arXiv:hep-th/0207199 v3 20 Mar 2003

DCPT-02/49 FFUOV-02/06 hep-th/0207199 15 January 2003

A Microscopical Description of Giant Gravitons

Bert Janssen^{a,1} and Yolanda Lozano^{b,2}

a Department of Mathematical Sciences, University of Durham, South Road, Durham DH1 3LE, United Kingdom

b Departamento de Física, Universidad de Oviedo, Avda. Calvo Sotelo 18, 33007 Oviedo, Spain

ABSTRACT

We construct a non-Abelian world volume effective action for a system of multiple M-theory gravitons. This action contains multipole moment couplings to the eleven-dimensional background potentials. We use these couplings to study, from the microscopical point of view, giant graviton configurations where the gravitons expand into an M2-brane, with the topology of a fuzzy 2-sphere, that lives in the spherical part of the AdS_7 × S^4 background or in the AdS part of AdS_4 × S^7. When the number of gravitons is large we find perfect agreement with the Abelian, macroscopical, description of giant gravitons given in the literature.

1 E-mail address: bert.janssen@durham.ac.uk
2 E-mail address: yolanda@string1.ciencias.uniovi.es

1 Introduction

Recently, a non-Abelian action describing multiple Type IIA gravitational waves has been derived in [1], using Matrix string theory in a weakly curved background. In this reference it was argued that this action represents an appropriate description for a system of coincident Type IIA gravitons in the strong coupling regime of the theory.

Several arguments supporting this claim were presented. One of them is that a T-duality transformation along the direction of propagation of the gravitons gives an action that can be identified as the non-Abelian action for multiple Type IIB fundamental strings [2]. Moreover, this action for Type IIB F-strings is S-dual to the action for multiple D-strings, a fact that suggests that it is adequate to describe Type IIB strings in the strong coupling regime of the theory. Since T-duality does not change the regime of the coupling, the initial action for Type IIA gravitational waves should also be valid in the strong coupling regime. A second argument is that, in the Abelian limit, the action of [1] is related to the perturbative action for massless particles by means of a world volume Legendre transformation, which typically relates the weak and strong coupling regimes of a theory. Since the usual action for massless particles is obtained in the perturbative regime, the non-Abelian action of [1] is expected to be valid at strong coupling.

Since the strong coupling regime of Type IIA string theory is believed to be M-theory, it is not difficult to extend the results of [1] to eleven dimensions. Basically, we just need to rewrite ten-dimensional background fields in terms of eleven-dimensional ones and rearrange the world volume fields in the ten-dimensional theory such that they are reinterpreted as the eleven-dimensional embedding scalars. It turns out that the action for M-theory gravitons derived in this manner is much simpler than the action describing Type IIA gravitons. As in Type IIA, the Chern-Simons part contains the now familiar multipole couplings that give rise to the dielectric effect [3]. From them it is not difficult to construct configurations of multiple coinciding gravitons expanding into a fuzzy M2-brane. Furthermore, the Born-Infeld action can easily be extended beyond the linear approximation used in the Matrix theory calculation to a closed expression, by just demanding consistency with the description of coincident D0- branes of [3] after dimensional reduction. This consistency provides a further check for this action.

Now, with a closed expression for the Born-Infeld action, valid beyond the linear approximation, an interesting possibility arises. It has been suggested before in the literature (see for example [4, 5, 6, 1]) that it should be possible to describe the giant gravitons of [7, 8, 9] in terms of dielectric gravitational waves. More specifically, it is believed that in the limit where the number of gravitons becomes very large, this non-Abelian, microscopical description should match with the Abelian, macroscopical description of [7, 8, 9], in terms of an expanding spherical brane with angular momentum, just as the spherical D2-brane with dissolved D0-charge of [10] is the large N limit of the N dielectric D0-branes expanding into a fuzzy D2 of [3]. However, since a non-Abelian action for gravitational waves is only known up to linear order in the background fields and an AdS_m × S^n background cannot be taken as a linear perturbation to Minkowski, it has not been possible, so far, to check whether dielectric gravitational waves really provide a microscopical description for the giant gravitons in AdS_m × S^n of [7, 8, 9]. With a closed expression for the Born-Infeld action for multiple waves it is now possible to construct explicitly configurations of multiple coinciding gravitons in arbitrary backgrounds, which we can compare with the giant graviton calculations.

The aim of this letter is precisely this. We will construct configurations of N elevendimensional gravitational waves polarising, by the dielectric effect, into a fuzzy M2-brane in certain AdS_m × S^n backgrounds and compare physical quantities, such as the energy of the configuration and the radius of the expanded M2-brane, with the values arising from the Abelian calculation, as done in [7, 8]. If the latter is really the macroscopic description of the former, one expects these physical quantities to agree in the large N limit. We will show that this is indeed the case.

The article is organised as follows. First, in Section 2, we briefly summarise the construction from Matrix string theory of the non-Abelian action for Type IIA gravitational waves of [1]. In Section 3 we present the non-Abelian action for eleven-dimensional gravitons. Here we also show that the Born-Infeld part of the action can be extended beyond the linear approximation of the Matrix theory calculation. In Section 4 we discuss a toy model consisting of dielectric gravitational waves expanding in a fuzzy M2-brane in flat space and show the agreement between the microscopical and macroscopical descriptions. Finally, in Sections 5 and 6 we consider dielectric gravitational waves in more interesting backgrounds and provide a non-Abelian description of giant gravitons in AdS_7 × S^4 [7] and dual giant gravitons in AdS_4 × S^7 [8]. We show the perfect agreement with the macroscopical descriptions of [7] and [8] for large number of gravitons.

2 The action for multiple Type IIA gravitational waves

In this section we recall the non-Abelian action for Type IIA gravitational waves given in [1]. Since Matrix string theory describes strings with non-zero light cone momentum, the same class of string states can, in the static gauge, effectively be described in terms of massless particles. Indeed, it was shown in [1] that Matrix string theory in a weakly curved background gives rise, in the static gauge, to a non-Abelian generalisation of the action for a massless particle, exhibiting the multipole terms first discovered in [11, 12, 3] in the context of non- Abelian actions of D-branes.

The Matrix string theory action for weak background fields [13, 2] is given by

S_{MST} = 1 2πβ^2 ∫ dτdσ STr {_1 2 [ h_{ab} − η_{ab}(ϕ −^1_2 h_{zz} ) ] I^{ab}_h + 2B_{az}I^{az}_s +^1_2 [ ϕ +^1_2 h_{zz} ] I^{zz}_h −^1_2 [ ϕ −^3_2 h_{zz} ] I_ϕ + C^{(1)}_a I^{az}_h − C^{(3)}_{abz}I^{ab}_s − C^{(1)}_z I^z_0 − h_{az}I^a_0 + 3B_{ab}I^{abz}_2 (2.1)

+ C^{(3)}_{abc}I^{abc}_2 +^1_{12} C^{(5)}_{a1...a4z} I^{a1...a4z}_4 +^1_{60}B̃_{a1...a5z} I^{a1...a5}_4 +^1_{48} N^{(7)}_{a1...a6z} I^{a1...a6z}_6

−^1_{336} N^{(8)}_{a1...a7z} I^{a1...a7}_6 } , where the indices a = (0, i) and i = 1, ..., 8. A special direction Z comes out specified in both the currents and the background fields. This direction is the 9th direction of the 9-11 flip involved in the construction of the action. Once we take static gauge, it is identified with the propagation direction of the waves and appears as an isometry direction in the wave action. The fields C^{(2n−1)} denote the R-R (2n − 1)-form potentials, B the Kalb-Ramond field and B̃ its Hodge dual, the NS-NS 6-form potential. The field N (7) is the field that couples to the Type IIA Kaluza-Klein monopole, and N^{(8)} to the so-called (6, 1^2; 3)-brane^3, an “exotic”

3 In the notation of [15].

brane (not predicted by the Type IIA spacetime supersymmetry algebra), first mentioned in [14, 15, 16]. The currents I give the couplings between the Matrix (string) theory and the linearised background fields [11, 12, 13] and are functions of the matrix valued transverse coordinates X^i, the world volume scalar A and their derivatives^4. For their exact expression we refer to the appendix of [1].

Filling in the expression for the currents and going to static gauge, the linearised Chern- Simons action for multiple Type IIA gravitational waves, as derived in [1], is given by:^5

S^{CS}_{WA} = T_0 ∫ dτ STr { − P [i_kC^{(1)}] ∧ F − P [i_kh] + iP [(i_X i_X )C^{(3)}]

+ iP [(i_X i_X )B] ∧ F − iP [i_{[A,X]}B] +^1_2 P [(i_X i_X )^2i_kB̃]

−^1_2 P [(i_X i_X )^2i_kC^{(5)}] ∧ F + P [(i_X i_X )i_{[A,X]}i_k C^{(5)}] (2.2)

−^i_6 P [(i_X i_X )^3i_kN^{(7)}] ∧ F +^i_2 P [(i_X i_X )^2i_{[A,X]}i_k N^{(7)}]

−^i_6 P [(i_X i_X )^3i_kN^{(8)}] } . The contraction with i_k denotes the interior product with the Killing vector k^μ pointing along the direction of propagation Z of the waves^6, which can, in adapted coordinates, be chosen as k^μ = δ^μ_z . In the action (2.2), the direction of propagation appears as a special isometric direction, in spite of which the whole action can be written in a manifestly covariant way by making local the global gauge transformations along this direction

δX^μ = Λk^μ, (2.3)

i.e. by working with a gauged sigma model. In (2.2) the pull-backs into the world volume are indeed defined in terms of gauge covariant derivatives:^7

DX^μ = ∂X^μ − k^{−2}k_ρ∂X^ρk^μ, (2.4)

in such a way that the pull-backs associated to the isometric direction are cancelled out. Gauged sigma models of this type have been used elsewhere, in order to describe the effective actions of Kaluza-Klein monopoles [17] and M-branes in massive eleven-dimensional supergravity [18].

The inclusions (i_X i_X ) and i_{[A,X]} are defined as (i_X i_X Σ)_{μ1...μp} ≡ X^j X^iΣ_{ijμ1 ...μp} , (i_{[A,X]}Σ)_{μ1...μp} ≡ [A, X^i]Σ_{iμ1...μp} , (2.5) with i = 1, ..., 8. The first type of contraction is the one giving rise to the multipole couplings associated to the dielectric effect [3]. The world volume field F in (2.2) is defined as F = ∂A.

4 See [1] for the interpretation of the field A.

5 Up to rescalings. Reference [1] used a special redefinition of the embedding scalars and world volume field such that perturbative Type IIA string theory in the light-cone gauge was recovered in the weak coupling limit. Here we are interested however in the strong coupling regime.

6 The identification of the isometric direction with the direction of propagation of the waves comes from the analysis of the monopole term P [ik h], which is just the linearised expression of the non-Abelian extension of the term giving momentum charge to a single wave (see below).

7 In a non-Abelian theory, the gauge covariant derivatives are defined from U(N)-covariant derivatives Dτ X^μ = ∂τ X^μ + i[Aτ , X^μ]. Here we are choosing however the gauge where Aτ = 0.

The Born-Infeld part of the action for Type IIA gravitational waves was not given explicitly in [1]. One can however derive it from the Matrix theory computation performed there and then taking static gauge. One obtains, up to quartic order in the embedding scalars:

S^{BI}_{WA} = T_0 ∫ dτ STr {1 2 h_{00} ( 1 +^1_2Ẋ^2 −^1_4 [X, X]^2 +^1_2 F^2 −^1_2 [A, X]^2 )

+h_{0i}Ẋ^i +^1_2 h_{ij} ( Ẋ^iẊ^j − [X^i, X^k][X^k, X^j] + [A, X^i][A, X^j] )

+^1_2 h_{zz} ( 1 −^1_2Ẋ^2 −^1_2 F^2 +^1_4 [X, X]^2 +^1_2 [A, X]^2 ) (2.6) +ϕ ( F^2 −^1_2 [X, X]^2 ) − i[A, X^i] ( B_{iz} + B_{0z}Ẋ^i )

+C^{(1)}_0 F + C^{(1)}_i ( Ẋ^iF + [X^i, X^j][A, X^j] )

+iC^{(3)}_{0iz} ( [X^i, X^j]Ẋ^j − [A, X^i]F ) − i^1_2 C^{(3)}_{ijz} [X^i, X^j] } . This expression can be written in a fully covariant way as a gauged sigma model using gauge covariant pull-backs into the world volume. We will postpone this construction for the next section, where its relation to the eleven-dimensional action will become clear.

It was also shown in [1] that the action there proposed to describe multiple gravitational waves has the following expression as its Abelian limit:^8

S_W = −NT_0 ∫ dτ { k^{−1} √ |DX^μDX^ν g_{μν} | + k^{−2}k_μ∂X^μ − ∂Z } . (2.7)

This action describes N gravitational waves carrying momentum T_0 along the Z direction. Therefore, the isometry direction is identified with the direction of propagation of the waves. As shown in [1], (2.7) is related by T-duality along Z to the Nambu-Goto action for Abelian fundamental strings with winding number along Z. Moreover, it can be mapped to the action associated to N, Abelian, ten-dimensional massless particles through a Legendre transformation that restores the dependence on the isometric direction Z. Namely, (2.7) can be related to the following action, in terms of an auxiliary metric γ on the world line (see [1]): S[γ] = − NT_0 2 ∫ dτ √ |γ| γ^{−1}∂X^μ∂X^ν g_{μν} , (2.8) where μ = 0, . . ., 9. Therefore, the Matrix string calculation describes Type IIA waves by means of a non-Abelian extension of the particular description of massless particles with nonzero momentum given by (2.7). Since (2.8) is a perturbative action, (2.7) is expected to be valid in the strong coupling regime, given that world volume duality transformations typically relate the weak and strong coupling regimes of a theory.

8 To be precise, the linearisation of this action, since in the Matrix theory calculation one works to linear order in the background fields.

3 The action for multiple gravitational waves in eleven dimensions

We now want to uplift the non-Abelian action for Type IIA gravitational waves to eleven dimensions. For this we use the following linearised relations between eleven- (denoted with hats) and ten-dimensional (unhatted) background fields:

ĥ_{μν} = h_{μν} − 2ϕ/3 η_{μν} , ĥ_{μ11} = C^{(1)}_μ , ĥ_{11,11} = 4ϕ/3,

Ĉ_{μ1μ2μ3} = C^{(3)}_{μ1μ2μ3} , Ĉ_{μ1μ211} = B_{μ1μ2} , (i_{k̂}N̂ (8))_{μ1...μ7} = (i_k N (8))_{μ1...μ7} ,

^̃C_{μ1...μ6} = B̃_{μ1...μ6} , ^̃C_{μ1 ...μ5 11} = −C(5)_{μ1...μ5} , (i_{k̂}N̂_{(8)})_{μ1...μ611} = (i_k N_{(7)})_{μ1 ...μ6} ,

(3.1)

where (i_kN̂^{(8)}) is the field that couples minimally to the Kaluza-Klein monopole of M-theory and N^{(7)} and N^{(8)} are the Type IIA gravitational background fields in (2.2).

Regarding the eleven-dimensional embedding coordinates, they can be straightforwardly obtained from the ten-dimensional world volume fields, if we identify the world volume scalar A as the eleventh embedding coordinate:

X̂^i = X^i, X̂^9 = A, Ẑ = Z. (3.2)

With these identifications, it is not difficult to see that the currents in (2.1) can be written in eleven dimensions in the static gauge as (î = 1, ..., 9) Î_ϕ = l1 −^1_2 ( ^̇X)2 −^1_4 [X̂, X̂]2, Î^{îĵ}_h = ^̇Xî ^̇Xĵ − [X̂î, X̂^^k][X̂^^k, X̂ ĵ],

Î 00_h = l1 +^1_2 ( ^̇X)2 −^1_4 [X̂, X̂]2, Î 0î_s = −^i_2 [X̂î, X̂ ĵ] ^̇Xĵ,

Î 0î_h = ^̇Xî, Î^{îĵ}_s =^i_2 [X̂î, X̂ ĵ],

(3.3)

and Î 0_0 = l1, Î^{0îĵk̂l̂}_4 = −^3_2 [X̂î, X̂ [ĵ][X̂^^k, X̂^^l]],

Îî_0 = ^̇Xî, Î^{îĵk̂l̂m̂}_4 = −^{15}_2 ^̇X [î[X̂ ĵ, X̂^^k][X̂^^l, X̂ m̂]],

Î^{0îĵ}_2 = −^i_6 [X̂î, X̂ ĵ], Î^{0îĵk̂l̂m̂n̂}_6 = i[X̂ [î, X̂ ĵ][X̂^^k, X̂^^l][X̂ m̂, X̂ n̂]],

Î^{îĵk̂}_2 = −^i_2 ^̇X[î[X̂ ĵ, X̂^^k]], Î^{îĵk̂l̂m̂n̂p̂}_6 = 7i ^̇X[î[X̂ ĵ, X̂^^k][X̂^^l, X̂ m̂][X̂ n̂, X̂ p̂]].

(3.4)

The linear action (2.1) can then be written in the static gauge as

S = T̂_0 ∫ dτ STr {_1 2 [ ĥ_{âb̂} +^1_2ĥ_{zz} η_{âb̂} ] Î^{âb̂}_h +^3_4ĥ_{zz}Î_ϕ − Ĉ_{âb̂z}Î^{âb̂}_s − ĥ_{âz}Î^â_0

+ Ĉ_{âb̂ĉ}Î^{âb̂ĉ}_2 +^1_{60} ^̃C_{â1...â5z}Î^{â1...â5}_4 −^1_{336}N̂^{(8)}_{â1...â7z}Î^{â1...â7}_6 } , (3.5)

and we find the following expression for the linearised Chern-Simons action associated to coinciding M-theory gravitons:

S^{CS}_Ŵ = T̂_0 ∫ dτ STr { −P [i_{k̂}ĥ] + iP [(i_{X̂} i_{X̂} )Ĉ] +^1_2 P [(i_{X̂} i_{X̂} )^2i_{k̂} ^̃C] (3.6)

−^i_6 P [(i_{X̂} i_{X̂} )^3i_{k̂}N̂^{(8)}] } .

This action consists of a monopole term P [i_{k̂}ĥ] plus a series of multipole, Myers-like couplings. Like the action for non-Abelian Type IIA gravitational waves, it contains the direction of propagation of the waves as a special isometric direction, although the whole action can still be written in a manifestly covariant way by making local the global scale transformations along this direction. The gauge covariant derivatives implicit in the pull-backs of this action are defined as in (2.4), but now in terms of eleven-dimensional fields.

The monopole term P [i_{k̂}ĥ] is similar to the monopole term encountered in the action of tendimensional gravitational waves [1], indicating that we are dealing with eleven-dimensional gravitational waves with momentum in the Ẑ direction. The multipole couplings in (3.6) are typical non-Abelian, Myers-like, couplings. In particular, the term P [(i_{X̂} i_{X̂} )Ĉ] corresponds to the dielectric term for gravitational waves introduced in [6] in the Matrix model of DLCQ eleven-dimensional pp-waves, in order to make the action supersymmetric. The multipole terms of (3.6) were also predicted previously in [5] via string duality arguments.

In a similar way, the Born-Infeld part of the action for M-theory gravitons is derived from (3.5) or, equivalently, by uplifting the ten-dimensional action (2.6). We obtain:

S^{BI}_Ŵ = −T̂_0 ∫ dτ STr {_1 2 ĥ_{00} ( l1 +^1_2 ^̇X^2 −^1_4 [X̂, X̂]^2 ) + ĥ_{0î} ^̇X^î

+^1_2ĥ_{îĵ} (˙ X̂^î ^̇X^ĵ − [X̂^î, X̂^{k̂}][X̂^{k̂}, X̂^ĵ] ) +^1_2ĥ_{zz} ( l1 −^1_2 ^̇X^2 +^1_4 [X̂, X̂]^2 )

+ iĈ_{z0î}[X̂^î, X̂^ĵ] ^̇X^ĵ −^i_2Ĉ_{zîĵ}[X̂^î, X̂^ĵ] } , (3.7)

up to quartic order in the embedding scalars. In fact, it is not too complicated to show that this action is the linear expansion of the following BI action:

S^{BI}_Ŵ = T̂_0 ∫ dτ Str { k̂^{−1} √ −P [Ê_{00} + Ê_{0î}(Q̂^{−1} − δ)^î_{k̂}Ê^{k̂ĵ}Ê_{ĵ0}] det(Q̂^î_ĵ) } . (3.8)

Here we take Ê_{μ̂ν̂} ≡ Ĝ_{μ̂ν̂} + k̂^{−1}(i_{k̂}Ĉ)_{μ̂ν̂} , (3.9)

while Ê^{îĵ} denotes the inverse of Ê_{îĵ}, and

Q̂^î_ĵ ≡ δ^î_ĵ + ik̂[X̂^î, X̂^{k̂}]Ê_{k̂ĵ} . (3.10)

Note that the action (3.8) is also a gauged sigma model, as expected for the action for gravitational waves. The isometry direction Ẑ is projected out through the effective metric Ĝ_{μ̂ν̂} = ĝ_{μ̂ν̂} − k̂−2k̂_{μ̂}k̂_{ν̂} of (3.9) and the contraction of the 3-form with the Killing direction, (i_{k̂}Ĉ).

Moreover, (3.8) reduces to the Born-Infeld action for coincident D0-branes, derived in [19, 3], when reduced along the direction of propagation of the waves, Ẑ. Similarly, the non- Abelian Chern-Simons action for multiple D0-branes [3, 12] is recovered, now to linear order in the background fields, when the Chern-Simons action (3.6) is reduced over the isometry direction. We believe this is a non-trivial check that confirms our interpretation of the actions (3.6), (3.7) and (3.8) as describing M-theory gravitons.

One further check of S_Ŵ = S^{BI}_Ŵ + S^{CS}_Ŵ is that, in the Abelian limit, it describes elevendimensional massless particles. In this limit the full action given by (3.6) and (3.7) becomes the linearised expansion of the action:

S_Ŵ = −NT̂_0 ∫ dτ { k̂^{−1} √ |∂X̂^{μ̂}∂X̂^{ν̂} (ĝ_{μ̂ν̂} − k̂^{−2}k̂_{μ̂}k̂_{ν̂} )| + k̂^{−2}k̂_{μ̂}∂X̂^{μ̂} − ∂Ẑ } , (3.11)

which, as we showed in the analogous Type IIA case [1], describes eleven-dimensional massless particles carrying momentum along Ẑ. This action can be mapped to the usual perturbative action for massless particles by means of a Legendre transformation, which restores the dependence on the direction of propagation.

Finally, we can use the full Born-Infeld action for M-theory gravitons given by (3.8) to construct a Born-Infeld action for Type IIA gravitational waves valid beyond the linear approximation. This calculation is complicated in the general case, so we have taken a truncation of the backgrounds: C^{(1)} = B = 0, plus a vanishing world volume field A. This action contains still non-Abelian couplings of interest for the study of dielectric configurations. We have obtained

S^{BI}_{WA} = −T_0 ∫ dτ Str { k^{−1} √ −P [E_{00} + E_{0i}(Q^{−1} − δ)^i_kE^{kj} E_{j0}] det(Q^i_j ) } , (3.12)

where

E_{μν} = g_{μν} − k^{−2}k_μk_ν + k^{−1}e^ϕ(i_kC^{(3)})_{μν} , (3.13) Q^i_j = δ^i_j + i[X^i, X^k]e^{−ϕ}kE_{kj} . (3.14)

In the next sections, we will use the action given by (3.8) and (3.6) to construct non-Abelian giant graviton configurations and relate these to some of the Abelian giant gravitons known in the literature.

4 Giant gravitons in flat space

4.1 The non-Abelian description

The explicit form for the action describing multiple coincident gravitons in M-theory allows the study of giant graviton configurations from the microscopical point of view of the expanding gravitons, directly in M-theory. From now on we will restrict to eleven-dimensional spacetimes, so we will omit the hats. The action given by (3.6) and (3.8) describes M-theory gravitons propagating along the isometric direction Z. The BI action (3.8) contains in particular a non-Abelian coupling to the 3-form potential^9, which can be written in the form of a magnetic moment coupling, similar to those studied in [3, 4]. The potential for a static configuration of M-theory gravitons subject to an external F^{(4)}_{zijk} field strength is given by

V (X) = T_0 STr { l1 − 1 4 [X, X]^2 + i 3 X^jX^iX^kF^{(4)}_{zijk} } (4.1)

to leading order for the Born-Infeld potential. This potential has a stable solution of the form: F^{(4)}_{zijk} = fϵ_{ijk} , X^i = − f 4 J^i, (4.2)

9 See the last terms of (3.7).

with J^i forming an N ×N representation of SU(2), which we interpret in terms of N gravitons expanding into an M2-brane transverse to their direction of propagation. The M2-brane has the topology of a fuzzy sphere with radius

R^2 = f^2 16 (N^2 − 1), (4.3)

and energy

E = T_0 { N − 1 384 f^4N(N^2 − 1) } . (4.4)

This solution is identical to the dielectric solution of [3], the only difference being that our configuration carries a magnetic moment instead of an electric one with respect to the external field.

Consider now the case in which the gravitons propagate along a compact direction, i.e. Z = X^9. Reducing (4.1) and (4.2) along the compact direction we can interpret the potential above as describing static Type IIA D0-branes subject to an external magnetic field H_{ijk}. The stable solution given by (4.2) is then interpreted in terms of D0-branes expanded into a fuzzy D2-brane carrying magnetic moment. This solution in Type IIA was studied by Myers in [3] and then used in [4] in order to describe, in the Type IIA limit, the expansion of Mtheory gravitons, propagating along the eleventh direction, into a transverse fuzzy M2-brane. Our description for eleven-dimensional gravitons allows to study this configuration directly in M-theory and, more importantly, for an arbitrary direction of propagation of the gravitons.

When the gravitons propagate in a direction different from the direction we compactify on, the description in the Type IIA limit is in terms of Type IIA gravitational waves propagating along the same direction. This happens because eleven-dimensional waves give rise to tendimensional waves when the reduction from eleven to ten dimensions takes place in a direction transverse to the direction of propagation. It is straightforward to see that the reduction of the potential (4.1) and of the solution (4.2) gives rise to Type IIA waves in an external F^{(4)}_{zijk} magnetic field, expanding into a fuzzy D2-brane transverse to their direction of propagation [1].

N D0-branes with non-zero velocity have been used as well to describe M-theory gravitons in the Type IIA limit [4]. Given that D0-branes are equivalent to M-theory gravitons propagating along the eleventh direction, one describes in this manner M-theory gravitons moving both along the eleventh direction and along the direction of propagation of the D0-branes. Our M-theory analysis allows for a description of expanding gravitons with no velocity along the eleventh direction.

4.2 The Abelian description

Let us now analyse the M-theory solution that we have just discussed from the point of view of its dual formulation in terms of the M2-brane action. We should find a solution corresponding to an M2-brane wrapping a classical sphere with the same quantum numbers of the gravitons. As in [3], the two descriptions should agree in the large N limit. The Ansatz for the 4-form potential of (4.2) reads, in spherical coordinates:

F^{(4)}_{zrθϕ} = fr^2 sin θ (4.5) which implies a 3-form potential:

C^{(3)}_{zθϕ} = − 1 3 fr^3 sin θ. (4.6)

The effective action associated to a spherical M2-brane with world volume directions (τ, θ, ϕ) and radius R subject to the external potential (4.6) and with velocity along an arbitrary Z-direction is given by:

S_{M2} = −4πT_2 ∫ dτ [ R^2 √ 1 − Ż^2 −^1_3 fR^3Ż ] , (4.7)

where the angular world volume coordinates have been integrated out. The velocity of the M2- brane has to be computed from the condition that it must have N graviton charge dissolved in its world volume or, in other words, that it should carry N units of linear momentum. This implies that P_z = N 2 sin θ, (4.8)

such that when integrating over θ and ϕ we get the factor of 4π necessary to match the tension of the M2-brane with the tension of a single graviton, i.e. T_0 = 2πT_2. This value for the momentum can be seen arising more explicitly in the case in which the M2-brane propagates along the eleventh direction. In this case we can make contact with the description in the Type IIA limit in terms of a spherical D2-brane with N D0-branes dissolved in its world volume. In the Type IIA limit the coupling ∫ S^2

C^{(1)} ∧ F, (4.9)

in the world volume effective action of a single D2-brane, implies that we must take a Born- Infeld magnetic flux F_{θϕ} = N 2 sin θ (4.10)

in order to have N C^{(1)}-charge, and therefore N D0-branes, dissolved in the world volume. This magnetic flux is reinterpreted in eleven dimensions as the momentum carried by the M2- brane. In order to see this recall that the D2-brane and the M2-brane effective actions are related by means of a world volume duality transformation that maps the Born-Infeld field of the D2-brane into the extra eleventh scalar of the M2-brane. This transformation has a simple formulation in terms of a canonical transformation in the world volume phase space [20]. In fact, given that we are dealing with non-static configurations it is more useful to discuss the dynamics in terms of Hamiltonians. As shown in [20], the canonical transformation that relates the D2 and M2-brane effective actions simply works at the level of the Hamiltonians transforming the Born-Infeld magnetic field of the D2-brane into the canonical momentum associated to the eleventh direction of the M2-brane, and the canonical momentum associated to the Born-Infeld field into the spatial derivative of the eleventh direction:

P_9 = 1 2 ϵ^{0αβ}F_{αβ} , Π^α = −ϵ^{0αβ}∂_β X^9. (4.11)

For our spherical M2-brane we then have that P_9 = F_{θϕ} =^N_2 sin θ. In general, for an arbitrary direction of propagation Z, we have that P_z =^N_2 sin θ, which implies a value for the velocity:

Ż =^{12} N −^{13} fR^3 √ R^4 + (^1_2 N −^1_3 fR^3)^2

, (4.12) as derived from (4.7). We then have that the Hamiltonian for the spherical M2-brane reads:

H = 4πT_2 √ R^4 + ( N 2 − f 3 R^3)^2, (4.13)

where we have integrated over θ and ϕ. This Hamiltonian can be approximated in the large N limit by: H = NT_0 ( 1 − 2 3 f N R^3 + 2 N^2

R^4 ) , (4.14)

for which we find a stable minimum for R = Nf 4 , (4.15)

with energy E = NT_0 ( 1 − f^4N^2 384 ) . (4.16)

The values of (4.15) and (4.16) are just the large N limit expressions of the radius and energy given by (4.3) and (4.4). Therefore, we can conclude that the microscopical and macroscopical descriptions do indeed agree up to 1/N corrections.

In the next sections we consider more interesting configurations. We will describe microscopically, in terms of expanding gravitational waves in M-theory, the giant graviton of [7] in an AdS_7 × S^4 background, as well as the so-called dual giant graviton of [8] in an AdS_4 × S^7 spacetime. In these two cases the gravitons expand into a non-commutative 2-sphere living in the spherical and anti-de-Sitter part of the geometry respectively. We show that in the limit in which the number of gravitons goes to infinity there is perfect agreement between our description and the macroscopical description in terms of a classical spherical M2-brane of [7] and [8].

5 Giant gravitons in AdS_7 × S^4

5.1 The non-Abelian calculation Following [7] we would like to find a stable solution where N gravitons have expanded into a fuzzy M2-brane on the spherical part of the geometry.

The full line element for the metric on AdS_7 × S^4 has the form ds^2 = ds^2_{AdS} + ds^2_S , where

ds^2_{AdS} = −(1 + r^2 L̃2 )dt^2 + dr^2 1 +^{r2}_{L̃2}

+ r^2dΩ^2_5, (5.1) and ds^2_S = L^2(dθ^2 + cos^2θdϕ^2 + sin^2θ dΩ^2). (5.2) The radius of curvature of AdS_7 is L̃ while that for S^4 is L, and they are related as L = L̃/2. We are looking for a solution in which the gravitons in this metric expand into a fuzzy S^2 of radius L sin θ, i.e. the fuzzy version of a classical 2-sphere of this radius, contained in (5.2). Let us choose coordinates in this sphere as:

dΩ^2 = dχ^2_1 + sin^2χ_1 dχ^2. (5.3)

As in [7] we look for a configuration: θ = const, ϕ = ϕ(τ), r = 0, where we have taken static gauge and identified t = τ. This implies that the fuzzy S^2 has a constant radius. Our Ansatz for the fuzzy S^2 is then X^i =

L sin θ √ N^2 − 1

J^i, (5.4)

where J^i, (i = 1, 2, 3) form an N × N representation of SU(2). With this Ansatz

(X^1)^2 + (X^2)^2 + (X^3)^2 = L^2sin^2θ l1. (5.5)

The rest of the coordinates remain Abelian, i.e. proportional to l1. On the other hand, the 3-form potential on S^4, given by

C^{(3)}_{ϕχ1χ2} = L^3sin^3θ sin χ_1, (5.6)

reads in the Cartesian coordinates (X^1, X^2, X^3) above:

C^{(3)}_{ϕij} = −ϵ_{ijk} X^k. (5.7)

We now have all the elements to try to find a stable solution. The effective action describing N gravitons with velocity along ϕ is described by (3.8), with ϕ playing the role of the isometric direction in this action. With the particular background described above there is no contribution of the Chern-Simons action, given that the coupling to the 3-form potential in (3.6) is computed with gauge covariant derivatives, and these eliminate the contribution of the ϕ component. The 3-form potential couples however in the Born-Infeld part of the action, through E_{ij} = G_{ij} + k^{−1}C^{(3)}_{ϕij} .

Substituting the Ansatz above into the world volume action (3.8) we obtain the following potential:^{10}

V (X) =

T_0 L cos θ STr { √ l1 −

4L sin θ √ N^2 − 1

X^2 +

4L^4sin^2θ cos^2 θ N^2 − 1

X^2 +

4L^2sin^2θ N^2 − 1

X^2X^2 } , (5.8)

where we have taken into account that some contributions to det(Q^i_j ) do in fact vanish after taking the symmetrised average involved in the symmetrised trace prescription in (3.8). Using the definition of the symmetrised trace we can now proceed and compute the potential.

Since we are interested in the comparison with the Abelian calculation of [7], it is convenient to look at the large N limit^{11}. When N is large

STr{(X^2)^n} ≈ Tr{(X^2)^n} + O(^1_{N 2−1} )

= L^{2n}sin^{2n}θN + O(^1_{N 2−1} ),

(5.9)

since the commutators involved in the rewriting of (5.9) can be neglected. Therefore, the potential (5.8) can be written as:

V (θ) = NT_0 L cos θ √ 1 − 4L^3 √ N^2 − 1 sin^3θ +

4L^6 N^2 − 1 sin^4θ, (5.10)

10 Recall that in our description of the gravitons the direction of propagation occurs as an isometry direction, and therefore we are dealing with a static configuration, for which we can compute the potential as minus the Lagrangian.

11 See the Conclusions for the finite N calculation to leading order in the Born-Infeld potential, i.e. the usual approximation, taken for instance in the non-Abelian calculation in [3].

or, introducing the cos θ inside the square root:

V (θ) = NT_0 L √ 1 + tan^2 θ ( 1 − 2L^3 √ N^2 − 1 sin θ

)_2 , (5.11)

where we are neglecting terms of order (N^2 − 1)^{− 5}2 in the expansion of (5.8). This potential admits two minima, at sin θ = 0, the point-like graviton, and at

sin θ = √ N^2 − 1 2L^3

. (5.12)

Both these minima have an energy E = NT_0 L = P_ϕ L , (5.13)

associated to a massless particle with angular momentum P_ϕ. Moreover, the angular momentum has an upper bound derived from the fact that

sin θ = √ N^2 − 1 2L^3

≤ 1, (5.14)

which implies P_ϕ ≤ T_0 √ 4L^6 + 1. (5.15)

The Hamiltonian, the solution and the upper bound correspond, in the large N limit, to the same physical quantities found in [7], as we will show below when we discuss the Abelian calculation.

5.2 The Abelian calculation The macroscopical description of the giant graviton solution in an AdS_7 × S^4 background was the calculation presented by [7], in terms of a classical M2-brane carrying momentum and expanding into the spherical part of the background geometry. We briefly summarise these results, following closely [8], in order to see the explicit agreement with our microscopical calculation.

In this case we have a test brane solution consisting on an M2-brane^{12} whose world volume lays on the classical sphere with radius L sin θ. The Hamiltonian was computed in [7] and found to be: H = P_ϕ L √ 1 + tan^2θ ( 1 − Ñ P_ϕ sin θ

)_2

, (5.16)

where Ñ is an integer that emerges through the quantisation condition of the 3-form flux on S^4 4πT_2 = Ñ L^3

, (5.17)

T_2 being the tension of the M2-brane.

12 In our conventions this is in fact an anti M2-brane.

The Hamiltonian (5.16) has two stable minima, one for sin θ = 0 and another for sin θ = P_ϕ/Ñ. The value of the Hamiltonian corresponds in both cases to E = P_ϕ/L, i.e. to a massless particle. The condition that sin θ ≤ 1 implies an upper bound for the momentum P_ϕ ≤ Ñ.

In terms of the expanding gravitons, we have that the momentum P_ϕ = NT_0. Moreover, the quantisation condition (5.17) reads, in terms of the tension of the gravitons:

T_0 = Ñ 2L^3

. (5.18)

Therefore we can rewrite the non-trivial solution and the Hamiltonian as

sin θ = P_ϕ Ñ = N 2L^3 ,

H = NT_0 L √ 1 + tan^2θ ( 1 − 2L^3 N sin θ

)_2 , (5.19)

which coincide with the first orders in a 1/N expansion of the microscopical solution (5.12) and the Hamiltonian (5.11)!

The same agreement is found regarding the upper bound for the angular momentum, given that using (5.18):

P_ϕ ≤ Ñ = 2L^3T_0 (5.20)

which agrees with the large N limit of (5.15).

6 Dual Giant Gravitons in AdS_4 × S^7

6.1 The non-Abelian calculation

Following [8] we would like to find a stable solution where N gravitons have expanded into a fuzzy S^2 that now lives in the AdS part of the geometry. These configurations were referred to as dual giant gravitons by the authors of [8].

The full line element for the metric on AdS_4 × S^7 takes the form ds^2 = ds^2_{AdS} + ds^2_S , where

ds^2_{AdS} = −(1 + r^2 L̃2 )dt^2 + dr^2 (1 +^{r2}_{L̃2} )

+ r^2dΩ^2 (6.1) and ds^2_S = L^2(dθ^2 + cos^2θdϕ^2 + sin^2θ dΩ^2_5). (6.2)

The radius of curvature L̃ of AdS_4 and L of S^7 are now related as L = 2L̃. In this case we are interested in a solution for which the gravitons expand into a fuzzy 2-sphere with radius r contained in the AdS part of the geometry, since this is the non-commutative version of the solution in [8]. We will choose coordinates in this sphere as:

dΩ^2 = dα^2_1 + sin^2α_1 dα^2. (6.3)

Our SU(2) Ansatz for the fuzzy S^2 is now:

X^i = r √ N^2 − 1

J^i, (6.4) for i, j = 1, 2, 3. The 3-form potential on the AdS part of the geometry reads:

C^{(3)}_{0α1α2} = − r^3 L̃ sin α^1, (6.5)

or, in Cartesian coordinates: C^{(3)}_{0ij} = 1 L̃ϵ^{ijk} X^k. (6.6) The gravitons carry momentum along the ϕ direction, as in the previous section, so their effective action is described by the same action (3.8) with ϕ playing the role of the isometric direction. In this case however there is a contribution from the Chern-Simons action, given that the 3-form potential is electric. Indeed, the Chern-Simons action contributes with a coupling: S^{CS} = iT_0 ∫ dτ STr { P [(i_X i_X )C^{(3)}] } = ∫ dτ 2NT_0 √ N^2 − 1 r^3 L̃ . (6.7)

The Born-Infeld part of the action is in this case simpler to compute, given that C^{(3)}_{ϕij} = 0. We have found:

S^{BI} = − NT_0 L ∫ dτ STr { √ (1 + r^2 L̃2 )( l1 +

4L^2r^2 N^2 − 1

X^2) } . (6.8)

Using the same approximation (5.9) of the previous section we get:

STr{(X^2)^n} ≈ r^{2n}N + O(^1_{N 2−1} ), (6.9)

and the potential can be written up to terms of order (N^2 − 1)^{−3} as V = NT_0 L √ (1 + r^2 L̃2 )(1 +

4L^2r^4 N^2 − 1 ) − 2NT_0 √ N^2 − 1 r^3 L̃ . (6.10)

This potential have minima at r = 0 and at r = √ N^2 − 1 2LL̃ , (6.11)

which correspond to the point-like graviton and a giant graviton respectively. Both solutions have the same energy, E = P_ϕ/L, associated to a massless particle with angular momentum P_ϕ = NT_0. Note however that in this case there is no upper bound for the angular momentum, given that the gravitons expand in the AdS part of the geometry.

6.2 The Abelian calculation The description of dual giant gravitons in AdS_4 × S^7 in terms of the expanding M2-brane was given in [8]. We summarise now these results.

In the Abelian description we have a spherical M2-brane with world volume on the classical sphere with radius r contained in the AdS part of the geometry, and carrying angular momentum along ϕ, as in the previous case. The quantisation condition (5.17) is now:

4πT_2 = N̄ LL̃^2 , (6.12) in terms of another integer N̄. The Hamiltonian reads [8]:

H = 1 L [ √ (1 + r^2 L̃2 )(P^{2ϕ} + N̄ 2r4 L̃4 ) − N̄r3 L̃3 ] . (6.13)

The stable solutions correspond in this case to r = 0 and to r = P_ϕL̃/N̄, both of which have energy E = P_ϕ/L. Using that P_ϕ = NT_0 and T_0 = N̄/(2LL̃^2), from the quantisation condition above, we can write r = P_ϕL̃ N̄ = N 2LL̃ , (6.14)

which is just the large N limit of the microscopical solution given by (6.11). Moreover, we can rewrite the Hamiltonian (6.13) as:

H = NT_0 L √ (1 + r^2 L̃2 )(1 +

4L^2r^4 N^2 ) − 2T_0r^3 L̃ , (6.15)

which again agrees with the large N expansion of the microscopical potential given by (6.10)!

7 Discussion

We have derived a non-Abelian action for multiple coinciding gravitational waves in eleven dimensions from a matrix description of massless particles in ten dimensions. We have shown that the non-Abelian couplings to the form fields in this action give rise to stable dielectric configurations of gravitons expanding into spherical M2-branes.

By demanding that the non-Abelian Born-Infeld action for multiple D0-branes is recovered after compactification, we have been able to extend the validity of the eleven-dimensional Born-Infeld action beyond the linearised approximation of the construction, and give a closed expression valid for more general backgrounds. This enabled us to construct configurations of multiple gravitons expanding into fuzzy dielectric M2-branes, living in the spherical part of AdS_7 × S^4 and the AdS part of AdS_4 × S^7. We showed that these solutions are in fact the microscopic description of the Abelian giant gravitons and dual giant gravitons of [7, 8]: physical quantities computed in the non-Abelian description, such as the energy of the configuration, the radius of the spherical M2-brane and the upper bound for the angular momentum, coincide in the large N limit, with N the number of gravitons, with the values for these quantities computed in the Abelian description. The picture is that in the large N limit the fuzzy two-sphere becomes more and more a better approximation to the classical twosphere from the Abelian description. This idea is not new. It is well known that the dielectric effect for D-branes and fundamental strings can be studied at different, complementary levels, which coincide for large numbers of coinciding branes [10, 3]. It had been suggested before [4, 5, 6, 1] that the giant graviton configurations studied in the literature should be the large N limit description of some kind of dielectric effect for gravitational waves. With the dielectric solutions to our non-Abelian action we have shown that this is indeed the case, hereby completing and connecting the several descriptions of dielectric gravitational waves and giant gravitons.

Moreover, using our action we can find the solution for finite N. Take for instance the potential given by (5.8), for the AdS_7 × S^4 background. Expanding the square root to first order, the approximation taken in [3], which in our case is valid when L^2 sin^2 θ << α^′ √ N^2 − 1, we find: V (θ) ≈ NT_0 L cos θ

(1 −

2L^3 sin^3 θ √ N^2 − 1 + 2L^6 sin^4 θ cos^2 θ N^2 − 1 ) , which has two minima, at sin θ = 0 and sin θ = √ N^2 − 1/(2L^3), both with an energy E = NT_0/L. If we take now the large N limit we find perfect agreement with the Abelian results.

A few comments are in order. First, a natural question to ask is what is the interpretation of the eleven-dimensional linear matrix action (3.5) and what is its relation to other elevendimensional linear actions, known from the context of Matrix theory. In [21, 22] a Matrix action with linear couplings to the eleven-dimensional background fields was given, which upon reduction over a light-like direction yields in ten-dimensions Matrix theory with linear background fields. It was shown in [11] that this eleven-dimensional Matrix theory action is related via the Seiberg-Sen limit [23, 24] to another eleven-dimensional matrix action, that gives the linear action for multiple D0-branes upon compactification over a space-like circle. The linear action (3.5) of this paper can be identified with the latter matrix action, given that it indeed reduces to the action of multiple D0-branes when compactified over the propagation direction of the gravitational waves, as shown in the paper. The Seiberg-Sen boost is in fact the coordinate transformation necessary to go from the light-cone frame of Matrix theory to the static gauge of the above action.

A second comment we would like to make is that with the closed expression for the Born- Infeld action given by (3.8), it should be possible to provide a microscopical description for other giant graviton configurations, like those in which the gravitons expand in an S^5 living in the spherical part of AdS_4 × S^7 or in the AdS part of AdS_7 × S^4. We should be able to describe as well, through a chain of dualities, Type IIB gravitons in AdS_5 × S^5, where now the gravitons expand into a D3-brane wound around a (fuzzy) three-sphere in the S^5. Therefore a different Ansatz from the ones we used here will be needed, possibly related to the generators of odd fuzzy spheres given in [25, 26]. We leave this for future investigation.

Acknowledgements We wish to thank Dominic Brecher, Dave Page and Sanjaye Ramgoolam for the useful discussions, and especially Douglas Smith for pointing out some errors in the previous version.

References

[1] B. Janssen, Y. Lozano, Nucl. Phys. B643 (2002) 399, hep-th/0205254.

[2] D. Brecher, B. Janssen, Y. Lozano, Nucl. Phys. B634 (2002) 23, hep-th/0112180.

[3] R.C. Myers, JHEP 9912 (1999) 022, hep-th/9910053.

[4] S.R. Das, S.P. Trivedi, S. Vaidya, JHEP 0010 (2000) 037, hep-th/0008203.

[5] Y. Lozano, Phys. Rev. D64 (2001) 106011, hep-th/0012137.

[6] D. Berenstein, J. Maldacena, H. Nastase, JHEP 0204 (2002) 013, hep-th/0202021.

[7] J. McGreevy, L. Susskind, N. Toumbas, JHEP 0006 (2000) 008, hep-th/0003075. [8] M.T. Grisaru, R.C. Myers, Ø. Tafjord, JHEP 0008 (2000) 040, hep-th/0008015. [9] A. Hashimoto, S. Hirano, N. Itzhaki, JHEP 0008 (2000) 051, hep-th/0008016. [10] R. Emparan, Phys. Lett. B423 (1998) 71, hep-th/9711106. [11] W. Taylor, M. Van Raamsdonk, Nucl. Phys. B558 (1999) 63, hep-th/9904095. [12] W. Taylor, M. Van Raamsdonk, Nucl. Phys. B573 (2000) 703, hep-th/9910052. [13] R. Schiappa, Nucl. Phys. B608 (2001) 3, hep-th/0005145. [14] M. Blau, M. O’Loughlin, Nucl. Phys. B525 (1998) 182, hep-th/9712047. [15] C.M. Hull, JHEP 9807 (1998) 018, hep-th/9712075.

[16] N.A. Obers, B. Pioline, E. Rabinovici, Nucl. Phys. B525 (1998) 163, hep-th/9712084. [17] E. Bergshoeff, B. Janssen, T. Ortín, Phys. Lett. B410 (1997) 131, hep-th/9706117. [18] E. Bergshoeff, Y. Lozano, T. Ortín, Nucl. Phys. B518 (1998) 363, hep-th/9712115. [19] A.A. Tseytlin, Nucl. Phys. B501 (1997) 41, hep-th/9701125. [20] Y. Lozano, Phys. Lett. B399 (1997) 233, hep-th/9701186. [21] D. Kabat, W. Taylor, Phys. Lett. B426 (1998) 297, hep-th/9712185. [22] W. Taylor, M. Van Raamsdonk, JHEP 9904 (1999) 013, hep-th/9812239. [23] A. Sen, Adv. Theor. Math. Phys. 2 (1998) 51, hep-th/9709220. [24] N. Seiberg, Phys. Rev. Lett. 79 (1997) 3577, hep-th/9710009. [25] Z. Guralnik, S. Ramgoolam, JHEP 0102 (2001) 032, hep-th/0101001. [26] S. Ramgoolam, JHEP 0210 (2002) 064, hep-th/0207111.