arXiv:hep-th/0207244 v2 16 Sep 2002

September 18, 2002 hep-th/0207244 MIT-CTP-3284 HUTP-02/A014 DAMTP-2002-85

Conifold Transitions and Five-Brane Condensation in M-Theory on Spin(7) Manifolds

Sergei Gukov^1, James Sparks^2, and David Tong^3

1Jefferson Physical Laboratory, Harvard University, Cambridge, MA 02138, U.S.A.

gukov@democritus.harvard.edu

2Centre for Mathematical Sciences, University of Cambridge, Wilberforce Road, Cambridge CB3 0WA, UK.

J.F.Sparks@damtp.cam.ac.uk

3Center for Theoretical Physics, Massachusetts Institute of Technology, Cambridge, MA 02139, U.S.A.

dtong@mit.edu

Abstract

We conjecture a topology changing transition in M-theory on a non-compact asymptotically conical Spin(7) manifold, where a 5-sphere collapses and a C P^2 bolt grows. We argue that the transition may be understood as the condensation of M5-branes wrapping S^5. Upon reduction to ten dimensions, it has a physical interpretation as a transition of D6-branes lying on calibrated submanifolds of flat space. In yet another guise, it may be seen as a geometric transition between two phases of type IIA string theory on a G_2 holonomy manifold with either wrapped D6-branes, or background Ramond-Ramond flux. This is the first nontrivial example of a topology changing transition with only 1/16 supersymmetry.

Contents

1 Introduction 1

2 D6-Branes, M-Theory and Spin(7) Conifolds 7 2.1 D6-Branes and the Cone over SO(5)/SO(3) . . . . . . . . . . . . . . . 8 2.2 D6-Branes and the Cone over SU(3)/U(1) . . . . . . . . . . . . . . . . 10 2.3 Deformations of Coassociative Cones . . . . . . . . . . . . . . . . . . . 12 2.4 Anomalies and Supersymmetry . . . . . . . . . . . . . . . . . . . . . . 14 2.5 Flux at Infinity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 2.6 Parity Transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3 Low-Energy Dynamics and Condensation of Five-Branes 23 3.1 Type II Strings on Manifolds of G_2 Holonomy . . . . . . . . . . . . . . 23 3.1.1 The Cone over C P^3 . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.1.2 The Cone over SU(3)/U(1)^2 . . . . . . . . . . . . . . . . . . . . 27 3.2 M-theory on the Spin(7) Cone over SU(3)/U(1) . . . . . . . . . . . . . 30

4 Geometric Quotients 34 4.1 Brane/Flux Transitions . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 4.2 D6-branes on Coassociative Submanifolds of R^7 . . . . . . . . . . . . . 38 4.2.1 The Cone over SO(5)/SO(3) . . . . . . . . . . . . . . . . . . . 39 4.2.2 The Cone over SU(3)/U(1) . . . . . . . . . . . . . . . . . . . . 43

A Geometry of the Spin(7) Conifold 50

1 Introduction

Topology changing transitions in string theory are of great interest [1]. These have been well studied in compactifications of type II string theory on Calabi-Yau manifolds, where the residual N = 2 supersymmetry provides much control over the dynamics. There are two prototypical examples. The flop transition, in which a two-cycle shrinks and is replaced by different two-cycle, proceeds smoothly in string theory [2, 3]. In contrast, the conifold transition, in which a three-cycle shrinks and a two-cycle emerges, is accompanied by a phase transition in the low-energy dynamics which can be understood as the condensation of massless black holes [4, 5].

In the past year, there has been great progress in understanding similar effects in

S^3

S^2

m_q = 0 conifold singularity ⇐= deformation

S^3

S^2

m_q ≠ 0

S^3 =⇒ resolution

S^3

S^2 ⟨q⟩ ≠ 0

S^2

Figure 1: Conifold transition in type IIB string theory.

compactifications of M-theory on manifolds of G_2 holonomy, where the resulting four dimensional theories have N = 1 supersymmetry. There is, once again, an analog of the flop transition; this time three-cycles shrink and grow and, as with the Calabi- Yau example, the process is smooth [6, 7]. Other G_2 geometrical transitions involving shrinking C P^2 ’s have also been discussed [7]. These proceed via a phase transition but, unlike the conifold transition, do not appear to be related to condensation of any particle state^1. For related work, see [8].

The purpose of this paper is to study geometrical transitions in M-theory on eightdimensional manifolds with Spin(7) holonomy. Since the physics is very similar to the conifold transition in Calabi-Yau manifolds, let us briefly recall what happens in that case. As the name indicates, the conifold is a cone over a five dimensional space which has topology S^2 × S^3 (see Figure 1). Two different ways to desingularize this space — called the deformation and the resolution — correspond to replacing the singularity by a finite size S^3 or S^2, respectively. In type IIB string theory, the two phases of the conifold geometry correspond to different branches in the four-dimensional N = 2 low-energy effective field theory. In the deformed conifold phase, D3-branes wrapped around the 3-sphere give rise to a low-energy field q, with mass determined by the size of the S^3. In the effective four-dimensional supergravity theory these states appear as heavy, point-like, extremal black holes. On the other hand, in the resolved conifold phase the field q acquires an expectation value reflecting the condensation of these black holes. Of course, in order to make the transition from one phase to the other, the field q must become massless somewhere and this happens at the conifold singularity, as illustrated in Figure 1.

In this paper we will argue that a similar phenomenon occurs in M-theory on a Spin(7) manifold with a certain conical singularity. Apart from related orbifold con-

1However, we shall argue below that this interpretation can be given to the same transition in type IIA string theory.

X Topology Base of Cone R^4 × S^4 chiral spin bundle of S^4 S^7 = SO(5)/SO(3) R^4 × C P^2 universal quotient bundle N_{1,−1} = SU(3)/U(1) R^3 × S^5 R^3 bundle over S^5

Table 1: The two cases of Spin(7) conical singularity studied in this paper.

structions, there are essentially only two types of conical singularity which are known, at present, to admit a resolution to a smooth complete metric with Spin(7) holonomy. These are listed in Table 1. The first corresponds to a cone over SO(5)/SO(3) = S^7 and was constructed a long time ago in [9]. The resolution of this conical singularity leads to a smooth non-compact Spin(7) manifold isomorphic to an R^4 bundle over S^4. Extending the ansatz to asymptotically locally conical (ALC) metrics, in which a circle stabilizes at finite size asymptotically, it was shown that [10] there are two families of topologically distinct resolutions of this cone, labelled B_8 ∼= R^4 × S^4 and A_8 ∼= R^8. One might therefore expect that A_8 and B_8 are different phases of M-theory on the same conical singularity. However, we shall argue below that this is not the case.

The second conical singularity discussed in the literature corresponds to a cone over SU(3)/U(1) [11, 12, 13]. It is in this case that we suggest an interesting phase transition. We conjecture that there exist two possible ways of resolving this singularity, illustrated in Figure 2. A well-known resolution consists of gluing in a copy of C P^2 in place of the singularity. This leads to a one-parameter family of complete metrics with Spin(7) holonomy on the universal quotient bundle Q of C P^2, labelled by the volume of the C P^2 bolt. They have topology,

Q ∼= R^4 × C P^2 (1.1)

A less well-known resolution of this Spin(7) conifold may be obtained by blowing up a copy of the five-sphere. Some numerical evidence for the existence of such a metric was presented in [12]. It remains an open problem to find an explicit Spin(7) metric with these properties; a way to approach this, and a review of the known results, is presented in the appendix. In Section 2, using the relationship with singularities of coassociative submanifolds in R^7, we provide further strong evidence for the existence of a complete Spin(7) metric with an S^5 bolt:

X ∼= R^3 × S^5 (1.2)

Furthermore, we hypothesize that the manifolds with topology (1.1) and (1.2) are analogous to the resolution and deformation of the conifold, respectively. In other words, (1.1) and (1.2) are two phases of what one might call a Spin(7) conifold.

SU(3)/U(1) m_q = 0 m_q ≠ 0

S^5

⟨q⟩ ≠ 0

C P^2 ⇐= first resolution =⇒ second resolution

Figure 2: Conifold transition in M-theory on a manifold with Spin(7) holonomy.

As with the conifold transition [4, 5], the topology changing transition in M-theory on the Spin(7) cone over SU(3)/U(1) has a nice interpretation in terms of the low-energy effective field theory. We argue that the effective dynamics of M-theory on the cone over SU(3)/U(1) is described by a three-dimensional N = 1 abelian Chern-Simons- Higgs theory. The Higgs field q arises upon quantization of the M5-brane wrapped over the S^5. We propose that, at the conifold point where the five-sphere shrinks, these M5- branes become massless as suggested by the classical geometry. At this point, the theory may pass through a phase transition into the Higgs phase, associated with the condensation of these five-brane states.

To continue the analogy with the Calabi-Yau conifold, recall that the moduli space of type II string theory on the Calabi-Yau conifold has three semi-classical regimes. The deformed conifold provides one of these, while there are two large-volume limits of the resolved conifold, related to each other by a flop transition. In fact, the same picture emerges for the Spin(7) conifold. In this case, however, the two backgrounds differ not in geometry, but in the G-flux. It was shown in [11] that, due to the membrane anomaly of [14], M-theory on Q ∼= R^4 × C P^2 is consistent only for half-integral units of G_4 through the C P^2 bolt. We will show that, after the transition from X ∼= R^3×S^5, the G-flux may take the values ±1/2, with the two possibilities related by a parity transformation. Thus, the moduli space of M-theory on the Spin(7) cone over SU(3)/U(1) also has three semi-classical limits: one with the parity invariant background geometry R^3 × S^5, and two with the background geometry Q which are mapped into each other under parity.

In view of the interesting phenomena associated to branes in the conifold geometry, and their relationship to the conifold transition [15, 16], it would be interesting to learn more about the Spin(7) transition using membrane probes in this background, and also to study the corresponding holographic renormalization group flows. For work in this area, see [17, 18, 19].

M-theory on Spin(7) Manifold R^3 × S^5

M-theory on Spin(7) Manifold R^4 × C P^2

IIA on R^3 × C P^2 with RR Flux

IIA on R^3 × C P^2 with D6-brane on C P^2

Conifold Transition

Geometric Transition

Figure 3: Geometric transition as a conifold transition in M-theory on Spin(7) manifold.

Finally, we would like to mention a second interpretation of the Spin(7) topology changing transition, which again has an analog among lower dimensional manifolds. To see this, let us first recall the story of the G_2 flop [6, 7] and its relationship to the brane/flux duality of the conifold [20]. In this scenario, one starts in type IIA theory with the familiar geometry of the deformed conifold, and wraps an extra D6- brane around the 3-cycle. This yields a system with N = 1 supersymmetry in 3+1 dimensions. A natural question one could ask is: “What happens if one tries to go through the conifold transition with the extra D6-brane?”. One possibility could be that the other branch is no longer connected and the transition is not possible. However, this is not what happens. Instead the physics is somewhat more interesting. According to [20, 6, 7], the transition proceeds, but now the two branches are smoothly connected, with the wrapped D6-brane replaced by RR 2-form flux through the S^2. Since both D6- branes and RR 2-form tensor fields lift to purely geometric backgrounds in M-theory, the geometric transition can be understood as a flop-like transition in M-theory on a G_2 manifold: X ∼= R^4 × S^3

For example, to obtain the resolved conifold with RR 2-form flux one can choose the ‘M-theory circle’ to be the fiber of the Hopf bundle (see [21] for a recent discussion)

S^1 → S^3 → S^2

while choosing instead an embedding of the M-theory circle in R^4 gives rise the deformed conifold, with the D6-brane localized on the S^3 fixed point set [22, 6].

As we now explain, this procedure works in a slightly different and interesting way for our Spin(7) manifolds with less supersymmetry. Our starting point is type IIA string theory on the G_2 holonomy manifold

M^7 ∼= R^3 × C P^2 which is obtained by resolving the cone over SU(3)/U(1)^2. As we shall see in Section 3, the effective low-energy theory is an N = 2 supersymmetric abelian Higgs model in 2+1 dimensions, and its dynamics is very similar to compactification of M-theory on the same manifold M^7 [7]. In particular, the quantum moduli space consists of three branches, each of which arises from compactification on a manifold of topology M^7, connected by a singular phase transition. Following the ideas of [20, 6], one could wrap an extra D6-brane over the C P^2 and ask a similar question: “What happens if one tries to go through a phase transition?”. Using arguments similar to [6, 23], we conjecture that the transition is again possible, via M-theory on a Spin(7) manifold. More precisely, we claim that after the geometric transition one finds type IIA string theory on M^7, where the D6-brane is replaced by RR flux through C P^1 ⊂ C P^2 . This leads to a fibration: S^1 → S^5 → C P^2

Hence the M-theory lift of this configuration gives a Spin(7) manifold with the topology R^3 × S^5. Similarly, one can identify the lift of M^7 with a D6-brane wrapped around C P^2 as the Spin(7) manifold Q ∼= R^4 × C P^2. Summarizing, we find that the conifold transition in M-theory on a Spin(7) manifold is nothing but a geometric transition in IIA string theory on the G_2 manifold M^7 with branes/fluxes, as shown in Figure 3. However, unlike the Calabi-Yau → G_2 example, in our case of G_2 → Spin(7), the transition does not proceed smoothly in M-theory.

The paper is organized as follows. In the following section, we study the relationship between D6-branes on coassociative submanifolds of R^7, and their lift to M-theory on manifolds of Spin(7) holonomy. We demonstrate the conifold transition explicitly from the D6-brane perspective. We further discuss several aspects of M-theory on Spin(7) manifolds, including fluxes, anomalies, parity and supersymmetry. In Section 3 we turn to the interpretation of the conifold transition from the low-energy effective action. We build a consistent picture in which the geometric transition is understood as a Coulomb to Higgs phase transition in a Chern-Simons-Higgs model. Finally, in Section 4, we discuss further aspects of the geometry, and the different reductions to type IIA string theory by quotienting the Spin(7) manifolds. We include explicit constructions of the relevant quotient for the brane/flux transition, as well as the D6-brane loci of Section 2. In the appendix, we review the current state of knowledge for the geometry of X ∼= R^3 × S^5, and use the methods of Hitchin [24] to determine properties of the metric.

2 D6-Branes, M-Theory and Spin(7) Conifolds

Our main interest in this section is to understand the geometric transition between the asymptotically conical (AC) Spin(7) manifolds Q and R^3 × S^5, both of which are resolutions of the cone on the weak G_2 holonomy Aloff-Wallach space, N_{1,−1} = SU(3)/U(1). Details of the metrics on these spaces are reviewed in the appendix. Here we start by understanding the transition through the relationship to D6-branes spanning coassociative submanifolds of R^7.

The key observation is that D6-branes lift to pure geometry in M-theory [25]. We start with a configuration of D6-branes in flat Minkowski space R^{1,9}, with worldvolume R^{1,2} × L. The branes preserve at least two supercharges (N = 1 supersymmetry in 2 + 1 dimensions) if we choose the four-dimensional locus L ⊂ R^7 to be a coassociative submanifold [26], calibrated by

Ψ^{(4)} = ⋆Ψ^{(3)} = e^{2457} + e^{2367} + e^{3456} + e^{1256} + e^{1476} + e^{1357} + e^{1234} (2.3)

Upon lifting to M-theory, the D6-brane configuration becomes the background geometry R^{1,2} × X where X is an eight-dimensional manifold equipped with a metric of Spin(7) holonomy. When L is smooth, matching of states in the IIA and M-theory descriptions leads to the homology relations between L and X [11],

h_0(L) = h_2(X) + 1, H_i(L, Z) ∼= H_{i+2}(X, Z) i > 0 (2.4)

These relations imply, among other things, that the Euler numbers of X and L should be the same. In all our examples one can easily check that this is indeed true, say, via cutting out L inside X and showing that the Euler number of the remaining manifold with boundary is zero.

In this section we examine the coassociative four-fold geometry discussed by Harvey and Lawson [27]. Using the equations (2.4), we show that certain transitions between D6-branes can be reinterpreted as geometric transitions between Spin(7) manifolds of the type described in the introduction. Of course, one can also work in reverse and, given M-theory on a non-compact Spin(7) manifold X, we may attempt to find a IIA description in terms of D6-branes on coassociative submanifolds of R^7. This is possible if X admits a U(1) isometry, which we identify as the M-theory circle, such that the quotient becomes, X/U(1) ∼= R^7 (2.5) In this case, all information about the topology of X is stored in the fixed point set L. This set has an interpretation as the locus of D6-branes in type IIA. The task of identifying L given X is somewhat involved and we postpone the calculations to Section 4, where we explicitly construct the quotient to find the locus L.

2.1 D6-Branes and the Cone over SO(5)/SO(3)

Before we examine the example relevant for the conifold transition, let us first start with the Spin(7) holonomy metric on the cone over S^7 ∼= SO(5)/SO(3). As we shall see, the coassociative locus L for this example is intimately related to the N_{1,−1} case of primary interest. The Spin(7) holonomy metric on the cone over S^7 has a resolution to the chiral spin bundle of S^4,

X = Σ^−S^4 ∼= R^4 × S^4 (2.6)

This manifold has isometry group Sp(2)×Sp(1). Since H^2(X; U(1)) is trivial, M-theory compactified on X has no further symmetries arising from the C-field [11]. As we shall describe in detail in Section 4, the D6-brane locus L arises if we choose the M-theory circle to be embedded diagonally within the full isometry group. Upon reduction to type IIA string theory, this symmetry group is broken^2 to Sp(1) × U(1), which acts on the locus L. The Sp(1)-invariant coassociative cones in R^7 can be completely classified [28, 29, 30]. Without going into details of these methods, we simply mention that the result derives from classification of three-dimensional simple subalgebras in the Cayley algebra. This leads, essentially, to two distinct families of coassociative cones: one discussed by Harvey and Lawson [27], and one constructed by Mashimo [30]. As we will argue below, it is the first case which is relevant to our problem. We leave the analysis of the second case to the interested reader.

In order to describe the locus L, it will prove useful to decompose R^7 in terms of the quaternions H , R^7 = R^3 ⊕ R^4 = ImH ⊕ H (2.7) The advantage of this notation is that it makes manifest a natural Sp(1) action. To see this, let x ∈ ImH and y ∈ H . Then for q ∈ Sp(1), we have the action q : (x, y) → (qxq̄, yq̄) (2.8) This acts on the R^3 factor as the usual Sp(1) ∼ SO(3) action. The action on the second factor H may be understood in terms of the usual action of Spin(4) ∼ SO(4) on R^4, where we write Spin(4) = Sp(1)_L × Sp(1)_R and take Sp(1) = Sp(1)_R.

The utility of the action (2.8) on R^7 = ImO lies in the fact that it preserves the G_2 structure. This fact was employed by Harvey and Lawson to construct Sp(1)-invariant calibrated submanifolds. Define a radial coordinate s on ImH and a radial coordinate r on H , and consider the curve in the r − s plane given by

s(4s^2 − 5r^2)^2 = ρ ≥ 0 (2.9)

2The global structure is U (2).

Figure 4: A curve in the r − s plane, whose Sp(1) orbits sweep out coassociative submanifolds: A) the singular cone over a squashed three-sphere, and B) L = H^1.

Then it can be shown that, under the action of Sp(1), we sweep out a coassociative submanifold L of R^7 [27]. To describe L explicitly, let us introduce of a fixed unit vector ϵ ∈ ImH . Then

L = {(sqϵq̄, rq̄) : q ∈ Sp(1), (s, r) ∈ R^+ × R^+, s(4s^2 − 5r^2)^2 = ρ} (2.10)

When the deformation parameter vanishes, ρ = 0, the curve (2.9) has two solutions. For now we will not consider the simplest branch, s = 0, but instead restrict attention to s = √ 5 2 r (2.11)

for which the coassociative four-fold L described in (2.10) is a cone over the squashed three-sphere. It is on this submanifold that we place a single D6-brane, as depicted in Figure (4A). Now consider resolving the conical singularity of L by turning on ρ > 0. Again, there are two branches, and we restrict attention to s > √ 5r/2 as shown in Figure (4B). At large distances, s, r ≫ ρ, L is asymptotic to a cone over a squashed three-sphere. However, at small distances r → 0, the coordinate s stabilizes at the finite value s_0, s_0 = ( ρ 16 )_{1/5} (2.12)

At this point the principal S^3 orbit therefore collapses to an S^2 bolt at r = 0, and the global topology of the surface L can be identified with the spin bundle of S^2 which we denote as H^1, L = H^1 ∼= R^2 × S^2 (2.13)

For this smooth L, we may use the formulae (2.4) to determine the homology of X, the M-theory lift. We see that X is indeed described by a manifold of topology (2.6) as advertised. In Section 4 we show explicitly that this L coincides with the fixed point

Figure 5: A curve in the r − s plane whose Sp(1) orbits sweep out coassociative submanifolds: A) L = S^3 × R, B) the singular cone, and C) L = H^1 ∪ R^4

set of a suitable circle action on X = Σ^−S^4. In this construction, the Sp(1) action of Harvey and Lawson sweeps out the Spin(7) manifold X with a family of submanifolds. We will further show that the deformation parameter ρ, which measures the size of the S^2 bolt of L, is related to the radius of the S^4 bolt of X. Thus, the coassociative cone over the squashed three-sphere (2.11) describes the reduction of the Spin(7) cone over the squashed seven-sphere.

For this case, the D6-brane picture shows no sign of a geometrical transition to a manifold with different topology. Let us now turn to an example where such a transition does occur.

2.2 D6-Branes and the Cone over SU(3)/U(1)

We turn now to the main theme of the paper; the geometrical transition that occurs in the Spin(7) cone over the weak G_2 holonomy Aloff-Wallach space, N_{1,−1} = SU(3)/U(1). Let us start with the familiar resolution of this space to

Q ∼= R^4 × C P^2 (2.14)

The isometry group of this space is U(3). A further symmetry arises from the C-field. The relevant cohomology groups are [7, 11]

H^2(Q; U(1)) = U(1)_J = H^2(N_{1,−1}; U(1)) (2.15)

which ensure that there is a single unbroken global symmetry, denoted U(1)_J , in the low-energy dynamics of M-theory compactified on Q.

Remarkably, the calibrated D6-brane locus which lifts to the manifold Q is described by the same Harvey-Lawson curve (2.9) that we met in the previous section. To see this, consider the conical D6-brane described by the branch (2.11). To this we simply add a further flat D6-brane, lying on the locus

s = 0 (2.16)

The final configuration is depicted in Figure (5B). These two coassociative submanifolds coincide at the conical singularity s = r = 0. To resolve this singularity, we may deform the upper branch by ρ ≠ 0 in the manner described in the previous section, while leaving the flat D6-brane described by (2.16) unaffected. The resulting coassociative four-manifold L, shown in Figure (5C), is simply the disjoint union

L = H^1 ∪ R^4 (2.17)

From equation (2.4), we see that this indeed has the requisite topology in order to lift to Q. From the D6-brane perspective, the global U(1)_J symmetry corresponds to the unbroken gauge symmetry on the flat D6-brane. It is worth noting that this result is reminiscent of the D6-brane description of the G_2 holonomy manifolds with topology R^3 × S^4 and R^3 × C P^2 [7, 17]. In this case, the addition of an extra flat D6-brane is also responsible for the difference between the S^4 and C P^2 non-contractible cycle.

We are now in a position to see the geometrical transition from the D6-brane perspective. We simply note that there is a second resolution of the singular locus L given by the union of (2.11) and (2.16). This arises as another branch of the smooth curve (2.9), where 0 < s < √ 5 2 r (2.18)

In this situation, the two disjoint D6-branes smoothly join to lie on this branch as shown in Figure (5A). The turning point of the curve occurs at s =^1_2 r = (ρ/2^8)^{1/5}. Note that every point on the curve s(r) is mapped into a three-sphere under the Sp(1) action (2.8). Since this branch has both s > 0 and r > 0, there are no degenerate orbits and we conclude that the topology of the coassociative submanifold is given by

L ∼= S^3 × R (2.19)

This branch of s(r) has two asymptotic components, s ∼^{√5}_2 r and s ∼ 0, whose Sp(1) orbits coincide with the boundary of H^1 ∪ R^4. Taking the ρ → 0 limit returns us again to the singular description of two D6-branes. Figure (6) depicts a cartoon of the D6-brane transition in space-time.

From the homology relations (2.4), we see that a D6-brane placed on L ∼= S^3 × R lifts to a Spin(7) manifold of topology

X ∼= R^3 × S^5 (2.20)

Figure 6: The D6-brane in space-time, lying on the coassociative submanifolds: A) L = S^3 × R, B) the singular cone, and C) L = H^1 ∪ R^4

For this manifold H^2(X; U(1)) is trivial, ensuring that there are no symmetries associated with the C-field in M-theory. This reflects the fact that there is no longer a flat D6-brane in the IIA picture. We conclude that the geometrical transition between coassociative submanifolds of topology H^1 ∪ R^4 ↔ S^3 × R lifts in M-theory to a geometrical transition of Spin(7) holonomy manifolds of topology R^4×C P^2 ↔ R^3×S^5.

We should point out that there are probably many other non-compact Spin(7) manifolds with conical singularities that arise as M-theory lifts of D6-branes on coassociative submanifolds in R^7. Thus, we already mentioned coassociative cones constructed in [30]. It would be interesting to study the geometry, and especially the physics, of these examples in more detail.

2.3 Deformations of Coassociative Cones

As we have argued, D6-branes on coassociative cones L in R^7 lift to conical Spin(7) manifolds in M-theory. In the following section, we will be interested in the dynamics of M-theory on such geometries. Therefore, it will be important to study their deformations and determine whether or not they are L^2 normalizable. The latter aspect determines the interpretation in the low-energy theory: L^2 normalizable deformations correspond to dynamical fields, whereas non-normalizable deformations have infinite kinetic energy and should rather be interpreted as true moduli, or coupling constants.

In M-theory on a non-compact (asymptotically conical) manifold X deformations of the metric, δg, may be L^2-normalizable if the asymptotic conical metric is approached suitably quickly. A specific criterion can be obtained by looking at the L^2 norm of δg [7]: |δg|^2 = ∫ X d^dx √ gg^{ii′} g^{jj′} δg_{ij} δg_i′_j′ (2.21) It follows that the deformation is L^2 normalizable if and only if δg/g goes to zero faster than r^{−d/2}, where d is the dimension of X. In other words, the critical exponent that triggers L^2 normalizability is given by half the dimension of X. In our first example, X ∼= R^4×S^4, the explicit form of the metric is available, and one can directly check that the deformation corresponding to the change of the size of the S^4 is not normalizable [11] |δg|^2 → ∞ (2.22)

For the Spin(7) manifolds X ∼= R^3 × S^5 and Q ∼= R^4 × C P^2 , no explicit asymptotically conical metric is known. For this reason, we turn to the D6-brane locus to extract the relevant information. At finite string coupling, the D6-brane configuration lifts to an asymptotically locally conical Spin(7) metric, which retains a finite asymptotic circle. The conditions for normalizability in such a metric are weaker than those of the corresponding asymptotically conical space. Hence, if the D6-brane deformation is non-normalizable, we can draw the same conclusion about the deformation of the Spin(7) geometry. If the D6-brane locus is normalizable, no such conclusion may be reached.

The question of deformations of branes on non-compact, special Lagrangian submanifolds has been addressed recently by Neil Lambert [31]. For a submanifold L of flat space, it was shown that the critical exponent that determines the L^2 normalizability of the deformation is given by half the dimension of L. To see this, one must study the Lagrangian for the deformation modes [31] L_{ef f} = ∫ L d^pσ √ −det(g + δg) − ∫ L d^pσ √ −det(g) (2.23)

where g_{ij} = η_{ij} + ∂_ix^I ∂_j x^J δ_{IJ} is the induced metric on the D6-brane, and x^I are the D-brane embedding coordinates.

Applied to the two examples of coassociative cones discussed above, this criterion says that the deformation parameter ρ in equation (2.9) is L^2-normalizable only if δx δρ ∼ r^{−α}, α > 2 (2.24)

It is easy to show that this condition does not hold, and therefore ρ corresponds to a non-normalizable deformation in our models. In order to evaluate the derivative of x^I with respect to the modulus ρ it is convenient to gauge fix the asymptotic D6-brane world volume to be along H (this is precisely what we have for X ∼= R^3 ×S^5). Since the distance to H ⊂ R^7 is measured by the radial variable s, we essentially need to evaluate the asymptotic behavior of ds/dρ. From the defining polynomial (2.9) we compute: ds dρ × [ (4s^2 − 5r^2)^2 + 16s^2(4s^2 − 5r^2) ] = 1 (2.25) and therefore, ds dρ = [ (ρ/s) + 16s^{3/2}ρ^{1/2} ]_{−1} (2.26)

which at large r (large s) goes to zero like r^{−3/2}. This proves that ρ is indeed a non-normalizable deformation, in agreement with (2.22).

In a similar situation, it was conjectured by Joyce [32] that deformations of (strongly asymptotically conical) special Lagrangian cones L ⊂ C^3 are, in fact, topological. Namely, it was argued that the total number of deformations of L is given by b_1(L) + b_0(∂L) − 1. This is to be compared with deformations of compact special Lagrangian submanifolds, parametrized by b_1(L) [33]. One might think that a similar topological formula holds for deformations of coassociative submanifolds L ⊂ R^7, in which case the number of deformations is likely to be given by b^+_2 (L) (as in the compact case) plus some correction due to the non-compactness of L.

2.4 Anomalies and Supersymmetry

The D6-brane configurations of the form R^{1,2} × L, where L is given by (2.13) or (2.17), are, as they stand, anomalous. In order to cancel the anomaly one must turn on a half-integral flux of the gauge field strength F through the S^2 bolt. Using the results of [34], we now argue that this flux does not break supersymmetry.

As shown by Freed and Witten [35], due to a global anomaly for fundamental strings ending on type II D-branes, the “U(1) gauge field” A on a D-brane worldvolume W should be interpreted globally as a spin^c connection. This means that, when W is not a spin manifold, the quantization law for the field strength F = dA is shifted from standard Dirac quantization. Specifically, for all 2-cycles U_2 ⊂ W we have ∫ U_2 F 2π = 1 2 ∫ U_2

w_2(W ) mod Z (2.27)

where w_2(W ) is the second Stiefel-Whitney class of W . Consider a D6-brane whose worldvolume has a component R^{1,2} × L, where L = H^1 ∼= R^2 × S^2. It is easy to see that H^1 does not admit a spin structure, so that w_2(L) ≠ 0. Consequently, in order to cancel the anomaly found by Freed and Witten, one must turn on a half-integral flux of F through S^2 ⊂ H^1. Thus ∫

S^2 F 2π ∈ Z+ 1 2 (2.28)

It is crucial that this flux does not break supersymmetry. Fortunately, supersymmetric type II D-brane configurations with non-zero gauge field strengths were studied in [34]. The result relevant for us is that, for a D-brane wrapped over a coassociative submanifold, one can turn on a flux of the gauge field without breaking supersymmetry, provided F · Ψ^{(3)} = 0 (2.29)

For the explicit choice of Ψ^{(3)} in equation (2.3), we find that the flux is supersymmetric if and only if it is anti-self-dual. The two form dual to the S^2 bolt of H^1 is indeed anti-self-dual (the self-intersection number of S^2 is -1), and we therefore do not break any supersymmetry by turning on the flux (2.28).

Let us now turn to the interpretation of this F-flux in the M-theory lift of these configurations. It was shown in [11] that the F-flux on the D6-brane may be identified with the G-flux in M-theory, using the relation

H^4(X; Z) ∼= H^2(L; Z) (2.30)

Since the Freed-Witten anomaly requires the existence of F-flux, one may suspect that a similar consistency requirement leads to the presence of G-flux in the M-theory lift. Indeed, it was argued in [11] that the Freed-Witten anomaly for D6-branes wrapping a locus L is equivalent to Witten’s membrane anomaly for M-theory on the manifold X. Recall that the membrane path-integral is well-defined only if the G-field satisfies the shifted quantization condition [14] a ≡ [ G 2π ] − λ 2 ∈ H^4(X; Z) (2.31)

where λ(X) = p_1(X)/2 ∈ H^4(X; Z) is an integral class for a spin manifold X. If λ is even, one may consistently set G = 0. However, if λ is not divisible by two as an element of H^4(X; Z), one must turn on a half-integral G-flux in order to have a consistent vacuum. The relationship between type IIA string theory and M-theory then leads to an identification of w_4(X) ∼= λ(X) mod 2 and w_2(L), under the mod 2 reduction of the isomorphism (2.30).

As explained in [11], for both X = Σ^−S^4 ∼= R^4 × S^4 and Q ∼= R^4 × C P^2 one can show that λ(X) generates H^4(X; Z) ∼= Z, and therefore one must turn on a half-integral G-flux through the bolt S^4 or C P^2 , respectively. Finiteness of the kinetic energy ∫ G ∧ ∗G, together with the equations of motion, require G to be an L^2-normalizable harmonic 4-form on X. In the case of X = Σ^−S^4, such a 4-form G was constructed explicitly in [36]. We do not have the explicit asymptotically conical metric on X = Q. However, the following result of Segal and Selby [37] ensures the existence of an L^2-normalizable harmonic 4-form G on X which represents the generator of H^4_{cpt}(X; R) ∼= R. On a complete manifold X, an harmonic form is necessarily closed and co-closed, so that G defines a cohomology class on X. In [37] it was argued that if the natural map f : H^p_{cpt}(X) → H^p(X) takes a non-trivial compactly supported cohomology class b to a non-trivial ordinary cohomology class f(b), then there is a non-zero L^2-normalizable harmonic p-form on X representing b. For both Spin(7) manifolds X = Σ^−S^4 and X = Q, the natural map f : H^4_{cpt}(X; Z) → H^4(X; Z) maps the generator of H^4_{cpt}(X; Z) ∼= Zto the generator of H^4(X; Z) ∼= Z. In particular, the Thom class which generates H^4_{cpt}(X) is represented by an L^2-normalizable harmonic 4-form. Thus the existence of the 4-form found explicitly in [36] is guaranteed by the general result of [37]. We therefore set G equal to the L^2-normalizable harmonic 4-form predicted by [37], appropriately normalized so that G satisfies the quantization condition (2.31).

We have seen previously that, from the D6-brane perspective, turning on a halfintegral anti-self-dual F-flux through the S^2 bolt in H^1 does not break supersymmetry. Moreover, in M-theory, this flux is dual to turning on a half-integral G-flux through the S^4 or C P^2 bolt of Σ^−S^4 or Q, respectively. We choose conventions such that the parallel spinor of the Spin(7) manifold has positive chirality (in the 8_s), ensuring that the Cayley form is self-dual^3. In these conventions, the L^2-normalizable 4-form constructed in [36] is self-dual. We thus learn that the half-integral self-dual G-flux does not break supersymmetry. It would be interesting to derive this directly from supersymmetry conditions in M-theory, extending a similar analysis of fluxes on compact Spin(7) manifolds [38].

In this subsection we have seen that, in order to satisfy certain anomaly constraints, we must turn on background G-flux for M-theory on Q ∼= R^4 × C P^2 . This is related to background F-flux for the D6-brane configurations of section 2.1 and 2.2. However, we have not yet determined which value of the G-flux arises after the conifold transition from X = R^3 × S^5 to Q. For this, we must examine the boundary data more carefully.

2.5 Flux at Infinity

In order to define the problem of M-theory on an asymptotically conical Spin(7) manifold, we must specify both the base of the cone Y , as well as details of the 3-form. So far we have concentrated on the former. Here we turn our attention to the latter. We shall find that for vanishing asymptotic flux, M-theory on a Spin(7) manifold that is asymptotic to the cone on the Aloff-Wallach space Y = N_{1,−1} has three branches^4. Two of these branches correspond to the two choices of sign for the half-integral G-flux through C P^2 ⊂ Q, whereas the other branch corresponds to a change of topology to

3This agrees with the conventions of [10] and [38], and allows comparison with the formulas for Calabi-Yau four-folds in [39]. However, it is the opposite convention to [36]. Note also that the duality of the Cayley form is correlated with the use of D6-branes vs. anti-D6-branes in Sections 2.1 and 2.2.

4We thank E. Witten for explanations and very helpful discussions on these points.

R^3 × S^5.

As shown in [39], M-theory vacua which cannot be connected by domain walls are classified, in part, by H^4(Y ; Z). However, H^4(Y ; Z) is trivial for both X = Σ^−S^4 and Q [11]. Therefore, the only asymptotic, non-geometric, data needed to specify the model is the value of the total flux at infinity [39]

Φ_∞ = N_{M 2} + 1 192 ∫ X ( P^2_1 − 4P_2 ) + 1 2 ∫ X G 2π ∧ G 2π (2.32)

Here N_{M 2} is the number of membranes filling three-dimensional spacetime and, to preserve supersymmetry, we require N_{M 2} ≥ 0. The first and second Pontryagin forms of X are, P_1 = − 1 8π^2 trR^2 , P_2 = − 1 64π^4 trR^4 + 1 128π^4

(trR^2)^2 (2.33)

Note that anomaly cancellation requires Φ_∞ = 0 for a compact space X [40, 14]. Indeed, when X is compact, the R^4 terms give 1 192 ∫ X ( P^2_1 − 4P_2 ) = 1 192 ( p_1(X)^2 − 4p_2(X) ) (2.34)

where p^2_1(X) and p_2(X) are Pontryagin numbers of X. When the structure group of the tangent bundle of X admits a reduction from Spin(8) to Spin(7), one can show that p^2_1 − 4p_2 = −8χ, where^5 χ(X) is the Euler number of X. See, for example, [41]. This is equivalent to the existence of a nowhere vanishing spinor field on X. We therefore get the usual anomaly term χ(X)/24 familiar in Calabi-Yau 4-fold compactifications.

When X is non-compact, things are a little more complicated. It will be crucial for us to compute the value of Φ_∞ for our backgrounds, but we are presented with an immediate problem since, on a non-compact manifold, the integral of the Pontryagin forms over X is not a topological invariant and we do not know explicitly the metric on X.

Fortunately, there is an effective way to compute the total flux at infinity, provided that a dual D6-brane model is available. We have already provided one such dual picture in Section 2.2, consisting of D6-branes wrapping coassociative cycles in flat R^7. However, in this case the non-trivial part of the D6-brane worldvolume is also non-compact which does nothing to ameliorate our task. Thankfully, a second dual D6-brane model exists for the resolution of the cone to Q ∼= R^4 × C P^2 . This was described in the introduction, and will be dealt with in greater detail in Section 4. In this case, the D6-brane wraps the coassociative four-cycle B = C P^2 of the G_2 holonomy

5The minus sign is correlated with our choice of orientation of X by choosing the non-vanishing spinor field to be in the 8_s representation.

manifold M^7 = Λ^2_+(C P^2), the bundle of self-dual^6 two forms over C P^2. This space has topology M^7 ∼= R^3 × C P^2 .

The anomaly condition (2.32) relates the flux at infinity to the number of space-filling membranes, the integral of the Pontryagin forms and the G-flux. After reduction to type IIA theory the effective membrane charges become the effective charge of spacefilling D2-branes. What is the type IIA interpretation of the anomaly formula (2.32)?

Since from the type IIA perspective the three-dimensional effective theory is obtained by compactification on a seven-dimensional G_2 manifold M^7, there is no contribution to the D2-brane charge from the bulk. However, in type IIA theory we also have a space-filling D6-brane wrapped on the coassociative 4-cycle B = C P^2 inside M^7. Due to the non-trivial embedding of the D6-brane worldvolume in spacetime, the Ramond- Ramond fields in the bulk couple to the gauge field strength F on the D6-brane. Specifically, we have

I_{WZ} = − ∫ R^3×B C_∗ ∧ ch(F) ∧ √ Â(T B) Â(NB) (2.35)

where T B (respectively NB) denotes the tangent (respectively normal) bundle of B = C P^2 inside M^7, and the Dirac genus Â can be expressed in terms of the Pontryagin forms as follows [42] Â = 1 − P^1 24 + 7P^2_1 − 4P_2 5760

+ . . . (2.36)

Comparing the C_3 coupling on the right-hand side of (2.35) with the formula (2.32), we see that the type IIA analogue of the latter is N_{D2} − ∫ B √ Â(T B)/Â(NB) − 1 2 ∫ B F 2π ∧ F 2π (2.37)

where N_{D2} is the number of space-filling D2-branes. This is naturally identified with N_{M 2} in M-theory. Recall that in the previous section we identified the (shifted) gauge field strength on the D6-brane with the (shifted) G-flux in M-theory, via the isomorphism (2.30). This suggests that the last terms in (2.32) and (2.37) are also naturally identified. Since a D6-brane wrapped on the bolt C P^2 ⊂ M^7 = R^3 ×C P^2 is anomalous

6Note that we choose the orientation of the bolt to have b^2_+ = 0 and b^2_− = 1. With this convention, deformations of the bolt are parameterized by b^2_+ = 0 [33]. We thank B. Acharya for explanations of these points. Throughout the rest of sections 2 and 3, we simply refer to the bolt as C P^2 , with the understanding that the opposite orientation to the canonical one is to be used. However, one must be careful to note that the bundle Λ^2_+(C P^2) is an entirely different bundle to Λ^2_+(C P^2), as one can see by comparing Pontryagin classes. It is the total space of the latter bundle on which the G_2 metric is defined.

unless one turns on a half-integral flux of the gauge field strength [35], we have ∫ CP^1 F 2π = k ∈ Z+ 1 2 (2.38)

which means the last term in (2.37) takes the value^1_2 ∫ (F/2π)^2 = −k^2/2. The minus sign occurs since the orientation of C P^2 in M^7 is such that it has b^2_− = 1. The contribution from the G-flux through C P^2 ⊂ Q is ∫ CP^2 G 2π = k ∈ Z+ 1 2 (2.39)

Using the fact that the self-intersection number of C P^2 inside Q is equal to +1 in our conventions, we find that the last term of (2.32) is given by +k^2/2. Finally, it is now natural to equate the remaining purely geometric terms, so that 1 8 ∫ X ( P^2_1 − 4P_2 ) = 1 2 ∫ B ( P_1(T B) − P_1(NB) ) (2.40)

We should stress here that the right-hand side of this formula is computed on a G_2 manifold M^7 and is manifestly a topological invariant when B is compact, whereas the left-hand side is computed on the corresponding non-compact 8-manifold X of Spin(7) holonomy. Thus, we are able to compute the integral of the Pontryagin forms by computing locally the two-brane charge which is induced on the D6-branes. The formula (2.40) may be proved in the compact case using a combination of G-index theorems. Details will be presented elsewhere.

In [11] the Pontryagin classes in (2.40) relevant for the B-picture for X = Σ^−S^4 and X = Q were computed. The right-hand side of (2.40) is then given by ((−4) − 0)/2 = −2 and ((−3) − 3)/2 = −3 respectively. Remarkably, these are (minus) the topological Euler characters of X.

Putting these considerations together, we may now compute Φ_∞ for the case of X = Q: Φ_∞ = N_{M 2} − 3 24 + 1 2 k^2 (2.41)

where the half-integer k determines the G-flux (2.39). Thus, for N_{M 2} = 0 and the minimal value of k = 1/2 or k = −1/2, we find Φ_∞ = 0.

Using this result for Q, together with some index theorems, we will now be able to compute the integral of the R^4 terms for the Spin(7) manifold R^3 × S^5. For zero G-flux, G = 0, we shall again find that Φ_∞ = 0 with N_{M 2} = 0.

The particular combination of Pontryagin forms of interest can be written in terms of index densities for various elliptic operators on X. Specifically, we have (see, for example, [41]) 1 16 ( P^2_1 − 4P_2 ) = indD/_1 − indD/_− − 1 2 indd (2.42)

Here the index density for the exterior derivative d is nothing but the usual Euler density. The twisted Dirac operators D/_1 and D/_− are the usual Dirac operators on X coupled to the bundles Λ^1 of 1-forms and Δ^− of negative chirality spinors (in the 8_c). The key observation is to note that the existence of a non-vanishing spinor ξ in the 8_s representation provides us with a natural isomorphism between the bundles Λ^1 and Δ^−. Explicitly, we can convert between the two using the formulae

ψ = V · ξ V^μ = ξ̄Γ^μψ (2.43)

where V and ψ are an arbitrary (co)-vector and negative chirality spinor, respectively.

For our supersymmetric compactification with G-flux, we have a covariantly constant spinor ξ in the 8_s, where the derivative depends on the G-flux D_μ(t)ξ ≡ ( ∇_μ − t 288 G_{ρλστ} ( Γ^{ρλστ}_μ − 8δ^ρ_μΓ^{λστ} ) ) ξ = 0 (2.44)

where we need to set t = 1 in this equation. The usual covariant derivative on X is then given by setting t = 0: D(0) = ∇. We may now define twisted Dirac operators D/_1(t) and D/_−(t). The index densities in (2.42) are then for D/_1(0) = D/_1 and D/_−(0) = D/_−, respectively.

The explicit form of the isomorphism (2.43) together with the fact that D(1)ξ = 0 implies that the spectra of the twisted Dirac operators D/_1(1) and D/_−(1) are identical. In particular, the index of these Dirac operators on X with APS boundary conditions are equal. Recall that the APS index theorem for a manifold with boundary takes the following form IndexD = ∫ X indD + ∫ ∂X K − h + η(0) 2 (2.45)

Here indD is the relevant index density for D, K is a boundary term depending on the second fundamental form, h denotes the multiplicity of the zero-eigenvalue of D restricted to ∂X, and η is the usual APS function for the elliptic operator D restricted to ∂X. The boundary conditions are global; the projection onto the non-negative part of the spectrum on the boundary is set to zero. We will write the APS theorem even more schematically as

IndexD = ∫ X indD + boundary terms (2.46)

where the boundary terms depend only on the boundary data. We will not need to worry about the explicit form of these terms. It follows that we may write the integral of the Pontryagin forms as 1 16 ∫ X ( P^2_1 − 4P_2 ) = IndexD/_1(0) − IndexD/_−(0) − 1 2 χ(X) + boundary terms (2.47) where we have absorbed all of the boundary terms into the last term. As we have already argued, IndexD/_1(1) = IndexD/_−(1) (2.48)

Now, importantly, the G-field vanishes at infinity. This was required earlier for finiteness of the energy. Thus the restriction of D/_1(t) or D/_−(t) to the boundary of X is independent of t. In other words, the spinor ξ is a genuine Killing spinor on Y , even in the presence of G-flux. We may now smoothly deform the operators D/_1(t), D/_−(t) from t = 1 back to t = 0 without changing the boundary data. Because of this last fact, the relation (2.48) must continue to hold for all t: by (2.45) the index varies smoothly under a smooth change of D in the interior, and since the index is an integer, it is therefore constant under such deformations. Notice that such arguments no longer hold when the deformation is not smooth. For example, we can deform the metric on X = Q whilst leaving the boundary data fixed by varying the size of the bolt C P^2 . This deformation is smooth, except when we pass the conifold point. In fact, the index jumps as we move from Q to R^3 × S^5, as we shall see presently.

It follows that for a Spin(7) manifold X we have 1 16 ∫ X ( P^2_1 − 4P_2 ) = − 1 2 χ(X) + boundary terms (2.49)

We have just argued, using duality, that for X = Q the sum of all the boundary terms must vanish, since the left hand side of the relation (2.49) gave precisely the topological result −χ(X)/2. For X = R^3 × S^5, the Euler class vanishes since the manifold is contractible to S^5. Moreover, the boundary terms are equal to the boundary terms for Q since both manifolds have the same asymptotics. But we have just argued that the sum of the boundary terms is zero. Thus, for X = R^3 × S^5 with N_{M 2} = 0 and G = 0, we have once again Φ_∞ = 0.

There is a simple physical explanation of this result. For G = 0 and no space-filling M2-branes, the only contribution to the total flux (2.32) is from the R^4 terms. There exists a type IIA dual for M-theory on X = R^3 × S^5 which involves RR 2-form flux on a G_2 manifold with no D6-branes. This was described briefly in the introduction and will be dealt with in detail in Section 4. In the absence of space-filling D2-branes, there is no other contribution to the effective D2-brane charge in this type IIA string theory configuration. Thus the R^4 terms in M-theory must vanish.

It is satisfying that this combination of physical and mathematical arguments is self-consistent.

2.6 Parity Transformations

Let us quickly recap: we have examined M-theory on the background which asymptotes to the Spin(7) cone over the Aloff-Wallach space N_{1,−1}, with vanishing flux at infinity. We have shown that there are three choices of supersymmetric vacua satisfying this boundary data, and therefore three possible branches for the moduli space of M-theory on this conical singularity. One branch consists of X = R^3 × S^5 with G = 0. The other two branches correspond to X = Q ∼= R^4 × C P^2 with either plus or minus a half unit of G-flux through the C P^2 bolt.

It is natural to wonder how, if at all, these three branches join together. In Section 2.2, we presented evidence that one may move from a branch with topology X = R^3×S^5 to a branch of topology Q. But which sign of G-flux does this transition choose? Our conjecture here is that all three branches meet at a singular point of moduli space. To see that this must be the case, it is instructive to study the action of parity on each of these backgrounds.

In odd space-time dimensions, parity acts by inverting an odd number of spatial coordinates. In the present case of M-theory compactified on R^{1,2} × X, it is convenient to take the action of the parity operator to be

P : x^1 → −x^1 (2.50)

for x^1 ∈ R^{1,2}, with all other coordinates left invariant. The advantage of such a choice is that parity in M-theory coincides with parity in the low-energy three-dimensional theory. With the natural decomposition of gamma matrices into a 3 − 8 split, it is simple to show that this remains true for the fermions, with an eleven dimensional Majorana fermion ϵ transforming as

P : ϵ → Γ_1ϵ (2.51)

In order for the Chern-Simons interaction C ∧G∧G of eleven dimensional supergravity to preserve parity, we must also choose the action on the 3-form field of M-theory, P : { C_{ijk} (x) → + C_{ijk} (P x) if i, j or k = 1 C_{ijk} (x) → − C_{ijk} (P x) if i, j and k ≠ 1 (2.52)

While this ensures that M-theory respects parity, certain backgrounds may spontaneously break this symmetry. This is not the case for the geometry X ∼= R^3 × S^5. However, the requirement of non-vanishing G-flux in the geometry Q ensures that parity is indeed broken in this background, since P : ∫ CP^2 G 2π → − ∫ CP^2 G 2π (2.53)

Thus we see that the two branches with G = ±^1_2 transform into each other under a parity transformation. It follows that, if either of these branches can be reached from the parity even branch with X = R^3 × S^5, then both may be reached. In the following section we shall argue that this may be understood via the condensation of a parity odd state.

Notice that similar comments apply to the Spin(7) manifold B_8 ∼= R^4 × S^4. Once again, the presence of G-flux ensures that parity is spontaneously broken. In this case however, there is no third parity invariant branch, allowing for the possibility that the two branches with flux ±^1_2 are disjoint. However, given the similarity between the D6-brane pictures, described in Sections 2.1 and 2.2, it seems likely that the branches are once again connected.

3 Low-Energy Dynamics and Condensation of Five- Branes

In this section we would like to consider the low-energy dynamics of M-theory compactified on a Spin(7) manifold to three-dimensions with N = 1 (two supercharges) supersymmetry. To illustrate our methods we will first consider the similar, but simpler, example of IIA string theory compactified to three dimensions on a manifold of G_2 holonomy. The dynamics of the massless modes were discussed in detail by Atiyah and Witten [7]. Here we include the effects from massive wrapped branes which become light at certain points of the moduli space, and rederive some of the results of Atiyah and Witten [7] in a new fashion. We will then apply the lessons learnt to the Spin(7) case.

3.1 Type II Strings on Manifolds of G_2 Holonomy

3.1.1 The Cone over C P^3

The cone over Y = C P^3 is the first, and simplest, example considered by Atiyah and Witten [7]. The singularity may be resolved to a manifold of topology

X ∼= R^3 × S^4 (3.54)

Let us consider IIA string theory compactified on X to d = 2 + 1 dimensions. This preserves N = 2 supersymmetry. Following [7], we firstly examine the massless Kaluza- Klein modes. The volume of the S^4 cycle provides a real scalar field,

ϕ = Vol(S^4) (3.55)

Importantly, this deformation is normalizable and ϕ is dynamical [7]. The N = 2 supersymmetry requires that ϕ be accompanied by a further scalar field arising from the harmonic L^2-normalizable three-form ω such that ∫ R^3

ω ≠ 0 (3.56)

where R^3 is the fiber over S^4. The existence of ω ensures that the RR three-form C_3 has a zero mode C_3 = σω (3.57)

and σ provides the second massless scalar in R^{1,2}. Large gauge transformations of C_3 mean that σ is a periodic scalar. Moreover, the parity transformation (2.52) ensures that it is actually a pseudoscalar. Atiyah and Witten [7] combine ϕ and σ into the complex field ϕ exp(iσ), which is the lowest component of a chiral multiplet. Here we choose instead to dualise the scalar σ for a three-dimensional U(1) gauge field,

dσ =^⋆dA (3.58)

where the Hodge dual ⋆-operator is defined on the R^{1,2} Minkowski space transverse to X. In this language, the low-energy dynamics is defined in terms of a U(1) vector multiplet. To see the utility of this duality, let us consider the effect of D4-branes wrapping the coassociative S^4. The lowest mass state occurs if the field strength on the D4-brane is set to zero. For ϕ ≫ 0, the real mass of the D4-brane is given by

M_{D4} ∼ ϕ + 1 48 ∫ S^4 ( p_1(T S^4) − p_1(NS^4) ) ∼ ϕ − ϕ_0 (3.59)

where the fractional D0-brane charge induced by the the curvature couplings (2.35) was calculated in Section 2.5 and contributes a negative, bare, real mass ϕ_0 = 1/12. (See [43] for a nice discussion). Since the mass is proportional to ϕ, supersymmetry requires that this state is charged under the U(1) gauge field. To see this explicitly, note that the charge of these states is measured by the asymptotic RR-flux, ∫ R^3×S^1

dC_3 = ∫ S^1

dσ (3.60)

where R^3 is the fiber of X and S^1 is a large space-like circle in R^{1,2} surrounding the point-like D4-brane. The D4-brane is therefore a global vortex in σ or, alternatively, is charged electrically under A. Notice that the state corresponding to a single D4-brane is not in the spectrum since it has logarithmically divergent mass. (The same is true for the M5-brane wrapping S^4 in M-theory which leads to a BPS string in the four dimensional effective theory). Nevertheless, its effects are still important.

How does this D4-brane appear in the low-energy effective action? The simplest hypothesis is that a correct quantization of the D4-brane wrapped around the calibrated S^4 yields a single, short (BPS) chiral multiplet. To see that this is consistent, let us examine the global symmetries of the model. Recall that these arise from both geometrical isometries of X, as well as gauge symmetries of the C_3 field [7]. The latter are more important for us. The symmetries are determined by large gauge transformations at infinity, while those which can be continued into the interior of X are unbroken symmetries. We have [7],

H^2(Y ; U(1)) = U(1)_J , H^2(X; U(1)) = 0 (3.61)

The model therefore has a single, broken, U(1) global symmetry which acts on the dual photon as σ → σ + c. Note in particular that there are no further flavor symmetries. While this does not rule out the existence of further matter multiplets, constrained by a suitable superpotential, it does suggest that the simplest possibility is to have a single chiral multiplet, which we denote as q.

However, this is not the full story since, in three-dimensions, massive charged particles do not necessarily decouple from the low-energy dynamics. Rather, they lead to the generation of Chern-Simons couplings. Since we have “integrated in” the D4-brane state q to describe our effective theory, we must compensate by the introduction of a bare Chern-Simons coupling in our theory. This is such that, upon integrating out the massive D4-brane, the effective Chern-Simons coupling vanishes. To determine this Chern-Simons coupling, we need both the charge of the chiral multiplet q, and the sign of the mass of the fermions. The former is determined by (3.60) to be +1, while the latter may be fixed, by convention, to be positive. Thus, integrating in the fermions associated to q gives rise to a bare Chern-Simons parameter κ = −^1_2 . We are thus led to the simplest hypothesis for the matter content; a Maxwell-Chern-Simons theory, with single charged chiral multiplet.

The supersymmetric completion of the Chern-Simons term includes a D-term coupling to ϕ. Physically, this can be understood as arising from integrating in the complex scalar field q. Thus, the potential energy of the low-energy dynamics is given by,

V = e^2(|q|^2 − κϕ)^2 + (ϕ − ϕ_0)^2|q|^2 (3.62)

where e^2 is the gauge coupling constant. Naively, this theory has no moduli space of vacua. However, if we set ϕ > ϕ_0 then, upon integrating out the chiral multiplet, the renormalized κ vanishes and we see that this is indeed a supersymmetric vacuum state. The moduli space of this theory is thus given by ϕ > ϕ_0, over which the dual photon is fibered, as shown in Figure (7). This fiber degenerates at ϕ = 1/12 where the chiral ϕ

Figure 7: The quantum moduli space of N = 2 three-dimensional Chern-Simons- Maxwell theory with a single chiral multiplet.

multiplet is massless, and U(1)_J is restored at this point. Atiyah and Witten argue that this point is smooth [7].

Let us comment briefly on parity. Type IIA string theory on the G_2 manifold X ∼= R^3×S^4 is parity invariant. The same is true of our low-energy description, arising after integrating out the D4-brane. Our effective theory also includes higher dimensional parity breaking operators, for example (A ∧ F )^3. However, as usual, our theory is simply not to be trusted at such scales since we have ignored many other contributions.

It is curious to note that the smooth moduli space depicted in (7) may be embedded as the S^1 fiber of Taub-NUT space. To see this, consider N = 4 supersymmetric SQED with a single hypermultiplet, in three dimensions. It is well known that the fourdimensional Coulomb branch of this model is endowed with the smooth hyperkähler Taub-NUT metric, arising at one-loop [44]

ds^2 = ( 1 e^2 + 1 ϕ ) (dϕ^2 + ϕ^2dθ^2 + ϕ^2 sin^2 θdλ^2) + 1 4 ( 1 e^2 + 1 ϕ )_{−1} (dσ + cos θdλ)^2 (3.63)

The N = 4 gauge theory has a SU(2)_N × SU(2)_R R-symmetry group. Of these, only the former acts as an isometry on the Coulomb branch, rotating the three complex structures. The Coulomb branch has a further tri-holomorphic U(1)_J isometry, which rotates the dual photon σ.

One may flow from this N = 4 gauge theory to the N = 2 gauge theory of interest by turning on relevant, supersymmetry breaking, operators. These operators may be conveniently introduced by weakly gauging the diagonal global symmetry U(1)_D ⊂ U(1)_N ×U(1)_R ×U(1)_J ⊂ SU(2)_N ×SU(2)_R ×U(1)_J [45]. This gives masses to precisely half of the fields as required. Moreover, integrating out half of the hypermultiplet gives rise to the bare Chern-Simons coupling κ = −^1_2 . However, because the relevant deformation is associated to a symmetry, we may follow it to the infra-red, where it may be understood as the generation of a potential on the moduli space of vacua, proportional to the length of the Killing vector corresponding to simultaneous rotations of σ and λ,

V = ϕ^2 sin^2 θ ( 1 e^2 + 1 ϕ ) + 1 4 ( 1 e^2 + 1 ϕ )_{−1} (1 + cos θ)^2 (3.64)

This potential vanishes on the two-dimensional submanifold θ = 0. This submanifold is precisely the moduli space of Figure (7).

3.1.2 The Cone over SU(3)/U(1)^2

The next example we consider is the cone over Y = SU(3)/U(1)^2 which was also discussed by Atiyah and Witten [7]. The conical singularity may be resolved to a manifold of topology X ∼= R^3 × C P^2 (3.65)

The story is similar to that above. Once again, the volume of the four-cycle yields a dynamical real scalar, ϕ = Vol(C P^2 ) > 0, and a normalizable harmonic 3-form provides the supersymmetric partner σ [7]. This latter, periodic, pseudoscalar is dualized in favor of a U(1) gauge field. The only question is what charged matter arises from a D4-brane wrapped on C P^2 . This time the analysis is somewhat different. Although C P^2 is a supersymmetric cycle, the lack of spin structure implies that we cannot wrap a D4-brane on it without including suitable world-volume field strengths. These require fluxes, ∫

CP^1 F 2π = k ∈ Z+^1_2 (3.66)

For supersymmetry [34], the flux must satisfy (2.29). In our conventions, this requires that F is anti-self-dual which, since the bolt B = C P^2 has b^+_2 (B) = 0 and b^−_2 (B) = 1, is indeed the case. In our analysis, we wish to include only the states which become light in some regime of moduli space. From the semiclassical mass formula, for ϕ ≫ 0 we have M_{D4} ∼ ϕ − 1 2 ∫ CP^2 F 2π ∧ F 2π + 1 48 ∫ CP^2 ( p_1(T C P^2 ) − p_1(NC P^2 ) ) ≥ ϕ (3.67)

The last term was calculated in Section 2.5 (see the paragraph above (2.41)), and yields a negative contribution to the mass; −ϕ_0 = −1/8. Nevertheless, the fact that the anomaly cancellation requires a non-zero, anti-self-dual, flux ensures that the inequality (3.67) holds, and is saturated only by the two states with minimal flux, k = ±1/2. All states with larger values of flux remain massive throughout moduli space. We therefore include in the low-energy description only the two states with minimal flux.

What quantum numbers do these two states carry in the low-energy effective theory? From (3.60), a D4-brane with either sign of flux has charge +1 under the U(1) gauge group. However, the low-energy fermion fields have equal, but opposite, mass. To see this, note that under parity we have k → −k. This follows from the fact that F transforms in the same way as the NS-NS 2-form field, whose own transformation properties may be deduced from (2.52). Since the action of parity in IIA string theory coincides with the action in the low-energy three-dimensional theory^7, the signs of the fermion masses are reversed. It is conventional in N = 2, d = 2 + 1 theories to adjust the complex structure of chiral multiplets so that the sign of the gauge field charge coincides with the sign of the fermion mass. We therefore find the low-energy effective dynamics to be governed by a three dimensional, N = 2 U(1) gauge theory with two chiral multiplets q and q̃ of charges +1 and −1 respectively and equal, but opposite, fermion masses. Unlike the previous case, the “integrating in” of two chiral multiplets with opposite fermion masses means that no bare Chern-Simons term is generated.

The presence of two, minimally coupled, chiral multiplets endows the low-energy dynamics with a flavor symmetry, under which both q and q̃ transform with the same charge. This symmetry may be seen from M-theory, where the C-field yields the following global symmetries [7]:

H^2(Y ; U(1)) = U(1)_J × U(1)_F , H^2(X; U(1)) = U(1)_F (3.68)

The interpretation of this is that there exist two U(1) global symmetries, one of which, U(1)_J , is spontaneously broken. We have suggestively labelled the unbroken symmetry U(1)_F . To see that it is indeed the above flavor symmetry, it suffices to note that the corresponding, non-dynamical, gauge potential is given by

A_F = ∫ CP^1

C_3 (3.69)

where C P^1 ⊂ C P^2 . This ensures that a D4-brane with flux indeed carries the requisite charge.

IIA string theory on this background also contains an object arising from the D2- brane wrapping the C P^1 ⊂ C P^2 . From the above discussion, we learn that this state carries flavor, but no gauge, charge. In fact, it is simple to construct this state in the low-energy theory. Its identity follows from the observation that it may be constructed from a D4-brane with k = +1/2 bound to an anti-D4-brane also with k = +1/2. This relates the D2-brane to the qq̃ bound state, which indeed carries the correct quantum numbers. At first sight, there appears to be a contradiction. The D2-brane is not wrapped on a calibrated cycle, and does not therefore give rise to a BPS state. In contrast, the operator qq̃ is holomorphic. However, it is a dynamical question whether the bound state of q and q̃ saturates the BPS bound and, using mirror symmetry, one

7It also acts as worldsheet parity for the IIA string.

Higgs

v_−

Coulomb v_+

Coulomb

Figure 8: The quantum moduli space of N = 2 three-dimensional SQED with two chiral multiplets.

may argue that it does not. To see this, recall that this state is dual to a vortex state on the Higgs branch of a theory with two oppositely charged chiral multiplets [46]. But no classical BPS vortex solution exists in this theory^8.

Finally, let us turn to the moduli space of this theory, and ask what happens as ϕ → 0. The classical scalar potential is given by,

V = e^2(|q|^2 − |q̃|^2)^2 + ϕ^2(|q|^2 + |q̃|^2) (3.70)

So far we have restricted attention to the Coulomb branch, with ϕ ≠ 0. However, for ϕ = 0, there exists a one complex dimensional Higgs branch in which U(1)_F is spontaneously broken, and U(1)_J is unbroken. The quantum dynamics of this three dimensional gauge theory were examined in [46, 47]. Here it is shown that the Coulomb branch bifurcates into two cigar-shaped branches, joined together at ϕ = 0 where they meet the Higgs branch. It is thought that at the junction of the three branches there lives an interacting superconformal field theory. The two Coulomb branches are parameterized asymptotically by v_± = exp(±ϕ ± iσ). The final quantum moduli space is sketched in Figure 8. The authors of [46] further conjecture that, at strong coupling, the theory enjoys a triality symmetry which interchanges the two Coulomb branches and the Higgs branch. They argue that the physics is thus dual to the Landau-Ginzburg model with three chiral multiplets, Φ_i, i = 1, 2, 3 and the superpotential

W = Φ_1Φ_2Φ_3 (3.71)

This is in perfect agreement with the results of [7], where the existence of three branches was deduced using a discrete S_3 symmetry group of the G_2 holonomy manifold X. Each

8This follows from the fact that a line bundle of negative degree cannot have a non-zero holomorphic section.

of the three branches corresponds to a manifold of topology X ∼= R^3 × C P^2 , with only the unbroken U(1) symmetry group distinguishing them.

In [17] it was shown that X has a non-normalizable deformation which preserves both homology and holonomy. There are three such ways to perform this deformation, each of which preserves only one of the three branches of moduli space. Let us see how to capture this behavior from the perspective of the low-energy dynamics. Since both supersymmetries and global symmetries of the low-energy dynamics are left intact, this deformation can correspond to only two possible parameters; a real mass parameter m or a FI parameter ζ. Including both, the scalar potential reads,

V = e^2(|q|^2 − |q̃|^2 − ζ)^2 + (ϕ + m)^2|q|^2 + (−ϕ + m)^2|q̃|^2 (3.72)

There are indeed precisely three such combinations of these parameters which preserve a given branch of the vacuum moduli space

ζ ≠ 0 , m = 0 Higgs survives ζ = −m ≠ 0 v_+ Coulomb survives ζ = +m ≠ 0 v_− Coulomb survives

3.2 M-theory on the Spin(7) Cone over SU(3)/U(1)

We now turn to the main topic of this paper: the dynamics of M-theory compactified on the cone over Y = SU(3)/U(1). We will use the intuition gleaned from the previous sections to provide a consistent picture of the topology changing transition from X ∼= R^3 × S^5 to Q ∼= R^4 × C P^2 .

Let us start with M-theory compactified on X ∼= R^3 × S^5. As for the G_2 examples discussed in the previous subsection, the volume of the S^5 yields a real parameter,

ϕ = Vol(S^5) (3.73)

However, there is an important difference with the G_2 holonomy examples discussed in the previous section. As shown in Section 2.3, using the relationship to coassociative cones, fluctuations of ϕ are non-normalizable. Therefore ϕ plays the role of a modulus in the low-energy dynamics. Of course, one could imagine compactifying the Spin(7) manifold, with the geometry R^3 × S^5 providing a good description in the neighborhood of a conical singularity, in which case ϕ is once again promoted to a dynamical field.

We now turn to the massless modes arising from the C-field. Although no explicit harmonic 3-form (or, indeed, a metric!) is known on R^3×S^5, there is a simple argument to ensure the existence of such an object. To see this, consider the symmetries of Mtheory on R^3 × S^5. The global symmetry at infinity arising from the C-field is given by H^2(Y ; U(1)) ∼= U(1)_J (3.74) where the generator is dual to the S^2 fiber of Y → S^5. This U(1) symmetry is spontaneously broken in the interior H^2(X; U(1)) ∼= 0 (3.75) Thus, in the conical limit ϕ = 0, where the S^5 bolt collapses to zero size, the low-energy theory has a global U(1)_J symmetry. This is spontaneously broken for ϕ > 0, with

δC = dΛ (3.76)

where Λ is a 2-form dual to the S^2 fiber of Y → S^5. Since U(1)_J acts non-trivially on the low-energy theory, it must give rise to a Goldstone mode,

C = σω_3 (3.77)

predicting the existence of an harmonic 3-form ω_3 which represents the generator of the compactly supported cohomology H^3_{cpt}(X) ∼= R.

There remains the question of whether this 3-form is L^2-normalizable, or, equivalently, whether the periodic pseudoscalar σ is dynamical. This remains an open problem. We will denote normalization of the kinetic term for σ as e^2; the non-normalizable limit corresponds to e^2 → ∞. As in previous examples, we dualise σ in favor of a U(1) gauge potential A. In terms of these new variables, the field strength kinetic term is normalized as the usual 1/e^2. Note that if ω_3 is non-normalizable, we are dealing with the strong coupling limit of the gauge theory.

As in the G_2-holonomy examples of the previous section, extra massive states arise from wrapped branes. In the present case, these come from M5-branes wrapping R^3 × S^5. In the semi-classical limit ϕ ≫ 0, these give rise to states of real mass ϕ, charged under the U(1) gauge field. From the perspective of the coassociative D6- brane locus L of Figure (5A), this M5-brane corresponds to a D4-brane with topology of a four-disc D^4, whose boundary S^3 wraps the minimal volume three-cycle of L. What type of matter does quantization of the wrapped M5-brane yield? As the S^5 is not a calibrated submanifold, we again do not expect a supersymmetric multiplet. But, since N = 1 supersymmetry in three dimensions does not admit BPS particle states, this is no great limitation. The simplest possible matter content, consistent with the symmetries of the theory, occurs if the M5-brane gives rise to a single complex scalar multiplet q. We assume that this is the case and that, as in [4, 5], this is the only single particle state to become light as ϕ → 0.

As in the G_2 example, “integrating in” the M5-brane state requires the introduction of a bare Chern-Simons coupling k = −^1_2 , in order to cancel the induced Chern-Simons coupling when it is subsequently integrated out. The bosonic part of the low-energy effective action is therefore given by,

L_R3_{×S}5 = ∫ R^{1,2} 1 e^2 F ∧^⋆ F + k 4π A ∧ F + |Dq|^2 + ϕ^2|q|^2 (3.78)

Notice that the D-term contribution to the potential energy, given in equations (3.62) and (3.72) for previous examples, is absent in this case. This is because, in three dimensional theories with N = 1 supersymmetry, D-terms arise from scalar, rather than vector, multiplets and, in the present case, the ϕ field is non-normalizable. In contrast, note that, even in the e^2 → ∞ limit, the gauge field retains a single derivative kinetic term.

Although the Lagrangian (3.78) is not parity invariant due to the presence of the Chern-Simons term, after integrating out the fermionic superpartner of q, this term is canceled and parity is restored at low energies as required by the discussion in Section 2.6.

What happens as the S^5 shrinks to zero size? With only N = 1 supersymmetry for protection, it is difficult to make any concrete statements about the strong coupling physics. Nevertheless, we shall present a consistent picture which passes several tests. We conjecture that, as suggested classically, the state arising from the M5-brane wrapping S^5 becomes light in this limit. From Section 2, we have learnt that the manifold X = R^3×S^5 can undergo a geometrical transition to the topologically distinct manifold Q ∼= R^4 × C P^2 . From the perspective of the low-energy dynamics, the natural interpretation of this is as a transition onto the Higgs branch [4, 5] through condensation of M5-branes, |q|^4 ∼ Vol(C P^2 ) (3.79)

Since the state which condenses is non-BPS, it is hard to prove explicitly that this occurs. Still, there are several checks we can perform to see if such an interpretation holds water. Firstly, consider the symmetries of M-theory compactified on X ∼= R^4 × C P^2 . The relevant cohomology groups are:

H^2(Y ; U(1)) = U(1)_J , H^2(X; U(1)) = U(1)_J (3.80)

implying that a global U(1)_J symmetry is left unbroken on this branch. This is indeed the case on the Higgs branch of our low-energy effective theory, if we identify U(1)_J with the action on the dual photon.

Further agreement arises from examining the various extended objects that exist in M-theory on Q, arising from wrapped M5 or M2-branes. At first sight, it appears that we may wrap an M5-brane over the four-cycle C P^2 ⊂ Q to get a domain wall

X = R^3 × S^5

Q = R^3 × C P^2 k = +^1_2

Q = R^3 × C P^2 k = −^1_2

Parity

Figure 9: The moduli space of M-theory on the Spin(7) cone over the Aloff-Wallach space N_{1,−1} = SU(3)/U(1). The G-flux is measured by ∫ CP^2 G/2π = k. Parity acts as

a reflection in the horizontal axis.

in d = 3. However, there is a subtle obstruction to doing this. Specifically, on an M5-brane worldvolume W propagates a chiral two-form with self-dual field strength T . This satisfies the relation [48] dT = G |_W (3.81) In particular, if there is a cohomologically non-trivial G-flux over W , one cannot wrap a five-brane. But this is precisely the case for X = Q since the membrane anomaly requires a half-integral flux of G over C P^2 . Thus there is no wrapped five-brane.

However, we are free to wrap an M2-brane over C P^1 ⊂ C P^2 . This non-BPS state has a semi-classical mass proportional to the volume of C P^1 , and is electrically charged under the global U(1)_J symmetry with the identification (3.80). From the D6-brane perspective of Section 2, this state is a fundamental string stretched between the two disjoint D6-branes depicted in Figure (5C). What does this state correspond to from the perspective of our low-energy gauge theory? The fact that it is charged under U(1)_J implies that it must be a vortex. Vortices in non-supersymmetric Maxwell- Chern-Simons theories have been studied in the literature [50]. The mass of such an object is expected to be proportional to |q|^2. Comparing to the mass of the M2-brane state, we are led to the relationship (3.79).

We turn now to the question of parity breaking. In the previous section, we have argued that the transition onto the manifold Q ∼= R^3×C P^2 spontaneously breaks parity due to the presence of non-zero G-flux. Since we have chosen the parity transformation (2.50) to act on R^{1,2}, this should be reflected in parity breaking of the low-energy theory. This occurs naturally in our picture due to the Chern-Simons term coupling in (3.78). Recall that on the Coulomb branch, this was canceled upon integrating out the Dirac fermionic superpartner of q — call it ψ — to result in a parity invariant theory. However, if the mass of ψ vanishes, or indeed becomes negative, this cancellation no longer occurs and parity is broken.

While we have presented a plausible scenario for the low-energy description of the topology changing transition, we should point out that, with such little supersymmetry, other possibilities exist. For example, the U(1) gauge symmetry may, instead, be broken by a Cooper pair of ψ. Parity is then, once again, broken in the Higgs branch as required. This is somewhat similar to the phenomenon of p-wave superconductivity.

Finally, we may sketch the moduli space of M-theory on the Spin(7) cone over the Aloff-Wallach space N_{1,−1}. It consists of three branches: a two-dimensional Coulomb branch corresponding to the geometry X ∼= R^3 × S^5, and two, one-dimensional Higgs branches, related by parity, each corresponding to the geometry Q ∼= R^4 × C P^2 . The resulting picture is drawn in Figure (9).

4 Geometric Quotients

In this section we describe the proposed Spin(7) conifold transition in M-theory in terms of two equivalent, but rather different, type IIA duals. These dual pictures correspond to choosing different M-theory circles on which to reduce.

In general, given a U(1) isometry of X, one can choose to embed the M-theory circle along the U(1) orbits. If U(1) acts freely — that is, there are no fixed points of the circle action — then the quotient space X/U(1) is a manifold, and M-theory on X is dual to type IIA string theory on the quotient X/U(1) with, in general, a non-trivial RR 1-form potential A^{RR} and dilaton field φ. The field strength F^{RR} = dA^{RR} is then interpreted geometrically as the curvature of the M-theory circle bundle U(1) → X → X/U(1) (4.82) A reduction to type IIA also exists when the U(1) action has a fixed point set W of codimension four in X. Then the quotient X/U(1) may be given a manifold structure, with W embedded as a codimension three submanifold. The circle fibration (4.82) now degenerates over W , which is interpreted as the locus of a D6-brane in type IIA string theory. The field strength F^{RR}/2π is no longer closed. Rather, its integral over a small two-sphere S^2 linking W in X/U(1) is equal to one.

We shall find two interesting type IIA duals of our conifold transition in M-theory, corresponding to different choices of M-theory circle, which we refer to as the B-picture and L-picture [7, 11, 17]. Let us briefly summarize these dual pictures. We begin with the B-picture.

The starting point is to consider type IIA string theory on the asymptotically conical G_2 manifold which is an R^3 bundle over C P^2

R^3 × C P^2 (4.83)

The low energy effective theory has N = 2 supersymmetry in d = 3, and was discussed in section 3.1.2. One may now wrap^9 a space-filling D6-brane around the calibrated bolt C P^2 , thus breaking N = 2 to N = 1, and lift the whole configuration to M-theory. In M-theory, this configuration is described by the Spin(7) manifold Q ∼= R^4 × C P^2 .

The conifold transition in M-theory corresponds, in the B-picture, to shrinking the C P^2 bolt to zero size, and blowing up a different copy of C P^2 . Thus, in the B-picture, the conifold transition looks like a flop transition in which one copy of C P^2 collapses and another blows up. The space-filling D6-brane turns into a single unit of RR flux through C P^1 ⊂ C P^2 . This brane/flux transition is illustrated in Figure 3.

The second type IIA dual, which we refer to as the L-picture, was discussed in section 2. Here the M-theory conifold transition corresponds, in type IIA string theory, to a transition of coassociative submanifolds in flat space, with D6-branes wrapped on the calibrated submanifolds. The coassociative submanifolds in question were first constructed in the seminal paper of Harvey and Lawson [27]. In order to produce this dual picture, we simply choose a different M-theory circle on which to reduce.

In the remainder of the section we describe in detail how these two pictures emerge. In section 4.1 we describe the B-picture, and its relation to the quaternionic projective plane. In section 4.2 we construct the quotients X/U(1) ∼= R^7 explicitly. The topology of X is completely encoded in the fixed point set L, as exemplified by equations (2.4). We also discuss how the symmetries of M-theory on X reduce to symmetries of the L-picture.

4.1 Brane/Flux Transitions

In this subsection we will describe more precisely the duality between the proposed Spin(7) conifold transition and the B-picture dual outlined above. Roughly speaking, in the B-picture, the conifold transition corresponds to a transition in which D6-branes are replaced with RR 2-form flux. This type of transition is by now familiar. However, there are some additional subtleties in our case. As we shall see presently, there is a curious relation between all of the Spin(7) manifolds discussed in this paper and the quaternionic projective plane. We therefore begin with a discussion of H P^2 .

Our starting point is to consider the orbit structure of the quaternionic projective plane H P^2 = Sp(3)/Sp(2) × Sp(1) under the two subgroups Sp(2) × Sp(1) and U(3) of Sp(3). Notice that these are also the isometry groups of the Spin(7) manifolds in table 1. In both cases the generic orbit of the action on H P^2 is codimension one. On rather general grounds, one therefore knows that there will be two special orbits of higher, and generally unequal, codimension. The generic orbit is then necessarily a

9One must also include a suitable half-integral flux of the gauge field strength on the D6-brane, as discussed earlier.

• {pt} S^4

H P^2

S^7

Figure 10: A foliation of H P^2 space by S^7 principal orbits. The two special orbits consist of a point and a 4-sphere.

sphere bundle over each of the special orbits. Filling in each sphere bundle and gluing back-to-back gives a construction of the manifold compatible with the group action. The orbit structures in each case is illustrated in Figures 10 and 11.

Consider the orbit structure of H P^2 under the subgroup Sp(2) × Sp(1) ⊂ Sp(3). This is illustrated in Figure 10. If we denote homogeneous coordinates on H P^2 as (u_1, u_2, u_3) with u_i ∈ H , then the two special orbits are the point (0, 0, 1) and the copy of H P^1 = S^4 consisting of the points (u_1, u_2, 0). The generic orbit S^7 is the distance sphere^{10} from the point (0, 0, 1).

Using this information, we may now construct the B-picture for the Spin(7) manifold Σ^−S^4. The latter may be obtained from H P^2 by simply deleting the special orbit (0, 0, 1). The isometry group of the Spin(7) manifold Σ^−S^4 is precisely Sp(2) × Sp(1). If we now take the U(1) subgroup given by U(1)_c ≡ U(1) ⊂ Sp(1) in the last factor of Sp(2) × Sp(1), then the fixed point set is the special orbit S^4. The quotient space is therefore given by^{11} Σ^−S^4/U(1)_c ∼= Λ^−S^4 (4.84)

Since the S^4 descended from a fixed point set, in type IIA we have a D6-brane wrapped on the bolt of the G_2 manifold Λ^−S^4, the bundle of anti-self-dual 2-forms over S^4. The low energy physics of type IIA string theory on this G_2 manifold (without the D6-brane) was discussed in section 3.1.2.

Consider now the orbit structure of H P^2 under U(3) ⊂ Sp(3). This is illustrated in Figure 11. In this case, discussed in [7], the generic orbit is the Aloff-Wallach space N_{1,−1} = U(3)/U(1)^2 , where U(1)^2 is generated by elements of the form diag(μ, λ, λ^{−1}) ∈

10In fact, the weak G_2 metric on the squashed seven-sphere, up to homothety, is embedded in the quaternionic projective plane in this way, for appropriate geodesic distance [51].

11In the remainder of the paper we choose orientation conventions such that the G_2 manifold is the bundle of anti-self-dual two-forms over B.

S^5 C P^2

H P^2

U(3) U(1)^2

Figure 11: A foliation of H P^2 space by U(3)/U(1)^2 principal orbits. The two special orbits are and S^5 and C P^2 .

U(3). The two special orbits are C P^2 = U(3)/U(2) × U(1) and S^5 = U(3)/U(1) × SU(2). The copy of C P^2 is merely the subset of H P^2 in which all the homogeneous coordinates are purely complex. If we delete this special orbit from H P^2 , we obtain a manifold which is an R^3 bundle over the S^5 special orbit. This is in fact the underlying manifold for the Spin(7) geometry of interest. On the other hand, deleting the S^5 special orbit from H P^2 gives the manifold Q, which is an R^4 bundle over the C P^2 special orbit.

To get the B-picture, we consider dividing out by the circle action on H P^2 generated by the diagonal subgroup U(1)_D ⊂ U(3). The fixed point set of this circle action is precisely the special orbit C P^2 . The generic orbit descends to a copy of the so-called twistor space of C P^2 , which is the coset-space U(3)/U(1)^3 . This is also the sphere bundle of Λ^−C P^2 .

If we delete the fixed copy of C P^2 , we obtain a free action of U(1) = U(1)_D on R^3 × S^5. The U(1) acts on the S^5 special orbit by a Hopf map over a dual copy of C P^2 , given by ~C P^2 = U(3)/U(1) × U(2). The quotient is therefore

(R^3 × S^5)/U(1)_D ∼= Λ^−C P^2 (4.85)

with a single unit of RR two-form flux through C P^1 ⊂ C P^2 . Deleting the special orbit S^5 from H P^2 and taking the quotient also gives

Q/U(1)_D ∼= Λ^−C P^2 (4.86)

but now the fixed point set C P^2 becomes a D6-brane wrapped on the zero-section of Λ^−C P^2 . We thus have a picture of the transition in which D6-branes are replaced with RR flux. Notice that in this asymptotically conical case, the dilaton blows up at infinity, so that the type IIA solution is not really valid at large distance. However, there exist asymptotically locally conical versions of the two metrics for which the dilaton stabilizes to a finite value at infinity. An ALC Spin(7) metric on Q was constructed in [11].

Notice that although the right hand sides of (4.85) and (4.86) are diffeomorphic, they are not the “same” manifold. The bolt of (4.86) came from the fixed C P^2 , whereas the bolt of (4.85) came from a dual copy ~C P^2 . These are not the same copy of C P^2 . Put another way, given a G_2 cone on the twistor space SU(3)/U(1)^2, there are three choices of C P^2 that we may make to form the resolution Λ^−C P^2 , permuted by the Weyl group Σ_3 of SU(3). If we start with a D6-brane wrapped on the C P^2 bolt of the G_2 manifold Λ^−C P^2 , then as we shrink the bolt to zero size, another copy of C P^2 blows up (namely ~C P2 ), with the D6-brane replaced with RR-flux through C P1 ⊂ ~C P2 .

4.2 D6-branes on Coassociative Submanifolds of R^7

In this subsection we describe the construction of the L-picture discussed in section 2. The aim is to identify the appropriate U(1) subgroup such that X/U(1) ∼= R^7, along with the corresponding fixed point sets, and also to determine how the symmetries in M-theory are realized in the L-picture.

Since the construction of these quotients is a little involved, it is useful at this stage to give a brief summary of the approach that we will take. The initial problem is to find the appropriate U(1) isometry along which to embed the M-theory circle. In fact, this is related in a curious way to the B-picture, as described at the end of this introduction. The quotient itself is constructed in much the same way as the quotients in [7]. Roughly speaking, one foliates the manifold X by a family of U(1)-invariant submanifolds. This family is acted on by a certain Sp(1) subgroup of the symmetry group of X. After we take the quotient by U(1) to reduce to type IIA on R^7, this Sp(1) action describes the sweeping out of R^7 in a form of generalized polar coordinates. This is precisely the Harvey and Lawson action (2.8). Recall that this Sp(1) is a subgroup of G_2 which preserves the decomposition R^7 = ImH ⊕ H . If one takes an appropriate curve in the r − s plane, where s and r are radial coordinates on each factor in the decomposition of R^7 = ImH ⊕ H , then under the action of Sp(1) we sweep out a coassociative 4-fold L, as described in section 2. At the same time, this Sp(1) action sweeps out the fixed point set L of the circle action. In mathematical terms, we have therefore constructed an Sp(1)-equivariant map from X to R^7. On X this Sp(1) is simply part of the symmetry group. On R^7 it’s the Harvey and Lawson action (2.8).

A Mysterious Duality

Before we proceed, we pause to point out a curious relation between the L and Bpictures which emerges via the embedding in H P^2 described in the last subsection. Firstly, it is a bizarre enough fact that the explicitly known AC Spin(7) and G_2 manifolds, together with their isometry groups, are related to H P^2 at all. We have already discussed the Spin(7) case in this paper, and two of the three AC G_2 manifolds and their relation to H P^2 was discussed in [7]. However, in the Spin(7) case, we also have the following curious fact. The U(1) subgroup of Sp(3) that produces the B-picture for the Spin(7) manifold Σ^−S^4 is the same U(1) subgroup that produces the L-picture for the Spin(7) manifold Q, namely U(1) = U(1)_c. Moreover, the converse is also true! That is, the U(1) subgroup U(1)_D that produces the B-picture for the Spin(7) manifold Q also produces the L-picture for the Spin(7) manifold Σ^−S^4. This is most peculiar, and it is not clear to us whether or not there is any deep underlying reason for this fact.

4.2.1 The Cone over SO(5)/SO(3)

The asymptotically conical Spin(7) manifold X = Σ^−S^4 was first constructed in [9], and is a resolution of the cone on the weak G_2 holonomy squashed seven-sphere Y . There is a single modulus a > 0 corresponding to the radius of the S^4 bolt. The isometry group is Sp(2) × Sp(1). A generic principal orbit Y = S^7 may therefore be viewed as the coset space

Y = Sp(2) × Sp(1)_c /Sp(1)_{a+c} × Sp(1)_b (4.87)

where we have labelled Sp(1)_a × Sp(1)_b ⊂ Sp(2) and Sp(1)_{a+c} denotes the diagonal subgroup of Sp(1)_a × Sp(1)_c. The seven-sphere Y then fibers over S^4 = Sp(2) × Sp(1)_c/Sp(1)_a × Sp(1)_b × Sp(1)_c with fibers being copies of S^3 = Sp(1)_a × Sp(1)_b × Sp(1)_c/Sp(1)_{a+c} × Sp(1)_b. This is the quaternionic Hopf fibration.

In this notation, the U(1) subgroup we require to produce the quotient (2.5) is given by the diagonal U(1)_D = U(1)_{a+b+c} ⊂ Sp(1)_{a+b+c} .

The circle action on H^3 \ {0} is free, but when we descend to H P^2 the special orbit C P^2 under the action of U(3) is fixed. The circle action on the S^5 special orbit merely rotates around the Hopf fibers over the dual copy of C P^2 . This was described in the last subsection in relation to the B-picture for the other Spin(7) geometry.

The quotient of H P^2 by this action was shown to be H P^2 /U(1)_D = S^7 in [7]. The manifold X is obtained by deleting the point (0, 0, 1) from H P^2 . This descends to a point in S^7, and we have therefore shown that

Σ^−S^4/U(1)_D = S^7 \ {pt} = R^7 (4.88)

The fixed point set is given by deleting the point (0, 0, 1) from the fixed special orbit C P^2 to give L = C P^2 \ {pt} = H^1 (4.89)

where H^1 denotes the total space of the spin bundle of S^2. By supersymmetry, this embedding will be coassociative with respect to some G_2 structure on R^7.

The symmetry group of M-theory on X consists entirely of geometric symmetries Sp(2) × Sp(1). There are no symmetries associated with the C-field in this case since H^2(X; U(1)) is trivial. When we pass to type IIA, we shall find that the symmetry group gets broken to

Sp(2) × Sp(1) → U(1)_J × Sp(1) × U(1) (4.90)

The U(1)_J is associated with the M-theory circle, and is of course just U(1)_D in this case. We would like to understand the action of the remaining factor of Sp(1)×U(1) ∼ U(2) on the type IIA geometry. Specifically, this will be a symmetry of the embedding of L = H^1 in R^7. In order to understand this, and its relation to the Harvey and Lawson geometries, it will be convenient to understand the quotient just constructed in a rather different way.

The idea is to foliate X by a two-parameter family of invariant 6-manifolds whose quotients by U(1)_D may be identified with a parameterization of R^7 in terms of generalized polar coordinates. Specifically, if one denotes

R^7 = R^3 ⊕ R^4 = ImH ⊕ H (4.91)

then for a unit imaginary quaternion x ∈ ImH , we define

R^5(x) = (tx, y) where t ∈ R, y ∈ H (4.92)

As the unit vector x varies over the unit two-sphere, the spaces R^5(x) sweep out R^7. Notice that ±x give the same five-space.

More precisely, this process of sweeping out R^7 = ImH ⊕ H is achieved by fixing some value of x and then acting with Sp(1) via the Harvey and Lawson action (2.8). This action on R^7 = ImO preserves the G_2 structure and corresponding splitting into ImH ⊕ H . Notice that our fixed point set (4.89) is topologically the same as that of the Harvey and Lawson submanifold (2.13). The deformation parameter ρ, which measures the size of the S^2 bolt, corresponds to the deformation parameter a of the x −x

Figure 12: The quotient of S^4 by U(1) is a 3-disc D^3. The boundary is identified with the fixed S^2. The image of the 2-sphere S^2_x is the line segment joining x to −x.

Spin(7) geometry which is essentially the radius of the S^4 bolt. As we take both parameters to zero, we obtain a conical geometry in each case: a cone on the weak G_2 squashed seven-sphere in M-theory and a coassociative cone on a squashed three-sphere for the D6-brane worldvolume in type IIA.

It remains to identify the Sp(1) ⊂ G_2 action of Harvey and Lawson with part of the unbroken symmetry group in (4.90), and also to understand the action of the additional U(1) factor. To do this we will follow a similar route to [7], although we will not spell out all of the details.

Let us view the S^4 bolt of X as the unit sphere in R^5. Then Sp(2) ⊂ Sp(2) × Sp(1) acts on this four-sphere via the usual action of Spin(5) ∼= Sp(2). Consider the subgroup U(2) ⊂ Sp(2). Then U(1)_D restricts to the diagonal U(1) = U(1)_{a+b} and we get a decomposition R^5 = R^2 ⊕ R^3 (4.93)

where the two-plane R^2 is rotated and the copy of R^3 is fixed. The set of fixed-points on S^4 is therefore a copy of S^2 ⊂ R^3, which is also the subset of H P^1 = S^4 in which the homogeneous coordinates are complex. When we take the quotient, since S^2 has codimension two in S^4, this fixed point set becomes a boundary in the reduced space. Specifically, S^4/U(1)_D ∼= D^3, the closed three-disc. The boundary ∂D^3 of this threedisc is thus identified with the fixed S^2. Conversely, the Sp(1) ∼ SO(3) subgroup of U(2) ∼ U(1) × SO(3) acts canonically on the factor of R^3 in (4.93), and thus acts on the fixed two-sphere S^2 ⊂ R^3. If we now view this two-sphere as the unit sphere in ImH , then Sp(1) acts by conjugation of quaternions. This is precisely the action we were looking for. Thus the Sp(1) factor in the unbroken symmetry group (4.90) is identified with Sp(1) ∼= SU(2) ⊂ U(2). The remaining factor of U(1) is identified with U(1)_c ⊂ Sp(1)_c which acts trivially on S^4. We shall discuss this factor further below.

Now fix a point x ∈ S^2 ⊂ R^3 = ImH and consider the two-sphere S^2_x in S^4 which lives in the three-space R^2 ⊕ R_x ⊂ R^2 ⊕ R^3 = R^5 (4.94)

Here R_x denotes the line in R^3 which contains the point x ∈ S^2 and the origin. Then, as we vary x by acting with Sp(1), we sweep out S^4 with a two-parameter family of two-spheres S^2_x. Notice that for fixed x, the image of S^2_x in the three-disc D^3 is the line segment joining [−x, x].

Denote the restriction of the R^4 bundle X = Σ^−S^4 to S^2_x as X_x. As we vary x, these invariant 6-manifolds sweep out X. We find that X_x/U(1) = R^5(x). Thus, as one varies x over the set of fixed points one sweeps out R^7 with a two-parameter family of five-spaces R^5(x). In fact, one can show using similar techniques to [7] that, as a bundle with U(1) action, X_x is given by

X_x = H^1(1) ⊕ H^{−1}(1) (4.95)

and that the quotient of this six-manifold by U(1) is indeed R^5(x). The details are left as an exercise for the interested reader, or, alternatively, may be found in [52].

We are now ready to identify the remaining group actions. The zero section of X = Σ^−S^4 descends to the closed three-disc, D^3. Deleting the fixed point set gives the open three-disc ∘ D^3 which is of course diffeomorphic to R^3 = ImH . Thus the quotient of X, minus its fixed points, is ImH ⊕ H (4.96)

with the second factor coming from the fibers of X. The splitting (4.96) is naturally the spin bundle of R^3 = ImH . Indeed, if one deletes the fixed S^2 from S^4, then over the open disc ∘ D^3 the chiral spin bundle is simply the spin bundle of the disc. The Sp(1) action by conjugation on ImH that we have already found therefore induces an Sp(1) action on the H factor. This is the right action [33] y → yq̄ (4.97) Thus the total action of Sp(1) ⊂ U(2) on R^7 is precisely the Sp(1) action of Harvey and Lawson (2.8). Including the fixed points also gives R^7 with (4.96) embedded as a dense open subset.

Finally, there is the factor U(1) = U(1)_c which acts purely on the fibers of X. The Harvey and Lawson geometry is Sp(1)-invariant by construction, but there is indeed another U(1) symmetry which corresponds to U(1)_c under our isomorphism. Namely, the action (x, y) → (x, λy) (4.98)

This U(1) is a subgroup of G_2 which also preserves the corresponding decomposition of R^7. It acts by rotating the fibers of H^1 = L. This is indeed a symmetry of this geometry. A principal Sp(1) = S^3 orbit is a squashed three-sphere. The isometry group is U(2) ∼ Sp(1) × U(1), with the Sp(1) acting on the base S^2 of the Hopf fibration, and U(1) acting on the fibers. In sum, we have an action of Sp(1) × U(1) given by (x, y) → (qxq̄, λyq̄) (4.99) Notice that (−1, −1) ∈ Sp(1)×U(1) acts trivially, and so the group that acts effectively here is (Sp(1) × U(1))/Z_2 ∼= U(2). The symmetry group (4.90) of X is actually more precisely (Sp(2) × Sp(1))/Z_2 with the Z_2 generated by (−1, −1). Thus the symmetry breaking may be written more precisely as

(Sp(2) × Sp(1))/Z_2 → U(1)_J × U(2) (4.100)

This completes our analysis.

4.2.2 The Cone over SU(3)/U(1)

The asymptotically conical Spin(7) manifolds Q and R^3×S^5 are both resolutions of the cone on the weak G_2 holonomy Aloff-Wallach space, N_{1,−1} = SU(3)/U(1). Numerical evidence for the existence of these solutions was given in [12]. The isometry group is U(3). In each case, there is a single modulus a > 0 corresponding to the size of the C P^2 or S^5 bolt, respectively.

Our aim in this section is to find a U(1) subgroup of U(3) such that the quotient spaces may be identified with R^7 (2.5). We shall find that the fixed point sets in each case are given, respectively, by

L = H^1 ∪ R^4 and L = S^3 × R (4.101)

In the conical limit a → 0, we therefore have

L → C(S^3 ∪ S^3) = R^4 ∪ R^4 (4.102)

Remarkably, these are precisely the coassociative submanifolds (2.17) and (2.19) considered in section (2.2). If we place a D6-brane on the coassociative submanifold (2.17) and lift to M-theory, we obtain the Spin(7) manifold Q. The symmetry group associated with the C-field in M-theory is given by H^2(Q; U(1)) ∼= U(1) which becomes the axial U(1) on the D6-branes (the diagonal U(1) decouples as usual). The circle reduction breaks the geometric symmetry group to

U(3) → U(2) × U(1)_J (4.103)

If we write U(2) × U(1) ⊂ U(3) in the obvious way, we shall find that U(1)_J is given by the U(1) factor, and the U(2) symmetry of the Harvey and Lawson geometry gets identified with the U(2) factor. Notice this is the same U(2) subgroup of Sp(3) found in the last section, but now we have U(1)_J = U(1)_c. The Sp(1) that sweeps out L is given by Sp(1) ∼= SU(2) ⊂ U(2). Notice also that the coassociative plane R^4 = H is just the copy of H in ImH ⊕ H at s = 0, and this is also swept out under (x, y) → (qxq̄, yq̄) (4.104) on taking x = 0 (rather than x = ϵ a unit vector, which describes the H^1 component of L).

Conversely, if we place a D6-brane on (2.19) and lift to M-theory, we obtain the Spin(7) manifold R^3 × S^5. The symmetry group H^2(X; U(1)) associated with the Cfield in M-theory is now trivial, which corresponds to the fact that there is only one connected component of L in this resolution. The circle reduction again breaks the geometric symmetry group as in (4.103).

In the remainder of the paper, we give an explicit construction of the L-picture quotients.

The First Resolution We would like to construct the isomorphism Q/U(1)_c ∼= R^7 where the codimension four fixed point set is L = H^1∪R^4, thus making contact with the coassociative geometry described in section 2. The bundle Q is a chiral spin bundle (or, more precisely, a spin^c bundle), but in this subsection we shall find the following description of X = Q more useful.

The universal quotient bundle Q fits into the following short exact sequence of vector bundles 0 → L^{(2)}_C → C P^2 × C^3 → Q → 0 (4.105) Here L^{(2)}_C denotes the canonical complex line bundle over C P^2. It is a sub-bundle of the trivial bundle C P^2 × C^3 defined by

L^{(2)}_C = {(l, z) ∈ C P^2 × C^3 | z ∈ l} (4.106)

That is, the fiber of L^{(2)}_C above the point l ∈ C P^2 is the complex line through l. In fact, one may make a similar definition of L^{(n)}_K as the canonical line bundle over KP^n, for any of the associative normed division algebras K = R, C , H . For example, the topology of X in the last subsection is L^{(1)}_H .

The group U(3) acts on C P^2 × C^3 by the diagonal action on each factor, and, in this way, U(3) acts on the line bundle L^{(2)}_C and therefore on the quotient Q, which we may take to be (L^{(2)}_C )^⊥ with respect to a flat metric on C^3 .

The U(1) subgroup we require is U(1) = U(1)_c generated by elements (1, 1, λ^2) inside the maximal torus of U(3). The fixed point set on the zero section C P^2 consists of two components. In terms of homogeneous coordinates on C P^2, the circle action fixes the point A = (0, 0, 1), together with a copy of B = C P^1 = S^2 given by the points (z_1, z_2, 0).

The fiber of L^{(2)}_C above the fixed point A is (0, 0, z) ∈ C^3 and is acted on by our U(1) subgroup with weight 2. Conversely, the R^4 = C^2 fiber of Q above A consists of the points (z_1, z_2, 0) ∈ C^3 , which is clearly fixed under the U(1) action. Thus the total fixed point set above A is a copy of R^4.

The total fixed point set above B = C P^1 in C P^2 × C^3 is C P^1 × C^2 . Over B, the line bundle L^{(2)}_C restricts to L^{(1)}_C , and we have the following short exact sequence

0 → L^{(1)}_C → C P^1 × C^2 → E → 0 (4.107)

The quotient bundle E is a line bundle and is just (L^{(1)}_C )^{−1}, which is thus the total fixed point set in Q above B. This line bundle has first Chern class one, and so is also H^1. In sum, the total fixed point set is

L = R^4 ∪ H^1 (4.108)

Since L has codimension four in X = Q, the quotient will be a manifold, and is in fact diffeomorphic to R^7. Rather as before, we shall find that Q may be foliated by a twoparameter family of invariant 6-manifolds whose quotients by U(1) may be identified with a parameterization of R^7 in terms of generalized polar coordinates. Specifically, if one denotes R^7 = ImH ⊕ H (4.109)

then for a unit vector x ∈ ImH , we define

R^5_+(x) = (tx, y) where t ∈ R_+, y ∈ H (4.110)

As the unit vector x varies under the natural action of Sp(1), the half-spaces R^5_+(x) sweep out R^7, with the boundary of the half space as axis. In fact, this axis will turn out to be the fixed R^4 above the point A.

The quotient of C P^2 by U(1) is again the closed three-disc D^3. The image of the point A lies at the center of D^3, and the boundary ∂D^3 of D^3 is identified with the fixed C P^1: ∂D^3 ∼= B. For each fixed point x ∈ B, we now define the two-sphere S^2_x to be the copy of C P^1 ⊂ C P^2 containing the points x and A. The two-sphere B is acted on by the subgroup Sp(1) ∼= SU(2) ⊂ U(2) in (4.103). In this way we sweep out C P^2 with a two-parameter family of two-spheres, with axis A. If we view B as the unit sphere in ImH , then this Sp(1) action is by conjugation of quaternions. Notice x A

Figure 13: The quotient of C P^2 by U(1) is also a 3-disc D^3. The boundary is identified with the fixed C P^1 = S^2, and the center is the fixed point A. The image of the 2-sphere S^2_x is the line segment joining A to x.

that the diagonal U(1) = U(1)_{a+b} acts trivially on B. This U(1) will become the extra U(1) symmetry in the Harvey and Lawson geometry.

We again define X_x to be the restriction of X = Q to S^2_x, so that the corresponding 6-manifolds sweep out Q, with axis R^4_A = X_A, as x varies over the fixed S^2 = B. The quotient spaces X_x/U(1) will turn out to be half-spaces R^5_+(x) which sweep out R^7 as x varies.

Let us fix x ∈ B. Without loss of generality, we may take x = (1, 0, 0) ∈ B ⊂ C P^2. Each 6-manifold X_x is a C^2 bundle over S^2_x. This will decompose into the sum of two line bundles. Thus, as a bundle with U(1) action, we must have

X_x = H^k_x (m) ⊕ H^l_x(n) (4.111)

for some integers k, l, m, n. In order to work out this splitting, we may look at the total weights of the U(1) action over the two fixed points x and A.

The fiber of X_x above the north pole x is given by points in C ⊕ C = {(0, z_2, z_3)}. The first copy is fixed, and the second is acted on with weight 2. Thus the weights on the tangent space and the two copies of C above the north pole x are respectively

(2, 0, 2) (4.112)

The fiber above the south pole A is fixed, so the weights are

(−2, 0, 0) (4.113)

This completely determines the integers k, l, m, n to be 0, 1, 0, 1, respectively. We therefore find that a trivial direction splits off to give

X_x = H^1_x (1) × C_x (4.114) where the trivial factor C_x is fixed under U(1) and the H^1_x factor is rotated. This splitting is also consistent with the fact that the first Chern class of X_x should be the generator of H^2(S^2_x; Z) ∼= Z. Notice that the fixed C_x above the point x ∈ B is the fiber of the fixed H^1_B above the point x. However, above the point A (which is contained in every S^2_x) this C_x lies in the fixed R^4 = X_A. Conversely, the rotated fiber of H^1_x above x coincides with the rotated fiber C_B above x.

The quotient space is given by X_x/U(1) = (H^1_x (1)/U(1)) × C_x = R^3_+(x) × C_x = R^5_+(x) (4.115) where we have used the fact that H^1(1)/U(1) = R^3_+ [7]. The boundary of the half-space R^5_+(x) is the fixed copy of H , which is {0} × H in R^7 = ImH ⊕ H . The diagonal U(1) subgroup of U(2) acts on the fixed H^1 by rotating the fiber with weight one (it acts trivially on the zero section), and acts on the fixed R^4 = C ⊕ C with weights (1, 1). This is the same action that we found in the last subsection, and thus we identify this U(1) with the extra U(1) symmetry of the Harvey and Lawson geometry.

The Second Resolution To complete the picture, we would like to construct the isomorphism R^3×S^5/U(1) ∼= R^7 with codimension four fixed point set L = S^3 × R.

The isometry group is again U(3) with the M-theory circle being U(1) = U(1)_c. The bolt S^5 is acted on by the U(3) symmetry group in the obvious way, viewing S^5 as the unit sphere in C^3 . The U(1) action then decomposes C^3 = C^2 ⊕ C (4.116) with the copy of C rotated and the C^2 fixed. Hence the fixed point set on S^5 is a copy of S^3, the unit sphere in C^2 . The restriction of the R^3 bundle R^3 × S^5 to S^3 is isomorphic to the product space S^3 × R^3. Our U(1) acts on this space. Specifically, above each fixed point on the three-sphere, we get a copy of R^3 on which U(1) acts. There are essentially only two choices. Either the whole fiber is fixed, or else we get a splitting R^3 = C ⊕ R (4.117) with the C rotated (with some weight) and the factor of R fixed. Since we know from the previous subsection that the fixed point set on the sphere bundle of R^3 × S^5 is S^3 ∪ S^3, this rules out the first possibility, and we conclude that the total fixed point set is L = S^3 × R (4.118) in agreement with the Harvey and Lawson geometry. Now fix a point w ∈ S^3 and define the two-sphere S^2_w as the unit two-sphere in R_w ⊕ C ⊂ C^2 ⊕ C = C^3 (4.119) where R_w is the line in C^2 = R^4 through the points ±w. The restriction of the R^3 bundle X = R^3 × S^5 to S^2_w must split as

X_w = H^k_w (n) × R(w) (4.120)

for some bundle with U(1) action over S^2_w given by H^k_w(n). We won’t actually need to determine this bundle precisely. We simply observe that, since L has codimension four, the quotient is a manifold, and the only^{12} values of (k, n) for which this is possible are given by (k, n) = (2, 0) or (0, 2). In either case the quotient is H^k (n)/U(1) = R^3, and we conclude that X_w /U(1) = R^3(w) × R(w) = R^4(w) (4.121)

As w varies over the fixed S^3, these four-spaces sweep out R^7 in generalized polar coordinates R^7 = R^4 ⊕ R^3 (4.122)

where for a unit vector w ∈ R^4 we define

R^4(w) = (tw, v) where t ∈ R, v ∈ R^3 (4.123)

The symmetry group again breaks according to

U(3) → U(2) × U(1)_J (4.124)

We may again identify the U(2) action with the Harvey and Lawson symmetry group. Specifically, we see from the construction above that U(2) acts on the S^3 factor via its embedding in C^2 . The diagonal U(1)_D ⊂ U(2) Hopf fibers the three-sphere over a copy of S^2, and the Sp(1) ∼= SU(2) ⊂ U(2) part acts transitively on S^3 ∼= Sp(1). This is precisely the action of the U(2) symmetry group on the Harvey and Lawson coassociative geometry.

Acknowledgments We wish to thank Roman Jackiw, Neil Lambert, Igor Polyubin, Ashoke Sen, Andrew Strominger, Jan Troost, Cumrun Vafa, Ashvin Vishwanath, Eric Zaslow and especially Bobby Acharya and Edward Witten for useful discussions. S.G. and D.T. would also like to thank the Isaac Newton Institute for Mathematical Sciences, Cambridge, UK, and S.G. would further like to thank the New High Energy Theory Center at Rutgers University, for kind hospitality during the course of this work. This research was conducted during the period S.G. served as a Clay Mathematics Institute Long-Term

12The case (k, n) = (1, ±1) is also ruled out since this would require that the entire R^3 fiber above either the north or south pole of S^2_w be fixed, which we know is not the case.

Prize Fellow. The work of S.G. is also supported in part by grant RFBR No. 01-02- 17488, and the Russian President’s grant No. 00-15-99296. D.T. is a Pappalardo fellow and is grateful to the Pappalardo family for their kind support. The work of D.T. also supported in part by funds provided by the U.S. Department of Energy (D.O.E.) under cooperative research agreement #DF-FC02-94ER40818.

Appendix A Geometry of the Spin(7) Conifold

In this appendix we describe the geometry of the Spin(7) cone on SU(3)/U(1) and its complete resolutions R^4 × C P^2 , R^3 × S^5 (A.125) Even though the existence of a Spin(7) metric in both cases is suggested by the dual configuration of D6-branes (see Section 2), the explicit AC metric is not known. The most systematic and convenient way to find this metric appears to be via the technique developed by Hitchin [24], which was already applied with great success in the case of G_2 manifolds [53, 54]. Therefore, one particular goal of the discussion below will be to explain this technique and compare the results with what is known in the literature.

In general, given a compact 7-manifold Y , the problem is to find a complete Spin(7) metric on a manifold X with principal orbits being copies of Y . To do this, one picks a family of 4-forms with a fixed homology class on Y : ρ(x_1, . . . , x_r) ∈ Ω^4_{exact}(Y ) (A.126) where x_1, . . . , x_r are parameters (below functions of t). One can choose x_i such that: ρ = ∑ i x_iu_i (A.127)

where each u_i is exact, i.e. can be written in the form: u_i = d(v_i), v_i ∈ Ω^3(Y )/Ω^3_{closed} (Y ) (A.128) Then, the following (indefinite) bilinear form is non-degenerate [24]:

Q(u_i, u_j ) = ∫ Y u_i ∧ v_j (A.129)

Given ρ ∈ Λ^4V^∗, one can define its Hodge dual σ ∈ Λ^3V ⊗Λ^7V^∗. If ρ has the explicit form ρ_{ijkl}dx^idx^j dx^kdx^l, then we can write σ as σ^{ijk}. Taking any v, w ∈ V^∗, one can construct a top degree 7-tensor:

v_aσ^{aij}w_bσ^{bkl}σ^{mnp} ∈ (Λ^7V^∗)^2 (A.130) Or, one can think of it as a map:

H: V^∗ → V ⊗ (Λ^7V^∗)^2 (A.131)

Evaluating detH ∈ (Λ^7V^∗)^{12}, one can define: ϕ(ρ) = |detH|^{1/12} (A.132) By taking the total volume, one can define the following functional of x_1(t), . . . , x_r(t): V (ρ) = ∫ Y ϕ(ρ) (A.133) Once we have Q(u_i, u_j ) and V (ρ), we can write down the gradient flow equations: dx_i dt = −Q^{(−1)ij} dV dx^j (A.134) which gives the desired metric with Spin(7) holonomy. Indeed, according to [24] solutions to these equations define the Spin(7) structure on the 8-manifold X: Ψ = dt ∧ ∗ρ + ρ (A.135) Now, let’s see how this works in the case we are interested in, namely, when Y is the Aloff-Wallach space N_{1,−1} ∼= SU(3)/U(1) To describe the geometry of this space more explicitly, we define left-invariant 1-forms L^B_A on SU(3) (with A = 1, . . . , 3) satisfying L^A_A = 0, (L^B_A )^† = L^A_B , together with the exterior algebra dL^B_A = iL^C_A ∧ L^B_C (A.136) One must now split the generators into those that lie in the coset SU(3)/U(1) and those that lie in the denominator U(1). In particular, one must specify the U(1) generator Q. In the case of Y = N_{1,−1} we have Q ≡ −L^1_1 + L^2_2 (A.137) One may now introduce the 1-forms σ ≡ L^3_1 , Σ ≡ L^3_2 , ν ≡ L^2_1 (A.138) together with the U(1) generator λ ≡ L^1_1 + L^2_2 (A.139) Notice that λ and Q generate the maximal torus of SU(3). Finally, since the forms (A.138) are complex, one may split them into real and imaginary parts σ ≡ σ_1 + iσ_2, Σ ≡ Σ_1 + iΣ_2, ν ≡ ν_1 + iν_2 (A.140)

In order to find possible resolutions of the Spin(7) cone on Y = N_{1,−1}, one needs to find a basis of left-invariant 4-forms u_i. Since the 4-forms u_i are also required to be exact, one starts with left-invariants 3-forms v_i, which in the present case are defined by the condition

v([Q, g_1], g_2, g_3) + v(g_1, [Q, g_2], g_3) + v(g_1, g_2, [Q, g_3]) = 0 (A.141)

for all g_i ∈ su(3)/u(1). In our case, Y = N_{1,−1}, we find six left-invariant 3-forms v_i, two of which turn out to be closed. Therefore, we end up with only four independent left-invariant exact 4-forms u_i = dv_i:

u_1 = d(λσ_1σ_2) u_2 = d(λΣ_1Σ_2) u_3 = d(λν_1ν_2) u_4 = 4(−ν_1ν_2σ_1σ_2 + ν_1ν_2Σ_1Σ_2 + σ_1σ_2Σ_1Σ_2) (A.142)

Using the definition of the bilinear form Q one can easily compute

Q = 0 −2 −2 4 −2 0 0 4 −2 0 0 −4 4 4 −4 0

(A.143)

Finally, we define the U(1) invariant 4-form ρ in terms of the basis u_i:

ρ = x_1u_1 + x_2u_2 + x_3u_3 + x_4u_4 (A.144)

Following the general prescription, we now have to compute the invariant functional V (ρ) and derive a system of first-order gradient flow equations that follow from this V (ρ). However, since in total we have only four independent functions x_i, under a suitable change of variables the resulting system is guaranteed to be equivalent to the system of differential equations obtained for the following metric ansatz

ds^2_8 = dt^2 + a(t)^2(σ^2_1 + σ^2) + b(t)^2(Σ^2_1 + Σ^2) + c(t)^2(ν^2_1 + ν^2_2 ) + f(t)^2λ^2 (A.145)

The requirement of Spin(7) holonomy requires the functions to satisfy the following system of first order differential equations, ȧ a = b^2 + c^2 − a^2 abc ḃ b = a^2 + c^2 − b^2 abc − f b^2 ċ c = a^2 + b^2 − c^2 abc + f c^2 ḟ f = − f c^2 + f b^2

(A.146) where ȧ =^{da}_{dt} , etc. These were studied by Cvetic et al. [12], where a detailed numerical analysis was performed. They find a family of metrics for R^4 × C P^2 which may be expanded near the bolt at t = 0,

a = t −^1_2 (1 + q)t^3 + . . . b = 1 +^5_6 t^2 + . . . c = 1 +^2_3 t^2 + . . . f = t + qt^3 + . . .

From this we see that b and c are non-vanishing which, comparing to (A.145), ensures that a C P^2 stabilises at the center of the space. Notice that we have fixed the overall scale of the manifold. The metric functions may be extended to regular solutions over the whole space only for the parameter q in the range q ≥ q_0 where q_0 is a numerical constant. For all values of q > q_0, the metric is asymptotically locally conical, with the circle dual to λ having finite size at infinity. For the specific value of q = 13/9, a complete analytic solution was found in [11]. For q = q_0 the metric is asymptotically conical.

The second family of asymptotic expansions around the bolt is given by [12]

a = 1 −^1_3 qt + (1 −^5_{18} q^2)t^2 + (^7_{45} −^{167}_{810} q^2)qt^3 + . . . b = 1 +^1_3 qt + (1 −^5_{18} q^2)t^2 − (^7_{45} −^{167}_{810} q^2)qt^3 + . . . c = 2t +^4_{27} (q^2 − 9)t^3 + . . .

f = q +^2_3 q^3t^2 (A.147)

In contrast to the previous solution, a, b and f are all non-vanishing at t = 0, ensuring that the bolt has topology S^5. The parameter q now takes values in 0 < q ≤ q_0 ∼ 0.87. Even though complete Spin(7) metrics of this type are not known explicitly, our analysis in Sections 2 and 4, and the numerical analysis in [12], strongly suggest that there is a manifold with short-distance asymptotics (A.147) and asymptotically locally conical behavior at large distances, for all values of q apart from q_0. In the latter case, the metric describes an asymptotically conical manifold with topology R^3 × S^5.

References

[1] B. Greene, ”The Elegant Universe: Superstrings, Hidden Dimensions, And The Quest Of The Ultimate Theory”, Vintage Books.

[2] P. Aspinwall, B. Greene and D. Morrison, ”Multiple Mirror Manifolds and Topology Change in String Theory”, Phys. lett. B303 (1993) 249, hep-th/9301043.

[3] E. Witten, ”Phases of N = 2 Models in Two Dimensions”, Nucl. Phys. B403 (1993) 159, hep-th/9301042.

[4] A. Strominger, “Massless black holes and conifolds in string theory” Nucl. Phys. B 451, 96 (1995), hep-th/9504090.

[5] B. Greene, D. Morrison and A. Strominger, ”Black Hole Condensation and the unification of String Vacua”, Nucl. Phys. B451 (1995) 109, hep-th/9504145.

[6] M. Atiyah, J. Maldacena and C. Vafa, “An M-theory Flop as a Large N Duality”, J.

Math. Phys. 42 (2001) 3209, hep-th/0011256.

[7] M. Atiyah and E. Witten, “M-Theory Dynamics On A Manifold Of G_2 Holonomy”, hep-th/0107177.

[8] M. Aganagic and C. Vafa, “Mirror symmetry and a G_2 flop”, hep-th/0105225.

K. Dasgupta, K. Oh and R. Tatar, “Open/closed string dualities and Seiberg duality from geometric transitions in M-theory”, hep-th/0106040.

F. Cachazo, B. Fiol, K. Intriligator, S. Katz and C. Vafa, “A geometric unification of dualities”, Nucl. Phys. B628 (2002) 3, hep-th/0110028.

A. Giveon, A. Kehagias and H. Partouche, “Geometric transitions, brane dynamics and gauge theories”, JHEP 0112 (2001) 021, hep-th/0110115.

M. Aganagic and C. Vafa, “G_2 manifolds, mirror symmetry and geometric engineering”, hep-th/0110171.

[9] R. Bryant, S. Salamon, ”On the Construction of some Complete Metrics with Exceptional Holonomy”, Duke Math. J. 58 (1989) 829.

G. W. Gibbons, D. N. Page, C. N. Pope, “Einstein Metrics on S^3, R^3 and R^4 Bundles” Commun.Math.Phys 127 (1990) 529-553.

[10] M. Cvetic, G.W. Gibbons, H. Lu, C.N. Pope, “New Complete Non-compact Spin(7) Manifolds”, Nucl. Phys. B620 (2002) 29, hep-th/0103155.

[11] S. Gukov and J. Sparks, “M theory on Spin(7) manifolds. I”, Nucl. Phys. B625 (2002) 3, hep-th/0109025.

[12] M. Cvetic, G.W. Gibbons, H. Lu, C.N. Pope, “Cohomogeneity One Manifolds of Spin(7) and G(2) Holonomy”, hep-th/0108245.

[13] H. Kanno, Y. Yasui, “On Spin(7) holonomy metric based on SU(3)/U(1) I and II”, hep-th/0108226 and hep-th/0111198.

[14] E. Witten, “On Flux Quantisation in M-Theory and the Effective Action”, J. Geom.

Phys. 22, 1 (1997), hep-th/9609122.

[15] I. Klebanov and E. Witten, “Superconformal field theory on threebranes at a Calabi-Yau singularity”, Nucl. Phys. B536, 199 (1998), hep-th/9807080.

[16] I. R. Klebanov and M. J. Strassler, “Supergravity and a confining gauge theory: Duality cascades and chiSB-resolution of naked singularities”, JHEP 0008, 052 (2000), hepth/0007191.

[17] S. Gukov and D. Tong, “D-brane probes of G(2) holonomy manifolds”, hep-th/0202125.

S. Gukov and D. Tong, “D-brane probes of special holonomy manifolds, and dynamics of N = 1 three-dimensional gauge theories”, JHEP 0204, 050 (2002), hep-th/0202126.

[18] A. Loewy, Y. Oz, “Branes in Special Holonomy Backgrounds”, hep-th/0203092. [19] U. Gursoy, C. Nunez, M. Schvellinger, “RG flows from Spin(7), CY 4-fold and HK manifolds to AdS, Penrose limits and pp waves”, hep-th/0203124.

[20] C. Vafa, “Superstrings and topological strings at large N”, J. Math. Phys. 42 (2001) 2798, hep-th/0008142.

[21] P. Kaste, R. Minasian, M. Petrini and A. Tomasiello, “Kaluza-Klein Bundles and Manifolds of Exceptional Holonomy”, hep-th/0206213 [22] B. Acharya, “On Realising N=1 Super Yang-Mills in M theory”, hep-th/0011089. [23] J. Gomis, “D-branes, holonomy and M-theory,” Nucl. Phys. B 606, 3 (2001) [arXiv:hepth/0103115].

[24] N. Hitchin, “Stable forms and special metrics”, math.DG/0107101. [25] P. Townsend, “The eleven dimensional supermembrane revisited”, Phys. Lett. B350 (1995) 184, hep-th/9501068.

[26] K. Becker, M. Becker and A. Strominger, “Five-branes, membranes and nonperturbative string theory”, Nucl. Phys. B456 (1995) 130, hep-th/9507158.

J. Gauntlett, N. Lambert and P. West, “Branes and calibrated geometries”, Commun. Math. Phys. 202 (1999) 571, hep-th/9803216.

[27] R. Harvey and H.B. Lawson, Jr., “Calibrated Geometries”, Acta Math. 148 (1982) 47. [28] N. Ejiri, “Totally real submanifolds in the 6-sphere”, Proc. Amer. Math. Soc., 83 (1981) 759.

[29] A.I. Malcev, “On semi-simple subgroups of Lie groups”, Amer. Math. Soc. Transl., 9 (1950) 172.

[30] K. Mashimo, “Homogeneous Totally Real Submanifolds of S^6”, Tsukuba J. Math. 9 (1985) 185.

[31] N.D. Lambert, “Moduli and Brane Intersections”, Rutgers preprint RUNHETC-02-27. [32] D. Joyce, “Lectures on special Lagrangian geometry”, math.DG/0111111. [33] R. Mclean, “Deformations of Calibrated Submanifolds”, Comm. Anal. Geom. 6 (1998) 705-747.

[34] M. Marino, R. Minasian, G. Moore, A. Strominger, “Nonlinear Instantons from Supersymmetric p-Branes”, JHEP 0001, 005 (2000), hep-th/9911206.

[35] D. S. Freed, E. Witten, “Anomalies in String Theory with D-Branes”, arXiv:hepth/9907189.

[36] M. Cvetic, H. Lu, C.N Pope, “Brane Resolution Through Transgression”, Nucl. Phys.

B600, 103 (2001) hep-th/0011023.

[37] G.B. Segal, A. Selby, “The Cohomology of the Space of Magnetic Monopoles”, Comm.

Math. Phys. 177 (1996), 775-787.

[38] B. Acharya, X. de la Ossa and S. Gukov, “G-flux, Supersymmetry and Spin(7) manifolds”, hep-th/0201227.

[39] S. Gukov, C. Vafa, E. Witten, “CFT’s From Calabi-Yau Four-folds”, Nucl.Phys. B584 69 (2000), [Erratum-ibid. B608, 477 (2001)], hep-th/9906070.

[40] S. Sethi, C. Vafa, and E. Witten, “Constraints on Low-Dimensional String Compactifications”, Nucl. Phys. B480 213 (1996), hep-th/9606122.

[41] C.J. Isham, C.N. Pope, N.P. Warner, “Nowhere-vanishing spinors and triality rotations in 8-manifolds”, Class. Quantum Grav. 5 1297 (1988).

[42] H. B. Lawson, M.-L. Michelsohn, “Spin Geometry”, Princeton University Press, 1989 [43] C. Johnson, “D-brane primer”, hep-th/0007170; Cambridge University Press, to appear. [44] N. Seiberg, “IR dynamics on branes and space-time geometry”, Phys. Lett. B384 (1996) 81, hep-th/9606017.

[45] D. Tong “Dynamics of N=2 supersymmetric Chern-Simons theories”, JHEP 0007 (2000) 019, hep-th/0005186.

[46] O. Aharony, A. Hanany, K. Intriligator, N. Seiberg and M. Strassler, “Aspects of N=2 supersymmetric gauge theories in three dimensions”, Nucl. Phys. B499 (1997) 67, hepth/9703110.

[47] J. de Boer, K. Hori and Y. Oz, “Dynamics of N=2 supersymmetric gauge theories in three dimensions”, Nucl. Phys. B500 (1997) 163, hep-th/9703100.

[48] E. Witten, “Five-branes And M-Theory On An Orbifold”, Nucl.Phys. B463 383 (1996), hep-th/9512219.

[49] B. Greene, K. Schalm and G. Shiu, “Dynamical topology change in M theory”, J. Math.

Phys. 42 (2001) 3171, hep-th/0010207.

[50] S. Paul and A. Khare, “Charged Vortices In Abelian Higgs Model With Chern-Simons Term”, Phys. Lett. B174, 420 (1986) [Erratum-ibid. 177B, 453 (1986)].

[51] M.J. Duff, B.E.W. Nilsson, C.N. Pope, “Kaluza-Klein Supergravity”, Phys. Rep. 130 1 (1986).

[52] J. Sparks, PhD Thesis, “M-Theory on Spin(7) Manifolds”, 2002. [53] S Gukov, S.-T. Yau, E. Zaslow, “Duality and Fibrations on G_2 Manifolds”, hepth/0203217.

[54] Z.W. Chong, M. Cvetic, G.W. Gibbons, H. Lu, C.N. Pope, P. Wagner, “General Metrics of G_2 Holonomy and Contraction Limits”, hep-th/0204064.