWVs ⃗k_i ∈ A_i : i < n to n-dimensional RWVs ∈ A_n: A_i → {A^{ex}_i }_{(n)}, obtained simply by adding one or more zero components to this vector in any location (see Figure 2):

{A_{n−1} : ⃗k_{(n−1)} = (........)} → {{A^{ex}_{n−1}}_n : ⃗k^{(ex)}_n = (..., 0, ...) + all permutations} {A_{n−2} : ⃗k_{(n−2)} = (........)} → {{A^{ex}_{n−2}}_n : ⃗k^{(ex)}_n = (..., 0, ..., 0, ...) + all permutations} {A_{n−3} : ⃗k_{(n−3)} = (........)} → {{A^{ex}_{n−3}}_n : ⃗k^{(ex)}_n = (..., 0, ..., 0, ..., 0, ...) + all permutations} ........ = ........................................................... (33) In this first step, the extensions of all reflexive vectors of orders 1, 2, ..., i, ..., (n−1) define sets of extended weight-vectors Æ^i_n corresponding to operations ω_r of arity r = n+1−i = 2, 3, ...n:

1To be more precise, the D line includes also A-type singularities, and the E line includes also D-type and A-type singularities.

(A_1, A_2, A_3, ..., A_{n−1}) → ∪^{i=n−1}_{i=1} {A^{ex}_i }_{(n)} ≡ Æ^{(n−1)}_{(n)} , (A_1, A_2, A_3, ..., A_{n−2}) → ∪^{i=n−2}_{i=1} {A^{ex}_i }_{(n)} ≡ Æ^{(n−2)}_{(n)} , .................... = ................. (A_1, A_2, A_3) → ∪^{i=3}_{i=1} {A^{ex}_i }_{(n)} ≡ Æ^{(3)}_{(n)} (A_1, A_2) → ∪^{i=2}_{i=1} {A^{ex}_i }_{(n)} ≡ Æ^{(2)}_{(n)} (A_1) → {A^{ex}_1 }_{(n)} ≡ Æ^{(1)}_{(n)}, (34)

with the following embeddings

Æ^{(1)}_{(n)} ⊂ Æ^{(2)}_{(n)} ⊂ Æ^{(3)}_{(n)} ⊂ . . . ⊂ Æ^{(n−2)}_{(n)} ⊂ Æ^{(n−1)}_{(n)} (35)

defined naturally.

The second step consists of a set of m-ary operations (where the arity m = 2, 3, ..., r_{max} = n) to get the complete list of the RWVs of dimension n: arity = 2 : ( Æ^{(n−1)}_{(n)}

)_2

= Æ^{(n−1)}_{(n)} ⋆ Æ^{(n−1)}_{(n)} =⇒ (A^2_n) arity = 3 : ( Æ^{(n−2)}_n

)_3

= Æ^{(n−2)}_n ⋆ Æ^{(n−2)}_n ⋆ Æ^{(n−2)}_n =⇒ (A^3_n) arity = ............................................................................................. arity = (n − 2) : ( Æ^{(3)}_{(n)} )_{(n−2)} = Æ^{(3)}_{(n)} ⋆ .... ⋆ Æ^{(3)}_{(n)} =⇒ (A^{n−2}_n )

arity = (n − 1) : ( Æ^{(2)}_{(n)} )_{(n−1)} = Æ^{(2)}_{(n)} ⋆ .... ⋆ Æ^{(2)}_{(n)} =⇒ (A^{n−1}_n )

arity = n : ( Æ^{(1)}_{(n)} )_n = Æ^{(1)}_{(n)} ⋆ .... ⋆ Æ^{(1)}_{(n)} =⇒ (A^n)

(36)

where A^r_n is the set of RWVs with arity r, and A^1_n ≡ A_n.

The specification of the algebraic formalism for the expansion technique is then completed by defining the symbol ⋆ appearing in the above r-ary composition operations on the sets Æ^{(n−r+1)} n :

ω_r : Æ^{(n−r+1)} n ⋆ Æ^{(n−r+1)} n ⋆ ... ⋆ Æ^{(n−r+1)}_n r =⇒ A^r_n. (37)

The symbol ⋆ defines the ‘intersection’ of r different extended weight vectors, in the sense that they share a common set of invariant monomials ⃗μ_α satisfying simultaneously the r conditions: ⃗μ_α · ⃗k^{i(ex)}_n = d_i, (38) where i = 1, 2, ..., r. We term the ω_r operation on the set Æ^{(n−r+1)}_n normal if the intersections ⃗k^{(ex)}_n ∈ Æ^{(n−r+1)}_{(n)} of some r extended weight vectors, where 2 ≤ r ≤ n, give a normal object in the sense that:

if i=r⋂ i=1 ( ⃗k^{(ex)}_n )_{(i)} = {□^{ref} }_{n−r} ( ⃗k^{(ex)}_n )_{(i)} ∈ Æ^{(n−r+1)} (n) , then i=r⋃ i=1 ( ⃗k^{(ex)}_n )_{(i)} = ⃗k_n, {⃗k_n}_R ∈ A^r_n. (39)

The term normal is appropriate for the following reasons. One is that the extensions of all the RWVs in lower dimensions 1 ≤ i ≤ (n − 1) to the next dimension n give the complete list of RWVs of dimension n, just as the usual normal Galois extension of a field K includes all the roots of polynomial equations: if a polynomial over the field K has one root in the normal extension P , all the roots must be in the field P . Another reason why the term normal is appropriate is connected with our conjecture that this extension is also complete under mirror duality, i.e., all the mirror CY_d spaces with d = n − 2 can also expressed in terms of RWVs with lower dimensions 1 ≤ i ≤ n or their extended vectors. This conjecture will be illustrated later in the case of K3 mirror partners.

We use below two examples of such a normal object {□^{ref} }_{n−r} , one of which can be identified geometrically as a reflexive Batyrev polyhedron, and the other algebraically as a set of invariant monomials (IMs). An analysis in which the symbol {□^{ref} }_{n−r} is identified as a Batyrev polyhedron [34] is illustrated in the Fig. 3. It served as our first way of identifying the 4242 chains of CY_3 spaces with arity 2, and we use it here to derive some new results for CY_4 spaces. A second way of deriving these results, where the symbol {□^{ref} }_{n−r} is identified with sets of IMs, is discussed in Section 3. There we use the IM approach to rederive previous results for K3 and CY_3 spaces, to obtain further results for CY_4, and to derive some results for arbitrary dimension n.

In the IM case, the symbol ⋃ .. means a simple linear algebraic sum of the extended RWVs, ⃗k^{(ex)}_n ∈ {Æ}^{(n−r+1)}_{(n)} , which give the following set:

i=r⋃ i=1 ( ⃗k^{(ex)}_n )_{(i)} = m_1 ( ⃗k^{(ex)}_n )_{(1)} + . . . + m_r ( ⃗k^{(ex)}_n )_{(r)} = { ⃗k_n } R ⊂ A^r_n, (40)

where m_1 ≥ 1, . . . , m_r ≥ 1 are positive integers that determine a whole chain, {⃗k_n}_R, of RWVs with some common properties. In general this normal ω_r operation gives the structure of the chain and directly determines the eldest vector, corresponding to the minimal values, m_1 = m_2 = ... = m_r = 1. To determine the complete listing of the chain, we must specify all these coefficients m_i. As discussed later, this may be done using mirror duality or a Diophantine expansion.

An operation ω_r that yields such a normal object is a special r-ary operation that yields specific algebraic relations between the RWVs in different dimensions, defining a ‘dual’ relation between the ⋃ and ⋂ operations. In order to specify correctly such an ω_r operation, one should study more carefully the sets {Æ}^{(n−r+1)}_n .

First, one should use in ω_r only r independent extended RWVs. Independence here means that one should take only those r extended vectors whose intersections give an object of dimension n − r. This may conveniently be done by constructing from the r extended RWVs the r × n rectangular matrix A_{r×n} and to check that the determinant of the r × r matrix A_{r×n} · A^T_{r×n} does not vanish.

Secondly, there are requirements concerning the self-consistency of the algebra with respect to the algebraic operations of different arities. This is familar in mathematics from the theories of rings and fields, in which two binary operations exist, and there are additional conditions on the simultaneous actions of these two operations, such as the law of distributivity. We term the following analogous property of this algebra, which plays an important role for arities r > 2 also as ‘distributivity’: If a RWV can be obtained by two or more operations with different arities, e.g., with arities 2 and 3, this vector will be considered a ‘good’ weight vector only if it is determined correctly by all arity operations.

We must impose this requirement because even weight vectors which can be got from ‘good’ arity 3, 4, . . . , r operations may actually not be reflexive, because they cannot be obtained legitimately by constructions of lower arity 2, 3, . . . , r − 1. We call them false vectors. So, if a weight vector is ‘good’ from the point of view of arity 2, it cannot be ‘false’ from the point of view of the higher arities, ω_r ≥ 3. Also, if a weight vector is ‘good’ from the viewpoint of arity 3, and has no arity 2 structure, it cannot be ‘false’ with respect to the arities ω_r ≥ 4 etc. In other words, there is an ‘ordering’ of the arity operations, according to which lower arities ‘control’ higher arities. We exhibit later some examples of ‘false’ vectors in the CY_3 case.

Thirdly, we must clarify the notions of reducible and irreducible chains and eldest vectors. Sometimes, one finds by operations with the same arity r two or more chains/eldest vectors with the same intersection structure and, moreover, one chain can be expressed in terms of another chain, i.e.:

ak^{ex}_1 + bk^{ex}_2 + ck^{ex}_3 = ãk̃^{ex}_1 + b̃k̃^{ex}_2 + c̃k̃^{ex}_3 , (41)

where all the coefficients a, b, c and ã, b̃, c̃ are positive integers. There exists a ‘minimal’ basis in terms of which all reducible chains can be constructed as linear combinations with positive integer coefficients. This issue is transparent in the IM method, which is powerful enough to provide more solutions than we need to determine the chains. For example, there is an irreducible chain of CY_4 spaces of arity ω_r = 4, corresponding to the third E_r line, that can be constructed from the following extended vectors,

⃗k^{1(ex)} = (0, 0, 1, 0, 1, 0) = e_1, ⃗k^{2(ex)} = (1, 0, 0, 2, 3, 0) = e_2, ⃗k^{3(ex)} = (0, 1, 0, 2, 3, 0) = e_3, ⃗k^{4(ex)} = (0, 0, 1, 0, 0, 1) = e_4, (42)

Other sets of weight vectors generate the same chain, one example being

⃗k′^{1(ex)} = (1, 0, 0, 2, 3, 0) = e^′_1 = e_2, ⃗k′^{2(ex)} = (0, 1, 0, 2, 3, 0) = e^′_2 = e_3, ⃗k′^{3(ex)} = (0, 0, 3, 0, 1, 2) = e^′_3 = e_1 + 2e_4, ⃗k′^{4(ex)} = (0, 0, 3, 0, 2, 1) = e^′_4 = 2e_1 + e_4, (43)

One can easily check that the intersections are the same for these two chains, and that ∑ m^′_i ⃗k^{′i(ex)} ⊂ ∑ m_j⃗k^{j(ex)}, where i, j = 1, ..., 4.

The choice m_1 = 1, m_2 = 1 is always possible for the binary case, and determines what we term the eldest RWV in the chain. With the above clarification, in general there is also a unique eldest RWV for good operations with arity r > 2. There also exists a set of coefficients m_i which determines the youngest RWV [34] in the chain. The set of possible values for the coefficients m_i determining a chain is easiest to find for the double chains with arity r = 2. The maximal values for m_1 and m_2 are determined by the dimensions of the extended vectors ( ⃗kex_n )_{(2)} and ( ⃗kex_n )_{(1)}

, respectively. There are analogous rules for triple and higher-order chains [34]. The RWVs inside a chain can also be enumerated using the technique of decomposing the IM that determines the chain [35].

Thus, in the framework of the UCYA, it is enough to know the arity-dimension structure for the eldest RWVs, as seen in Fig. 3, just as the eldest weights determine representations of Cartan-Lie algebras. The tremendous numbers of RWVs and/or reflexive polyhedra may then be found in any specific cases of interest.

We have seen above how the composition operations ω_r with 2 ≤ r ≤ n give a universal, normal and self-consistent map of the set of RWVs of lower dimensions 1, 2, . . . , (n − r + 1) into to the set of n-dimensional RWVs: ω_r : ⃗k_1, ⃗k_2, . . . , ⃗k_{(n−r+1)} =⇒ ⃗k_n, 2 ≤ r ≤ n. (44) Thus, a given RW V (n) : ⃗k_n ∈ A_n can be obtained in ≤ (n − 1) different ways, depending on the arity structure. More exactly, constructions with arity r = 2 correspond to the structure of (n − 1)-dimensional sections of the set of RWVs or relflexive polyhedra, and constructions with arity r = n correspond to the trivial point sections of the RWVs or reflexive polyhedra. The union of all such subsets should give the full list of all n-dimensional RWVs with all possible internal structures, as seen in Fig. 2: r=n⋃ r=2 (A^r_n) = (A^{(1)}_n ) ≡ (A_n). (45)

The extension mechanism provides the ω_r composition operations of this algebra for all possible arities 2 ≤ r ≤ n. This extension is normal, because we consider d-dimensional objects which have definite universal structure properties common for all dimensions. The condition for such a normal extension applies if there are composition operations that allow one to reconstruct objects with every possible internal structure in any dimension d, if one has already knows their structures in lower dimensions (d−1), (d−2), . . . , 1. Indeed, information in only the lowest dimension is sufficient. Conversely, it is possible to determine algebraically the properties of objects in lower dimensions, starting from objects in higher dimensions.

The restriction that the geometrical structure of such objects in any given dimension d remembers the structures of objects in lower dimensions, (d − 1), (d − 2), . . . , 1 is closely connected with the intersection-projection mirror duality: σ ↔ π. Concretely, it means that for any p : d > p > 0, there should exist at least one (d − p) intersection or (d − p) projection in which one can see a (d − p)-dimensional object with similar properties. This property is reflected in the following ‘normal’ expansion series and associated ’factor’ set:

℧_0 ⊲ ℧_1 ⊲ ℧_2 ⊲ . . . ℧_n ⊲ . . . (46)

σ̂ {℧_1} = ℧_0 or π̂ {℧_1} = ℧_0 σ̂ {℧_2} = ℧_1 or π̂ {℧_2} = ℧_1 σ̂ {℧_3} = ℧_2 or π̂ {℧_3} = ℧_2 . . . . . . σ̂ {℧_d} = ℧_{d−1} or π̂ {℧_d} = ℧_{d−1} . . . . . . (47)

where we denote by σ̂ {...} the (d − 1)-dimensional intersection and by π̂ {...} the (d − 1)- dimensional projection of the d-dimensional hypersurface from the set ℧_d, respectively.

This series is reminiscent of the sequence of normal field extensions in Galois theory, reinforcing our interpretation of the UCYA as a ‘normal’ algebra. However, the fact that one should use two dual-conjugate operations, intersection σ̂ and projection π̂, to complete the procedure of extension is an essential new feature beyond Galois theory. For the construction of the Universal Calabi-Yau Algebra via the r-ary composition operations ω_r of the RWVs, it is not enough to use only the intersection operators, but one should also use the intersectionprojection duality.

Combined with the arity structure, this duality gives very naturally the fibre structures of CY_d hypersurfaces. To see these, one needs to use a link between the two polyhedra in a mirror pair. In the holomorphic quotient formalism [38], one can easily see that the intersection of the mirror partner determines a corresponding fibre structure of CY_d. For example, one can easily see the fibre structures in K3 spaces, which are determined by the interplay of the integer point-monomials in the intersection, σ(Δ), and in the projection, π(Δ^∗). These fibre structures are defined by the following dual relations between pointmonomials in the intersection of the polyhedron and the projection in mirror polyhedron, respectively: σ(Δ) = 4 → π(Δ^∗) = 10, σ(Δ) = 5 → π(Δ^∗) = 9, σ(Δ) = 6 → π(Δ^∗) = 8, σ(Δ) = 7 → π(Δ^∗) = 7, σ(Δ) = 8 → π(Δ^∗) = 6, σ(Δ) = 9 → π(Δ^∗) = 5, σ(Δ) = 10 → π(Δ^∗) = 4 producing planar fibres, and σ(Δ) = 3 → π(Δ^∗) = 3 producing a line-segment fibre [34].

Some of the K3, CY_3, ... chains satisfy the following condition:

σ(Δ^n) = π(Δ^n) = Δ^{n−1}, π(Δ^{n∗}) = σ(Δ^{n∗}) = Δ^{n−1∗}, (48) which means that the number of integer points in the intersection of the polyhedron (mirror polyhedron) forming the reflexive polyhedron of lower dimension is equal to the number of projective lines crossing these integer points of the polyhedron (mirror). The projections of these lines on a plane in the polyhedron and a plane in its mirror polyhedron reproduce, of course, the reflexive polyhedra of lower dimension. Only for self-dual polyhedra can one have σ(Δ^n) = π(Δ^n) = π(Δ^{n∗}) = σ(Δ^{n∗}) = Δ^{n−1} = Δ^{n−1∗}, (49) namely the most symmetrical form of these relations.

2.5 Mirror symmetry and CICY in the Universal Calabi-Yau Algebra

We have already mentioned briefly the significance of mirror duality in the Universal Calabi- Yau Algebra (UCYA). In this subsection we stress the link between mirror symmetry and CICY spaces in the UCYA.

The normal universal composition operations defined earlier give an algebraic description of the full underlying set of reflexive weight vectors ⋃ r A^r_n, where each set A^r_n contains the full list of reflexive weight vectors in each dimension n and with all internal arity structures 2 ≤ r ≤ n. The hypersurfaces corresponding to the set A_n, with fixed n = d + 2 can be called the single or zero-level {CY_d}^0 (where in general the level l = r − 1), which are each described by a single polynomial equation:

{CY_d}^{(0)} = A_{d+2} (50) The set {CY_d}^0 with fixed d gives only a small part of the full set of CY_d hypersurfaces:

{CY_d}^0 ⊂ ∑ l {CY_d}^l (51) where

{CY_d}^1 = A^2_{d+3}, {CY_d}^2 = A^3_{d+4}, {CY_d}^3 = A^4_{d+5}, ............. = ............................. (52) where positive integer number l = r − 1 characterize the level (arity) of the set. We illustrate these relations in the arity-dimension (n, r) plot Fig. 3, where the full set of CY_3 is seen to be obtained from the collection of all integer points on the line n = r + d + 1 : d = 3, i.e., {CY_3} = A_5 + A^2_6 + A^3_7 + A^4_8 + .... The integers on this plot, A^r_n, describe not only the number of the arity-r chains of CY_{d=n−2} spaces, but due to the UCYA also give the CICY s of fixed dimension on the different levels.

The hypersurfaces {CY_d}^l on the following levels l = 1, 2, 3, ... are described by two, three, four, ... polynomial equations in CP^{d+2}, CP^{d+3}, CP^{d+4}, ... spaces, respectively, i.e., for the equations of a Calabi-Yau hypersurface {CY_d}^l on the level l = r − 1, one should consider the r polynomial equations in CP^{d+r} complex projective space:

A^2_{d+3} → {CY_d}^{(1)} = {⃗x ∈ CP^{d+2} | ℘_{i1} (⃗x) = ℘_{i2} (⃗x) = 0} A^3_{d+4} → {CY_d}^{(2)} = {⃗x ∈ CP^{d+3} | ℘_{i1} (⃗x) = ℘_{i2} (⃗x) = ℘_{i3} (⃗x) = 0} A^3_{d+5} → {CY_d}^{(3)} = {⃗x ∈ CP^{d+4} | ℘_{i1} (⃗x) = ℘_{i2} (⃗x) = ℘_{i3} (⃗x) = ℘_{i4} (⃗x) = 0} . . . = . . . , (53)

where ⃗x ≡ (x_1, . . . , x_{d+r+1}) ∈ CP^{d+r}. The action of the polynomial equations is equivalent to the simultaneous action of the normal sets of extended RWVs, i.e.,

{℘_{i1} (⃗x) = ℘_{i2} (⃗x) = 0} ⇔ ( ⃗k^{(ex)(i1)} d+3 ∩ ⃗k^{(ex)(i2)}_{d+3} )

{℘_{i1} (⃗x) = ℘_{i2} (⃗x) = ℘_{i3} (⃗x) = 0} ⇔ ( ⃗k^{(ex)(i1)} d+4 ∩ ⃗k^{(ex)(i2)}_{d+4} ∩ ⃗k^{(ex)(i3)}_{d+4} )

{℘_{i1} (⃗x) = . . . = ℘_{i4} (⃗x) = 0} ⇔ ( ⃗k^{(ex)(i1)} d+5 ∩ . . . ∩ ⃗k^{(ex)(i4)}_{d+5} ) . . . ⇔ . . . (54)

Thus, within the UCYA the description of the CICY is very simple. These manifolds correspond to the ‘normal’ submanifolds of the manifolds of the higher dimensions, and can very easily be described by the intersections of extended RWVs. This can be seen from the following identity: ( ⃗k^{(ex)(i1)} d+r+1 ∩ . . . ∩ ⃗k (ex)(i_s) d+r+1 ∩ . . .⃗k (ex)(i_r ) d+r+1 ) ≡ ( ⃗k^{(ex)(i1)} d+r+1 ∩ . . . ∩ ⃗kd+r+1 ∩ . . .⃗k (ex)(i_r) d+r+1 ) (55)

Thus, the set of hypersurfaces with fixed d corresponding to all the non-zero level numbers l = r − 1 = 1, 2, ... contains the full list of CICYs in a fixed number d of dimensions: {CICY }_d = ∑ l≥1 {CY }^l_d = ∑ r≥2,n {A^r_{d+r+1}}, where n = d + r + 1. (56) Mirror symmetry can be expressed in the UCYA as a projection-intersection symmetry between hypersurfaces and their mirror partners, respectively. For example, a d-dimensional hypersurface X_d should have in the (d − r)-dimensional intersection (projection) a subspace of similar structure with lower dimension: X_{d−r} and, consequently, the mirror hypersurface X^∗_d should have in the corresponding projection (intersection) the mirror subspace X^∗_{d−r} .

The main conjecture of the UCYA is that it is closed under the mirror symmetry transformation, after taking into account all these r-ary composition operations. The set of lowest-level {CY_d}^{(0)} spaces is not closed under mirror duality: only the full list of {CY_d}^{(0)} and CICY^l_d spaces, corresponding to the integer points on the line n = d + r + 1 of the (r − n) plot is closed under this duality.

3 The Mechanisms of Normal Expansion

To understand the origin of the normal extension, i.e., to find in the set Æ^{(n−r+1)}_n ‘good’ r-extended RWVs that define a normal intersection, one must consider generally the set of r RWVs and analyze their intersections. To this end, we now formulate more precisely the correspondence defining normal ω_r composition operations on RWVs, considering first the case with arity r = 2. Let two fixed RWVs of dimension n, ⃗k^a_n = (k^a_1 |k^a_2 , ..., k^a_n)[d_a] ∈ A_n and ⃗kb_n = (kb_1|kb_2, ..., kb_n)[d_b] ∈ A_n have the following sets of monomials, ⃗μ^i = (μ_1|μ_2, ..., μ_n)^i, ⃗ν^j = (ν_1|ν_2, ..., ν_n)^j , (57) such that ⃗μ^i · ⃗k^a_n = d_a and ⃗ν^j · ⃗k^b_n = d_b.

We have separated by the symbol {|} the first components from the other components of the RWVs ⃗k^a_n and ⃗k^b_n, and similarly in the corresponding monomials. For each of the vectors ⃗ka_n and ⃗kb_n, we consider subsets of the monomials, ⃗μ^{i′} = (μ_1|μ_2, ..., μ_n)^{i′} ⊂ S^a_n, ⃗ν^{j′} = (ν_1|ν_2, ..., ν_n)^{j′} ⊂ S^b_n, (58) with the following two properties:

μ_2 = ν_2, μ_3 = ν_3, . . . , μ_n = ν_n (59) or S^a_n|_{x1=0} = S^b_n|_{x1=0} = S_{n−1}; (60) and, moreover, the set of vectors S_{n−1} : (⃗μ_{red})^i = (μ_2, . . . , μ_n)^i (61) corresponds in the integer lattice to a ‘reduced’ reflexive polyhedron of dimension (n − 1).

For now, we note that the weight vectors ⃗k^a_n and ⃗k^b_n also determine in the integer lattice the reduced (n − 1)-dimenional reflexive polyhedron. Thus, when we consider the extensions of these two RWVs:

⃗k^{(ex)a}_{n+1} = (0, k_1|k_2, . . . , k_n)^a, ⃗k^{(ex)b}_{n+1} = (k_1, 0|k_2, . . . , k_n)^b, (62) and, correspondingly, their common monomials which can be obtained from the extensions of the set S_{n−1}, i.e., (⃗μ^{ex})^i = S^{ex}_{n+1} = (ν_1, μ_1|μ_2 = ν_2, . . . , μ_n = ν_n)^i (63) which satisfy the following two conditions: ⃗k^{(ex)a}_{n+1} · (⃗μ^{ex})^i = [d_a] ⃗k^{(ex)b}_{n+1} · (⃗μ^{ex})^i = [d_b], (64) again the set of extended monomials S^{ex}_{n+1} produces in the integer n + 1-dimensional lattice the reduced (n − 1)-dimensional reflexive polyhedron.

One can now see that the weight vector ⃗k_{n+1}[d] = ⃗k^{(ex)a}_{n+1} + ⃗k^{(ex)b}_{n+1} satisfies the condition:

⃗k_{n+1} · (⃗μ^{ex})^i = [d] = [d_a] + [d_b], (65)

what means that the n-dimensional polyhedron corresponding to this new weight vector contains itself the reduced (n − 1)-dimensional reflexive polyhedron. We illustrate how this works for arity 2, the expansion giving the condition that the central point-monomial is inside new polyhedron. For this one can consider in the reduced reflexive polyhedron an expanded point P_0 = (ν^0_1 , μ^0_1|μ_2, ..., μ_n) and check that its right and left neighbour-points, P_{+,(−)} = (ν^0_1 + (−)ξ^+, μ^0_1 − (+)ξ^−|μ_2, ..., μ_n), satisfy the condition ⃗k_n · P_{+,(−)} = d. One can easily check this, for example, when the first expanded components of the n-dimensional refllexive weight vectors, ⃗k^a_n and ⃗k^b_n, are both units, i.e., k^a_1 = k^b_2 = 1. It is easy to see that each n-dimensional reflexive weight vector has at least n normal extensions into (n + 1)- dimensional RWVs^2.

The generalization to other cases: RWVs in different dimensions, ‘good’ triples, etc. ... can be done in a similar way. Thus, we can reformulate the conjecture of a normal arity extension, for any arity, in the language of RWVs. As an immediate consequence, we can get chains in higher dimensions. For example, each RF W (n − 1) can give us (n − 1) chains of dimension n, and it is very easy to understand the origin of n-dimensional chains in terms of (n − 1)-dimensional chains. This gives us a very convenient rule for getting arity-2 n-dimensional chains, by first taking into account the eldest vectors in (n − 1), (n − 2), ... dimensions.

We are now ready to demonstrate more explicitly how our construction acts in the aritydimension plots, Fig. 2 and Fig. 3. In so doing, we also show how this construction makes explicit the structural systematics of the singularities of CY_d-folds. Our method in this section is based on normal expansions of RWVs, which are related to Batyrev’s reflexive polyhedra, but we shall also use some results obtained by the Diophantine decomposition of IMs.

3.1 Analysis of A_r and D_r lines

Starting from dimension n = 1, where we have A^1 = ⃗k^{eld}_1 = (1), the extension to n = 2 is immediate, and it is trivial to see that there is just chain of arity 2:

ω_2 : Æ^{(2)}_2 ⋆ Æ^{(2)}_2 → A^2, (66)

2Also, one can check that if some extension of the eldest vector is good, then all vectors in the chain will also have analgous good extensions.

where the set Æ^{(2)}_2 contains only two extended vectors: ⃗k^{1(ex)}_1 = (0, 1) and ⃗k^{2(ex)}_1 = (1, 0). There is one ‘good’ intersection:

⃗k^{1(ex)}_1 ∩ ⃗k^{2(ex)}_1 = (1)^′, (67)

where the symbol 1^′ signifies that this intersection has only point, corresponding to the unit monomial E_1 = (1, 1), for which the algebra gives just one eldest RWV: ⃗k^{1(ex)}_1 ∪ ⃗k^{2(ex)}_1 = ⃗k_2 = (1, 1). (68)

Thus A^1_2 = A^2 = ⃗k_2 = (1, 1). This vector corresponds to a trivial reflexive polyhedron that just consists of a line segment, and to the three monomials:

C_2 = (0, 2), E_2 = (1, 1), C_2 = (2, 0). (69)

Following the diagonal red A_r line to higher dimensions n ≥ 3, in each case we also get only one chain of arity ω_r = n, with a single eldest vector: ⃗k^{eld}_n = (1, ..., 1). Thus, every chain with the maximal arity n is determined by just the one unit RWV ⃗k_1 = (1), making the following set of extensions to higher-dimensional vectors: ⃗k^{1(ex)}_n = (1, 0, 0, . . . , 0, 0, 0), ⃗k^{2(ex)}_n = (0, 1, 0, . . . , 0, 0, 0), . . . = . . . . . . . . . ⃗k^{(n−1)(ex)} n = (0, 0, 0 . . . , 0, 1, 0), ⃗k^{n(ex)}_n = (0, 0, 0 . . . , 0, 0, 1), (70)

This set of extended vectors has only one ‘good’ intersection:

∪^{i=n}_{i=1} ⃗k^{i(ex)}_n = 1, (71)

corresponding to the existence of just one chain with the eldest vector ⃗k^{eld}_n = (1, ..., 1). The number of points in the intersection with the integer Z_n lattice defining the corresponding polyhedron is given by the binomial coefficient C^n_{2n−1}.

In the K3 case, for example, the only chain of arity 4 has as eldest vector k^{eld}_4 = (1, 1, 1, 1), i.e.:

ω_4 : Æ^{(1)}_4 ⋆ . . . ⋆ Æ^{(1)}_4 4 → A^4, (72) where Æ^{(1)}_4 contains 4 extended vectors. To obtain the complete listing of K3 spaces in this chain, one can use mirror symmetry to find the maximal values of the integer parameters m describing the chain, or use the maximal expansion of the unit monomial E_4 = (1, 1, 1, 1) in terms of four monomials P_1, ..., P_4 with the following condition: 1/4(P_1 +...+P_4) = (1, 1, 1, 1).

We introduce the following notation for the Diophantine decomposition of any monomial: D_n[p_1, p_2, ..., p_i/d] with 2 ≤ i ≤ n, n is the dimension and p_1, ..., p_i are integers with d = p_1 + ... + p_i, as defined by the following equation:

D_n[p_1, p_2, ..., p_i/d_D] · ⃗μ_0 = (p_1P_1 + p_2P_2 + .... + p_iP_i)/d, (73)

where ⃗μ_0 is a primordial monomial of dimension n and ⃗μ_1, ..., ⃗μ_i are the expanded monomials. According to this notation, the above Diophantine decomposition can be represented in the form D_4[1, 1, 1, 1/4] · E_4 = {P_,P_2, P_3, P_4} with the usual Diophantine property: (P_1 + ... + P_4)/4 = E_4, in this case, p_1 = ... = p_4 = 1 and d = 4. The definition of an invariant monomial (IM) is very closely connected with this definition of Diophantine expansion. We call the monomials participating in such a Diophantine expansion (73) a set of IMs. The unit monomial E_n is and IM by definition, then with the decomposition D_n[1, 1/2] we produce a triple of IMs, E_n, C_1, C_2 obeying the condion (C_1 + C_2) = E_n, etc..

This expansion has just 42 different irreducible solutions, which is much less than the complete list of K3 RWVs. This example re-emphasizes that one cannot get full information about Calabi-Yau d-folds by following only the first diagonal line on the arity-dimension plot. Fortunately, this also means that the internal structures of K3, CY_3,... d-folds are much more complicated and interesting.

The next example is the CY_3 case with n = 5, where there is again just one chain with eldest vector k^{(eld)}_5 = (1, 1, 1, 1, 1) that can be obtained with arity 5. The listing of this chain again can again be obtained using mirror symmetry or by the maximal expansion of the unit monomial E_5 = (1, 1, 1, 1, 1) in terms of five monomials P_1, ..., P_5. The corresponding Diophantine equation, E_5 = 1/5(P_1 + P_2 + ... + P_5), has 7269 solutions, giving the number of RWVs in A^{(5)}_5 , again much smaller than the total number of CY_3 spaces. A fortiori, the same is true along this line for all dimensions.

These simple examples show that, although each CY_d-fold must contain a central point, one cannot obtain all the d-folds simply by expanding the unit monomial. The geometrical reason why the expansion of the unit monomial E_n as the sum of n monomials cannot give the full list of CY_d-folds lies in the complex composite structure of its geometry. The geometry of CY_d-folds has a composite ‘Russian doll’ structure. In the intersection by the (d − 1)-hyperplane through the centre of a d-fold, one can find a (d − 1)-fold, then in the next intersection by the (d − 2)-hyperplane one can find a (d − 2)-fold, etc.. The picture is completed by mirror symmetry and the intersection-projection symmetry of CY_d-folds. We note that, according to the arity-dimension structure, if an intersection by a hyperplane does not contain a d-fold, then the corresponding d-folds have to be seen by projection on this hyperplane.

Only if we know all the ω_r operations with which a given vector can be obtained can we know all the possible sets of expansions of this reflexive vector, corresponding to the different chains in which it appears in different dimensions, as illustrated in Figs 3, 4, 5. To get new information on the structures of CY_d-folds, we should study CY_d-folds obtained by operations corresponding to the points on the second sloping line. This A^{(n−1)}_n set of CY_d-folds has a somewhat more complicated structure and, according to our approach, is described by the weight vectors (1) and (1,1), extended to dimension n. This already implies that the internal geometrical structures of these CY_d folds is connected algebraically with the properties of conic monomials.

The two examples shown in Figs. 4 and 5 display different expansions of RWVs that illustrate how the arity structure of the Universal Calabi-Yau Algebra reveals the full algebraic structure of all RWVs. It gives a complete algebraic expansion of all RWVs via the sets of extended RWVs constructed already from RWVs of lower dimension.

There appear constructions with two different arities r already in three dimensions: apart from the maximal arity 3, also the lower arity 2 construction can give some information about the composite structure of the RWVs and the corresponding polyhedra. The points on the second (green) diagonal line in the Figures start with this case. In dimension three, it is easy to construct the complete list of RWVs in the arity-3 chain whose eldest vector is A^{(1)}_3 = ⃗k^{eld}_3 = (1, 1, 1), using the expansion technique or mirror symmetry: they are (1, 1, 1), (1, 1, 2), (1, 2, 3). Analyzing the decomposition of the RWVs in chains with arity 2, we find these three vectors in two different chains of arity 2:

ω_2 : Æ^{(2)}_3 ⋆ Æ^{(2)}_3 → A^2_3, (74) with two different eldest RWVs. To generate these two chains, one should consider two RWVs of dimensions one and two, and extend them in all possible ways to dimension three, i.e.: ⃗k^{i(ex)}_1 = (0, 0, 1) + 3 permutations ⃗k^{i(ex)}_2 = (0, 1, 1) + 3 permutations (75)

Then, in the set of six extended vectors, one should consider all C^2_6 possible cases, so as to find the only ‘good’ triple intersections, corresponding to the arity two construction. The two chains of arity two are the following:

⃗k^{1(ex)}_1 = (1, 0, 0), ⃗k^{2(ex)}_2 = (0, 1, 1) (76) and ⃗k^{1(ex)}_2 = (0, 1, 1), ⃗k^{2(ex)}_2 = (1, 0, 1) (77) with the eldest vectors being, respectively: ⃗k^{(eld)} = (1, 1, 1) (78) and ⃗k^{(eld)} = (1, 1, 2). (79) The two different good intersections giving us line-segment reflexive polyhedra can be described by the following sets of linear and conic monomials: C_1 = (1, 2, 0), C_2 = (1, 0, 2), E_3 = (1, 1, 1) (80) and C_1 = (2, 2, 0), C_2 = (0, 0, 2), E_3 = (1, 1, 1) (81) with the following universal property: C_1 + C_2 = 2 · E_3.

In the K3 case in four dimensions, there are already four chains of arity 3 on the second diagonal D_r line:

ω_3 : Æ^{(2)}_4 ⋆ Æ^{(2)}_4 ⋆ Æ^{(2)}_4 → A^3_4, (82) with four corresponding eldest RWVs. To get these four chains, one can consider two RWVs of dimension one and two, and extend them in all possible ways to dimension four, i.e.: ⃗k^{ex}_1 = (0, 0, 0, 1) + 4 permutations ⃗k^{ex}_2 = (0, 0, 1, 1) + 6 permutations (83)

Now, within the set of ten extended vectors, one should look for ‘good’ triple intersections corresponding to the arity 3, among the C^3_{10} possible cases. The four chains of arity 3 found in this way are the following:

⃗k^{i(ex)} = (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 1) ⃗k^{i(ex)} = (0, 0, 1, 0), (1, 0, 0, 1), (0, 1, 0, 1) ⃗k^{i(ex)} = (0, 0, 1, 1), (0, 1, 0, 1), (1, 0, 0, 1) ⃗k^{i(ex)} = (1, 0, 0, 1), (0, 1, 0, 1), (1, 0, 1, 0) (84) with the following eldest vectors: ⃗k^{(eld)} = (1, 1, 1, 1) ⃗k^{(eld)} = (1, 1, 1, 2) ⃗k^{(eld)} = (1, 1, 1, 3) ⃗k^{(eld)} = (2, 1, 1, 2) (85) These four different intersections give us segment reflexive polyhedra that can be described by the following sets of conic monomials: C_1 = (1, 1, 2, 0), C_2 = (1, 1, 0, 2), C_1 = (2, 2, 1, 0), C_2 = (0, 0, 1, 2), C_1 = (2, 2, 2, 0), C_2 = (0, 0, 0, 2), C_1 = (2, 2, 0, 0), C_2 = (0, 0, 2, 2), (86) with the following universal property: C_1 + C_2 = 2 · E_4. To list these four chains, one can again use mirror symmetry, or one may consider the decompositions of the following conic monomials:

C_1 = (2, 2, 2, 0) → P_1, P_2, P_3 : 1/3(P_1 + P_2 + P_3) = C_1, C_2 = (0, 0, 0, 2); C_1 = (2, 2, 1, 0) → P_1, P_2, P_3 : 1/3(P_1 + P_2 + P_3) = C_1, C_2 = (0, 0, 1, 2); C_1 = (2, 1, 1, 0) → P_1, P_2, P_3 : 1/3(P_1 + P_2 + P_3) = C_1, C_2 = (0, 1, 1, 2); C_1 = (2, 2, 0, 0) → P_1, P_2 : 1/2(P_1 + P_2) = C_1 C_2 = (0, 0, 2, 2) → P_3, P_4 : 1/2(P_3 + P_4) = C_2. (87)

For example, as was already shown in [35], there are 34 vectors in the first chain (III). The eldest and youngest vectors of this chain are k^{eld}_4 = (1, 1, 1, 3) and k^{eld}_4 = (7, 8, 10, 25), respectively. The full number of RWVs in A^{(3)}_n with conic structures is 90. Thus, to get the full list of K3 with new conic structures, one can use a composite expansion technique, starting from the unit monomial E_4 = (1, 1, 1, 1). In the first step, one can use the expansion of unit monomials to produce the conics C_1 and C_2, giving rise to the eldest vectors and chains with arity 3. Secondly, to get the complete listings of the chains, one should construct the decompositions of the conics in terms of three monomials, as found by solving the corresponding Diophantine equations.

Similarly, in the CY_3 case there are already six chains of arity 4: ω_4 : Æ^{(2)}_5 ⋆ . . . ⋆ Æ^{(2)}_5 4 → A^4_5, (88)

They can be obtained by extending the two simple RWVs (1) and (1,1) to dimension five. The number of distinct extended vectors is now 15 = 5 + 10. Then one should look for ‘good’ quadruple intersections among the C^4_{15} possible combinations. The resulting six chains of arity 4 are the following:

⃗k^{i(ex)} = (1, 0, 0, 0, 0), (0, 1, 0, 0, 0), (0, 1, 0, 0, 0), (0, 0, 0, 1, 1) ⃗k^{i(ex)} = (0, 0, 1, 0, 0), (0, 0, 0, 1, 0), (1, 0, 0, 0, 1), (0, 1, 0, 0, 1) ⃗k^{i(ex)} = (1, 0, 0, 0, 0), (0, 0, 0, 1, 1), (0, 0, 1, 0, 1), (0, 1, 0, 0, 1) ⃗k^{i(ex)} = (0, 0, 0, 1, 1), (0, 0, 1, 0, 1), (0, 1, 0, 0, 1), (1, 0, 0, 0, 1) ⃗k^{i(ex)} = (0, 0, 1, 0, 0), (0, 1, 0, 1, 0), (1, 0, 0, 1, 0), (0, 1, 0, 0, 1) ⃗k^{i(ex)} = (1, 0, 0, 1, 0), (0, 1, 0, 1, 0), (0, 0, 1, 1, 0), (1, 0, 0, 0, 1) (89) with the following six eldest vectors: ⃗k^{(eld)} = (1, 1, 1, 1, 1) ⃗k^{(eld)} = (1, 1, 1, 1, 2) ⃗k^{(eld)} = (1, 1, 1, 1, 3) ⃗k^{(eld)} = (1, 1, 1, 1, 4) ⃗k^{(eld)} = (1, 2, 1, 2, 1) ⃗k^{(eld)} = (2, 1, 1, 3, 1) (90)

The intersections giving the segment reflexive polyhedra can be described by the following sets of conic monomials:

C_1 = (1, 1, 1, 2, 0), C_2 = (1, 1, 1, 0, 2), C_1 = (2, 2, 1, 1, 0), C_2 = (0, 0, 1, 1, 2), C_1 = (1, 2, 2, 2, 0), C_2 = (1, 0, 0, 0, 2), C_1 = (2, 2, 2, 2, 0), C_2 = (0, 0, 0, 0, 2), C_1 = (2, 2, 1, 0, 0), C_2 = (0, 0, 1, 2, 2), C_1 = (2, 2, 2, 0, 0), C_2 = (0, 0, 0, 2, 2), (91) with the following Diophantine property: C_1 + C_2 = 2 · E_5.

To find the complete list of 14,017 RWVs in the first chain, one can consider the following expansions of the monomial C_1 (C_2):

C_1 = (2, 2, 2, 2, 0) → P_1, P_2, P_3, P_4 : 1/4(P_1 + P_2 + P_3 + P_4) = C_1, C_2 = (0, 0, 0, 0, 2). (92) The eldest and the youngest vectors of this chain are k^{eld}_5 = (1, 1, 1, 1, 4)[8] and k^{yng}_5 = (75, 84, 86, 98, 343)[686], respectively.

So far we have mainly been recapitulating results for lower-dimensional CY_d-folds, explaining them in a manner suitable for extensions to higher dimensions, and now we give some first results for the CY_4 case. It is easy to see that there are already 9 chains of arity 5: ω_5 : Æ^{(2)}_6 ⋆ . . . ⋆ Æ^{(2)}_6 5 → A^5_6, (93)

These can be obtained by extending the two RWVs (1) and (1,1) to dimension 6, in all 21 = 6 + 15 different ways. There are C^5_{21} different combinations to search for ‘good’ quadruple intersections, among which we find the following 9 chains of arity 5:

⃗k^{i(ex)} = (1, 0, 0, 0, 0, 0), (0, 1, 0, 0, 0, 0), (0, 0, 1, 0, 0, 0), (0, 0, 0, 1, 0, 0), (0, 0, 0, 0, 1, 1) ⃗k^{i(ex)} = (0, 0, 1, 0, 0, 0), (0, 0, 0, 1, 0, 0), (0, 0, 0, 0, 1, 0), (0, 1, 0, 0, 0, 1), (1, 0, 0, 0, 0, 1) ⃗k^{i(ex)} = (0, 0, 0, 1, 0, 0), (0, 0, 0, 0, 1, 0), (0, 0, 1, 0, 0, 1) (0, 1, 0, 0, 0, 1), (1, 0, 0, 0, 0, 1) ⃗k^{i(ex)} = (0, 0, 0, 0, 1, 0), (0, 0, 0, 1, 0, 1), (0, 0, 1, 0, 0, 1), (0, 1, 0, 0, 0, 1), (1, 0, 0, 0, 0, 1) ⃗k^{i(ex)} = (0, 0, 0, 0, 1, 1), (0, 0, 0, 1, 0, 1), (0, 0, 1, 0, 0, 1), (0, 1, 0, 0, 0, 1), (1, 0, 0, 0, 0, 1)

⃗k^{i(ex)} = (0, 0, 1, 0, 0, 0), (0, 0, 0, 1, 0, 0), (1, 0, 0, 0, 1, 0), (1, 0, 0, 0, 0, 1), (0, 1, 0, 0, 0, 1) ⃗k^{i(ex)} = (0, 0, 0, 1, 0, 0), (1, 0, 0, 0, 0, 1), (0, 1, 0, 0, 0, 1), (0, 0, 1, 0, 0, 1), (1, 0, 0, 0, 1, 0) ⃗k^{i(ex)} = (1, 0, 0, 0, 0, 1), (0, 1, 0, 0, 0, 1), (0, 0, 1, 0, 0, 1), (0, 1, 0, 0, 1, 0), (0, 0, 1, 1, 0, 0) ⃗k^{i(ex)} = (1, 0, 0, 0, 0, 1), (0, 1, 0, 0, 0, 1), (0, 0, 1, 0, 0, 1), (0, 0, 0, 1, 0, 1), (0, 0, 0, 1, 1, 0) (94) with the following 9 eldest vectors: ⃗k^{(eld)} = (1, 1, 1, 1, 1, 1) ⃗k^{(eld)} = (1, 1, 1, 1, 1, 2) ⃗k^{(eld)} = (1, 1, 1, 1, 1, 3) ⃗k^{(eld)} = (1, 1, 1, 1, 1, 4) ⃗k^{(eld)} = (1, 1, 1, 1, 1, 5) ⃗k^{(eld)} = (2, 1, 1, 1, 1, 2) ⃗k^{(eld)} = (2, 1, 1, 1, 1, 3) ⃗k^{(eld)} = (1, 2, 2, 1, 1, 3) ⃗k^{(eld)} = (1, 1, 1, 2, 1, 4) (95) These 9 different ‘good’ intersections yield segment reflexive polyhedra described by the following sets of conic monomials:

C_1 = (1, 1, 1, 1, 2, 0), C_2 = (1, 1, 1, 1, 0, 2), C_1 = (2, 2, 1, 1, 1, 0), C_2 = (0, 0, 1, 1, 1, 2), C_1 = (2, 2, 2, 1, 1, 0), C_2 = (0, 0, 0, 1, 1, 2), C_1 = (2, 2, 2, 2, 1, 0), C_2 = (0, 0, 0, 0, 1, 2), C_1 = (2, 2, 2, 2, 2, 0), C_2 = (0, 0, 0, 0, 0, 2), C_1 = (2, 2, 1, 1, 0, 0), C_2 = (0, 0, 1, 1, 2, 2), C_1 = (2, 2, 2, 1, 0, 0), C_2 = (0, 0, 0, 1, 2, 2), C_1 = (2, 2, 2, 0, 0, 0), C_2 = (0, 0, 0, 2, 2, 2), C_1 = (2, 2, 2, 2, 0, 0), C_2 = (0, 0, 0, 0, 2, 2), (96) with the following Diophantine property: C_1 + C_2 = 2 · E_5.

Continuing along this line to the highest arity in each higher dimension, we find the following numbers of different eldest vectors and chains: 1, 2, 4, 6, 9, 12, 16, 20, 25, 30, 36, 42, 49, 56, 64, 72, 81, 90, 100, 110, 121, 132, 144, ..., which are given by a simple recurrence relation, as we show in the next section.

3.2 Analysis of the E_r line

We now consider Calabi-Yau d-folds with more complicated structures, corresponding to the sets A^{(n−2)}_n on the arity-dimension plot. These can be constructed from RWVs of lower dimensions: (1); (1,1); (1,1,1),(1,1,2),(1,2,3), suitably extended to dimension n.

3.2.1 The K3 Case

The E_r line in this case corresponds to arity 2:

ω_2 : Æ^{(3)}_4 ⋆ Æ^{(3)}_4 → A^2_4, (97)

where Æ^{(2)}_4 contains 50 = 4 + 6 + 6 + 12 + 24 extended vectors. We find 22 eldest vectors and chains of arity 2, corresponding to K3 spaces with a composite structure containing a d = 1 complex curve. To find the full lists of RWVs in these 22 chains, one may use the argument that the maximal values of integer parameters m are bounded by the dimensions of the corresponding extended vectors, as was done in [34].

The composite structure of d-folds along this third diagonal line on the arity-dimension plot is determined by cubic and quartic monomials, of which we now give some examples. Chain I in Table 1 is determined by the ‘good’ intersection of two extended vectors

⃗k^{(ex)}_1 = (1, 0, 0, 0), ⃗k^{(ex)}_3 = (0, 1, 1, 1). (98)

This intersection contains 10 monomial points, producing a plane reflexive polyhedron, corresponding to the RWV ⃗k_3 = (1, 1, 1) [34]. These 10 monomials include the following three cubic monomials:

P_1 = (1, 3, 0, 0), P_2 = (1, 0, 3, 0), P_2 = (1, 0, 0, 3), (99)

with the Diophantine property: 1 3 (P_1 + P_2 + P_3) = E_4 = (1, 1, 1, 1). (100)

Among the total of 22 chains there are 20 chains with the same property. In turn, among these 20 cases, the intersection for each of these chains contains itself some triple monomials, P_1, P_2, P_3, of which at least one is cubic, i.e., has degree 3.

Only chains VIII, IX and XX have no such triples. However, the intersections of the chains VIII and IX have another Diophantine property, as they are determined by the intersection of the following pairs of extended vectors: ⃗k^{1(ex)}_3 = (0, 2|1, 1) ⃗k^{2(ex)}_3 = (1, 0|1, 2) ⃗k^{1(ex)}_3 = (1, 0|1, 2) ⃗k^{2(ex)}_3 = (0, 2|1, 3) (101) For these intersections, which contain 5 monomial points, one can see in both cases the following pairs of quartic and conic monomials, respectively:

P_1 = (0, 0, 4, 0), P_2 = (4, 2, 0, 0), C_1 = (2, 1, 2, 0), C_2 = (0, 1, 0, 2), P_1 = (4, 3, 0, 0), P_2 = (0, 1, 4, 0), C_1 = (2, 2, 2, 0), C_1 = (2, 2, 2, 0), (102) with the following common Diophantine property in both cases: 1 2 (P_1 + P_2) = C_1, 1 2 (C_1 + C_2) = E_4. (103) These relations can be rewritten in the form: 1 4 (P_1 + P_2 + 2 · C_2) = E_4. (104) In the full list of 22 chains there are 20 cases with such cubic and quartic Diophantine properties.

However, the chain X is not included in these two sets. It is determined by the following intersection:

⃗k^{(ex)}_2 = (0, 0, |1, 1) ⃗k^{(ex)}_2 = (1, 1, |0, 0) (105) which has among its 9 monomial points two conic pairs: C_1 = (2, 0, 2, 0), C_2 = (0, 2, 0, 2), C̃_1 = (2, 0, 0, 2), C̃_2 = (0, 2, 2, 0) (106)

There are 17 such cases among all the 22 chains.

These examples show how different chains can be identified by decomposing IMs in terms of conic, cubic, quartic, etc., monomials. In the next section we use these Diophantine properties to study the possible structures of CY_d-folds in arbitrary dimensions. As we show there in more detail, the use of such invariant monomials provides an alternative to Batyrev’s reflexive polyhedron way of constructing CY_d spaces.

The structure of the projective ⃗k_4 vectors in the 22 chains reveals interesting interrelations between the five classical regular dual polyhedron pairs in three-dimensional space (the one-dimensional point, two-dimensional line-segment and three dimensional tetrahedron, octahedron-cube and icosahedron-dodecahedron) and Coxeter-Dynkin diagrams CD for the five types of Lie algebras: A, D, E_{6,7,8}, as illustrated in Fig. 1. The structures of the vectors ⃗k_4 in the CD_{σ,π} diagrams, which can be seen in the corresponding polyhedra of projective vectors, follow completely follow those of the only possible five ‘extended’ vectors. We show in Table 1 the A, D, E structures and the CD_σ diagrams of all the eldest double K3 projective vectors from the 22 chains [34]. In the first column, the Roman numbers enumerate the 22 chains, and we indicate by^∗ the cases where the planar polyhedron in the intersection coincides with the polyhedron in the projection, i.e., σ = π.

3.2.2 The CY_3 Case

One can make similar considerations in the next dimension n = 5, i.e., the case of CY_3 spaces with arity 3 structure. As indicated in Fig. 2, one must first extend the five RWVs: (1); (1, 1); (1, 1, 1), (1, 1, 2), (1, 2, 3) to dimension 5, and then find all the normal intersections corresponding to arity 3:

ω_3 : Æ^{(3)}_5 ⋆ Æ^{(3)}_5 ⋆ Æ^{(3)}_5 → A^3_5, (107)

where Æ^{(3)}_5 contains 115 = 5 + 10 + 10 + 30 + 60 extended vectors. A search of the normal triple intersections gave 259 candidates [35], of which 11 intersections have false eldest vectors that cannot be obtained consistently by an arity-2 construction. Among these 259 chains, 161 are irreducible, and 7 of these have false eldest vectors with m = n = l = 1.

We do not discuss these here in further detail, except to mention the biggest irreducible chain with an arity-3 structure, which consists of the RWVs (m, n, k, 2(m + n + k), 3(m + n + k))[6(m + n + k)], all of which have elliptic Weierstrass fibre bundles. The total number of CY_3 hypersurfaces in this chain is 20,796, and its eldest and youngest RWVs are (1,1,1,6,9)[18] and (91,96,102,578,867)[1734], respectively. Its listing can be obtained by

Table 1: The list of the eldest vectors for all 22 K3 chains: m = n = 1, enumerating the corresponding Coxeter-Dynkin CD_σ diagrams.

.

N ⃗k_i (eldest) Structure max Δ(σ) CD_σ I (1, 1, |1, 1)[4] (0, 1, |1, 1)_{e6} + (1, 0, |0, 0)_a 35 = 10_{e6} + (σ = {10}_△) + 15_a E^{(1)}_6 ↔ A^{(1)}_{12} II^∗ (1, 1, |2, 2)[6] (0, 1, |1, 1)_{e6} + (1, 0, |1, 1)_{e6} 30 = 10_{e6} + (σ = {10}_△) + 10_{e6} E^{(1)}_6 ↔ E^{(1)}_6 III (3, 1, |2, 3)[9] (0, 1, |1, 1)_{e6} + (3, 0, |1, 2)_{e8} 23 = 4_{e6} + (σ = {4}_△) + 15_{e8} G_2^{(1)} ↔ E^{(1)}_8 IV (1, 1, |1, 2)[5] (0, 1, |1, 2)_{e7} + (1, 0|0, 0)_a 34 = 13_{e7} + (σ = {9}_△) + 12_a E^{(1)}_7 ↔ A^{(1)}_9 V (1, 1, |1, 3)[6] (0, 1, |1, 2)_{e7} + (1, 0, |0, 1)_d 39 = 13_{e7} + (σ = {9}_△) + 17_d E^{(1)}_7 ↔ D^{(1)}_{10} V I^∗ (1, 1, |2, 4)[8] (0, 1, |1, 2)_{e7} + (1, 0, |1, 2)_{e7} 35 = 13_{e7} + (σ = {9}_△) + 13_{e7} E^{(1)}_7 ↔ E^{(1)}_7 V II (1, 1, |1, 1)[4] (0, 2, |1, 1)_{e7} + (2, 0, |1, 1)_{e7} 35 = 13_{e7} + (σ = {9}_△) + 13_{e7} E^{(1)}_7 ↔ E^{(1)}_7 V III (1, 2, |2, 3)[8] (1, 0, |1, 2)_{e7} + (0, 2, |1, 1)_{e7} 24 = 12_{e7} + (σ = {5}_△) + 7_{e7} E^{(1)}_7 ↔ F^{(1)}_4 IX (1, 2, |1, 5)[10] (1, 0, |1, 2)_{e7} + (0, 2, |1, 3)_{e8} 28 = 7_{e7} + (σ = {5}_△) + 16_{e8} F^{(1)}_4 ↔ E^{(1)}_8 X (1, 1, ||1, 1)[4] (0, 0, ||1, 1)_d + (1, 1, ||0, 0)_d 35 = 13_d + (σ = {9}_□) + 13_d D^{(1)}_8 ↔ D^{(1)}_8 XI (1, 1, |1, 2)[5] (1, 0, |0, 1)_d + (0, 1, |1, 1)_{e6} 34 = 15_d + (σ = {9}_□) + 10_{e6} D^{(1)}_8 ↔ E^{(1)}_6 XII^∗ (1, 1, |1, 1)[4] (0, 3, |1, 2)_{e8} + (3, 0, |2, 1)_{e8} 13 = 4_{e8} + (σ = {5}_□) + 4_{e8} G^{(1)}_2 ↔ G^{(1)}_2 XIII^∗ (1, 1, |2, 3)[7] (0, 1, |1, 1)_{e6} + (1, 0, |1, 2)_{e7} 31 = 10_{e6} + (σ = {8}_□) + 13_{e7} E^{(1)}_6 ↔ E^{(1)}_7 XIV^∗ (1, 1, |1, 2)[5] (0, 2, |1, 1)_{e6} + (2, 0, |1, 3)_{e8} 18 = 7_{e6} + (σ = {6}_□) + 5_{e8} F^{(1)}_4 ↔ G^{(1)}_2 XXII^∗ (1, 1, |2, 2)[6] (0, 1, |1, 2)_{e7} + (1, 0, |1, 0)_d 30 = 13_{e7} + (σ = {7}_□) + 10_d E^{(1)}_7 ↔ D_7 XV (1, 1, |2, 3)[7] (0, 1, |2, 3)_{e8} + (1, 0, |0, 0)_a 31 = 16_{e8} + (σ = {7}_△) + 8_a E^{(1)}_8 ↔ A^{(1)}_6 XV I (1, 1, |2, 4)[8] (0, 1, |2, 3)_{e8} + (1, 0, |0, 1)_d 35 = 16_{e8} + (σ = {7}_△) + 12_d E^{(1)}_8 ↔ D_8 XV II^∗ (1, 1, |3, 4)[9] (0, 1, |2, 3)_{e8} + (1, 0, |1, 1)_{e6} 33 = 16_{e8} + (σ = {7}_△) + 10_{e6} E^{(1)}_8 ↔ E^{(1)}_6 XV III^∗ (1, 1, |3, 5)[10] (0, 1, |2, 3)_{e8} + (1, 0, |1, 2)_{e7} 36 = 16_{e8} + (σ = {7}_△) + 13_{e7} E^{(1)}_8 ↔ E^{(1)}_7 XIX^∗ (1, 1, |4, 6)[12] (0, 1, |2, 3)_{e8} + (1, 0, |2, 3)_{e8} 39 = 16_{e8} + (σ = {7}_△) + 16_{e8} E^{(1)}_8 ↔ E^{(1)}_8 XX^∗ (1, 1, |1, 3)[6] (0, 2, |1, 3)_{e8} + (2, 0, |1, 3)_{e8} 21 = 7_{e8} + (σ = {7}_△) + 7_{e8} F^{(1)}_4 ↔ F^{(1)}_4 XXI^∗ (3, 3, |2, 4)[12] (0, 3, |1, 2)_{e8} + (3, 0, 1, 2)_{e8} 15 = 4_{e8} + (σ = {7}_△) + 4_{e8} G^{(1)}_2 ↔ G^{(1)}_2

mirror symmetry or via a triple expansion of the monomial P_0 = (6, 6, 6, 0, 0) of the Weierstrass triangle, which is the normal intersection of the following three extended vectors from Æ^{(3)}_5 : ⃗k^{ex}_5 = (0, 0, 1, 2, 3), (0, 1, 0, 2, 3), (1, 0, 0, 2, 3). More precisely, the listing of this chain can be obtained from the following Diophantine expansion [35] :

D_5[1, 1, 1/3] : P_0 → {P_1, P_2, P_3 : 1 3 (P_1 + P_2 + P_3) = P_0}. (108)

In this definition, the subscript 5 labels the dimension of the monomial P_0, and the combination [111/3] labels the type of Diophantine expansion: in this case, the monomial P_0 is decomposed into three monomials with the condition (P_1 + P_2 + P_3)/3 = P_0. In Table 2, one can sometimes see that the same vector can give different Coxeter-Dynkin diagrams, for example, 14 and 14’.

Table 2: The eldest vectors for all S_3-symmetric chains of CY_3 hypersurfaces. N ⃗k_i(eldest) h^{2,1} h^{1,1} V V^∗ Cox − Dyn P_0section 1 (1, 1, 1|1, 1) 101 1 5 5 (E_6)(A)^2 (3, 1, 1|0, 0) 2 (1, 1, 1|1, 2) 103 1 5 5 (E_7)(A)^2 (4, 1, 1|0, 0) 2^′ (1, 1, 1|1, 2) 103 1 5 5 (E_6)(D)(A) (3, 2, 1|0, 0) 3 (1, 1, 1|1, 3) 122 2 8 6 (E_6)(D)^2 (3, 2, 2|0, 0) 4 (1, 1, 1|1, 4) 149 1 5 5 (E_7)(D)^2 (4, 2, 2|0, 0) 5 (1, 1, 1|2, 2) 95 2 9 6 (E_6)^2(A) (3, 3, 1|0, 0) 6 (1, 1, 1|2, 3) 106 2 8 6 (E_6)^2(D) (3, 3, 2|0, 0) 6^′ (1, 1, 1|2, 3) 106 2 8 6 (E_7)(E_6)(A) (4, 3, 1|0, 0) 6^{′′} (1, 1, 1|2, 3) 106 2 8 6 (E_8)(A)^2 (6, 1, 1|0, 0) 7 (1, 1, 1|2, 4) 123 3 9 6 (E_7)(E_6)(D) (4, 3, 2|0, 0) 7^′ (1, 1, 1|2, 4) 123 3 9 6 (E_8)(D)(A) (6, 2, 1|0, 0) 8 (1, 1, 1|2, 5) 145 1 5 5 (E_7)^2(D) (4, 4, 2|0, 0) 8^′ (1, 1, 1|2, 5) 145 1 5 5 (E_8)(D)^2 (6, 2, 2|0, 0) 9 (1, 1, 1|3, 3) 112 4 5 5 (E_6)^3 (3, 3, 3|0, 0) 10 (1, 1, 1|3, 4) 126 4 10 7 (E_7)(E_6)^2 (4, 3, 3|0, 0) 10^′ (1, 1, 1|3, 4) 126 4 10 7 (E_8)(E_6)(A) (6, 3, 1|0, 0) 11 (1, 1, 1|3, 5) 144 4 10 7 (E_7)^2(E_6) (4, 4, 3|0, 0) 11^′ (1, 1, 1|3, 5) 144 4 10 7 (E_8)(E_7)(A) (6, 4, 1|0, 0) 12 (1, 1, 1|, 3, 6) 165 3 5 5 (E_7)^3 (4, 4, 4|0, 0) 12^′ (1, 1, 1|, 3, 6) 165 3 5 5 (E_8)(E_7)(D) (6, 4, 2|0, 0) 13 (1, 1, 1|4, 5) 154 4 7 6 (E_8)(E_6)^2 (6, 3, 3|0, 0) 14 (1, 1, 1|4, 6) 173 5 9 6 (E_8)^2(A) (6, 6, 1|0, 0) 14^′ (1, 1, 1|4, 6) 173 5 9 6 (E_8)(E_7)(E_6) (6, 4, 3|0, 0) 15 (1, 1, 1|4, 7) 195 3 7 6 (E_8)(E_7)^2 (6, 4, 4|0, 0) 15^′ (1, 1, 1|4, 7) 195 3 7 6 (E_8)^2(D) (6, 6, 2|0, 0) 16 (1, 1, 1|5, 7) 208 4 7 6 (E_8)^2(E_6) (6, 6, 3|0, 0) 17 (1, 1, 1|5, 8) 231 3 7 6 (E_8)^2(E_7) (6, 6, 4|0, 0) 18 (1, 1, 1|6, 9) 272 2 5 5 (E_8)^3 (6, 6, 6|0, 0)

3.2.3 New Results for CY_4 Spaces

We now apply the technique explained in the earlier subsections to find the arity-4 chains for the 6-dimensional CY_4 case:

ω_4 : Æ^{(3)}_6 ⋆ Æ^{(3)}_6 ⋆ Æ^{(3)}_6 ⋆ Æ^{(3)}_6 → A^3_6, (109)

where the set Æ^3_6 contains vectors constructed from the following five RWVs: ⃗k_1 = (1), ⃗k_2 = (1, 1), ⃗k_3 = (1, 1, 1), (1, 1, 2), (1, 2, 3) by extending them to dimension 6. It is trivial to

see that there are 221 such extended vectors: ⃗k^{(ex)}_1 = (0, .., 0, 1) + 6 permutations; ⃗k^{(ex)}_2 = (0, ..., 1, 1) + 15 permutations; ⃗k^{(ex)}_3 = (0, .., 1, 1, 1) + 15 permutations, ⃗k^{(ex)}_3 = (0, .., 1, 1, 2) + 60 permutations, ⃗k^{(ex)}_3 = (0, .., 1, 2, 3) + 120 permutations, (110)

Among these 221 extended vectors one should look for the quadruple ‘good’ intersections, which involves considering a total of C^4_{221} combinatorial possibilities.

Some of the quadruples turn out to be equivalent to other quadruples, after some permutation of the vectors and/or their components. Checking this is by far the most timeconsuming task for our computer program. To give some idea, there are 720,768 quadruples that do not all have zeroes in the same component (which is definitely not a good case) and where the number of intersection monomials is between 4 and 10 (the intersection of four 6-dimensional vectors is a polygon, and all good cases on the plane are known to have between 4 and 10 monomials). When checking if two quadruples are equivalent, one has to check 720, 768 × 720, 767 divided by 2 combinations, and this, in general, for all possible permutations of the 4 vectors and the 6 components, i.e., 4! × 6! times. The final result is that, in dimension 6, there are 5,607 different 4-vector chains obtainable by extending the 5 ‘good’ vectors existing in dimensions 1, 2 and 3. Many of these 5,607 chains of arity 4 could be reducible, so the next step is to identify the irreducible chains. This is done later using the method of invariant monomials (IMs).

In this case, the number of irreducible chains turns out to be 2,111, and the number of different eldest RWVs that generate all these 2,111 chains is only 397. This reveals that these 397 eldest vectors have a very rich composite substructure. We show in Table 3 the list of RWVs with maximal symmetry at least as large as S_4. This Table also shows the structures of the Coxeter-Dynkin diagrams included in the reflexive polyhedra. It is easy to convince oneself that the number of Coxeter-Dynkin factors grows with the arity. In particular, for arity 4, the number of Coxeter-Dynkin diagrams is also equal to 4, as seen in Table 3.

Along the E_r line, the structures of the CY_d surfaces are described by cubic and quartic monomials, and sometimes pairs of conics, as we illustrated in the cases of K3 and CY_3, and show more concretely in the next Section. There we use Diophantine relations between the cubic and quartic IMs to obtain complete information about the chains and eldest vectors (see Fig. 6). The method of IMs is independent of Batyrev’s reflexive polyhedra, and has an exclusively algebraic character.

4 The Monomial Decomposition Route to the Universal Calabi-Yau Algebra

We have seen that the Universal Calabi-Yau Algebra (UCYA) systematizes all the CY_d manifolds according to the arity of their construction as well as their dimensionality. In this way, the UCYA enables us to explore systematically relations between different CY_d spaces,

Table 3: The eldest vectors for all the S_4-symmetric arity-4 chains of CY_3 hypersurfaces. N ⃗k_i(eld) Coxeter − Dynkin P_0 section N ⃗k_i(eld) Coxeter − Dynkin section P_0 1 (1, 1, 1, 1, |1, 1) (E_6)(A)^3 (311100) 16 (1, 1, 1, 1, |4, 4) (E_6)^4 (333300) 2 (1, 1, 1, 1, |1, 2) (E_6)(D)(A)^2 (321100) 17 (1, 1, 1, 1, |4, 5) (E_8)(E_6)^2(A) (633100) 2^′ (1, 1, 1, 1, |1, 2) (E_7)(A)^3 (411100) 18 (1, 1, 1, 1, |4, 6) (E_7)^2(E_6)^2 (443300) 3 (1, 1, 1, 1, |1, 3) (E_6)(D)^2(A) (322100) 3^′ (1, 1, 1, 1, |1, 3) (E_7)(D)(A)^2 (421100) 18^′ (1, 1, 1, 1, |4, 6) (E_8)(E_7)(E_6)(A) (643100) 4 (1, 1, 1, 1, |1, 4) (E_6)(D)^3 (322200) 18^{′′} (1, 1, 1, 1, |4, 6) (E_8)(E_6)^2(D) (633200) 4^′ (1, 1, 1, 1, |1, 4) (E_7)(D)^2(A) (422100) 18^{′′′} (1, 1, 1, 1|, 4, 6) (E_8)^2(A)^2 (661100) 5 (1, 1, 1, 1, |1, 5) (E_7)(D)^3 (422200) 19 (1, 1, 1, 1, |4, 7) (E_7)^3(E_6) (444300) 6 (1, 1, 1, 1, |2, 2) (E_6)^2(A)^2 (331100) 19^′ (1, 1, 1, 1, |4, 7) (E_8)(E_7)^2(A) (644100) 7 (1, 1, 1, 1, |2, 3) (E_6)^2(D)(A) (332100) 19^{′′} (1, 1, 1, 1, |4, 7) (E_8)^2(D)(A) (662100) 7^′ (1, 1, 1, 1, |2, 3) (E_7)(E_6)(A)^2 (431100) 20 (1, 1, 1, 1, |4, 8) (E_7)^4 (444400) 7^{′′} (1, 1, 1, 1, |2, 3) (E_8)^2(A)^3 (611100) 20^′ (1, 1, 1, 1, |4, 8) (E_8)(E_7)^2(D) (644200) 8 (1, 1, 1, 1, |2, 4) (E_6)^2(D)^2 (332200) 20^{′′} (1, 1, 1, 1, |4, 8) (E_8)^2(D)^2 (662200) 8^′ (1, 1, 1, 1, |2, 4) (E_7)^2(A)^2 (441100) 21 (1, 1, 1, 1, |5, 6) (E_8)(E_6)^3 (633300) 8^{′′} (1, 1, 1, 1, |2, 4) (E_8)(D)(A)^2 (621100) 22 (1, 1, 1, 1, |5, 7) (E_8)(E_7)(E_6)^2 (643300) 9 (1, 1, 1, 1, |2, 5) (E_7)^2(D)(A) (442100) 22^′ (1, 1, 1, 1, |5, 7) (E_8)(E_7)^2(D) (644200) 9^′ (1, 1, 1, 1, |2, 5) (E_7)(E_6)(D)^2 (432200) 22^{′′} (1, 1, 1, 1, |5, 7) (E_8)^2(E_6)(A) (663100) 9^{′′} (1, 1, 1, 1, |2, 5) (E_8)(D)^2(A) (622100) 23 (1, 1, 1, 1, |5, 8) (E_8)(E_7)^2(E_6) (644300) 10 (1, 1, 1, 1, |2, 6) (E_7)^2(D)^2 (442200) 23^′ (1, 1, 1, 1, |5, 8) (E_8)^2(E_7)(A) (664100) 10^′ (1, 1, 1, 1, |2, 6) (E_8)(D)^3 (622200) 23^{′′} (1, 1, 1, 1, |5, 8) (E_8)^2(E_6)(D) (663200) 11 (1, 1, 1, 1, |3, 3) (E_6)^3(A) (333100) 24 (1, 1, 1, 1, |5, 9) (E_8)(E_7)^3 (644400) 12 (1, 1, 1, 1, |3, 4) (E_6)^3(D) (333200) 25 (1, 1, 1, 1, |6, 8) (E_8)^2(E_6)^2 (663300) 12^′ (1, 1, 1, 1, |3, 4) (E_7)(E_6)^2(A) (433100) 26 (1, 1, 1, 1, |6, 9) (E_8)^2(E_7)(E_6) (664300) 12^{′′} (1, 1, 1, 1, |3, 4) (E_8)(E_6)(A)^2 (631100) 26^′ (1, 1, 1, 1, |6, 9) (E_8)^3(A) (666100) 13 (1, 1, 1, 1, |3, 5) (E_7)^2(E_6)(A) (443100) 27 (1, 1, 1, 1, |6, 10) (E_8)^3(D) (666200) 13^′ (1, 1, 1, 1, |3, 5) (E_8)(E_6)(D)(A) (632100) 27^′ (1, 1, 1, 1, |6, 10) (E_8)^2(E_7)2 (664400) 13^{′′} (1, 1, 1, 1, |3, 5) (E_8)(E_7)(A)^2 (641100) 28 (1, 1, 1, 1, |7, 10) (E_8)^3(E_6) (666300) 14 (1, 1, 1, 1, |3, 6) (E_7)^3(A) (444100) 29 (1, 1, 1, 1, |7, 11) (E_8)^3(E_7) (666400) 14^′ (1, 1, 1, 1, |3, 6) (E_8)(E_7)(D)(A) (642100) 30 (1, 1, 1, 1, |8, 12) (E_8)^4 (666600) 15 (1, 1, 1, 1, |3, 7) (E_7)^3(D) (444200) 15^′ (1, 1, 1, 1, |3, 7) (E_8)(E_7)(D)^2 (642200)

as well as their internal structures, such as the singularities which are related to possible new gauge-group structures. In the previous section, we concentrated on the normal expansion technique, related to Batyrev’s reflexive polyhedron method, that inter-relates CY_d spaces in different numbers of dimensions. We also gave some examples of the extra information that can be gleaned by decomposing IMs. In this Section, we explore further this technique based on the Diophantine expansion of invariant monomials (IMs), illustrated in Fig. 6, that relates spaces with different arities. As we show later in more detail, this algebraic method uses the Diophantine properties of the equations defining Calabi-Yau spaces. It enables us to construct and enumerate the chains of CY_d spaces that we discussed previously. Moreover, we find recurrence relations for the numbers of chains with different arities in different dimensions.

4.1 Analysis of the A_r and D_r Lines

We start with some simple examples, taken from the leading diagonal A_r line, corresponding to the maximal arity r = n. As we have already discussed, the IMs along this line have a very simple structure, since in each dimension n there is just one such monomial, the unit E_n = (1, ..., 1)_n: see Table 4. To find the chain of CY_d spaces corresponding to each such IM, we should solve the equation

⃗k^{i(ex)} · E_n = d(⃗k^{i(ex)}) (111)

which immediately gives us

(⃗k^{i(ex)})_1 + . . . + (⃗k^{i(ex)})_n = d(⃗k^{i(ex)}), (112)

where (⃗k^{i(ex)})_1,..., (⃗k^{i(ex)})_1 are the n components of the extended vector ⃗k^{i(ex)}. In general, such an equation has an infinite number of solutions, but these are restricted to a finite number by the fact that in the UCYA the extended vectors along this diagonal line can be constructed only by extending the unit vector ⃗k_1 = (1) to dimension n. In this simple case the Diophantine equation can immediately be rewritten in the following form:

(⃗k^{i(ex)})_1 + . . . (⃗k^{i(ex)})_n = 1, (113)

which gives exactly n different extended vectors: (⃗k^{i(ex)})_j = δ^i_j , where i, j = 1, 2, ..., n. These n different solutions ⃗k^{i(ex)}, (i = 1, ..., n), actually produce only one chain of arity n, with the eldest vector ⃗k_n = ∪^{i=n}_{i=1} (0, ...0, 1_i, 0, ...) = (1, ..., 1). (114) One can check this result by the previous method of looking for the intersection of these n extended vectors:

∩^{i=n}_{i=1} (0, ...0, 1_i, 0, ...) = (1^′)_n. (115) Thus, one can see that the unit IM in any dimension n uniquely determines a single chain of arity n with unit reflexive eldest vector.

It is a consequence of the UCYA that all RWVs can be decomposed in terms of the extended vectors of this A_r line: ⃗k_n =^{i=n}∑ i=1 a_i⃗k^{i(ex)}_1 , (116)

with some non-negative coefficients a_i. The problem of finding the coefficients in this decomposition is connected directly with the internal structure of the CY_d spaces. For instance, if the CY_d space had only a simple substructure related just to the unit invariant monomial E_n^3, one might think that the complete set of CY_d spaces could be found by simple extension of this unit E_n monomial to n monomials P_i, with the property (1/n)(P_1 + ... + P_n) = E_n, in which case the genome for all CY_d spaces would be solved. However, fortunately CY_d spaces have a much richer and more intriguing internal substructure, and such a direct Diophantine expansion cannot give the full number and substructure of all the CY_d spaces. The Diophantine expansions of the unit monomials E_4 in the K3 case and E_5 in the CY_3 case give only the 42 and 7,269 RWVs in these two chains, respectively.

Due to the complicated internal structure of CY_d spaces, the Diophantine expansions can in many cases can be degenerate. In these cases, the E_n cannot simply be expanded in terms of n points P_i : i = 1, ..., n, with the property E_n = (1/n)(P_1 + ... + P_n). However, some other weaker conditions could still apply: E_n → {P_1, ..., P_{(n−r+1)}|E_n = 1 (n − r + 1)

(P_1 + . . . + P_{n−r+1} )} (117)

for r = (n − 1), (n − 2), . . . , 3, 2. This is another way to see why we must go on to study further the substructure of the CY_d spaces, corresponding to the arities r = (n − 1), (n − 2), ..., 3, 2, i.e., we should go on to study points on the next lines on the arity-dimension plot. The corresponding CY_d spaces will have substructures described by higher-degree monomials, such as conics, cubics, quartics, quintics, etc.. For example, the CY_d spaces with substructures corresponding to the E_r line have elliptic fibres, whose substructure is described by cubic and quartic monomials. The CY_d spaces with richer substructure, corresponding to the next (fourth) line, have K3 fibres, and are described by the properties of quintic, sextic, septic and octic monomials. Some of these CY_d spaces also have a hyperelliptic substructure.

These arguments show that, in order to study the structures of the chains of fixed arity and dimension appearing along the next lines: D_r, E_r, ..., we should first determine the types of IMs corresponding to these lines. Next, we should find suitable sets of extended vectors by solving the following equations: ⃗k^{i(ex)} · (IM)_a = d(⃗k^{i(ex)}). (118) In looking for the solutions of these equations, one may use the fact that, in the UCYA, each sloping line is described by a particular type of extended weight vectors.

We consider the CY_d spaces with substructures corresponding to the second D_r line with arity r = (n−1). We have the following sets of possible different types of conic monomials in

3The single central point in one of the Batyrev polyhedra.

any dimension n, as given in the Table 4, which can be generalized by a recurrence relation to any dimension n: N_{conics} = (n)(n − 1) 2 . (119) We propose to determine all the possible conic IMs for this line, starting from the unit monomial E_n and two conic monomials, C_{i(n)} and C_{j(n)}, taken from Table 4^4. These monomials should satisfy the following Diophantine property: r = (n − 1):

C_{i(n)} + C_{j(n)} = 1 2 E_n, (120) where the index n notes the dimension being considered.

Table 4: The invariant monomials (linear and quadratic) for the (1)+(11) RWVs extended to Weierstrass, K3, CY_3 and CY_4 spaces, corresponding to the D_r line on the arity-dimension plot 3. In the case of the A_r line, there can be only linear invariant monomials. P L W K3 K3 Qu in tic Se x t ic (1) (11) (111) (1111) (11111) (111111)

(20) (200) (2000) (20000) (200000) (210) (2100) (2110) (21000) (21100) (21110) (210000) (211000) (211100) (211110) (220) (2200) (2210) (22000) (22100) (22110) (220000) (221000) (221100) (221110) (2220) (22200) (22210) (222000) (222100) (222110) (22220) (222200) (222210) (222220)

In order to enumerate these chains, we should find all possible pairs of conic monomials with the required Diophantine property, solving the following equations: ⃗k^{i(ex)} · C_{1(n)} = ⃗k^{i(ex)} · E_n = d(⃗k^{i(ex)}). (121)

To give sense to these equations and, consequently, to evaluate the finite number of solutions for the chains and their eldest vectors corresponding to the arity r = (n − 1), one should recall that, in the UCYA, the points on this line are determined by n-dimensional extensions of the two eldest vectors ⃗k_1 = (1) and ⃗k_2 = (1, 1). This means that the possible values of d(⃗k^{i(ex)}) in these equations are only 1 and 2. Also, the components of the extended vectors can only be 0, 1 or 2. The n-dimensional recurrence relation for conic monomials allows one to find all the IMs and to solve this problem for all dimensions n, in the sense of finding all the corresponding eldest vectors. The recurrence formula for the numbers of chains along this line is: N_{chains} = k · (k + 1), if n = (2k + 1) N_{chains} = k^2, if n = (2k). (122)

4In this Table, one can use all possible permutations of the expressions for the conic monomials.

Accordingly, along this line the numbers of the eldest vectors and chains in the dimensions n = 2, 3, 4, ... are the following: 1, 2, 4, 6, 9, 12, 16, 20, 25, 30, 36, 42, 49, 56, 64, 72, 81, 90, 100, 110, 121, 132, 144, ....

In order to understand this recurrence formula, one can construct the list of all different pairs of conics that appear in any dimension, as illustrated in Table 4. For example, for CY_3 (n = 5) one can get 6 = 2 · 3 chains of arity 4, for CY_4 (n = 6 = 2k) there are 9 = 3^2 chains of arity 5 and for CY_5 (n = 7 = 2k + 1, k = 3) there are 12 = 3 · 4 chains of arity 6. Thus, one of the main results of the IM approach for the first two diagonal lines, A_r and D_r, is to solve this aspect of the CY_d ‘genome’ in any dimension.

There is another interesting observation connected to the one-to-one correspondence between the IMs and chains. As an example, consider the following pair of n-dimensional conics:

C_{1(n)} = (2, 2, 2, . . . , 2, 0), C_{2(n)} = (0, 0, 0, . . . , 0, 2). (123)

The solutions of the equations

⃗k^{i(ex)} · C_{1(n)} = ⃗k^{i(ex)} · E_n = d(⃗k^{i(ex)}). (124)

can be expressed in the following form:

(⃗k^{i(ex)})_1 + . . . + (⃗k^{i(ex)})_{n−1} = 1, (⃗k^{i(ex)})_n = 1. (125)

So we get exactly (n − 1) different solutions for the extended vectors, producing one chain of arity r = (n − 1):

⃗k^{1(ex)} = (1, 0, 0, . . . , 0, 0, 1) ⃗k^{2(ex)} = (0, 1, 0, . . . , 0, 0, 1) ... = . . . ⃗k^{n−2(ex)} = (0, 0, 0, . . . , 1, 0, 1) ⃗k^{n−1(ex)} = (0, 0, 0, . . . , 0, 1, 1) (126)

with the eldest vector ⃗k_n = (1, 1, 1, . . . , 1, 1, n − 1).

To find the sets of RWVs inside the chains, one may study the following Diophantine condition for the conics: C_{1(n)} → {P_1, . . . , P_{(n−1)}|C_{1(n)} = 1 (n − 1)

(P_1 + . . . P_{(n−1)})} (127) and then solve the following n equations for the eldest vectors: ⃗k^{i(ex)} · P_j = ⃗k^{i(ex)} · C_{2(n)} = d(⃗k^{i(ex)}), C_{1(n)} + C_{2(n)} = 1 2 E_n. (128)

In the case of K3 chains, we can compare the list of the RWVs obtained from the Diophantine expansion with the complete list, which contains 34 and 48 possibilities, respectively. We can see that, in this case, there are 14 RWVs that cannot be obtained directly by the expansion of conics C_{1(n)} in terms of order-(n−1) monomials. Therefore, we should study the possibilities for expanding in terms of order-(n − 2), (n − 3), ... monomials, going to the next diagonal lines of the arity-dimension plot. Due to the more complicated structure of CY_{d=(n−2)} spaces with other arities r = (n − 2), ..., 3, 2, corresponding to the third E_r line, the fourth line, etc., the Diophantine condition for the conics is not closed.

4.2 Analysis of the E_r Line.

As the next step, we consider the situation along the diagonal E_r line.

4.2.1 Recurrences of Sets of Invariant Monomials

Continuing our previous approach, the first step is to enumerate the cubic and quartic monomials, from which we can find all the IMs along this E_r line. The appearance of cubic monomials is connected with the following new Diophantine condition for the expansion of the unit monomials E_n of the A_r line: E_n → {P_1, P_2, P_3| 1 3 (P_1 + P_2 + P_3) = E_n}. (129)

However, the set of appropriate cubic monomials is somewhat more restricted. Similarly, the appearence of quartic monomials is connected with the possible Diophantine expansion of the conic monomials Ci(n) of the second D_r line: C_{i(n)} → {P_1, P_2| 1 2 (P_1 + P_2) = C_{i(n)}}. (130)

Again, there are some further restrictions on the list of possible quartic monomials. We now give the list of cubic and quartic monomials that are relevant in the framework of the UCYA.

Examining Tables 5 and 6, one can convince oneself that there exist recurrence formulae for the IMs in any dimension. These formulae are obvious for the leading (red and green)

Table 5: The invariant monomials (cubics and quartics) for the five weight vectors (1)+(11)+(111)+(112)+(123), extended to Weierstrass, K3, CY_3 and CY_4 spaces, corresponding to the E_r line on the arity-dimension plot. W K3 K3 N Quin ti c N Se xt i c N (300) (3000) 1 (30000) 1 (300000) 1 (310) (3100) (3110) 2 (31000) (31100) (31110) 3 (310000) (311000) (311100) (311110) 4 (3200) (3210) (32000) (32100) (32110) (320000) (321000) (321100) (321110) (32200) (32210) (322000) (322100) (322110) 2 5 (322200) (322210) 9 (3300) (3310) (33000) (33100) (33110) (330000) (331000) (331100) (331110) (33200) (33210) (332000) (332100) (332110) (332200) (332210) (33300) (33310) (333000) (333100) (333110) (333200) (333210) 2 7 (333300) (333310) 16 (400) (4000) 1 (40000) 1 (400000) 1 (4100) (4110) 2 (41000) (41100) (41110) 3 (410000) (411000) (411100) (411110) 4 (4200) (4210) (42000) (42100) (42110) (420000) (421000) (421100) (421110) (42200) (42210) (422000) (422100) (422110) 2 5 (422200) (422210) 9 (4300) (4310) (43000) (43100) (43110) (430000) (431000) (431100) (431110) (43200) (43210) (432000) (432100) (432110) (432200) (432210) (43300) (43310) (433000) (433100) (433110) (433200) (433210) 2 7 (433300) (433310) 16 (4400) (4410) (44000) (44100) (44110) (440000) (441000) (441100) (441110) (44200) (44210) (442000) (442100) (442110) (442200) (422210) (44300) (44310) (443000) (443100) (443110) (443200) (443210) (433300) (433310) (44400) (44410) (444000) (444100) (444110) (444200) (444210) (444300) (444310) 2 9 (444400) (444410) 25

lines. The expressions for the numbers of cubic and quartic monomials are, respectively: N_{cubics} = 1 6 (n − 2)(n − 1)(n + 3) N_{quartics} = 1 24 (n − 2)(n − 1)(n)(n + 5)

(131)

There are remarkable links between the numbers of conics, cubics and quartics. For example, to obtain the number of quartics in dimension n, one should sum over all the cubics in dimensions 3, 4, ..., n, i.e., N^{(n)}_{Quart} = ∑ i = 3^{i=n}N^{(i)}_{Cub}. Thus, as seen in Fig. 7, the number 105 of quartic monomials in the septic Calabi-Yau case can be represented as follows: 2_{dim=3} + 7_{dim=4} + 16_{dim=5} + 30_{dim=6} + 50_{dim=7}.

Based on these tables, one can convince oneself that there should also exist n-dimensional recurrence formulae for the IMs applicable along other diagonal lines in any dimension, as we have found for the first two lines on the arity-dimension plot in Fig. 3. However, the situation can become complicated, because, in the construction of the cubic and quartic IMs, one must also take into account conic and conic + cubic monomials, respectively. In the case of Calabi-Yau spaces with Weierstrass fibres, it is also important to know the list of sextic monomials that we give in Table 6. The recurrence formula for the number of sextic monomials can be obtained from this Table:

C^{n−3}_{n+2} =

(n + 2)! (n − 3)!5!

, (132)

where n ≥ 3 is the dimension of the weight-vector space.

Table 6: The sextic monomials, M_6, for the five weight vectors (1) + (11) + (111) + (112) + (123), extended to K3, CY_3 and CY_4 spaces, corresponding to the E_r line on the aritydimension plot. K3 N Quin tic N Se xt ic N (6000) 1 (60000) 1 (600000) 1 (6100) 1 (61000) (61100) 2 (610000) (611000) (611100) 3 (6200) (62000) (62100) (620000) (621000) (621100) (62200) (622000) (622100) 1 3 (622200) 6 (6300) (63000) (63100) (630000) (631000) (631100) (63200) (632000) (632100) (632200) (63300) (633000) (633100) (633200) 1 4 (633300) 10 (6400) (64000) (64100) (640000) (641000) (641100) (64200) (642000) (642100) (642200) (64300) (643000) (643100) (643200) (643300) (64400) (644000) (644100) (644200) (644300) 1 5 (644400) 15 (6600) (66000) (66100) (660000) (661000) (661100) (66200) (662000) (662100) (662200) (66300) (663000) (663100) (663200) (663300) (66400) (664000) (664100) (664200) (664300) (664400) (66600) (666000) (666100) (666200) (666300) (666400) 1 6 (666600) 21

4.2.2 Applications to K3 Spaces and their Fibrations

We now consider the K3 case in more detail, studying the third E_r line. From previous work, we already know that there are 22 chains of arity 2, a result we now rederive using the IM method. To obtain all the chains and the corresponding eldest weight vectors, one needs to consider three types of Diophantine expansions, as described above. The first mechanism to consider is the expansion of the unit monomial in terms of three monomials, whose maximal degree is 3:

E_4 −→ {P_1, P_2, P_3 : 1 3 (P_1 + P_2 + P_3) = E_4}. (133)

We see easily from Tables 7, 8 and 9 that there exist 28 cubic IMs, including the single unit monomial E_4 and three monomials P_1, P_2, P_3.

To find these chains, one should first solve the following equations: ⃗k^{i(ex)} · (IM)_a = d(⃗k^{i(ex)}), (134) where a = 1, 2, 3. To solve these equations and to obtain 19 of the chains, we should look for extended vector solutions among the set of 4-dimensional extensions of the following RWVs:

⃗k_1 = (1); ⃗k_2 = (1, 1); ⃗k_3 = (1, 1, 1), ⃗k_3 = (1, 1, 2), ⃗k_3 = (1, 2, 3). (135)

The second way, that completes the structure of K3 spaces along this line, is to consider quartic monomials. This can be done in two steps, first expanding the unit monomial in terms of conics and then expanding the conics in terms of quartics:

E_4 −→ {C_1, C_2 : 1 2 (C_1 + C_2) = E_4}

C_1 −→ {P_1, P_2 : 1 2 (P_1 + P_2) = E_4}. (136)

We refer to this expansion as the Diophantine D_4[1, 1, 2/4] expansion, and call the expansion through cubics the D_4[1, 1, 1/3] expansion.

Twenty chains can be found this way by solving the following equations:

⃗k^{i(ex)} · P_1 = ⃗k^{i(ex)} · P_2 = d(⃗k^{i(ex)}), ⃗k^{i(ex)} · C_2 = d(⃗k^{i(ex)}), (137) where we look again for solutions among the extended vectors. The D_4[1, 1, 1/3] and D_4[1, 1, 2/4] expansions give 20 chains each, which combine to give the full 22 chains. The last type of Diophantine expansion is the double conic expansion, which is described by the expression D_4[1, 1/2] + D^′_4[1, 1/2], i.e.:

E_4 −→ {C_1, C_2 : 1 2 (C_1 + C_2) = E_4}

E_4 −→ {C_3, C_4 : 1 2 (C_3 + C_4) = E_4} (138)

Solving the corresponding equations leads to 14 such cases, which are contained among the 22 already found.

We thus see that the IM method yields the same 22 chains of K3 spaces that were found previously via the normal expansion technique: indeed, just two types of Diophantine expansion were sufficient. To understand these expansions more deeply, look at Tables 7, 8, 9. The monomials P_1, P_2, P_3, corresponding to the D_4[1, 1, 1/3] Diophantine expansion, together with the unit monomial E_4, produce the full set of third-order IMs for K3. The numbers 3 and 4 we term the degrees of the corresponding IMs. The monomials P_1, P_2, C_2 together with the unit monomial E_4 produce the set of fourth-degree IMs, and these Tables show the different types of third- and fourth-degree IMs.

The third-degree IMs can be involved in the following four types of triples of cubic and/or conic monomials: (Cub)^3,(Cub)^2(Con), (Cub)(Con)^2 and (Con)^3. Similarly, one can characterize according to the choice of P_1 and P_2 the following six types of fourth-degree IMs: (Qrt)^2, (Qrt)(Cub), (Qrt)(Con), (Cub)^2, (Cub)(Con) and (con)^2. These tables show a very important correlation between the types of IMs and the type of planar intersection, which is indicated in these Tables by the special index of the number N. Thus, one can see that the chains III − {4}_Δ and XII − {5}_Δ are determined by the third-degree IMs, (Cub)^3 and (Cub)^2(Con), respectively. Correspondingly, the chains V III − {5}_Δ and IX − {5}_Δ are determined by the fourth-degree IMs, (Qrt)^2, and differ from each other by the types of conic, C_2. We note that the 7 Weierstrass chains, XV − {7}_Δ,....,XXI − {7}_Δ have the third-degree and fourth-degree IM types (Cub)^2(Con) and (Qrt)(Cub), respectively.

In the next five Tables, we illustrate the relation between the types of intersections and the types of IMs that determine the 22 K3 chains. We divided the 22 chains into sets according the type of arity-2 intersection. Due to mirror σ ↔ π symmetry, these intersections indicate immediately the type of fibre structure of the K3 space or its dual K3^∗. In the holomorphic quotient approach, a fibre is determined by the type of intersection in the mirror partner of the CY_d space [38]. In cases where σ = π, it directly determines the fibre structure of the CY_d space, and in the opposite case it determines the fibre structure of the mirror Calabi-Yau manifold. In the following Tables we mainly follow the notations of our previous article [34]. For example, the notion {10}_Δ means that the intersection of arity-2 corresponds to the 10 point-monomials producing the Batyrev reflexive triangle, the {9}_□ corresponds to the 9 point-monomials producing the reflexive planar square figure, etc.. From these Tables, using the equations ⃗k^{i(ex)} ·IM_a = d_i, one can easily convince oneself of the equivalence between the Batyrev reflexive polyhedra description and the IM approach. For these cases, the number of IMs is a = 3 and the number of solutions is i = 2.

Table 7: The list of K3 IMs with the Diophantine conditions:{3} → 1/3(P_1 + P_2 + P_3) = E_4 and {4} → 1/4(P_1 + P_2 + 2C_2) = E_4, 1/2(C_1 + C_2) = E_4. Here we present the chains with triangle {σ = 10, 4} and {σ = 9, 5} intersections [34]. N ⃗k_i(eld) Chain P_1 P_2 P_3 /C_2 IM IM − type I − {10}_Δ (1, 1, 1, 1)[4] (0, 1, 1, 1) + (1, 0, 0, 0) (1, 3, 0, 0) (1, 0, 3, 0) (1, 0, 0, 3) {3} (Cub)^3 (3, 0, 0, 1) (0, 2, 1, 1) (0, 1, 2, 1) {3} (Cub)(Con)^2 (1, 2, 0, 1) (0, 1, 2, 1) (2, 0, 1, 1) {3} (Con)^3 (1, 0, 0, 3) (1, 2, 0, 1) (1, 1, 2, 0) {4} (Cub)(Con) II − {10}_Δ (1, 1, 2, 2)[6] (0, 1, 1, 1) + (1, 0, 1, 1) (3, 3, 0, 0) (0, 0, 3, 0) (0, 0, 0, 3) {3} (Cub)^3 (3, 3, 0, 0) (0, 0, 2, 1) (0, 0, 1, 2) {3} (Cub)(Con)^2 (0, 0, 0, 3) (2, 2, 1, 0) (1, 1, 2, 0) {3} (Cub)(Con)^2 (2, 2, 1, 0) (1, 1, 0, 2) (0, 0, 2, 1) {3} (Con)^3 (0, 0, 0, 3) (2, 2, 0, 1) (1, 1, 2, 0) {4} (Cub)(Con) (3, 3, 0, 0) (1, 1, 2, 0) (0, 0, 1, 2) {4} (Cub)(Con) III − {4}_Δ (3, 1, 2, 3)[9] (0, 1, 1, 1) + (3, 0, 1, 2) (2, 3, 0, 0) (1, 0, 3, 0) (0, 0, 0, 3) {3} (Cub)^3

IV − {9}_Δ (1, 1, 1, 2)[5] (0, 1, 1, 2) + (1, 0, 0, 0) (1, 3, 0, 1) (1, 0, 2, 1) (1, 0, 0, 2) {3} (Cub)(Con)^2 (1, 4, 0, 0) (1, 0, 4, 0) (1, 0, 0, 2) {4} (Qrt)^2 (1, 3, 1, 0) (1, 1, 3, 0) {4} (Cub)^2 (1, 4, 0, 0) (1, 0, 0, 2) (1, 0, 2, 1) {4} (Qrt)(Con) V − {9}_Δ (1, 1, 1, 3)[6] (0, 1, 1, 2) + (1, 0, 0, 1) (2, 3, 1, 0) (1, 0, 2, 1) (0, 0, 0, 2) {3} (Cub)(Con)^2 (2, 4, 0, 0) (2, 0, 4, 0) (0, 0, 0, 2) {4} (Qrt)^2 (2, 3, 1, 0) (2, 1, 3, 0) (0, 0, 0, 2) {4} (Cub)^2 (2, 4, 0, 0) (0, 0, 0, 2) (1, 0, 2, 1) {4} (Qrt)(Con) V I − {9}_Δ (1, 1, 2, 4)[8] (0, 1, 1, 2) + (1, 0, 1, 2) (3, 3, 1, 0) (0, 0, 2, 1) (0, 0, 0, 2) {3} (Cub)(Con)^2 (1, 1, 3, 0) (2, 2, 0, 1) (0, 0, 0, 2) {3} (Cub)(Con)^2 (4, 4, 0, 0) (0, 0, 4, 0) (0, 0, 0, 2) {4} (Qrt)^2 (3, 3, 1, 0) (1, 1, 3, 0) (0, 0, 0, 2) {4} (Cub)^2 (4, 4, 0, 0) (0, 0, 0, 2) (0, 0, 2, 1) {4} (Qrt)(Con) V II − {9}_Δ (1, 1, 1, 1)[4] (0, 1, 1, 2) + (2, 1, 1, 0) (0, 3, 1, 0) (2, 0, 0, 2) (1, 0, 2, 1) {3} (Cub)(Con)^2 (0, 4, 0, 0) (0, 0, 4, 0) (2, 0, 0, 2) {4} (Qrt)^2 (0, 3, 1, 0) (0, 1, 3, 0) (2, 0, 0, 2) {4} (Cub)^2 (0, 4, 0, 0) (2, 0, 0, 2) (1, 0, 2, 1) {4} (Qrt)(Con) V III − {5}_Δ (1, 2, 3, 2)[8] (0, 1, 1, 2) + (1, 1, 2, 0) (4, 0, 0, 2) (0, 4, 0, 0) (0, 0, 2, 1) {4} (Qrt)^2 IX − {5}_Δ (2, 2, 1, 5)[10] (0, 1, 1, 2) + (2, 1, 0, 3) (3, 0, 4, 0) (1, 4, 0, 0) (0, 0, 0, 2) {4} (Qrt)^2

We see from these Tables that the IMs determine completely the fibration structures of the 22 K3 chains:

Table 8: The list of K3 IMs with the Diophantine conditions:{3} → 1/3(P_1 + P_2 + P_3) = E_4 and {4} → 1/4(P_1 + P_2 + 2C_2) = E_4, 1/2(C_1 + C_2) = E_4. Here we present the chains with ‘quadratic-rhombus’ intersections σ [34]. N ⃗k_i (eld) chain P_1 P_2 P_3 /C_2 IM IM − type X − {9}_□ (1, 1, 1, 1)[4] (0, 0, 1, 1) + (1, 1, 0, 0) (2, 0, 2, 0) (1, 1, 0, 2) (0, 2, 1, 1) {3} (Con)^3 (2, 0, 2, 0) (2, 0, 0, 2) (0, 2, 1, 1) {4} (Con)^2 (2, 0, 2, 0) (0, 2, 0, 2) {2 + 2} [(Con)^2 ]^2 (2, 0, 0, 2) (0, 2, 2, 0) {2 + 2} [(Con)^2 ]^2 XI − {9}_□ (1, 1, 1, 2)[5] (0, 0, 1, 1) + (1, 1, 0, 1) (3, 0, 2, 0) (0, 2, 1, 1) (0, 1, 0, 2) {3} (Cub)(Con)^2 (2, 1, 2, 0) (0, 2, 1, 1) (1, 0, 0, 2) {3} (Con)^3 (3, 0, 2, 0) (1, 2, 2, 0) (0, 1, 0, 2) {4} (Cub)(Con) (3, 0, 2, 0) (1, 0, 0, 2) (0, 2, 1, 1) {4} (Cub)(Con) XII − {5}_□ (1, 1, 1, 1)[4] (0, 1, 2, 3) + (3, 2, 1, 0) (1, 0, 3, 0) (0, 3, 0, 1) (2, 0, 0, 2) {3} (Cub)^2 (Con)

XIII − {8}_□ (1, 1, 2, 3)[7] (0, 1, 1, 1) + (1, 0, 1, 2) (3, 2, 1, 0) (0, 0, 2, 1) (0, 1, 0, 2) {3} (Cub)(Con)^2 (1, 0, 3, 0) (2, 2, 0, 1) (0, 1, 0, 2) {3} (Cub)(Con)^2 (4, 3, 0, 0) (0, 1, 0, 2) (0, 0, 2, 1) {4} (Qrt)(Con) (3, 2, 1, 0) (1, 0, 3, 0) (0, 1, 0, 2) {4} (Cub)^2 XIV − {6}_□ (1, 1, 1, 2)[5] (0, 1, 1, 2) + (2, 1, 3, 0) (0, 3, 1, 0) (3, 0, 0, 2) (0, 0, 2, 1) {3} (Cub)^2 (Con) (1, 4, 0, 0) (3, 0, 0, 2) (0, 0, 2, 1) {4} (Qrt)(Cub)

XXII − {7}_□ (1, 2, 1, 2)[6] (0, 1, 1, 2) + (1, 1, 0, 0) (1, 1, 3, 0) (0, 2, 0, 1) (2, 0, 0, 2) {3} (Cub)(Con)^2 (2, 0, 4, 0) (2, 0, 0, 2) (0, 2, 0, 1) {4} (Qrt)(Con)

Table 9: The list of K3 IMs with the Diophantine conditions:{3} → 1/3(P_1 + P_2 + P_3) = E_4 and {4} → 1/4(P_1 + P_2 + 2C_2) = E_4, 1/2(C_1 + C_2) = E_4. Here we are present those with {7}_Δ chains [34]. N ⃗k_i (eld) Chain P_1 P_2 P_3/C_2 SIM SIM − type XV − {7}_Δ (1, 1, 2, 3)[7] (1, 2, 3, 0) + (0, 0, 0, 1) (3, 0, 1, 1) (0, 3, 0, 1) (0, 0, 2, 1) {3} (Cub)^2 (Con) (4, 1, 0, 1) (0, 3, 0, 1) (0, 0, 2, 1) {4} (Qrt)(Cub) (6, 0, 0, 1) {6} M_6 XV I − {7}_Δ (1, 1, 2, 4)[8] (0, 1, 2, 3) + (1, 0, 0, 1) (1, 3, 0, 1) (2, 0, 3, 0) (0, 0, 0, 2) {3} (Cub)^2 (Con) (2, 4, 1, 0) (2, 0, 3, 0) (0, 0, 0, 2) {4} (Qrt)(Cub) (2, 6, 0, 0) {6} M_6 XV II − {7}_Δ (1, 1, 3, 4)[9] (0, 1, 2, 3) + (1, 0, 1, 1) (2, 3, 0, 1) (0, 0, 3, 0) (1, 0, 0, 2) {3} (Cub)^2 (Con) (2, 4, 1, 0) (0, 0, 3, 0) (1, 0, 0, 2) {4} (Qrt)(Cub) (3, 6, 0, 0) {6} M_6 XV III − {7}_Δ (1, 1, 3, 5)[10] (0, 1, 2, 3) + (1, 0, 1, 2) (3, 2, 0, 1) (0, 1, 3, 0) (0, 0, 0, 2) {3} (Cub)^2 (Con) (4, 3, 1, 0) (0, 1, 3, 0) (0, 0, 0, 2) {4} (Qrt)(Cub) (6, 4, 0, 0) {6} M_6 XIX − {7}_Δ (1, 1, 4, 6)[12] (0, 1, 2, 3) + (1, 0, 2, 3) (3, 3, 0, 1) (0, 0, 3, 0) (0, 0, 0, 2) {3} (Cub)^2 (Con) (4, 4, 1, 0) (0, 0, 3, 0) (0, 0, 0, 2) {4} (Qrt)(Cub) (6, 6, 0, 0) {6} M_6 XX − {7}_Δ (1, 1, 1, 3)[6] (0, 1, 2, 3) + (2, 1, 0, 3) (0, 3, 0, 1) (3, 0, 3, 0) (0, 0, 0, 2) {3} (Cub)^2 (Con) (3, 0, 3, 0) (1, 4, 1, 0) (0, 0, 0, 2) {4} (Qrt)(Cub) (0, 6, 0, 0) {6} M_6 XXI − {7}_Δ (3, 2, 4, 3)[12] (0, 1, 2, 3) + (3, 1, 2, 0) (1, 3, 0, 1) (0, 0, 3, 0) (2, 0, 0, 2) {3} (Cub)^2 (Con) (0, 4, 1, 0) (0, 0, 3, 0) (2, 0, 0, 2) {4} (Qrt)(Cub) (0, 6, 0, 0) {6} M_6

{IM}_4 → ( 1 · {4}_Δ ) + ( 2 · {10}_Δ )

+ ( 2 · {5}_Δ + 1 · {5}_□ )

+ ( 4 · {9}_Δ + 2 · {9}_□ )

+ ( 7 · {7}_Δ + 1 · {7}_□ )

+ ( 1 · {6}_□ ) + ( 1 · {8}_□ ) → {22} (139) This expansion in terms of fibration structures is very helpful for extending these K3 results to more general CY_d spaces, via recurrence relations. As we show later, each of the terms {10, 4, ...}_{Δ,□,...} in the expansion has its own recurrence relation, of which we later derive several examples, indicated in bold script: 2 · {10}_Δ, etc., providing complete results in any number of dimensions for the numbers of CY_d spaces with these particular fibrations. A similar recurrence formula could be derived for any analogous fibration.

We note that the examples with three cubic monomials, (Cub)^3, uniquely determine the chains with intersections {10}_Δ and {4}_Δ, the IMs with two quartic monomials (Qrt)^2 and conics C_2 determine the chains with {9}_Δ and {5}_Δ, etc.. The difference between {10}_Δ ({9}_Δ) and {4}_Δ ({5}_Δ) is that the first chains are also determined by other IMs, so one should look more carefully at the structures of the IMs. We make a very important observation in the K3 case, namely that each type of IM corresponds to a different type of intersection. For example, the 7 different Weierstrass IMs, {3} ∼ (Cub)^2(Con) or {4} ∼ (Qrt)(Con), correspond exactly to the 7 different chains with a {7}_Δ intersection. Thus we can expect that knowing the structures of the IMs and their recurrences in higher dimensions n, one can find all the CY_d spaces: d = n + 2 which have some particular fibration. We discuss this point further in the next sections.

4.2.3 Applications to CY_3 Spaces and their Fibrations

We now consider here all possible double Diophantine expansions of conic monomials in 5 dimensions, and also expansions in 3 monomials of the unit monomial. Once these triples have been obtained, the extended vectors are obtained as follows. Given one triple of monomials in n dimensions, we look for all possible extended k vectors with all components zero, except for at most three, with the property that the scalar products with the three monomials all give the sum of the k-vector components.

In practice, we form all possible 3 × 3 matrices obtained by choosing all possible sets of 3 (out of the n) components of the three monomials, and solve the corresponding system of linear equations, where the constant term is a column vector with all components equal to unity. If the solutions for the 3 unknowns are all positive, and are such that, when multiplied by the determinant of the matrix (to obtain integer values) and summed, they give the determinant itself, then the 3 values (divided if necessary by the greatest common divisor) are the components of a k vector. In case the determinant is null, one looks for solutions among the set of 5 known good solutions ((1), (1, 1), (1, 1, 1), (1, 1, 2), (1, 2, 3)), and then sets all components to zero, except those three.

Once we have the solutions, i.e., the set of k vectors, we arrange them in sets of (n − 2) to get the chains. Sets that turn out to have the same component null are rejected. We also reject sets that have the following quantity equal to zero: the determinant of the (n − 2) × (n − 2) matrix obtained by multiplying the (n − 2) × n matrix of n − 2 n-dimensional ⃗k vectors by its transpose, on the right.

The most time-consuming procedure is that of counting the distinct chains. A permutation of the order of the k vectors and/or a permutation of the order of some components give rise to the same chain. The computation time was reduced by some restrictive cuts on the checks.

In the 5-dimensional case, from the expansion of the unit monomial into 3 monomials, D_5[1, 1, 1/3], we get 116 triples of monomials of maximal degree 3. From the expansion on the second D_r line of the conic monomials in terms of two monomials, D_5[112/4], we get 164 triples of monomials with maximal degree 4. From the first set we get 231 distinct 3-vector chains, whereas from the second one we get 225 different chains. Some chains are present in both sets, and the final number is 259, in complete agreement with the 259 chains found previously by the normal expansion and intersection technique.

We have already mentioned that, among the set of distinct chains, some can be obtained as linear combinations with positive coefficients of other chains. We have therefore looked for the minimal set of irreducible chains that are nececessary to get all the others. In this way, we have confirmed that it contains 161 members, as derived previously using the RWV expansion route. Among the 259 reducible chains (161 irreducible chains) there are 11(7) false vectors, corresponding to the minimal choices of the coefficients, m = n = l = 1. These false vectors are not reflexive because they are not allowed at the level of arity 2. For example, the IM composed of the cubic monomials P_1 = (0, 0, 0, 3, 0), P_2 = (0, 3, 2, 0, 1) and P_3 = (3, 0, 1, 0, 2) gives the following arity-3 chain: ⃗k^{1ex} = (0, 0, 1, 1, 1), ⃗k^{2ex} = (0, 1, 0, 2, 3), ⃗k^{3ex} = (3, 0, 1, 0, 2). The choice m = n = l = 1 corresponds to the vector ⃗k = (1, 1, 4, 5, 4), which has the following incorrect arity-2 expansion: (1, 1, 4, 5, 4) = (1, 1, 0, 1, 0) + 4 · (0, 0, 1, 1, 1). It follows from this expansion that this vector is outside the arity-2 chain, m·(1, 1, 0, 1, 0)+n·(0, 0, 1, 1, 1), where the possible coefficients corresponding to the arity-2 chain should satisfy the constraints m ≤ 3 and n ≤ 3. The ‘good’ intersection of these vectors ⃗k^{ex} = (0, 0, 1, 1, 1) and ⃗k^{ex} = (1, 1, 0, 1, 0) gives a reflexive polyhedron with 30 points and a mirror reflexive polyhedron with 6 points. The corresponding arity-2 chain consists only of the following RWVs:

⃗k^{eld} = (1, 1, 1, 2, 1), m = 1; n = 1, ⃗k^2 = (2, 2, 1, 3, 1), m = 2; n = 1, ⃗k^3 = (3, 3, 1, 4, 1), m = 3; n = 1, ⃗k^3 = (3, 3, 2, 5, 2), m = 3; n = 2. (140)

Note that the entire list of RWVs in the chain is determined by the structure of the IM. The abovementioned arity-3 chain is normal: for example, the weight vector

(3, 2, 2, 5, 9) = (0, 0, 1, 1, 1) + 2 · (0, 1, 0, 2, 3) + (3, 0, 1, 0, 2) (141)

with m = 1, n = 2, l = 1 is reflexive, as can be checked by Diophantine expansion of one of the cubic monomials P_2 = (0, 3, 2, 0, 1) and the two monomials M_1 = (0, 6, 0, 0, 1) and M_2 = (0, 0, 4, 0, 1) and fixed other monomials from the considered IM.

There are fixed types and numbers of IMs which determine the structures of the full 259 (irreducible 161) chains, and they are similar to those we already indicated for the K3 case, as seen, for example, in the following Tables 10 and 11.

{IM}_5 → ( 9 · {4}_Δ + 4 · {10}_Δ )

+ ( 16 · {5}_Δ + 5 · {5}_□ + 1 · {5}_□′ )

+ ( 11 · {9}_Δ + 5 · {9}_□ + 1 · {9}_□′ )

+ ( 28 · {7}_Δ + 7 · {7}_□ + 1 · {7}_{Quint} )

+ ( 8 · {6}_□ + 1 · {6}_{Quint} )

+ ( 6 · {8}_□ + 1 · {8}_{Quint} ) → {161} (142)

Table 10: The CY_3 IMs with the Diophantine conditions:{3} → 1/3(P_1 + P_2 + P_3) = E_5 and {4} → 1/4(P_1 + P_2 + 2C_2) = E_5, 1/2(C_1 + C_2) = E_5. Here we present the chains with triangle {10 + 4} and {9 + 5} intersections [34]. σ ⃗k_i(eld) Chain P_1 P_2 P_3/C_2 IM IM − type {10}_Δ (1, 1, 1, 1, 1)[5] (0, 0, 0, 0, 1)+ (0, 0, 3, 1, 1) (0, 3, 0, 1, 1) (3, 0, 0, 1, 1) {3} (Cub)^3 (0, 0, 0, 1, 0)+ (3, 0, 0, 1, 1) (0, 2, 1, 1, 1) (0, 1, 2, 1, 1) {3} (Cub)(Con)^2 (1, 1, 1, 0, 0)+ (0, 2, 1, 1, 1) (1, 0, 2, 1, 1) (2, 1, 0, 1, 1) {3} (Con)^3 (3, 0, 0, 1, 1) (1, 0, 2, 1, 1) (0, 2, 1, 1, 1) {4} (Cub)(Con) {4}_Δ (3, 3, 1, 4, 4)[15] (0, 0, 1, 1, 1)+ (0, 1, 0, 3, 0) (1, 0, 0, 0, 3) (2, 2, 3, 0, 0) {3} (Cub)^3 (0, 3, 0, 1, 2)+ − − − − − (3, 0, 0, 2, 1)+ − − − − − {9}_Δ (1, 1, 1, 1, 1)[5] (0, 0, 1, 1, 2)+ (0, 0, 0, 4, 0) (0, 0, 4, 0, 0) (2, 2, 0, 0, 2) {4} (Qrt)^2 (0, 2, 1, 1, 0)+ (0, 0, 1, 3, 0) (0, 0, 3, 1, 0) (2, 2, 0, 0, 2) {4} (Qrt)^2 (2, 0, 1, 1, 0)+ (0, 0, 1, 3, 0) (1, 1, 2, 0, 1) (2, 2, 0, 0, 2) {3} (Cub)(Con)^2 (1, 0, 0, 0, 1, 2) − − − − − {9}_{□′} (1, 1, 1, 2, 2)[7] (0, 0, 0, 1, 1)+ (2, 0, 0, 0, 2) (2, 0, 1, 1, 1) (0, 2, 0, 0, 2) {2}^4 (Con)^4 (0, 0, 1, 0, 1)+ − − − (1, 1, 0, 0, 0)+ − − − {5}_Δ (2, 1, 1, 3, 5)[12] (0, 0, 1, 1, 2)+ (2, 4, 4, 0, 0) (0, 0, 0, 4, 0) (1, 0, 0, 0, 2) {4} (Qrt)^2 (0, 1, 0, 1, 2)+ − − − − − (2, 0, 0, 1, 1) − − − − − {9}_□ (1, 1, 2, 1, 5)[10] (0, 0, 0, 1, 1)+ (4, 4, 0, 2, 0) (0, 0, 4, 2, 0) (0, 0, 0, 0, 2) {4} (Quart)^2 (0, 1, 1, 0, 2)+ (3, 3, 1, 2, 0) (1, 1, 3, 2, 0)− (0, 0, 0, 0, 2) {4} (Cub)^2 (1, 0, 1, 0, 2)+ (3, 3, 1, 2, 0) (0, 0, 2, 1, 1) (0, 0, 0, 0, 2) {3} (Cub)(Con)^2 {5}_□ (3, 3, 4, 5, 3)[19] (0, 0, 1, 2, 3)+ (1, 0, 0, 3, 0) (0, 1, 3, 0, 1) (2, 2, 0, 0, 2) {3}^2 (Cub)^2 (Con) (0, 3, 1, 2, 0)+ − − − (3, 0, 2, 1, 0)+ − − − {5}_{□′} (2, 1, 2, 1, 2)[8] (0, 0, 0, 1, 1)+ (0, 0, 2, 0, 2) (1, 0, 2, 2, 0) (1, 2, 0, 0, 2) {2}^2 (Con)^2 (0, 1, 1, 0, 0)+ − − − (2, 0, 1, 0, 1)+ − − −

We stress that finding the IMs corresponding to the E_r line is possible in any dimension, because of simple recurrence relations for conic, cubic, quartic and sextic monomials. As an illustration, we discuss the IMs leading to Weierstrass fibrations, which have just the following two structures: {3} → (Cub)^2(Con) and {4} → (Qrt)(Cub). There is an additional link between these two types of Weierstrass IMs and the sextic monomials M_6, as seen in the Tables. As for the case of K3 spaces with Weierstrass fibres, here also one can put each IM into correspondence with a sextic monomial M_6, with the following property: 1/3(M_6 + 2P_2) = C_1, where 1/2(C_1 + C_2) = E_4. The last property enables us to find an exact link between Weierstrass IMs and the types of sextic monomials. This link is not one-to-one, but one to i, where i = p − 1 depends on the number p of zero components in the monomial M_6. For instance, the monomial M_6 = (6, 6, 6, 0, 0) has two zero components and, consequently i = 1, whereas the monomial M_6 = (6, 6, 0, 0, 0) has three zero components and consequently i = 2, and the monomial M_6 = (6, 0, 0, 0, 0) has four zero components and consequently i = 3. In the case of the monomial M_6 = (6, 6, 6, 0, 0), the condition 1/3(M_6 + 2P_2) = C_1 can be satisfied in just one way, with P_2 = (3, 3, 3, 0, 1) and C_1 = (0, 0, 0, 0, 2). However, in the

Table 11: The CY_3 IMs with the Diophantine conditions:{3} → 1/3(P_1 + P_2 + P_3) = E_5 and {4} → 1/4(P_1 + P_2 + 2C_2) = E_5, 1/2(C_1 + C_2) = E_5. Here we present the chains with box and quintuple {8 + 6} intersections and {7 + 7} intersections [34]. σ ⃗k_i(eld) Chain P_1 P_2 P_3/C_2 IM IM − type {8}_□ (1, 1, 1, 3, 5)[11] (0, 0, 1, 1, 1)+ (4, 4, 3, 0, 0) (0, 0, 1, 0, 2) (0, 0, 0, 2, 1) {4} (Qrt)(Con) (0, 1, 0, 1, 2)+ (3, 3, 2, 1, 0) (1, 1, 0, 3, 0) (0, 0, 1, 0, 2) {4} (Cub)(Con) (1, 0, 0, 1, 2)+ (3, 3, 2, 1, 0) (0, 0, 1, 0, 2) (0, 0, 0, 2, 1) {3} (Cub)(Con)^2 {6}_□ (2, 2, 2, 1, 5)[15] (0, 0, 0, 1, 1)+ (1, 4, 0, 2, 0) (3, 0, 2, 2, 0) (0, 0, 1, 0, 2) {4} (Qrt)(Cub) (0, 1, 2, 0, 1)+ (3, 0, 2, 2, 0) (0, 3, 1, 0, 1) (0, 0, 0, 1, 2) {3} (Cub)^2 (Con) (2, 1, 0, 0, 3)+ − − − − − {8}_{Quint} (1, 1, 2, 1, 1)[6] (0, 0, 0, 1, 1)+ (3, 2, 0, 2, 0) (0, 1, 1, 0, 2) (0, 0, 2, 1, 1) {3} (Cub)(Con)^2 (0, 1, 1, 0, 0)+ (2, 2, 0, 1, 1) (1, 0, 2, 2, 0) (0, 1, 1, 0, 2) {2}^3 (Con)^3 (1, 0, 1, 0, 1) {6}_{Quint} (2, 1, 1, 3, 5)[12] (0, 0, 1, 1, 1)+ (1, 1, 0, 3, 0) (2, 0, 1, 0, 2) (0, 2, 2, 0, 1) {3} (Cub)(Con)^2 (0, 1, 0, 1, 2)+ (0, 2, 2, 0, 1) (0, 2, 1, 2, 0) (2, 0, 1, 0, 2) {2}^2 (Con)^2 (1, 0, 2, 1, 0) − − − − − {7}_□ (2, 2, 2, 1, 3)[10] (0, 0, 0, 1, 1)+ (0, 4, 0, 2, 0) (2, 0, 2, 2, 0) (1, 0, 1, 0, 2) {4} (Quart)(Con) (0, 1, 2, 0, 1)+ (3, 3, 0, 1, 1) (0, 0, 2, 2, 0)− (0, 0, 1, 0, 2) {3} (Cub)(Con)^2 (2, 1, 0, 0, 1)+ {7}_{Quint} (1, 2, 3, 1, 2)[19] (0, 0, 0, 1, 1)+ (2, 1, 0, 3, 0) (1, 0, 1, 0, 2) (0, 2, 2, 0, 1) {3}^2 (Cub)^2 (Con) (0, 1, 1, 0, 1)+ (0, 3, 2, 1, 0) (2, 0, 0, 2, 1) (1, 0, 1, 0, 2) {3}^2 (Cub)^2 (Con) (1, 1, 2, 0, 0)+ (0, 2, 2, 0, 1) (1, 0, 1, 0, 2) (2, 0, 0, 2, 1) {2}^2 (Con)^2

case of the monomial M_6 = (6, 6, 0, 0, 0) there are already two ways of satisfying the condition 1/3(M_6 + 2P_2) = C_1, namely P_2 = (3, 3, 0, 0, 1), C_1 = (0, 0, 0, 0, 2) and P^′_2 = (3, 3, 1, 0, 1), C^′_1 = (0, 0, 2, 0, 2), respectively. The three solutions for the condition 1/3(M_6 + 2P_2) = C_1 in the case of the monomial M_6 = (6, 0, 0, 0, 0) can be see in Tables 6 and 12 to 16. Using the fact that there exist these multiple examples of Weierstrasss IMs for sextic monomials, we obtain the following expression for the number of Weierstrass IMs, {3} and {4}:

N_W (n) = C^{n−3}_{n+3} =

(n + 3)!

(6!)(n − 3)!

, (143)

valid for all dimensions.

Similar recurrence formulae can (in principle) be found for all other types of IMs in arbitrary dimensions n. We now discuss the example of the IM {3_{10}}. This type of IM is determined by 3 cubic monomials with one important property: the differences between each pair of monomials included in this IM, the combinations P_i − P_j , should have coefficients divisible by 3. Therefore, the degrees of these monomials should be constructed only from the numbers 3, 1 and 0. In order to find the recurrence formula, one should look at all possible expansions of the integer numbers n, n − 1, ..., 3 in terms of 3 integers. For example, using the compositions of the numbers 3, 4, 5, 6, ....., respectively, one can get the following results for the number of such IMs, for different dimensions N(n): E_r − line

Table 12: The CY_3 IMs with the Diophantine conditions:{3} : 1/3(P_1 + P_2 + P_3) = E_5 and {4} : 1/4(P_1 + P_2 + 2C_2) = E_5, 1/2(C_1 + C_2) = E_5. Here we start presenting the 28 Weierstrass sets of IMs [34]. N ⃗k_i(eld) Chain P_1 P_2 P_3 C_2 IM IM − type 1 (1, 1, 1, 6, 9)[18] (0, 0, 1, 2, 3, )+ (0, 0, 0, 3, 0) (3, 3, 3, 0, 1) (0, 0, 0, 0, 2) − {3} (Cub)^2(Con) h_{21} = 272 (0, 1, 0, 2, 3)+ (4, 4, 4, 1, 0) (0, 0, 0, 3, 0) − (0, 0, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 2 (1, 0, 0, 2, 3) (6, 6, 6, 0, 0) {6} M_6 2 (1, 1, 1, 5, 8)[16] (0, 0, 1, 1, 2, )+ (0, 0, 1, 3, 0) (3, 3, 2, 0, 1) (0, 0, 0, 0, 2) − {3} (Cub)^2(Con) h_{21} = 231 (0, 1, 0, 2, 3)+ (4, 4, 3, 1, 0) (0, 0, 1, 3, 0) − (0, 0, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 3 (1, 0, 0, 2, 3) (6, 6, 4, 0, 0) {6} M_6 3 (1, 1, 1, 5, 7)[15] (0, 0, 1, 1, 1, )+ (0, 0, 0, 3, 0) (3, 3, 2, 0, 1) (0, 0, 1, 0, 2) − {3} (Cub)^2(Con) h_{21} = 208 (0, 1, 0, 2, 3)+ (4, 4, 2, 1, 0) (0, 0, 0, 3, 0) − (0, 0, 1, 0, 2) {4} (Qrt)(Cub) h_{11} = 4 (1, 0, 0, 2, 3) (6, 6, 3, 0, 0) {6} M_6 4 (1, 1, 1, 4, 7)[14] (0, 0, 1, 0, 1, )+ (0, 0, 2, 3, 0) (3, 3, 1, 0, 1) (0, 0, 0, 0, 2) − {3} (Cub)^2(Con) h_{21} = 195 (0, 1, 0, 2, 3)+ (4, 4, 2, 1, 0) (0, 0, 2, 3, 0) − (0, 0, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 3 (1, 0, 0, 2, 3) (6, 6, 2, 0, 0) {6} M_6 5 (1, 1, 1, 4, 6)[13] (0, 0, 1, 0, 0)+ (0, 0, 1, 3, 0) (3, 3, 1, 0, 1) (0, 0, 1, 0, 2) − {3} (Cub)^2(Con) h_{21} = 173 (0, 1, 0, 2, 3)+ (4, 4, 1, 1, 0) (0, 0, 1, 3, 0) − (0, 0, 1, 0, 2) {4} (Qrt)(Cub) h_{11} = 5 (1, 0, 0, 2, 3) (6, 6, 1, 0, 0) {6} M_6 6 (2, 1, 2, 4, 9)[18] (0, 0, 1, 2, 3)+ (3, 0, 0, 3, 0) (0, 3, 3, 0, 1) (0, 0, 0, 0, 2) − {3} (Cub)^2(Con) h_{21} = 123 (0, 1, 0, 2, 3)+ (1, 4, 4, 1, 0) (3, 0, 0, 3, 0) − (0, 0, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 3 (2, 0, 1, 0, 3) (0, 6, 6, 0, 0) {6} M_6 7 (3, 2, 1, 6, 6)[18] (0, 0, 1, 2, 3)+ (0, 0, 0, 3, 0) (1, 3, 3, 0, 1) (2, 0, 0, 0, 2) − {3} (Cub)^2(Con) h_{21} = 79 (0, 1, 0, 2, 3)+ (0, 4, 4, 1, 0) (0, 0, 0, 3, 0) − (2, 0, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 7 (3, 0, 1, 2, 0) (0, 6, 6, 0, 0) {6} M_6

Table 13: Continuation of the previous Table. N ⃗k_i (eld) Chain P_1 P_2 P_3 C_2 IM IM − type 8 (1, 1, 1, 4, 7)[16] (0, 0, 1, 1, 2)+ (0, 1, 1, 3, 0) (3, 2, 2, 0, 1) (0, 0, 0, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 195 (0, 1, 0, 1, 2)+ (4, 3, 3, 1, 0) (0, 1, 1, 3, 0) − (0, 0, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 3 (1, 0, 0, 2, 3) (6, 4, 4, 0, 0) {6} M_6 9 (1, 1, 1, 4, 6)[16] (0, 0, 1, 1, 1)+ (0, 1, 0, 3, 0) (3, 2, 2, 0, 1) (0, 0, 1, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 173 (0, 1, 0, 1, 2)+ (4, 3, 2, 1, 0) (0, 1, 0, 3, 0) − (0, 0, 1, 0, 2) {4} (Qrt)(Cub) h_{11} = 5 (1, 0, 0, 2, 3) (6, 4, 3, 0, 0) {6} M_6 10 (1, 1, 1, 3, 6)[16] (0, 0, 1, 0, 1)+ (0, 1, 2, 3, 0) (3, 2, 1, 0, 1) (0, 0, 0, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 165 (0, 1, 0, 1, 2)+ (4, 3, 2, 1, 0) (0, 1, 2, 3, 0) − (0, 0, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 3 (1, 0, 0, 2, 3) (6, 4, 2, 0, 0) {6} M_6 11 (1, 1, 1, 3, 5)[16] (0, 0, 1, 0, 0)+ (0, 1, 1, 3, 0) (3, 2, 1, 0, 1) (0, 0, 1, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 144 (0, 1, 0, 1, 2)+ (4, 3, 1, 1, 0) (0, 1, 1, 3, 0) − (0, 0, 1, 0, 2) {4} (Qrt)(Cub) h_{11} = 4 (1, 0, 0, 2, 3) (6, 4, 1, 0, 0) {6} M_6 12 (1, 2, 2, 4, 5)[14] (0, 0, 1, 1, 2)+ (0, 0, 1, 3, 0) (3, 1, 2, 0, 1) (0, 2, 0, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 83 (0, 2, 1, 1, 0)+ (4, 0, 3, 1, 0) (0, 0, 1, 3, 0) − (0, 2, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 5 (1, 0, 0, 2, 3) (6, 0, 4, 0, 0) {6} M_6 12^′ (3, 2, 1, 5, 5)[16] (0, 0, 1, 1, 2)+ (0, 0, 1, 3, 0) (3, 1, 2, 0, 1) (0, 2, 0, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 67 (0, 1, 0, 2, 3)+ (4, 0, 3, 1, 0) (0, 0, 1, 3, 0) − (0, 2, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 9 (3, 1, 0, 2, 0) (6, 0, 4, 0, 0) {6} M_6 13 (1, 2, 4, 2, 5)[14] (0, 0, 1, 1, 2)+ (0, 3, 3, 1, 0) (3, 0, 0, 2, 1) (0, 0, 0, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 83 (0, 2, 1, 1, 0)+ (4, 1, 1, 3, 0) (0, 3, 3, 1, 0) − (0, 0, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 5 (1, 0, 2, 0, 3) (6, 0, 0, 4, 0) {6} M_6 13^′ (2, 2, 1, 3, 8)[16] (0, 0, 1, 1, 2)+ (0, 0, 1, 3, 0) (3, 1, 2, 0, 1) (0, 0, 0, 0, 2) − {3} (Cub)^2 (Con) h_{11} = 103 (0, 1, 0, 2, 3)+ (4, 0, 3, 1, 0) (0, 0, 1, 3, 0) − (0, 0, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 3 (2, 1, 0, 0, 3) (6, 0, 0, 4, 0) {6} M_6

3 = 1 + 1 + 1,

Table 14: Continuation of the previous Table. N ⃗k_i(eld) Chain P_1 P_2 P_3 C_2 IM IM − type 14 (1, 1, 1, 4, 5)[15] (0, 0, 1, 1, 1, )+ (0, 0, 0, 3, 0) (3, 2, 2, 0, 1) (0, 0, 0, 0, 2) − {3} (Cub)^2 (Con) h_{11} = 154 (0, 1, 0, 1, 1)+ (4, 2, 2, 1, 0) (0, 0, 0, 3, 0) − (0, 0, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 4 (1, 0, 0, 2, 3) (6, 3, 3, 0, 0) {6} M_6 15 (1, 1, 1, 3, 5)[11] (0, 0, 1, 0, 1, )+ (0, 0, 2, 3, 0) (3, 2, 1, 0, 1) (0, 1, 0, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 144 (0, 1, 0, 1, 1)+ (4, 2, 2, 1, 0) (0, 0, 2, 3, 0) − (0, 1, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 4 (1, 0, 0, 2, 3) (6, 3, 2, 0, 0) {6} M_6 16 (1, 1, 1, 3, 4)[10] (0, 0, 1, 0, 0, )+ (0, 0, 1, 3, 0) (3, 2, 1, 0, 1) (0, 1, 1, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 126 (0, 1, 0, 1, 1)+ (4, 2, 1, 1, 0) (0, 0, 1, 3, 0) − (0, 1, 1, 0, 2) {4} (Qrt)(Cub) h_{11} = 4 (1, 0, 0, 2, 3) (6, 3, 1, 0, 0) {6} M_6 17 (3, 2, 1, 5, 4)[15] (0, 0, 1, 1, 1)+ (0, 0, 0, 3, 0) (1, 3, 2, 0, 1) (2, 0, 1, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 66 (0, 1, 0, 2, 3)+ (0, 4, 2, 1, 0) (0, 0, 0, 3, 0) − (2, 0, 1, 0, 2) {4} (Qrt)(Cub) h_{11} = 3 (3, 1, 0, 2, 0) (0, 6, 3, 0, 0) {6} M_6 17^′ (1, 1, 4, 2, 4)[15] (0, 0, 1, 1, 1)+ (0, 0, 0, 3, 0) (1, 3, 2, 0, 1) (2, 0, 1, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 101 (0, 1, 0, 1, 1)+ (0, 4, 2, 1, 0) (0, 0, 0, 3, 0) − (2, 0, 1, 0, 2) {4} (Qrt)(Cub) h_{11} = 5 (1, 0, 3, 0, 2) (0, 6, 3, 0, 0) {6} M_6 18 (2, 2, 1, 3, 7)[15] (0, 0, 1, 1, 1)+ (3, 0, 0, 3, 0) (0, 3, 2, 0, 1) (0, 0, 1, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 89 (0, 1, 0, 2, 3)+ (1, 4, 2, 1, 0) (3, 0, 0, 3, 0) − (0, 0, 1, 0, 2) {4} (Qrt)(Cub) h_{11} = 5 (2, 1, 0, 0, 3) (0, 6, 3, 0, 0) {6} M_6 18^′ (1, 1, 3, 2, 5)[12] (0, 0, 1, 1, 1)+ (3, 0, 0, 3, 0) (0, 3, 2, 0, 1) (0, 0, 1, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 105 (0, 1, 0, 1, 1)+ (1, 4, 2, 1, 0) (3, 0, 0, 3, 0) − (0, 0, 1, 0, 2) {4} (Qrt)(Cub) h_{11} = 3 (1, 0, 2, 0, 3) (0, 6, 3, 0, 0) {6} M_6

Table 15: Continuation of the previous Table. N ⃗k_i(eld) Chain P_1 P_2 P_3 C_2 IM IM − type 19 (1, 2, 1, 1, 5)[10] (0, 0, 0, 1, 1)+ (0, 3, 2, 2, 0) (3, 0, 1, 1, 1) (0, 0, 0, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 145 (0, 0, 1, 0, 1)+ (4, 1, 2, 2, 0) (0, 3, 2, 2, 0) − (0, 0, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 1 (1, 2, 0, 0, 3) (6, 0, 2, 2, 0) {6} M_6 20 (1, 2, 1, 1, 4)[9] (0, 0, 0, 1, 0)+ (0, 3, 2, 1, 0) (3, 0, 1, 1, 1) (0, 0, 0, 1, 2) − {3} (Cub)^2 (Con) h_{21} = 123 (0, 0, 1, 0, 1)+ (4, 1, 2, 1, 0) (0, 3, 2, 1, 0) − (0, 0, 0, 1, 2) {4} (Qrt)(Cub) h_{11} = 3 (1, 2, 0, 0, 3) (6, 0, 2, 1, 0) {6} M_6 21 (1, 2, 1, 2, 4)[9] (0, 0, 0, 1, 1)+ (0, 3, 0, 2, 0) (3, 0, 1, 1, 1) (0, 0, 2, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 99 (0, 0, 1, 1, 0)+ (4, 1, 0, 2, 0) (0, 3, 0, 2, 0) − (0, 0, 2, 0, 2) {4} (Qrt)(Cub) h_{11} = 3 (1, 2, 0, 0, 3) (6, 0, 0, 2, 0) {6} M_6 21^′ (2, 4, 3, 1, 4)[14] (0, 0, 0, 1, 1)+ (0, 3, 0, 2, 0) (3, 0, 1, 1, 1) (0, 0, 2, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 64 (1, 2, 0, 0, 3)+ (4, 1, 0, 2, 0) (0, 3, 0, 2, 0) − (0, 0, 2, 0, 2) {4} (Qrt)(Cub) h_{11} = 6 (1, 2, 3, 0, 0) (6, 0, 0, 2, 0) {6} M_6 21^{′′} (2, 4, 5, 3, 4)[18] (1, 2, 3, 0, 0)+ (0, 3, 0, 2, 0) (3, 0, 1, 1, 1) (0, 0, 2, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 39 (1, 2, 0, 0, 3)+ (4, 1, 0, 2, 0) (0, 3, 0, 2, 0) − (0, 0, 2, 0, 2) {4} (Qrt)(Cub) h_{11} = 7 (0, 0, 2, 3, 1) (6, 0, 0, 2, 0) {6} M_6 21^{′′′} (1, 2, 2, 1, 2)[9] (1, 2, 3, 0, 0)+ (0, 3, 0, 2, 0) (3, 0, 1, 1, 1) (0, 0, 2, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 86 (1, 2, 0, 0, 3)+ (4, 1, 0, 2, 0) (0, 3, 0, 2, 0) − (0, 0, 2, 0, 2) {4} (Qrt)(Cub) h_{11} = 2 (0, 0, 1, 2, 1) (6, 0, 0, 2, 0) {6} M_6 22 (2, 2, 2, 1, 7)[9] (0, 0, 0, 1, 1)+ (3, 0, 3, 2, 0) (0, 3, 0, 1, 1) (0, 0, 0, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 122 (0, 1, 2, 0, 3)+ (1, 4, 1, 2, 0) (3, 0, 3, 2, 0) − (0, 0, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 2 (2, 1, 0, 0, 3) (0, 6, 0, 2, 0) {6} M_6

4 = 2 + 1 + 1,

N(4) = 2 ........................ 5 = 3 + 1 + 1, 2 + 2 + 1

N(5) = 2N(4) + 2 = 4

Table 16: Continuation of the previous Table. N ⃗k_i(eld) Chain P_1 P_2 P_3 C_2 IM IM − type 23 (1, 2, 3, 1, 1)[8] (0, 0, 0, 0, 1, )+ (0, 3, 0, 1, 1) (3, 0, 1, 1, 1) (0, 0, 2, 1, 1) − {3} (Cub)^2 (Con) h_{21} = 106 (0, 0, 0, 1, 0)+ (4, 1, 0, 1, 1) (0, 3, 0, 1, 1) − (0, 0, 2, 1, 1) {4} (Qrt)(Cub) h_{11} = 2 (1, 2, 3, 0, 0) (6, 0, 0, 1, 1) {6} M_6 24 (3, 2, 4, 3, 1)[13] (0, 0, 0, 0, 1, )+ (0, 0, 3, 0, 1) (1, 3, 0, 1, 1) (2, 0, 0, 2, 1) − {3} (Cub)^2 (Con) h_{21} = 62 (0, 1, 2, 3, 0)+ (0, 4, 1, 0, 1) (0, 0, 3, 1, 1) − (2, 0, 0, 2, 1) {4} (Qrt)(Cub) h_{11} = 5 (3, 1, 2, 0, 0) (0, 6, 0, 0, 1) {6} M_6 25 (3, 2, 4, 6, 1)[16] (0, 0, 0, 0, 1, )+ (0, 3, 0, 1, 1) (3, 0, 3, 0, 1) (0, 0, 0, 2, 1) − {3} (Cub)^2 (Con) h_{21} = 73 (0, 1, 2, 3, 0)+ (1, 4, 1, 0, 1) (3, 0, 3, 0, 1) − (0, 0, 0, 2, 1) {4} (Qrt)(Cub) h_{11} = 5 (2, 1, 0, 3, 0) (0, 6, 0, 0, 1) {6} M_6 26 (1, 1, 1, 2, 1)[6^{′′}] (0, 0, 1, 2, 3)+ (0, 0, 0, 3, 0) (1, 1, 3, 0, 1) (2, 2, 0, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 103 (0, 3, 1, 2, 0)+ (0, 0, 4, 1, 0) (0, 0, 0, 3, 0) − (2, 2, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 1 (3, 0, 1, 2, 0) (0, 0, 6, 0, 0) {6} M_6 27 (3, 2, 3, 4, 6)[18] (0, 0, 1, 2, 3)+ (0, 3, 0, 3, 0) (1, 0, 3, 0, 1) (2, 0, 0, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 53 (0, 2, 1, 0, 3)+ (0, 1, 4, 1, 0) (0, 3, 0, 3, 0) − (2, 0, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 5 (3, 0, 1, 2, 0) (0, 0, 6, 0, 0) {6} M_6 28 (2, 2, 3, 2, 9)[18] (0, 0, 1, 2, 3)+ (3, 3, 0, 3, 0) (0, 0, 3, 0, 1) (0, 0, 0, 0, 2) − {3} (Cub)^2 (Con) h_{21} = 112 (0, 2, 1, 0, 3)+ (1, 1, 4, 1, 0) (3, 3, 0, 3, 0) − (0, 0, 0, 0, 2) {4} (Qrt)(Cub) h_{11} = 4 (2, 0, 1, 0, 3) (0, 0, 6, 0, 0) {6} M_6

6 = 4 + 1 + 1, 3 + 2 + 1, 2 + 2 + 2 N(6) = N(4) + 3 = 7 ........................ 7 = 5 + 1 + 1, 4 + 2 + 1, 3 + 3 + 1 = 3 + 2 + 2 N(7) = N(6) + 4 = 11, ........................ (144)

Take into account that for the case n = 3, one has only the following combination of monomials: (3, 0, 0, ), (0, 3, 0), (0, 0, 3), which corresponds in our description to the expansion of the number 3 in three units. So, for the K3 case with n = 4, we already have one {IM} = (3, 0, 0, 1), (0, 3, 0, 1), (0, 0, 3, 1), which again corresponds to the expansion of the number 3 in terms of three units. However, there also appears another possibility: {IM} = (3, 3, 0, 0), (0, 0, 3, 0), (0, 0, 0, 3), which corresponds to the unique expansion of the number 4 in terms of integer positive numbers. For the CY_3 case with n = 5, there are the following IMs:

{IM} = (3, 0, 0, 1, 1), (0, 3, 0, 1, 1), (0, 0, 3, 1, 1); → 3(3) = 1 + 1 + 1 {IM} = (3, 3, 0, 0, 1), (0, 0, 3, 0, 1), (0, 0, 0, 3, 1); → 4(3) = 2 + 1 + 1

N(4) = 2 (145)

{IM} = (3, 3, 3, 0, 0), (0, 0, 0, 3, 0), (0, 0, 0, 0, 3); → 5(3) = 3 + 1 + 1 {IM} = (3, 3, 0, 0, 0), (0, 0, 3, 3, 0), (0, 0, 0, 0, 3); → 5(3) = 2 + 2 + 1 N(5) = N(4) + 2 = 4, (146)

where the last two IMs correspond to the two expansions of the number 5. This recurrence can easily be continued to higher dimensions n > 5. To get the total number of IMs {10}_Δ in dimension n, one should sum over all the numbers characterizing the possible decompositions: n, n − 1, ...3. For example, for CY_d: d + 2 = n = 4, 5, 6, 7, ..., these numbers are 2, 4, 7 ,11,... (see Figure 8).

Similarly, one can find a recurrence relation for {IM} = {9}_Δ, which is constructed from two quartic monomials, one conic and E_n. In this case the difference of the two quartic monomials should be divisible by four. Taking into account all possible quartics, after some effort, one can find the following formula for the number of these IMs:

N_{9Δ} = 1 3 · (n − 2)(n^2 − 4n + 6). (147)

This expression gives the following numbers: 1, 4, 11, 24, 45, 76, 119, 176, 249, ... for n = 3, 4, 5, 6, 7, 8, 9, 10, 11, .., respectively.

4.2.4 Applications to CY_4 Spaces

In the 6-dimensional case, we have, analogously to the previous case, two sets of triples of monomials: one of 377 and the other of 494. From the first set we get 5,216 different 4- vector chains and from the second one we get 4953 chains. The union set has 5527 members, consistent with the 5,607 that we got by the ‘expansion and intersection’ method. As in the 5-dimensional case, the difference can be made up if we include the IMs with double conic monomials.

A further reduction in the number of chains has to be considered, from the 5,607 6- dimensional 4-vector chains to 2111 independent chains. We have already mentioned that there are different types of IMs even among the cubics {3} and quartics {4}, and the number of different conics grows monotonically with increasing dimension n. We have also already remarked that there exists a recurrence formula for all types of IMs with arbitrary dimension n, and have already discussed the reccurences of the Weierstrass IMs {3_W } and {4_W }. The possible types of cubic {3}, quartic {4} and double conic IMs which describe the 2111 irreducible CY_3 chains have different structures, corresponding to the different types of intersections, that we can illustrate by the following expression, see also Tables 17, 18 and 19:

{IM}_6 → ( 37 · {4}_Δ + 7 · {10}_Δ )

+ ( 66 · {5}_Δ + 27 · {5}_□ + 6 · {5}_□′ )

+ ( 24 · {9}_Δ + 11 · {9}_□ + 5 · {9}_□′ )

+ ( 84 · {7}_Δ + 28 · {7}_□ + 5 · {7}_{Quint} + 1 · {7}_{Sixt} )

+ ( 36 · {6}_□ + 5 · {6}_{Quint} )

+ ( 21 · {8}_□ + 5 · {8}_{Quint} ) → {2111} (148)

The recurrence relation for Calabi-Yau spaces with elliptic fibres {10}_Δ can be extended to the cases of CY_d spaces with K3 fibres, described by ⃗k_4 = (1, 1, 1, 1)[4], whose algebraic equation includes the 35-point monomial and its mirror with 5 points. The IM_4 for this K3 space contains the four quartic monomials P_1, P_2, P_3, P_4 obeying the Diophantine equation: (P_1 +P_2 +P_3 +P_4)/4 = E_4. These monomials have in addition one very important condition: P_i − P_j should be divisible by 4 for each choice of i, j = 1, 2, 3, 4, i ≠ j. The types of different n-dimensional {IM}_4, describing the CY_d : n = d + 2 ≥ 4 spaces with {35}_Δ fibres are constructed only from the numbers 4 and 0. The number 1 will play an additional role. Therefore, similarly to the case of the third E_r line, the recurrence formulae for these IMs will be determined from the expansions of positive integer numbers in terms of four positive integers, i.e., (see Figure 8), K3 − line n = 4(4) = 1 + 1 + 1 + 1 n = 5(4) = 2 + 1 + 1 + 1 N(5) = 2 ........................ n = 6(4) = 3 + 1 + 1 + 1 = 2 + 2 + 1 + 1 N(6) = N(5) + 2 = 4

........................ n = 7(4) = 4 + 1 + 1 + 1 = 3 + 2 + 1 + 1 = 2 + 2 + 2 + 1 N(7) = N(6) + 3 = 7 ........................ n = 8(4) = 5 + 1 + 1 + 1 = 4 + 2 + 1 + 1 = 3 + 3 + 1 + 1 = = 3 + 2 + 2 + 1 = 2 + 2 + 2 + 2

N(8) = N(7) + 5 = 12 ........................ n = 9(4) = 6 + 1 + 1 + 1 = 5 + 2 + 1 + 1 = 4 + 3 + 1 + 1 = = 4 + 2 + 2 + 1 = 3 + 3 + 2 + 1 = 3 + 2 + 2 + 2

N(9) = N(8) + 6 = 18 ........................ n = 10(4) = 7 + 1 + 1 + 1 = 6 + 2 + 1 + 1 = 5 + 3 + 1 + 1 = 5 + 2 + 2 + 1 = = 4 + 4 + 1 + 1 = 4 + 3 + 2 + 1 = 3 + 3 + 3 + 1 = 3 + 3 + 2 + 2 N(10) = N(9) + 8 = 26 ........................ n = 11(4) = 8 + 1 + 1 + 1 = 7 + 2 + 1 + 1 = 6 + 3 + 1 + 1 = 6 + 2 + 2 + 1 = = 5 + 4 + 1 + 1 = 5 + 3 + 2 + 1 = 5 + 2 + 2 + 2 = 4 + 4 + 2 + 1 = 4 + 3 + 3 + 1 = 4 + 3 + 2 + 2 = 3 + 3 + 3 + 2

N(11) = N(10) + 11 = 37 ........................ (149)

Thus, the corresponding numbers of these four {IMs} with dimension n are equal to sums of the possible expansions of the integers indicated in this expression, i.e., for dimensions 5, 6, 7, 8, 9, 10, 11, .... they are equal to 2, 4, 7, 12, 18, 26, 37, ..., respectively.

Similarly, this example can be extended to CY_4 (CY_d) spaces with a CY_3 (CY_{d−1}) fibre described by the RWV ⃗k_5 = (1, 1, 1, 1, 1)[5] (⃗k_n = (1, ..., 1)_n). The results for the types of the corresponding IMs can be obtained from the following expansions (see also Fig. 8): CY_3 − line n = 5(5) = 1 + 1 + 1 + 1 + 1 n = 6(5) = 2 + 1 + 1 + 1 + 1 N(6) = 2 ........................ n = 7(5) = 3 + 1 + 1 + 1 + 1 = 2 + 2 + 1 + 1 + 1 N(7) = N(6) + 2 = 4 ........................ n = 8(5) = 4 + 1 + 1 + 1 + 1 = 3 + 2 + 1 + 1 + 1 = 2 + 2 + 2 + 1 + 1 N(8) = N(7) + 3 = 7 ........................ n = 9(5) = 5 + 1 + 1 + 1 + 1 = 4 + 2 + 1 + 1 + 1 = 3 + 3 + 1 + 1 + 1

= 3 + 2 + 2 + 1 + 1 = 2 + 2 + 2 + 2 + 1

N(9) = N(8) + 5 = 12 ........................ n = 10(5) = 6 + 1 + 1 + 1 + 1 = 5 + 2 + 1 + 1 + 1 = 4 + 3 + 1 + 1 + 1

= 4 + 2 + 2 + 1 + 1 = 3 + 3 + 2 + 1 + 1 = 3 + 2 + 2 + 2 + 1 = 2 + 2 + 2 + 2 + 2 N(10) = N(9) + 7 = 19 ........................ n = 11(5) = 7 + 1 + 1 + 1 + 1 = 6 + 2 + 1 + 1 + 1 = 5 + 3 + 1 + 1 + 1

= 5 + 2 + 2 + 1 + 1 = 4 + 4 + 1 + 1 + 1 = 4 + 3 + 2 + 1 + 1 = 4 + 2 + 2 + 2 + 1 = 3 + 3 + 3 + 1 + 1 = 3 + 3 + 2 + 2 + 1 = 3 + 2 + 2 + 2 + 2

N(11) = N(10) + 10 = 29 ........................ (150)

The same approach can clearly be extended to establish the numbers of any other desired IMs.

5 Summary

We have presented a Universal Calabi-Yau Algebra (UCYA) which provides a two-parameter classification of CY − d spaces in terms of arity and dimension. This algebra is based on the following ingredients:

Table 17: The CY_4 IMs with the Diophantine conditions:{3} → 1/3(P_1 + P_2 + P_3) = E_6 and {4} → 1/4(P_1 + P_2 + 2C_2) = E_6, 1/2(C_1 + C_2) = E_6. Here we present the chains with triangle {10 + 4} and {9 + 5} intersections. σ ⃗k_i(eld) Chain P_1 P_2 P_3 /C_2 IM IM − type {10}_Δ (1, 1, 1, 1, 1, 1)[6] (0, 0, 1, 0, 1, 1)+ (0, 1, 1, 1, 0, 3) (0, 1, 1, 1, 3, 0) (3, 1, 1, 1, 0, 0) {3} (Cub)^3 (0, 1, 0, 0, 0, 0)+ (3, 1, 1, 1, 0, 0) (0, 1, 1, 1, 1, 2) (0, 1, 1, 1, 2, 1) {3} (Cub)(Con)^2 (0, 0, 0, 1, 0, 0)+ (2, 1, 1, 1, 0, 1) (1, 1, 1, 1, 2, 0) (0, 1, 1, 1, 1, 2) {3} (Con)^3 (1, 0, 0, 0, 1, 1)+ (3, 1, 1, 1, 0, 0) (1, 1, 1, 1, 0, 2) (0, 1, 1, 1, 2, 1) {4} (Cub)(Con) {4}_Δ (3, 1, 3, 4, 4, 2)[17] (0, 1, 0, 0, 1, 0)+ (0, 0, 1, 0, 2, 3) (0, 1, 0, 3, 1, 0) (3, 2, 2, 0, 0, 0) {3} (Cub)^3 (2, 0, 0, 1, 3, 0)+ − − − − − (0, 0, 3, 2, 0, 1)+ − − − − − (0, 0, 0, 1, 0, 0) − − − − − {9}_Δ (1, 1, 1, 1, 1, 2)[7] (0, 0, 1, 0, 1, 0)+ (0, 4, 1, 1, 0, 0) (4, 0, 1, 1, 0, 0) (0, 0, 1, 1, 2, 2) {4} (Qrt)^2 (0, 1, 0, 0, 0, 0)+ (1, 3, 1, 1, 0, 0) (3, 1, 1, 1, 0, 0) (0, 0, 1, 1, 2, 2) {4} (Qrt)^2 (0, 0, 0, 1, 0, 0)+ (3, 1, 1, 1, 0, 0) (0, 2, 1, 1, 1, 1) (0, 0, 1, 1, 2, 2) {3} (Cub)(Con)^2 (1, 0, 0, 0, 1, 2) − − − − − {5}_Δ (1, 1, 1, 2, 3, 6)[14] (0, 0, 1, 0, 0, 1)+ (4, 4, 2, 2, 0, 0) (0, 0, 2, 0, 4, 0) (0, 0, 0, 1, 0, 2) {4} (Qrt)^2 (1, 0, 0, 0, 1, 2)+ − − − − − (0, 1, 0, 0, 1, 2)+ − − − − − (0, 0, 0, 2, 1, 1) − − − − − {9}_□ (2, 1, 1, 3, 2, 2)[11] (1, 0, 0, 1, 1, 0)+ (3, 3, 2, 0, 0, 0) (0, 0, 1, 2, 1, 1) (0, 0, 0, 1, 2, 2) {3} (Cub)(Con)^2 (0, 1, 0, 1, 1, 0)+ (3, 3, 2, 0, 0, 0)− (1, 1, 2, 0, 2, 2)− (0, 0, 0, 2, 1, 1)− {4} (Cub)(Con) (0, 0, 1, 0, 0, 1)+ (2, 2, 2, 1, 0, 0) (2, 2, 1, 0, 1, 1) (1, 1, 0, 0, 2, 2) {2}^3 (Con)^3 (1, 0, 0, 1, 0, 1) − − − − − {9}_{Quadr} (1, 1, 1, 1, 2, 1)[7] (0, 0, 0, 0, 0, 1)+ (0, 2, 0, 0, 2, 1) (0, 2, 2, 2, 0, 1) (1, 1, 2, 2, 0, 1) {2}^4 (Con)^4 (0, 0, 0, 1, 1, 0)+ − − − (0, 0, 1, 0, 1, 0)+ − − − (1, 1, 0, 0, 0, 0) − − − − − {5}_□ (3, 2, 1, 3, 4, 6)[19] (0, 0, 1, 0, 0, 0)+ (3, 3, 1, 1, 0, 0) (0, 0, 1, 0, 3, 1) (0, 0, 1, 2, 0, 2) {3}^2 (Cub)^2(Con) (1, 0, 0, 3, 2, 0)+ − − − (2, 0, 0, 0, 1, 3)+ − − − (0, 2, 0, 0, 1, 3) − − − − − {5}_{Quadr} (1, 1, 1, 1, 1, 2)[7] (0, 0, 0, 0, 1, 1)+ (0, 1, 0, 2, 2, 0) (1, 0, 0, 2, 0, 2) (1, 2, 2, 0, 2, 0) {2}^2 (Con)^2 (0, 0, 1, 1, 0, 0)+ − − − (0, 2, 0, 1, 0, 1)+ − − − (2, 0, 0, 1, 1, 0) − − − − − • Universal composition rules

• Normal expansions and Diophantine decompositions

• Mirror symmetry

We have shown that this algebraic approach leads us to a natural formalism for a unified description of complex geometry in all dimensions, including K3 spaces and Calabi-Yau d-folds for any d.

Since the description of the UCYA is based on structures with two integer parameters, the arity and dimension of the reflexive weight vectors (RWVs), we have classified the structures of CY_d spaces along the diagonal A_r, D_r , E_r, ... lines in this plane. In this article we have studied only the d-folds along the first three lines, presenting new results for low d and some

Table 18: Continuation of the previous Table. σ ⃗k_i(eld) Chain P_1 P_2 P_3/C_2 IM IM − type {8}_□ (1, 1, 1, 1, 2, 5)[11] (0, 0, 1, 0, 0, 1)+ (4, 3, 2, 2, 0, 0) (0, 1, 0, 0, 0, 2) (0, 0, 1, 1, 2, 1) {4} (Qrt)(Cub) (0, 0, 0, 1, 0, 1)+ (3, 2, 2, 2, 1, 0) (0, 1, 0, 0, 0, 2) (0, 0, 1, 1, 2, 1) {3} (Cub)(Con)^2 (1, 0, 0, 0, 1, 2)+ − − − (0, 1, 0, 0, 1, 1) − − − − − {8}_{Quint} (2, 1, 1, 3, 2, 1)[10] (0, 0, 1, 1, 0, 0)+ (3, 2, 2, 0, 0, 0) (0, 1, 0, 2, 1, 1) (0, 0, 1, 1, 2, 2) {3} (Cub)(Con)2 (0, 1, 0, 0, 1, 0)+ (3, 2, 2, 2, 0, 0) (1, 2, 0, 2, 0, 0) (0, 0, 1, 0, 2, 2) {4} (Cub)(Con) (1, 0, 0, 1, 1, 0)+ (0, 0, 1, 1, 2, 2) (0, 1, 0, 2, 1, 1) (1, 0, 2, 0, 2, 2) {2}^3 (Con)^3 (1, 0, 0, 1, 0, 1) − − − − − {6}_□ (2, 4, 1, 3, 4, 1)[15] (0, 0, 1, 0, 0, 0)+ (1, 0, 1, 4, 0, 0) (3, 2, 1, 0, 0, 0) (0, 1, 1, 0, 2, 2) {4} (Qrt)(Cub) (2, 0, 0, 1, 3, 0)+ (3, 2, 1, 0, 0, 0) (0, 0, 1, 3, 1, 1) (0, 1, 1, 0, 2, 2) {3} (Cub)^2(Con) (0, 2, 0, 1, 1, 0)+ − − − (0, 2, 0, 1, 0, 1) − − − − − {6}_{Quint} (1, 2, 2, 2, 3, 1)[11] (0, 0, 1, 1, 0, 0)+ (3, 2, 1, 1, 0, 0) (0, 1, 0, 2, 1, 2) (0, 0, 2, 0, 2, 1) {3} (Cub)(Con)^2 (0, 1, 0, 0, 1, 0)+ (0, 0, 2, 0, 2, 1) (0, 1, 0, 2, 1, 2) (2, 1, 2, 0, 1, 0) {2}^2 (Con)^2 (1, 0, 0, 1, 2, 0)+ − − − (0, 1, 1, 0, 0, 1) − − − − − {7}_□ (1, 1, 1, 3, 1, 5)[12] (0, 0, 0, 1, 1, 0)+ (3, 3, 2, 1, 1, 0) (0, 0, 1, 2, 0, 1) (0, 0, 0, 0, 2, 2) {3} (Cub)(Con)^2 (0, 0, 1, 0, 0, 1)+ (4, 4, 2, 0, 2, 0) (0, 0, 0, 0, 2, 2) (0, 0, 1, 2, 0, 1) {4} (Qrt)(Con) (1, 0, 0, 1, 0, 2)+ − − − (0, 1, 0, 1, 0, 2) − − − − − {7}_{Quint} (1, 2, 2, 3, 4, 2)[14] (1, 0, 0, 1, 2, 0)+ (3, 2, 2, 1, 0, 0) (0, 1, 1, 0, 2, 1) (0, 0, 0, 2, 1, 2) {3} (Cub)(Con)^2 (0, 1, 0, 1, 1, 0)+ (3, 2, 2, 1, 0, 0) (1, 0, 0, 3, 0, 2) (0, 1, 1, 0, 2, 1) {4} (Cub)^2 (0, 0, 1, 1, 1, 0)+ − − − (0, 1, 1, 0, 0, 2) − − − − − {7}_{Sixt} (1, 2, 1, 2, 1, 2)[9] (0, 0, 0, 0, 1, 1)+ (0, 2, 1, 1, 2, 0) (0, 2, 2, 0, 1, 1) (1, 1, 0, 2, 2, 0) {2}^3 (Con)^3 (0, 0, 1, 1, 0, 0)+ − − − (1, 1, 0, 0, 0, 0)+ − − − (0, 1, 0, 1, 0, 1) − − − − − recurrence formulae valid for all d.

As an alternative to the Batyrev reflexive polyhedron method, we have proposed a new description of CY_d spaces based on the structures of the set of invariant monomials (IMs). We have shown that the IM approach, which is based on Diophantine decompositions, is a valuable alternative to the normal RWV expansion approach. We have demonstrated this by comparing the results of both approaches for the first three diagonal lines, A_r, D_r and E_r, in the arity-dimension plot for CY_3, CY_4 cases.

We have shown that recurrence relations for conic, cubic and quartic monomials give us the formulae for the numbers of IMs in arbitrary dimensions. This was illustrated in three cases, for CY_d spaces with {10}_Δ, {9}_Δ and {7}_Δfibres. This confirms that, in the framework of the UCYA, the Calabi-Yau ‘genome’ can in principle be solved completely.

Table 19: The CY_4 IMs with the Diophantine conditions:{3} → 1/3(P_1 + P_2 + P_3) = E_6 and {4} → 1/4(P_1 + P_2 + 2C_2) = E_6, 1/2(C_1 + C_2) = E_6, M_6 + 2P_1 = 3C_1. Here we present some of the 84 Weierstrass sets of IMs. N ⃗k_i (eld) ⃗k^{1ex} ⃗k^{2ex} ⃗k^{3ex} ⃗k^{4ex} M_6 1 (1, 1, 1, 1, 8, 12)[24] (1, 0, 0, 0, 2, 3, )+ (0, 1, 0, 0, 2, 3)+ (0, 0, 1, 0, 2, 3)+ (0, 0, 0, 1, 2, 3) (6, 6, 6, 6, 0, 0) 2 (1, 1, 1, 1, 7, 11)[22] (1, 0, 0, 0, 2, 3)+ (0, 1, 0, 0, 2, 3)+ (0, 0, 1, 0, 2, 3)+ (0, 0, 0, 1, 1, 2) (6, 6, 6, 4, 0, 0) 3 (1, 1, 1, 1, 7, 10)[21] (1, 0, 0, 0, 2, 3)+ (0, 1, 0, 0, 2, 3)+ (0, 0, 1, 0, 2, 3)+ (0, 0, 0, 1, 1, 1) (6, 6, 6, 3, 0, 0) 4 (1, 1, 1, 1, 6, 10)[20] (1, 0, 0, 0, 2, 3)+ (0, 1, 0, 0, 2, 3)+ (0, 0, 1, 0, 2, 3)+ (0, 0, 0, 1, 0, 1) (6, 6, 6, 2, 0, 0) 5 (1, 1, 1, 1, 6, 9)[19] (1, 0, 0, 0, 2, 3)+ (0, 1, 0, 0, 2, 3)+ (0, 0, 1, 0, 2, 3)+ (0, 0, 0, 1, 0, 0) (6, 6, 6, 1, 0, 0) 6 (2, 1, 1, 6, 8, 6)[24] (1, 0, 0, 0, 2, 3)+ (0, 1, 0, 0, 2, 3)+ (1, 0, 0, 3, 2, 0)+ (0, 0, 1, 3, 2, 0) (6, 6, 6, 0, 0, 0) 6^′ (2, 1, 1, 9, 8, 3)[24] (1, 0, 0, 0, 2, 3)+ (1, 0, 0, 3, 2, 0)+ (0, 1, 0, 3, 2, 0)+ (0, 0, 1, 3, 2, 0) (6, 6, 6, 0, 0, 0) 7 (2, 1, 1, 4, 4, 12)[24] (1, 0, 0, 0, 2, 3)+ (0, 0, 1, 0, 2, 3)+ (1, 0, 0, 2, 0, 3)+ (0, 1, 0, 2, 0, 3) (6, 6, 6, 0, 0, 0) 7^′ (2, 1, 1, 3, 6, 11)[24] (1, 0, 0, 0, 2, 3)+ (0, 1, 0, 0, 2, 3)+ (0, 0, 1, 0, 2, 3)+ (1, 0, 0, 3, 0, 2) (6, 6, 6, 0, 0, 0) 8 (1, 1, 1, 1, 8, 12)[24] (1, 0, 0, 0, 2, 3, )+ (0, 1, 0, 0, 2, 3)+ (0, 0, 1, 0, 2, 3)+ (0, 0, 0, 1, 2, 3) (6, 6, 6, 6, 0, 0) 9 (1, 1, 1, 1, 6, 10)[20] (1, 0, 0, 0, 2, 3)+ (0, 1, 0, 0, 2, 3)+ (0, 0, 1, 0, 1, 2)+ (0, 0, 0, 1, 1, 2) (6, 6, 4, 4, 0, 0) 10 (1, 1, 1, 1, 6, 9)[19] (1, 0, 0, 0, 2, 3)+ (0, 1, 0, 0, 2, 3)+ (0, 0, 1, 0, 1, 2)+ (0, 0, 0, 1, 1, 1) (6, 6, 4, 3, 0, 0)) 11 (1, 1, 1, 1, 5, 9)[18] (1, 0, 0, 0, 2, 3)+ (0, 1, 0, 0, 2, 3)+ (0, 0, 1, 0, 1, 2)+ (0, 0, 0, 1, 0, 1) (6, 6, 4, 2, 0, 0) 12 (1, 1, 1, 1, 5, 8)[17] (1, 0, 0, 0, 2, 3)+ (0, 1, 0, 0, 2, 3)+ (0, 0, 1, 0, 1, 2)+ (0, 0, 0, 1, 0, 0) (6, 6, 4, 1, 0, 0) − − − − − − (6, ..., ..., 0, 0, 0) 81 (4, 3, 3, 3, 3, 8)[24] (1, 3, 0, 0, 0, 2)+ (1, 0, 3, 0, 0, 2)+ (1, 0, 0, 3, 0, 2)+ (1, 0, 0, 0, 3, 2) (6, 0, 0, 0, 0, 0) 82 (4, 4, 4, 6, 3, 3)[24] (2, 0, 1, 3, 0, 0)+ (0, 2, 1, 3, 0, 0)+ (0, 2, 1, 0, 3, 0)+ (2, 0, 1, 0, 0, 3) (0, 0, 6, 0, 0, 0) 82^′ (6, 2, 4, 6, 3, 3)[24] (2, 0, 1, 3, 0, 0)+ (0, 2, 1, 3, 0, 0)+ (2, 0, 1, 0, 3, 0)+ (2, 0, 1, 0, 0, 3) (0, 0, 6, 0, 0, 0) 83 (4, 2, 2, 4, 9, 3)[24] (2, 0, 0, 1, 3, 0)+ (0, 0, 2, 1, 3, 0)+ (2, 0, 0, 1, 3, 0)+ (0, 2, 0, 1, 0, 3) (0, 0, 0, 6, 0, 0) 83^′ (4, 2, 2, 4, 9, 3)[24] (2, 0, 0, 1, 3, 0)+ (0, 2, 0, 1, 3, 0)+ (0, 0, 2, 1, 3, 0)+ (2, 0, 0, 1, 0, 3) (0, 0, 0, 6, 0, 0) 84 (1, 1, 1, 1, 2, 6)[12] (2, 0, 0, 0, 1, 3)+ (0, 2, 0, 0, 1, 3)+ (0, 0, 2, 0, 1, 3)+ (0, 0, 0, 2, 1, 3) (0, 0, 0, 0, 6, 0)

Acknowledgements

G .V. thanks U. Aglietti, G. Altarelli, E. Alvarez, L. Alvarez-Gaumé, D. Amati, G. Costa, H. Dahmen, L. Fellin, G. Harigel, V. Kim, A. Kulikov, L. Lipatov, A. Masiero, A. Maslikov, V. Mikhailov, S. Petcov, V. Petrov, P. Sorba, V. Savrin, E. Torrente, M. Virasoro, A. Zichichi, the CERN Theory Division, ICTP Trieste, SISSA, INFN Sezione di Padova and LAPP-TH Annecy-le Vieux for supporting his family after the terrible killing of his daughter Maria in Protvino.

References

[1] J. Schwarz, Nucl. Phys. Proc. Suppl. B55 (1997) 1;

J. Polchinski, String Duality: A Colloquium, Rev. Mod. Phys. 68 (1996) 1245; TASI Lectures on D-Branes, NSF-ITP-96-145, hep-th/9611050;

A. Sen, Unification of String Dualities, Nucl. Phys. Proc. Suppl. 58 (1997) 5; An Introduction to Non-Perturbative String Theory, MRI-PHY-P980235, hep-th/9802051; M. Duff, M-Theory (The Theory Formerly Known as Strings), Int. J. Mod. Phys. A11 (1996) 5623;

P. Townsend, Four Lectures on M Theory, DAMTP-R-96-58, hep-th/9612121; M. Douglas, Superstring Dualities, Dirichlet Branes and the Small Scale Structure of Space, RU-96-91, hep-th/9610041;

S. Förste and J. Louis, Quaternions and M(atrix) Theory in Spaces with Boundaries, HEP-UK-0002, hep-th/9612198;

C. Vafa, Lectures on Strings and Dualities, HUTP-97-A009, hep-th/9702201; L.E. Ibáñez and A. Uranga, D = 6, N = 1 String Vacua and Duality FTUAM-97-9, hep-th/9707075;

C. Gómez and R. Hernández, Fields, Strings and Branes, IFT-UAM-CSIC-97-4, hepth/9711102.

[2] J. Polchinski, Dirichlet-Branes and Ramond-Ramond Charges, Phys. Rev. Lett. 75 (1995) 4724;

P. Townsend, D-branes from M-branes Phys.Lett. B360 (1995), 13; C. Bachas, Lectures on D-branes, CPHT-CL-615-0698, hep-th/9806199; C. Bachas, Scales of String Theory, Class. Quant. Grav. 17 (2000) 1.

[3] G. Aldazabal, L. E. Ibáñez and F. Quevedo, A D-Brane Alternative to the MSSM, FTUAM-2000-001, hep-ph/0001083;

P. Berglund, J. Ellis, A. Faraggi, D.V. Nanopoulos and Z. Qiu, Elevating the Free- Fermion Z_2 × Z_2 Orbifold Model to a Compactification of F-Theory, ACT-12-98, hepth/9812141;

I. Antoniadis, Mass Scales in String and M Theory, CPHT-CL741, hep-th/9909212.

[4] J. H. Schwarz, Introduction to M Theory and AdS/CFT Duality, CALT-68-2204, hepth/9812037 and references therein;

M. Duff, TASI Lectures on Branes, Black Holes and Anti-de Sitter Space, UM-TH-99- 07, hep-th/9912164;

B. Greene, D-Brane Topology Changing Transitions, Nucl. Phys. B525 (1998) 284; B. Greene, C. Lazaroiu and M. Raugas, D-branes on Nonabelian Threefold Quotient Singularities, Nucl. Phys. B553 (1999) 711.

[5] E. Calabi, On Kähler Manifolds with Vanishing Canonical Class, in Algebraic Geometry and Topology, A Symposium in Honor of S. Lefshetz, 1955 (Princeton University Press, Princeton, NJ, 1957);

S.-T. Yau, Calabi’s Conjecture and Some New Results in Algebraic Geometry, Proc. Nat. Acad. Sci. 74 (1977) 1798;

P. Candelas, G. Horowitz, A. Strominger and E. Witten, Nucl. Phys. B258 (1985) 46; T. Hübsch, Calabi-Yau Manifolds - A Bestiary for Physicists, (World Scientific Pub. Co., Singapore, 1992).

[6] I. Satake, On a Generalization of the Notion of Manifold, Proc. Nat. Acad. Sci. USA 42 (1956) 359;

L. Dixon, J.A. Harvey, C. Vafa and E. Witten, Strings on Orbifolds, Nucl. Phys. B261 (1985) 678, and B274 (1986) 285.

[7] L. Dixon, Some World-Sheet Properties of Superstring Compactifications on Orbifolds and Otherwise, in Superstrings, Unified Theories, and Cosmology, 1987, (World Scientific Pub. Co., Singapore, New Jersey, Hong Kong, 1988), p. 67.

[8] W. Lerche, C. Vafa and N. Warner, Chiral Rings in N=2 Superconformal Theories, Nucl. Phys. B324 (1989).

[9] P. Candelas, M. Lynker and R. Schimmrigk, Calabi-Yau Manifolds in Weighted P_4, Nucl. Phys. B341, (1990) 383.

[10] V. Batyrev, Dual Polyhedra and Mirror Symmetry for Calabi-Yau Hypersurfaces in Toric Varieties, J. Algebraic Geom. 3 (1994) 493;

V. Batyrev, Variations of the Mixed Hodge Structure of Affine Hypersurfaces in Algebraic Tori, Duke Math. J. 69 (1993) 349;

V. Batyrev and D. Cox, On the Hodge Structure of Projective Hypersurfaces in Toric Varieties, Duke Math. J. 75 (1994) 293.

[11] P. Aspinwall, K3 Surfaces and String duality, RU-96-98, hep-th/9611137;

V. V. Nikulin, Surfaces of type K3 with finite automorphism group and Picard group of rank three, Proc. Teklov Math. Inst. 3 (1985);

M. Kreuzer and H. Skarke, Reflexive Polyhedra, Weights and Toric Calabi-Yau Fibrations, HUB-EP-00/03, TUW-00/01, math.AG/0001106.

[12] B. R. Greene, String Theory on Calabi-Yau Manifolds, CU-TP-812, hep-th/9702155.

[13] M. Schlichenmaier,An Introduction to Riemann Surfaces, Algebraic Curves and Moduli Spaces (Springer-Verlag, Berlin, Heildeberg, 1989).

[14] I. Shafarevich, Basic Algebraic Geometry 1,2 (Springer-Verlag, Berlin, 1994).

[15] A. Kostrikin and I. Shafarevich, Algebra (Springer-Verlag, Berlin, 1990).

[16] A. Dimka, Singularities and Topology of Hypersurfaces (Springer-Verlag, Berlin, 1992).

[17] W. Barth, C. Peters and A. van de Ven, Compact Complex Surfaces (Springer-Verlag, Berlin, 1984).

[18] R. Miranda, Smooth Models for Elliptic Threefolds, in The Birational Geometry of Degenerations, eds. R. Friedman and D.R. Morrison (Birkhäuser, Boston, 1983).

[19] K. Lamotke, Regular Solids and Isolated Singularities, Advanced Lectures in Mathematics, Braunschweig, Wiesbaden (Vieweg, 1986).

[20] P. Du Val, Homographies, Quaternions and Rotations (Clarendon Press, Oxford 1964).

[21] H. Parker Manning, Geometry of Four Dimensions (Dover Pub. Inc., New York, 1956).

[22] M. Bershadsky, K. Intriligator, S. Kachru, D. R. Morrison, V. Sadov, and C. Vafa, Geometric Singularities and Enhanced Gauge Symmetries, Nucl. Phys. B481 (1996) 215.

[23] J. Tate, Algorithm for Determining the Type of a Singular Fiber in an Elliptic Pencil, in Modular Functions of One Variable IV, Lecture Notes in Math., Vol. 476 (Springer- Verlag, Berlin, 1975).

[24] M. Bershadsky, A. Johansen, T. Pantev, V. Sadov and C. Vafa, F-Theory, Geometric Engineering and N = 1 Dualities, Nucl. Phys. B505 (1997) 153;

S. Katz and C. Vafa, Geometric Engineering of N = 1 Quantum Field Theories, Nucl. Phys. B497 (1997) 196;

S. Katz and C. Vafa, Matter from Geometry, Nucl. Phys. B497 (1997) 146; M. Douglas, S. Katz and C. Vafa, Small Instantons, del Pezzo Surfaces and Type I^′ Theory, Nucl. Phys. B497 (1997) 155.

[25] M. Douglas, Enhanced Gauge Symmetry in M(atrix) Theory, JHEP 9707 (1997) 004;

B. Greene, D. Morrison and A. Strominger, Black Hole Condensation and the Unification of String Vacua, Nucl. Phys. B451 (1995) 109;

A. Strominger, Massless Black Holes and Conifolds in String Theory, Nucl. Phys. B451 (1995) 96;

A. Strominger, Statistical Hair on Black Holes, Phys. Rev. Lett. 77 (1996) 3498; A. Strominger, Black Hole Condensation and Duality in String Theory, Nucl. Phys. Proc. Suppl. 46 (1996) 204.

[26] P. Candelas and A. Font, Duality Between the Webs of Heterotic and Type II Vacua, Nucl. Phys. B511 (1998) 295;

P. Candelas, E. Perevalov and G. Rajesh, Toric Geometry and Enhanced Gauge Symmetry of F-Theory/Heterotic Vacua, Nucl. Phys. B507 (1997) 445; P. Candelas, E. Perevalov and G. Rajesh, Matter from Toric Geometry, Nucl. Phys. B519 (1998) 225;

P. Candelas and H. Skarke, F-theory, SO(32) and Toric Geometry, Phys. Lett. B413 (1997) 63;

E. Perevalov, H. Skarke, Enhanced Gauge Symmetry in Type II and F-Theory Compactifications: Dynkin Diagrams from Polyhedra, Nucl. Phys. B505 (1997) 679; E. Perevalov,On the Hypermultiplet Moduli Space of Heterotic Compactifications with Small Instantons, hep-th/9812253;

H. Skarke, String Dualities and Toric Geometry: An Introduction, UTTG-09-97, hepth/9806059.

[27] M.Kreutze, H.Skarke, On the classification of reflexive Polyhedra hep-th/9512204; H.

Skarke Mod. Phys. Let. A11 (19966) 1637, alg-geom/9603007.

[28] A.C. Avram, M.Kreutzer, M. Mandelberg and H. Skarke, The Web of Calabi-Yau Hypersurfaces in Toric Varieties, hep-th/9703003.

[29] M.Kreutze and H.Skarke, Complete classification of reflexive polyhedra in four dimensions , hep-th/0002240; Reflexive polyhedra, weights and toric Calabi-Yau fibrations Rev.Math.Phys. 14 (2002) 343-374; Classification of Reflexive Polyhedra in Three Dimensions, hep-th/9805190.

[30] D. Dais and M. Henk, On a series of Gorenstein cyclic quotient singularities admitting a unique projective crepant resolution alg-geom/01 2001;

D. Dais, C. Haase and G. Ziegler, All Toric L.C.I.- Singularities Admit Projective Crepant Resolutions, AG/9812025.

[31] A. Font, L. Ibáñez, D. Lüst, and F. Quevedo, Strong-Weak Coupling Duality and Non- Perturbative Effects in String Theory, Phys. Lett. B249 (1990) 35; B. Greene and M. Plesser, Duality in Calabi-Yau Moduli Spaces, Nucl. Phys. B338 (1990).

[32] S. Roan, The Mirror of Calabi-Yau orbifold, Internat. J. Math. 2 (1991) 439. P.

Aspinwall, B. Greene and D. Morrison, The Monomial-Divisor Mirror Map, alggeom/9309007. A. Sen, Strong-Weak Coupling Duality in Four Dimensional Field Theory, Int. J. Mod. Phys. A9 (1994) 3707;

C. Hull and P. Townsend, Unity of Superstring Dualities, Nucl. Phys. B438 (1995) 109; M. Duff, Strong/Weak Coupling Duality from the Dual String, Nucl. Phys. B442 (1995) 47; P. Townsend, The Eleven-Dimensional Supermembrane Revisited, Phys. Lett. B350 (1995) 184;

E. Witten, String Theory Dynamics in Various Dimensions, Nucl. Phys. B443 (1995) 85; A. Sen, String-String Duality Conjecture in Six Dimensions and Charged Solitonic Strings, Nucl. Phys. B450 (1995) 103;

J. Schwarz and A. Sen, Nucl. Phys. B411 (1994) 35;

L. Alvarez-Gaumé and F. Zamora, Duality in Quantum Field Theory (and String Theory), CERN-TH/97-257 hep-th/9709180.

[33] M. Duff, R. Minasian and E. Witten, Evidence for Heterotic/Heterotic Duality, Nucl.

Phys. B465 (1996) 413;

E. Witten, Small Instantons in String Theory, Nucl. Phys. B460 (1996) 541; J. Polchinski and E. Witten, Evidence for Heterotic - Type I String Duality, Nucl. Phys. B460 (1996) 525;

S. Sethi, C. Vafa and E. Witten, Constraints on Low-Dimensional String Compactifications, Nucl. Phys. B480 (1996) 213;

P. Horava and E. Witten, Eleven-Dimensional Supergravity on a Manifold with Boundary, Nucl. Phys. B475 (1996) 94;

P. Candelas, E. Perevalov and G. Rajesh, F-Theory Duals of Nonperturbative Heterotic E_8 × E_8 Vacua in Six Dimensions,

[34] F. Anselmo, J. Ellis, D. V. Nanopoulos and G. G. Volkov, Towards an Algebraic Classification of Calabi-Yau Manifolds I: Study of K3 Spaces, Phys.Part.Nucl. 32 (2001) 318-375; Fiz.Elem.Chast.Atom.Yadra 32 (2001) 605-698.

[35] F. Anselmo, J. Ellis, D. V. Nanopoulos and G. G. Volkov, Results from an Algebraic Classification of Calabi-Yau Manifolds, Phys.Lett. B499 (2001) 187-199.

[36] S. Burris and H.P. Sankappnavar, A Course in Universal Algebra, The Millennium Edition, 2001.

[37] W. Fulton, Introduction to Toric Varieties, (Princeton Univ. Press, Princeton, NJ, 1993).

[38] D. Cox, Recent Developments in Toric Geometry, Proc. Sympos. Pure Math., 62, Part.

2, Amer. Math. Soc., (Providence, RI, 1997), alg-geom/9606016.

Figure 1: The K3 polyhedron determined by the reflexive weight vector ⃗k_4 = (1, 1, 3, 4)[9], which illustrates the appearance of Coxeter-Dynkin diagrams. The intersection σ is determined by 7 point monomials that correspond to the elliptic fibre {7}_Δ, and divides the polyhedron into 7(+ 3) points on the left and 9(+7) on the right. These reproduce the Coxeter- Dynkin diagrams for affine E_6 and E_8, respectively. Underneath, we also show schematically the general nature of the highest-weight vectors obtained by arity-2 construction in the UCYA, displaying the one-to-one link between the 5-dimensional weight vectors and the ADE series of Cartan-Lie algebra in K3 hypersurfaces. The rôles of the discrete symmetry groups were discussed in [34] .

Figure 2: The arity-dimension plane, illustrating the normal expansion of RWVs by adding zero components to lower-dimensional vectors. For each dimension n and arity r, it is possible to reconstruct a set of extended vectors {Æ}^{(r)}_n . Along the A_r line, one adds zeroes to the trivial vector (1), along the D_r line also to the vector (1,1), etc.. Along the K3_r line, one may also add zeroes to any of the 95 K3 vectors [34, 35].

Figure 3: The arity-dimension plot, showing the numbers of eldest vectors/chains obtained by normal extensions of RWVs, including previous results for CY_3 and lower-dimensional spaces, and new results for CY_4 and CY_5 spaces.

Figure 4: An example of the arity structure of a sample CY_3 weight vector, obtainable by normal expansion of higher-arity RWVs, showing the relation to specific K3 and Weierstrass spaces.

Figure 5: Another example of the arity structure of a sample CY_3 weight vector, obtainable by normal expansion of higher-arity RWVs, which has counterparts at arities 3, 4 and 5, but not arity 2.

Figure 6: Examples of the Diophantine decompositions of unit monomials, illustrating how conics, cubics and quartics may be used to construct spaces with lower arities.

Figure 7: Lattice illustrating recurrence relations for the numbers of conic, cubic and quartic monomials.

Figure 8: The numbers of recurrences of Calabi-Yau hypersurfaces with a (1, ..., 1)_n fibre are calculable along all lines n = r + p in the arity-dimension plot.