arXiv:hep-th/0208029 v4 10 Sep 2002

KUCP-0215

hep-th/0208029

Type IIA String and Matrix String on PP-wave

Katsuyuki Sugiyama^∗ and Kentaroh Yoshida^†

∗Department of Fundamental Sciences, Faculty of Integrated Human Studies, Kyoto University, Kyoto, 606-8501, Japan.

E-mail: sugiyama@phys.h.kyoto-u.ac.jp

†Graduate School of Human and Environmental Studies, Kyoto University, Kyoto 606-8501, Japan.

E-mail: yoshida@phys.h.kyoto-u.ac.jp

Abstract We study type IIA string theories on the pp-waves with 24 supercharges. The type IIA pp-wave backgrounds are derived from the maximally supersymmetric pp-wave solution in eleven dimensions through the toroidal compactification on the spatial isometry directions. The associated actions of type IIA strings are obtained by using these metrics and other background fields of the type IIA supergravities on the one hand. On the other hand, we derive these theories from D=11 supermembrane on the pp-wave via double dimensional reduction for the spatial isometry directions. The resulting actions agree with those of type IIA strings obtained in the study of the supergravities. Also, the action of the matrix string is written down. Moreover, the quantization of closed and open strings is discussed. In particular, we study Dp-branes allowed in one of the type IIA theories.

Keywords: supermembrane, matrix theory, M-theory, pp-wave double dimensional reduction, matrix string

Contents

1 Introduction 1

2 Type IIA Strings on PP-wave 3 2.1 Type IIA PP-wave Solution from KG Solution . . . . . . . . . . . . . . . . . . . 3 2.2 Type IIA String from PP-wave Solution of D=11 Supergravity . . . . . . . . . . 6 2.3 Type IIA String via Double Dimensional Reduction . . . . . . . . . . . . . . . . 10

3 Matrix String Theory on PP-wave 13

4 Quantization of Type IIA String on PP-wave 17 4.1 Closed Strings in Type IIA on PP-wave . . . . . . . . . . . . . . . . . . . . . . . 17 4.2 Open Strings and Dp-branes in Type IIA on PP-wave . . . . . . . . . . . . . . . 20

5 Conclusions and Discussions 23

A Compactification on an SO(3)-direction 25

1 Introduction

The maximally supersymmetric pp-wave background in eleven dimensions is a classical solution (Kowalski-Glikman (KG) solution) [1] of the eleven-dimensional supergravity and is considered as one of the candidates for supersymmetric background of M-theory [2]. This pp-wave background is obtained from AdS_7 × S^4 or AdS_4 × S^7 via Penrose limit [3]. Recently, the maximally supersymmetric type IIB pp-wave [4] has been found and it has been shown that the type IIB string on this pp-wave is exactly solvable in the Green-Schwarz (GS) formulation [5–7] with a light-cone gauge. This pp-wave background [4] is also obtained from the AdS_5 × S^5 via Penrose limit [3]. With this progress, the intensive studies of strings on the pp-waves are initiated. In particular, this type IIB string has been combined with the AdS/CFT correspondence and the almost BPS sector of a large N gauge theory has been studied [8]. Moreover, the matrix model on the KG background has been proposed [8]. This model is often referred as the Berenstein-Maldacena-Nastase (BMN) matrix model. As the de Wit-Hoppe-Nicolai (dWHN) supermembrane [9–11] is closely related to the Banks-Fischler-Shenker-Susskind (BFSS) matrix

SUGRA 16 18 20 22 24 26 28 30 32 11 dim ∘ ∘ ∘ ∘ ∘ ∘ × × unique type IIA ∘ ∘ ∘ ∘ ∘ ∘^∗ × × type IIB ∘ ∘ ∘ ∘ ∘ unique Table 1: maximal and less supersymmetric PP-waves: The less supersymmetric pp-waves are obtained

by compactifications of the maximal pp-waves and the T-duality. The circles indicate the known solutions, ×’s that no such solutions exist, and blank that it is not yet known whether such solutions exist. The superscript “∗” denotes there are no supersymmetric D-branes.

model [12] in the flat space, the BMN matrix model is also intimately related to a supermembrane on the pp-wave [13–15]. In our previous works [14,15], we have shown that the algebra of supercharges in the supermembrane theory on the pp-wave agrees with that of the BMN matrix model in the same manner as the flat space [16]. We have also discussed BPS conditions in the supermembrane on the pp-wave. BPS multiplets in the BMN matrix model are also widely studied [13, 17]. Moreover, the classical solutions of the BMN matrix and the supermembrane are intensively researched [18, 19]. In particular, we have lately investigated the quantum stability of giant gravitons [19], which are classical solutions of the BMN matrix model and exist due to the presence of the constant 4-form flux [20].

With recent progress, less supersymmetric type IIB and IIA pp-wave backgrounds, or strings on these pp-waves are greatly focused [21–28]. The maximal and less supersymmetric pp-wave backgrounds of the eleven-dimensional supergravity, type IIA and IIB theories are listed in Table 1 as far as we know. Motivated by these attempts, we consider the type IIA strings on the pp-waves from two viewpoints in this paper. On the one hand, we study the type IIA pp-waves and strings from the supergravity side through the toroidal compactification. On the other hand, we use the double dimensional reduction (DDR) [29] for the supermembrane action on the maximally supersymmetric pp-wave. Both results are equivalent as expected. We show that both compactifications are done for a spatial isometry direction, which can be found in the same way as in the type IIB case [21]. When we compactify this spatial direction, 8 supercharges are inevitably broken. Therefore, the resulting type IIA theory has 24 supercharges, not maximally supersymmetric. The type IIA string on this pp-wave is also exactly-solvable but it is different from the one obtained from a type IIB string theory via the T-duality [28]. This comes from the fact that the type IIA pp-wave with 24 supercharges is not unique and the type IIA pp-wave considered in this paper is different from the one in [28]. Moreover, the matrix string theory is considered. We also discuss the quantization of closed and open strings in our type IIA theory. There we study the allowed Dp-branes in the theory. The values p = 2, 4, 6, 8 are allowed but the directions of D-branes are restricted as in the case of type IIB string on the pp-wave [30–32].

This paper is organized as follows. In section 2 we consider the type IIA pp-wave backgrounds and actions of strings from two viewpoints. One is based on the analysis in the supergravity and the other is based on the double dimensional reduction. We will show both results are equivalent. In section 3 we consider the matrix string on the pp-wave and formally write down the action of the matrix string from the supermembrane action on the pp-wave in eleven dimensions. In section 4 we will discuss the mode-expansions and quantization of closed and open strings in the type IIA theory. We also discuss Dp-branes and investigate the allowed value p and the direction of D-branes. Section 5 is devoted to conclusions and discussions. In Appendix we will briefly explain the compactification on an SO(3)-direction. The different points from the SO(6)-case considered in the text are summarized.

2 Type IIA Strings on PP-wave

2.1 Type IIA PP-wave Solution from KG Solution

We can consider the toroidal compactification of a spatial isometry direction in the elevendimensional maximally supersymmetric pp-wave (KG solution) given by

ds^2 = −2dX^+dX^− + G_{++}(X^I , X^{I′} )(dX^+)^2 + 9∑ r=1 (dX^r )^2 , (2.1)

G_{++}(X^I , X^{I′} ) ≡ − [ (μ 3 )_2^3∑ I=1 (X^I )^2 + (μ 6 )_2^9∑ I′=4 (X^{I′} )^2 ] , where the constant 4-form flux for +, 1, 2, 3 directions,

F_{+123} = μ , (μ ≠ 0) (2.2) is equipped. It is a unique pp-wave solution with 32 supercharges in eleven dimensions. The Killing vectors of the KG solution are constructed as follows [2]: ξ_{e+} = −∂_+ , ξ_{e−} = ∂_− , ξ_{eI} = − cos (μ 3 X^+ ) ∂_I + μ 3 X^I sin (μ 3 X^+ ) ∂_− , (I = 1, 2, 3) ,

ξ_e∗_I = − μ 3 sin (μ 3 X^+ ) ∂_I − (μ 3 )_2 X^I cos (μ 3 X^+ ) ∂_− , ξ_{eI′} = − cos (μ 6 X^+ ) ∂_I′ + μ 6 X^{I′} sin (μ 6 X^+ ) ∂_− , (I^′ = 4, . . . , 9) , ξ_e∗_{I′} = − μ 6 sin (μ 6 X^+ ) ∂_I′ − (μ 6 )_2 X^{I′} cos (μ 6 X^+ ) ∂_− , ξ_{MIJ} = X^I ∂_J − X^J ∂_I , (I, J = 1, 2, 3) , ξ_{MI′J′} = X^{I′} ∂_J′ − X^{J′} ∂_I′ , (I^′, J^′ = 4, . . . , 9). We utilize the procedure used in deriving the type IIA pp-wave from the maximally supersymmetric type IIB pp-wave through the T-duality [21]. The spatial isometries are given by ξ_{eI} ± 3 μ ξ_e∗_J and ξ_{eI′} ± 6 μ ξ_e∗_{J′} . It is sufficient to consider only two cases; ξ_{e1} + (3/μ)ξ_e∗_2 (SO(3)-direction) and ξ_{e4} + (6/μ)ξ_e∗_5 (SO(6)-direction) due to the SO(3) × SO(6) symmetry of the KG background. The resulting type IIA pp-wave background has 24 supercharges since 8 supercharges are inevitably broken in the toroidal compactification on the spatial isometry direction in the same way as the construction of type IIA pp-wave from type IIB via T-duality. In below, we will discuss mainly the SO(6)-direction case. The case of SO(3) is discussed in Appendix A, since the story is very similar to the SO(6) case though there are a few differences, such as the field contents.

Let us discuss the Killing spinor in the above type IIA pp-wave. The Killing spinor in the KG solution is given by [2]

ϵ(ψ_+, ψ_−) = exp ( − μ 4 X^+I ) ψ_− + exp ( − μ 12 X^+I ) ψ_+ + μ 6 [_3 ∑ I=1 X^I Γ_I − 1 2 9∑ I′=4 X^{I′} Γ_I′ ] I exp ( + μ 12 X^+I ) Γ_−ψ_+ , (2.3)

where Γ_μ’s are 32 × 32 gamma matrices and I ≡ Γ_{123} obeys I^2 = −1. The spinors ψ_+ and ψ_− with 32 components satisfy the conditions Γ_+ψ_+ = 0 , Γ_−ψ_− = 0 , (2.4) hence they have 16 non-vanishing components. If X is a Killing vector, we can define an associated Lie derivative L_X on any spinor ψ by

L_X ψ = X^M ∇_M ψ + 1 4 ∇_{[M} X_{N ]}Γ^{M N} ψ , (2.5)

where ∇ is defined by

∇_M ≡ ∂_M + 1 4 ω^{ab}_M Γ_{ab} . This has the following properties:

1. If X is a Killing vector field, f is any smooth function and ψ is any spinor, then L_X (fψ) = (Xf)ψ + fL_X ψ . 2. When the symbol “·” (dot) denotes the Clifford action of vector fields on spinors, then L_X (Y · ψ) = [X, Y ] · ψ + Y · L_X ψ . 3. If X, Y are Killing vector fields and ψ is any spinor, then L_X L_Y ψ − L_Y L_X ψ = L_{[X, Y ]}ψ . The Lie derivatives for the Killing vector fields are given by [2]

L_{ξe−} ϵ(ψ_+, ψ_−) = 0 , L_{ξe+} ϵ(ψ_+, ψ_−) = ϵ ( − μ 12 Iψ_+, − μ 4 Iψ_− ) , L_{ξeI} ϵ(ψ_+, ψ_−) = ϵ ( − μ 6 IΓ_I Γ_−ψ_+, 0 ) , L_{ξeI′} ϵ(ψ_+, ψ_−) = ϵ ( − μ 12 IΓ_I′ Γ_−ψ_+, 0 ) , L_{ξe∗I} ϵ(ψ_+, ψ_−) = ϵ ( − μ^2 18 Γ_I Γ_−ψ_+, 0 ) , L_{ξe∗I′} ϵ(ψ_+, ψ_−) = ϵ ( − μ^2 72 Γ_I′ Γ_−ψ_+, 0 ) , L_{ξMIJ} ϵ(ψ_+, ψ_−) = ϵ ( − 1 2 Γ_{IJ} ψ_+, 0 ) , L_{ξMI′J′} ϵ(ψ_+, ψ_−) = ϵ ( − 1 2 Γ_I′_J′ ψ_+, 0 ) . By the use of the above results, we can count the remaining unbroken supersymmetries. For an example, in the case of ξ_{eI} + (3/μ)ξ_e∗_J , we obtain the following expression L_{ξeI +(3/μ)ξe∗J} = ϵ ( − μ 3 QΓ_J Γ_−ψ_+, 0 ) , Q^{IJ} ≡ 1 2 (1 + IΓ_I Γ_J ) . (2.6)

Clearly, 16 spinors are annihilated by Γ_−. Furthermore, the constant matrix Q plays the role of the projection operator and so annihilates additional 8 spinors in the same manner as the type IIB string [21]. For another example, in the case of ξ_{eI′} + (6/μ)ξ_e∗_{J′} , the Lie derivative is given by L_{ξeI′ +(6/μ)ξe∗J′} = ϵ ( − μ 6 QΓ_J′ Γ_−ψ_+, 0 ) , Q^{I′J′} ≡ 1 2 (1 + IΓ_I′ Γ_J′ ) . (2.7)

In the same way as the case of ξ_{eI} + (3/μ)ξ_e∗_J , 24 supersymmetries are preserved. In conclusion, the above two cases of the type IIA pp-wave backgrounds preserve 24 supersymmetries.

2.2 Type IIA String from PP-wave Solution of D=11 Supergravity

Here, we shall consider the toroidal compactification on an SO(6) direction. Let us transform the variables X^r, (r = +, −, 1, . . . , 9) into x’s

X^+ = x^+ , X^− = x^− + μ 6 x^4x^5 , X^I = x^I , (I = 1, 2, 3) X^a = x^a , (a = 6, 7, 8, 9) (2.8) X^4 = x^4 cos (μ 6 x^+ ) − x^5 sin (μ 6 x^+ ) , X^5 = x^4 sin (μ 6 x^+ ) + x^5 cos (μ 6 x^+ ) , then the metric is rewritten as

ds^2 = −2dx^+dx^− + G^′_{++}(x^I , x^a)(dx^+)^2 + 9∑ r=1 (dx^r)^2 − 2 3 μ x^5dx^+dx^4 , (2.9)

G^′_{++} (x^I , x^a) ≡ − [ (μ 3 )_2^3∑ I=1 (x^I )^2 + (μ 6 )_2^9∑ a=6 (x^a)^2 ] , but the constant 4-form flux is still expressed in Eq.(2.2). We can easily read off from the above metric (2.9) that the x^4-direction is a manifest spatial isometry direction [21] and obtain the metric of the type IIA by the standard technique of the dimensional reduction from the eleven-dimensional supergravity to the type IIA supergravity in ten dimensions,

ds^2_{11} = e^{− 23 ϕ}g_{μν} dx^μdx^ν + e^{43 ϕ}(dy + dx^μA_μ)^2 , (2.10) where g_{μν} is a ten-dimensional metric, A_μ is a Kaluza-Klein gauge field (R-R 1-form) and ϕ is a dilaton. The ten-dimensional metric g_{μν} is given by

g_{μν} dx^μdx^ν = −2dx^+dx^− + g_{++}(x^a, x^b)(dx^+)^2 + 4∑ a=1 (dx^a)^2 + 8∑ b=5 (dx^b)^2 , (2.11)

g_{++}(x^a, x^b) ≡ − [ (μ 3 )_2^4∑ a=1 (x^a)^2 + (μ 6 )_2^8∑ b=5 (x^b)^2 ] , where we have made rearrangement of 8 coordinates x^1, x^2, x^3, x^5, · · · , x^9 into x^1, · · · , x^8. The Kaluza-Klein gauge field A_μ is expressed as

A_+ = − μ 3 x^4 , A_i = 0 , (i = 1, . . . , 8) , (2.12)

and the R-R 3-form C_{μνρ} is given by C_{+IJ} = − μ 3 ϵ_{IJK} x^K , (I, J, K = 1, 2, 3) . (2.13)

The dilaton ϕ and NS-NS 2-form B_{μν} vanish.

Next, we discuss the action of the type IIA string theory on the above pp-wave. In below, we shall construct the action of bosonic and fermionic sectors, respectively. Bosonic Sector

In general, the bosonic world-sheet action with non-zero NS-NS B-field is written as

S_B = − 1 4πα^′ ∫ dτ ∫_{2πL} 0 dσ [ g_{μν} ∂_ax^μ∂_bx^ν η^{ab} + B_{μν} ∂_ax^μ∂_bx^ν ϵ^{ab} ] , (2.14)

where the subscript a denotes the coordinates of the string world-sheet σ^a = (τ, σ) and η = diag(−1, 1) is the world-sheet metric. The L is the arbitrary length parameter. The convention of the anti-symmetric tensor is taken as ϵ^{τ σ} = 1. The ten-dimensional metric obtained previously and the light-cone gauge condition x^+ = τ lead to the bosonic action of the type IIA string theory written as

S_B = 1 4πα^′ ∫ dτ ∫_{2π} 0 dσ [_8 ∑ i=1 [ (∂_τ x^i)^2 − ( ∂_σx^i )_2]

− (μ 3 )_2^4∑ a=1 (x^a)^2 − (μ 6 )_2^8∑ b=5 (x^b)^2 ] , (2.15) where we have rescaled the parameters τ , σ and μ as τ → Lτ , σ → Lσ , μ → μ L . Fermionic Sector

In order to construct the fermionic action, we need explicit expressions of the covariant derivatives. In the celebrated work [5], the covariant derivatives are obtained by the coset construction in AdS_5 ×S^5. However, the resulting covariant derivatives become those appearing in the type IIB supergravity with non-trivial background fluxes when we take the light-cone gauge conditions. Hence, we could have a short-cut in our hand [6]. It would be sufficient to use the covariant derivatives in supergravity with background fluxes and the expressions of the covariant derivatives are already known. Following the work [28], we can derive the fermionic part of the action using the generalized covariant derivative D defined by^∗

(D_a)_{pq} = ∂_a δ_{pq} + 1 4 ∂_ax^ρ [ (ω_{μνρ} δ_{pq} − 1 2 H_{μνρ}(σ_3)_{pq})γ^{μν}

+ ( 1 2 · 2!

F_{μν} γ^{μν} (iσ_2)_{pq} + 1 2 · 4! F_{μνλδ}γ^{μνλδ} (σ_1)_{pq} ) γ_ρ ] , (2.16)

where σ_i’s (i = 1, 2, 3) are Pauli matrices. The H_{μνρ} is the 3-form field strength of the NS-NS B-field. The F_{μν} and F_{μνλδ} are the 2 and 4-form field strengths of the R-R 1-form A_μ and 3-form C_{μνλ}, respectively. Here, we have ignored the contribution of higher Kaluza-Klein modes which has the spectrum tower with the energy difference 1/R. Now, the energy difference is so large that we can ignore the n ≠ 0 sectors. After this truncation, we are restricted to the n = 0 sector and the gauge coupling constant n/R is effectively zero.

Using this covariant derivative, we can obtain the quadratic fermionic action of the type IIA described by

S_F = i 2π ∫ dτ ∫_{2πL} 0 dσ 2∑ p,q,r=1 ( η^{ab}δ_{pq} − ϵ^{ab}(σ_3)_{pq} ) ∂_ax^μθ̄^pγ_μ(D_b)_{qr}θ^r , (2.17)

∗It has been reported that the numerical coefficients in the covariant derivatives in the type IIA and the type IIB include some issues [24, 28]. But it should be remarked that these are based on the difference of the convention in Ref. [33], and not on the incorrectness. We thank C.N. Pope for the valuable comment on this point.

where θ^p’s (p = 1, 2) are two 16-component spinors with different chiralities in ten dimensions. When we set the light-cone gauge conditions,

x^+ = τ , γ^+θ^p = 0 ,

then in the same way as the type IIB case [6] the above action can be rewritten as

S_F = − i 2π ∫ dτ ∫_{2πL} 0 dσ 2∑ p,q,r=1 θ̄^pγ_+ (δ_{pq}(D_τ )_{qr} + (σ_3)_{pq}(D_σ )_{qr}) θ^r , (2.18)

where the length parameter should be fixed as L = α^′|p^+| now. The covariant derivatives are also rewritten as

(D_τ )_{pq} = ∂_τ δ_{pq} + 1 4 [ (ω_{μν+} δ_{pq} − 1 2 H_{μν+} (σ_3)_{pq})γ^{μν}

+ ( 1 2 · 2! F_{μν} γ^{μν} + 1 2 · 4! F_{μνλδ}γ^{μνλδ}(σ_1)_{pq} ) γ_+ ] , (D_σ )_{pq} = ∂_σ δ_{pq} . (2.19)

When we use the constant 2 and 4-form field strengths F_{+4} =^μ_3 and F_{+123} = μ, the fermionic action can be rewritten as

S_F = i 2π ∫ dτ ∫_{2π} 0 dσ [ ψ^T ∂_τ ψ + ψ^T γ_9∂_σψ + μ 4 ψ^T ( γ_{123} + 1 3 γ_{49} ) ψ ] , (2.20)

where we have introduced a 16 component spinor ψ defined by ψ = ( (ψ^1 + ψ^2)/ √ 2 (ψ^1 − ψ^2)/ √ 2 ) ≡ ( Ψ^1 Ψ^2 ) . The 8 component spinors ψ^1 and ψ^2 are given by θ^i ≡ 1 2^{1/4} ( 0 ψ^i ) , (i = 1, 2)

due to the light-cone conditions. Also, in the same way as in the bosonic sector, we have rescaled the parameters τ , σ, μ and fermion ψ as τ → Lτ , σ → Lσ , μ → μ L , ψ → ψ L . (2.21)

2.3 Type IIA String via Double Dimensional Reduction

By following the work [11] in the light-cone gauge in terms of an SO(9) spinor ψ, we can write down the action of the supermembrane on the pp-wave [13, 14] as S = 1 ℓ^3_M ∫ dτ ∫_{2πL} 0 dσ ∫_{2πL} 0 dρ L , (2.22)

w^{−1}L = 1 2 [ D_τ X^rD_τ X^r − 1 2 ({X^r, X^s})^2 − (μ 3 )_2^3∑ I=1 X^2_I − (μ 6 )_2^9∑ I′=4 X^2_I′

− μ 3 3∑ I,J,K=1 ϵ_{IJK} X^K {X^I , X^J } ] + iψ^T γ^r{X^r, ψ} + iψ^T D_τ ψ + i μ 4 ψ^T γ_{123} ψ ,

where (σ^0, σ^1, σ^2) = (τ, σ, ρ) is the set of world-volume coordinates on the membrane and the { , } is a Lie bracket given by using an arbitrary function w(σ, ρ) of world-volume spatial coordinates σ^a (a = 1, 2) {A , B} ≡ ϵ^{ab} w ∂_aA ∂_bB , ( a, b = 1, 2 ) , with ∂_a = ∂/∂σ^a. This theory has the τ -independent gauge symmetry called the area-preserving diffeomorphism (APD). It is a residual symmetry belonging to the reparametrization invariance of the membrane world-volume. When we use the gauge connection ω, the covariant derivative for this gauge symmetry is defined by D_τ X^r ≡ ∂_τ X^r − {ω, X^r} , (r = 1, 2, · · · , 9). We have also introduced a parameter ℓ_M , which is the M-theory scale related to the membrane tension T_M = 1/ℓ^3_M . It is associated to the string coupling g_s and the string scale ℓ_s in tendimensional string theory (up to some numerical constant) with a relation ℓ_M = g^{1/3}s ℓ_s. We use a normalization 0 ≤ σ ≤ 2πL , 0 ≤ ρ ≤ 2πL , ∫ dσdρ w(σ, ρ) = L^2 , with L being an arbitrary length parameter. In our light-cone gauge, the time coordinate “τ ” is associated to the X^+ as X^+ = (ℓ^3_M /(2πL)^2)P^+_0 τ and the longitudinal momentum P^+(σ, ρ) satisfies P^+(σ, ρ) = (P^+_0 /L^2) w(σ, ρ). Hereafter we shall use a convention P^+_0 = 1.

Here, we shall consider the double dimensional reduction (DDR) in the SO(6)-direction. It is considered that 11 dimensional supermembrane theory in the flat space should reduce to the type IIA string theory, at least classically. Based on this fact, we shall carry out the DDR of the supermembrane on the pp-wave. We will show that the type IIA string action on the pp-wave obtained in the previous subsection can be derived from the supermembrane action on the pp-wave (2.22) through the double dimensional reduction.

To begin, we rotate the variables X^1, · · · , X^9 into x’s

X^I = x^I , (I = 1, 2, 3), X^a = x^a , (a = 6, 7, 8, 9), X^4 = x^4 cos (μ 6 τ ) − x^5 sin (μ 6 τ ) , X^5 = x^4 sin (μ 6 τ ) + x^5 cos (μ 6 τ ) , (2.23)

then an associated action is written down as follows: S = 1 ℓ^3_M ∫ dτ ∫_{2π} 0 dσ ∫_{2πL} 0 dρ L , (2.24)

w^{−1}L = 1 2 [ (D_τ x^r)^2 − 1 2 ({x^r, x^s})^2 − (μ 3 )_2^3∑ I=1 (x^I )^2 − (μ 6 )_2^9∑ I′=6 (x^{I′} )^2

− μ 3 3∑ I,J,K=1 ϵ_{IJK} x^K {x^I , x^J } − 2 3 μ x^5D_τ x^4 ]

+iψ^T γ^r{x^r, ψ} + iψ^T D_τ ψ + i μ 4 ψ^T ( γ_{123} + 1 3 γ_{54} ) ψ , where it should be noted that the fermion mass term is modified compared with flat case. This contribution appears since we have moved to the rotated coordinate. In this time, the additional spin connection ω^{4 5}_+ = μ/6 appears^†. Now let us consider the DDR in the x^4-direction. That is, we take x^4 = ρ. We choose the density function w(σ, ρ) to be a constant so that w = (2π)^{−2} and fix the parameter L as L = g_sℓ_s. The resulting action is given by S_{st} = 1 2π ∫ dτ ∫_{2π} 0 dσ L_{st} , L_{st} = 1 2α^′ [_8 ∑ i=1 [ (∂_τ x^i)^2 − (∂_σx^i)^2 ] − (μ 3 )_2^4∑ a=1 (x^a)^2 − (μ 6 )_2^8∑ b=5 (x^b)^2 ]

+iψ^T [ 1_{16} · ∂_τ − γ_9 · ∂_σ + μ 4 ( γ_{123} + 1 3 γ_{49} )] ψ , (2.25)

† We have modified the contribution of the spin connection in the revised version. This contribution is initially pointed out in Ref. [34] where the correct type IIA action is obtained.

where we have renamed the coordinate x^4, x^5, . . . , x^9 as x^9, x^4, x^5, . . . , x^8. It should be understood that the mass term of x^4 arises from the second term in Eq. (2.10). This term should describe the effect of the Kaluza-Klein 1-form. Also, the fermionic field and parameters has been appropriately rescaled as σ → L σ , τ → L (2π)^2 τ , ψ → ℓ^{3/2}_M L ψ , μ → (2π)^2 L μ . The parameters of the resulting theory are related with those of M-theory 1 2πα^′ = (2π)L ℓ^3_M

, ℓ_M = g^{1/3}_s ℓ_s , L = g_sℓ_s , ℓ_s = 2π √ α^′ . It should be noted that the above action is identical with the type IIA action derived in the previous subsection up to the sign of σ. Hereafter, we can use the following expression of γ^μ = (γ^i, γ^8, γ^9),

γ^i = γ̃^i ⊗ σ_2 = 0 −iγ̃^i iγ̃^i 0

, (i = 1, . . . , 7) , (2.26)

γ^8 = 1_8 ⊗ σ_1 =

0 1^8

1_8 0

, γ^9 = 1_8 ⊗ σ_3 =

1^8 0 0 −1_8

, (2.27)

where γ̃^i’s (i = 1, . . . , 7) are SO(7) gamma matrices that obey commutation relations

γ̃^iγ̃^j + γ̃^jγ̃^i = 2δ^{ij} . (2.28)

The 16 component fermion ψ is decomposed into two 8 component fermions Ψ^1 and Ψ^2 as ψ = ( Ψ^1 Ψ^2 ) . Moreover, we can decompose the 8 component fermion into two eigen-spinors of the matrix R ≡ γ̃_{1234} as follows:

Ψ^a = ( 1 + R 2 ) Ψ^a + ( 1 − R 2 ) Ψ^a ≡ Ψ^{a+} + Ψ^{a−} , (a = 1, 2) . (2.29)

By definition, the spinor Ψ^{a±} satisfies

RΨ^{a±} = ±Ψ^{a±} . (2.30)

That is, Ψ^{a±} is the eigen-spinor with eigen-value ±1. By the use of Ψ^{a±}, the fermionic Lagrangian can be rewritten as

L = iΨ^{1+T} ∂_−Ψ^{1+} + iΨ^{1−T} ∂_−Ψ^{1−} + iΨ^{2+T} ∂_+Ψ^{2+} + iΨ^{2−T} ∂_+Ψ^{2−} −i μ 3 Ψ^{1−} ~Π^T Ψ^{2+} − i μ 6 Ψ^{1+T} ~Π^T Ψ^{2−} + i μ 6 Ψ^{2−T} ~ΠΨ^{1+} + i μ 3 Ψ^{2+T} ~ΠΨ^{1−} , (2.31)

where ~Π ≡ γ̃_{123}, ~Π^T ≡ γ̃_{321} and satisfies ~Π~Π^T = ~Π^T ~Π = 1.

3 Matrix String Theory on PP-wave

We can also consider the matrix string theories [35] on the pp-wave^‡ from the supermembrane by the use of the method in the work [36].

Let us start with the supermembrane action (2.22), and rotate the variables into x’s as given by (2.23). In this time, the gamma matrices are also transformed by this rotation. The resulting supermembrane action is given by S = 1 ℓ^3_M ∫ dτ ∫_{2π} 0 dσ ∫_{2πL} 0 dρ L , (3.1)

L = 1 2 [ (D_τ x^r)^2 − 1 2 ({x^r, x^s})^2 − (μ 3 )_2^3∑ I=1 (x^I )^2 − (μ 6 )_2^9∑ I′=6 (x^{I′} )^2

− μ 3 3∑ I,J,K=1 ϵ_{IJK} x^K {x^I , x^J } − 2 3 μ x^5D_τ x^4 ]

+iψ^T γ^r{x^r, ψ} + iψ^T D_τ ψ + i μ 4 ψ^T ( γ_{123} + 1 3 γ_{54} ) ψ , where we have set w = (2π)^{−2} and rescaled σ as σ → (2π)^2σ. Now, the Lie bracket { , } is simply defined by {A, B} ≡ ∂_σA ∂_ρB − ∂_ρA ∂_σB . Then, we rewrite x^4 as x^4 ≡ Y and shift Y as Y −→ ρ + Y . ‡Matrix strings are also discussed in Refs. [37, 38] from different viewpoints from ours.

The Y is regarded as the compactified direction. As the result, the action is rewritten as S = L ℓ^3_M ∫ dτ ∫_{2π} 0 dσ ∫_{2π} 0 dρ L , (3.2)

L = 1 2 [ F^2_{0,σ} + (D_τ x^i)^2 − (D^Y_σ x^i)^2 − 1 2L^2

({x^i, x^j })^2 − (μ 3 )_2^3∑ I=1 (x^I )^2 − (μ 6 )_2^8∑ I′=5 (x^{I′} )^2

− μ 3L 3∑ I,J,K=1 ϵ_{IJK} x^K {x^I , x^J } − 2 3 μ x^4F_{0,σ} ]

+i 1 L ψ^T γ^i{x^i, ψ} + iψ^T D_τ ψ − iψ^T γ^9D^Y_σ ψ + i μ 4 ψ^T ( γ_{123} + 1 3 γ_{49} ) ψ , where we have reassigned the variables x^4, x^5, . . . , x^9 as x^9, x^4, x^5 . . . , x^8 and rescaled ρ → L ρ. We have also introduced the following quantities, F_{0,σ} ≡ ∂_τ Y − ∂_σω − 1 L {ω, Y } , D_τ x^i ≡ ∂_τ x^i − 1 L {ω, x^i} , D^Y_σ x^i ≡ ∂_σ x^i − 1 L {Y, x^i} , where A_0 ≡ ω and A_σ ≡ Y . The inverse compactification radius 1/L plays a role of the gauge coupling constant. It seems that the action (3.2) is not explicitly invariant under the arepreserving diffeomorphism. But the action indeed has this symmetry under the transformation with an infinitesimal gauge parameter Λ δω = L∂_τ Λ + {Λ, ω} , δY = L∂_σΛ + {Λ, Y } , δx^i = {Λ, x^i} , δψ = {Λ, ψ} . The action (3.2) is very close to that of the matrix string theory. In fact, using the corresponding law of Ref. [36] in the large N limit, it is straightforward to map the supermembrane action into matrix representations. Thus, we can formally obtain the matrix string action on the pp-wave, up to O(1/N^2) described by S = L ℓ^3_M ∫ dτ 2π N ∫_{2π} 0 dθ L , (3.3) L = 1 2 Tr [ F^2_{0,θ} + (D_τ x^i)^2 − N^2(D_θ x^i)^2 + 1 2 ( N 2πL )_2

([x^i, x^j ])^2

− (μ 3 )_2^3∑ I=1 (x^I )^2 − (μ 6 )_2^8∑ I′=5 (x^{I′} )^2

+i μ 3 ( N 2πL )_3∑ I,J,K=1 ϵ_{IJK} x^K [x^I , x^J ] − 2 3 μ x^4F_{0,θ} ]

+Tr [ N 2πL ψ^T γ^i[x^i, ψ] + iψ^T D_τ ψ − Niψ^T γ^9D_θ ψ + i μ 4 ψ^T ( γ_{123} + 1 3 γ_{49} ) ψ ] , where the quantities in the action is replaced with F_{0,θ} = ∂_τ Y − N∂_θ ω + i N 2πL [ω, Y ] , D_τ x^i = ∂_τ x^i + i N 2πL [ω, x^i] , D_θ x^i = ∂_θx^i + i 1 2πL [Y, x^i] . If we rescale some constants as τ → τ N , ψ → √ N ψ , L → L 2π , μ → N μ , then we can rewrite Eq.(3.3) as S = 1 ℓ^3_M ∫ dτ ∫_{2π} 0 dθ L , (3.4) L = 1 2 Tr [ ( F_{0,θ} − μ 3 x^4

)_2 + (D_τ x^i)^2 − (D_θ x^i)^2 + 1 2 ([x^i, x^j ])^2

− (μ 3 )_2^4∑ I=1 (x^I )^2 − (μ 6 )_2^8∑ I′=5 (x^{I′} )^2 + i 2 3 μ 3∑ I,J,K =1 ϵ_{IJK} x^I x^J x^K ]

+Tr [ ψ^T γ^i[x^i, ψ] + iψ^T D_τ ψ − iψ^T γ^9D_θ ψ + i μ 4 ψ^T ( γ_{123} + 1 3 γ_{49} ) ψ ] , where the field strength and covariant derivatives are given by F_{0,θ} = ∂_τ Y − ∂_θω + i[ω, Y ] , D_τ x^i = ∂_τ x^i + i[ω, x^i] , D_θ x^i = ∂_θx^i + i[Y, x^i] .

The action (3.4) includes the 3-point interaction and several mass terms and also the field strength of the gauge connection is shifted by x^4. Thus it seems that the action(3.4) is not invariant under the area-preserving diffeomorphism. However this action of the matrix string is actually invariant under the gauge transformation with an matrix parameter Λ δω = ∂_τ Λ − i[Λ, ω] , δY = ∂_θΛ − i[Λ, Y ] , δx^i = −i[Λ, x^i] , δψ = −i[Λ, ψ] . The τ -scaling leads to the N dependence of the physical light-cone time X^+ as

X^+ = ℓ^3_M P^+_0 τ N(2πL)^2 . We also should rescale as P^+_0 → N P^+_0 so that X^+ should be independent of N. The diagonal elements of the matrix x^i describe a fundamental string bit in the large N limit and hence the total longitudinal momentum is proportional to the number N of string bits.

It is easily observed that the above action (3.4) becomes the usual matrix string action in the flat limit μ → 0. Moreover, let us consider the IR region. At the time, the matrix variables are restricted to the Cartan subalgebra. That is, the matrix becomes diagonal and so the term including commutator should vanish. Finally, integrating out the field strength F_{0,θ} as the auxially field, one can find that the above action should reduce to the free type IIA string theory obtianed in the previous section, as is expected.

Also, we should remark that the above action of the matrix string is included in the family of the work [37] where the action of the matrix string and supersymmetry have been more generally investigated from the viewpoint of the mass deformation of the Yang-Mills theory.

Finally, we comment on the classical solution. As in the BMN matrix model [8], for an example, this matrix string theory has the static fuzzy sphere solution described by

x^I = μ 3 J^I , (I = 1, 2, 3) , x^4 = · · · = x^8 = Y = ω = 0 , (3.5)

where the J^I ’s are generators of an SU(2) algebra. The existence of the fuzzy sphere solution might be physically expected from the presence of the constant flux of R-R 3-form [20]. It would be possible to consider other classical solutions.

4 Quantization of Type IIA String on PP-wave

In this section we will consider the mode-expansions and quantization of closed and open strings in the type IIA on the pp-wave. In particular, we investigate D-branes living in the theory.

4.1 Closed Strings in Type IIA on PP-wave

In this subsection we will discuss the mode-expansions of closed bosonic and fermionic degrees of freedom and consider the quantization of the type IIA string.

First the variation of the action previously obtained leads to equations of motion given by

∂_+∂_−x^a + μ^2 9 x^a = 0 , (a = 1, 2, 3, 4) , (4.1)

∂_+∂_−x^b + μ^2 36 x^b = 0 , (b = 5, 6, 7, 8) , (4.2) ∂_+Ψ^{2+} + μ 3 ~Π Ψ^{1−} = 0 , (4.3)

∂_−Ψ^{1−} − μ 3 ~Π^T Ψ^{2+} = 0 , (4.4)

∂_+Ψ^{2−} + μ 6 ~Π Ψ^{1+} = 0 , (4.5)

∂_−Ψ^{1+} − μ 6 ~Π^T Ψ^{2−} = 0 . (4.6)

The mode-expansions of bosonic variables are described by

x^a(τ, σ) = x^a_0 cos (μ 3 τ ) + ( 3 μ ) α^′p^a_0 sin (μ 3 τ )

+i √ α^′ 2 ∑ n≠0 1 ω^B_n [ α^a_nϕ^B_n + ᾱ^a_nϕ̃^B_n ] , (a = 1, 2, 3, 4) ,

x^b(τ, σ) = x^b_0 cos (μ 6 τ ) + ( 6 μ ) α^′p^b_0 sin (μ 6 τ )

+i √ α^′ 2 ∑ n≠0 1 ω^{B′}_n [ α^b_nϕ^{B′}_n + ᾱ^b_nϕ̃^{B′}_n ] , (b = 5, 6, 7, 8) ,

and those of fermionic variables are

Ψ^{1−}(τ, σ) = Ψ_0 cos (μ 3 τ ) + ~Ψ_0 sin (μ 3 τ )

+ ∑ n≠0 c_n ( 3 μ i(ω^F_n − n) ~Π^T Ψ_nϕ^F_n + ~Ψ_nϕ̃^F_n ) , (4.7)

Ψ^{2+}(τ, σ) = −~ΠΨ_0 sin (μ 3 τ ) + ~Π~Ψ_0 cos (μ 3 τ )

+ ∑ n≠0 c_n [ Ψ_nϕ^F_n − 3 μ i(ω^F_n − n) ~Π~Ψ_nϕ̃^F_n ] , (4.8)

Ψ^{1+}(τ, σ) = Ψ^′_0 cos (μ 6 τ ) + ~Ψ^′_0 sin (μ 6 τ )

+ ∑ n≠0 c^′_n ( 6 μ i(ω^{F′}_n − n) ~Π^T Ψ^′_nϕ^{F′}_n + ~Ψ^′_nϕ̃^{F′}_n ) , (4.9)

Ψ^{2−}(τ, σ) = −~ΠΨ^′_0 sin (μ 6 τ ) + ~Π~Ψ^′_0 cos (μ 6 τ )

+ ∑ n≠0 c^′_n [ Ψ^′_nϕ^{F′}_n − 6 μ i(ω^{F′}_n − n) ~Π~Ψ^′_nϕ̃^{F′}_n ] , (4.10) where we introduced several notations

ω^B_n = sgn(n) √ n^2 + (μ 3 )_2

, ω^{B′}_n = sgn(n) √ n^2 + (μ 6 )_2 , (4.11)

ϕ^B_n = exp (−i(ω^B_n τ − nσ)) , ϕ̃^B_n = exp (−i (ω^B_n τ + nσ)) , ϕ^{B′}_n = exp ( −i(ω^{B′}_n τ − nσ) ) , ϕ̃^{B′}_n = exp ( −i ( ω^{B′}_n τ + nσ )) , ω^F_n = sgn(n) √ n^2 + (μ 3 )_2

, ω^{F′}_n = sgn(n) √ n^2 + (μ 6 )_2 , ϕ^F_n = exp (−i(ω^F_nτ − nσ)) , ϕ̃^F_n = exp (−i (ω^F_nτ + nσ)) , ϕ^{F′}_n = exp ( −i(ω^{F′}_n τ − nσ) ) , ϕ̃^{F′}_n = exp ( −i ( ω^{F′}_n τ + nσ )) , c_n = ( 1 + ( 3 μ )_2

(ω^F_n − n)^2 )_{−1/2} , c^′_n = ( 1 + ( 6 μ )_2 (ω^{F′}_n − n)^2 )_{−1/2} . Following the usual canonical quantization procedure, we can quantize the theory and obtain the commutation relations. The canonical momenta are given by

p^a = 1 2πα^′ ∂_τ x^a , (a = 1, 2, 3, 4) ,

p^b = 1 2πα^′ ∂_τ x^b , (b = 5, 6, 7, 8) , S_α = iψ^T_α , and the canonical (anti-)commutation relations are represented as [x^i(τ, σ), p^j (τ, σ^′)] = iδ^{ij} δ(σ − σ^′) , {ψ_α(τ, σ), S_β (τ, σ^′)} = i 2 δ_{αβ} δ(σ − σ^′) , ( {ψ_α(τ, σ), ψ^T_β (τ, σ^′)} = 1 2 δ_{αβ} δ(σ − σ^′) ) , where the delta function is defined by δ(σ − σ^′) = 1 2π ∑ n e^{in(σ−σ′ )} .

From the above results, we can obtain the commutation relations of bosonic modes as [ ᾱ^i_m, α^j_n ] = [α^i_m, ᾱ^j_n] = 0 , (i, j = 1, . . . , 8) , (4.12) [ α^a_m, α^{a′}_n ] = ω^B_mδ_{m+n,0} δ^{aa′} , (a, a^′ = 1, 2, 3, 4) , [ ᾱ^a_m, ᾱ^{a′}_n ] = ω^B_mδ_{m+n,0} δ^{aa′} , [ α^b_m, α^{b′}_n ] = ω^{B′}_m δ_{m+n,0} δ^{bb′} , (b, b^′ = 5, 6, 7, 8) , [ ᾱ^b_m, ᾱ^{b′}_n ] = ω^{B′}_m δ_{m+n,0} δ^{bb′} , [ x^i_0, p^j_0 ] = iδ^{ij} , otherwise is zero.

and those of fermionic ones as

{(Ψ_m)_α, (~Ψ_n)^T_β } = {(~Ψ_m)_α, (Ψ_n)^T_β } = 0 , (4.13)

{(Ψ_m)_α, (Ψ_n)^T_β } = {(~Ψ_m)_α, (~Ψ_n)^T_β } = 1 2 δ_{m+n,0} δ_{αβ} , {(Ψ^′_m)_α, (~Ψ^′_n)^T_β } = {(~Ψ^′_m)_α, (Ψ^′_n)^T_β } = 0 ,

{(Ψ^′_m)_α, (Ψ^′_n)^T_β } = {(~Ψ^′_m)_α, (~Ψ^′_n)^T_β } = 1 2 δ_{m+n,0} δ_{αβ} . Though further considerations will not be done here, we can obtain the quantum Hamiltonian or spectrum exactly with the standard procedure.

4.2 Open Strings and Dp-branes in Type IIA on PP-wave

In this subsection we shall discuss the mode-expansions of open strings in the type IIA string by imposing boundary conditions. In particular, we would like to consider D-branes, following Ref. [30]. (For more detailed studies, see Refs. [31, 32].) It has been shown in Ref. [30] that Dp-brane is not allowed for p = 1, 9 and there are some restrictions on directions of allowed D-branes. First we consider the open string action described by S_{st} = 1 2π ∫ dτ ∫_π 0 dσ L_{st} , (4.14) L_{st} = 1 2α^′ [_8 ∑ i=1 ∂_+x^i∂_−x^i − (μ 3 )_2^4∑ a=1 (x^a)^2 − (μ 6 )_2^8∑ b=5 (x^b)^2 ] (4.15)

+iΨ^{1+T} ∂_−Ψ^{1+} + iΨ^{1−T} ∂_−Ψ^{1−} + iΨ^{2+T} ∂_+Ψ^{2+} + iΨ^{2−T} ∂_+Ψ^{2−} −i μ 3 Ψ^{1−} ~Π^T Ψ^{2+} − i μ 6 Ψ^{1+T} ~Π^T Ψ^{2−} + i μ 6 Ψ^{2−T} ~ΠΨ^{1+} + i μ 3 Ψ^{2+T} ~ΠΨ^{1−} .

Similarly, we obtain equations of motion (4.1)-(4.6) from the above action (4.14). In order to solve the above equations of motion we have to impose the following boundary conditions on bosonic coordinates x^i’s (i = 1, 2, · · · , 8),

Neumann : ∂_σ x^m = 0 , ( m = +, −, and some p − 1 coordinates) , Dirichlet : ∂_τ x^m = 0 , ( m = other 9 − p coordinates) ,

where 8 transverse indices i = 1, . . . , 8 are decomposed into a = 1, 2, 3, 4 (flux directions) and b = 5, . . . , 8. For fermionic coordinates, boundary conditions are imposed as

Ψ^{1−}|_{σ=0, π} = ~ΩΨ^{2+}|_{σ=0, π} , Ψ^{2+}|_{σ=0, π} = ~Ω^T Ψ^{1−}|_{σ=0, π} , Ψ^{1+}|_{σ=0, π} = ~ΩΨ^{2−}|_{σ=0, π} , Ψ^{2−}|_{σ=0, π} = ~Ω^T Ψ^{1+}|_{σ=0, π} ,

where ~Ω is defined by ~Ω = γ̃_{m1}γ̃_{m2} . . . γ̃_{m9−p} . The ~Ω includes odd number of gamma matrices since the SO(8) chiralities of Ψ^1 and Ψ^2 must be opposite in the type IIA theory and hence p is restricted to even.

Under these boundary conditions we can obtain classical solutions for equations of motion, and mode-expansions of bosonic variables are given by

x^a(τ, σ) = x^a_0 cos (μ 3 τ ) + ( 3 μ ) 2α^′p^a_0 sin (μ 3 τ ) (a = 1, 2, 3, 4) +i √ 2α^′ ∑ n≠0 1 ω^B_n α^a_n e^{−iωBn τ} cos(nσ) , (Neumann) (4.16)

x^a(τ, σ) = √ 2α^′ ∑ n≠0 1 ω^B_n α^a_n e^{−iωBn τ} sin(nσ) , (Dirichlet) (4.17)

x^b(τ, σ) = x^b_0 cos (μ 6 τ ) + ( 6 μ ) 2α^′p^b_0 sin (μ 6 τ ) (b = 5, 6, 7, 8) +i √ 2α^′ ∑ n≠0 1 ω^{B′}_n α^b_n e^{−iωB′n τ} cos(nσ) , (Neumann) (4.18)

x^b(τ, σ) = √ 2α^′ ∑ n≠0 1 ω^{B′}_n α^b_n e^{−iωB′n τ} sin(nσ) , (Dirichlet) (4.19) where ω^{B, B′}_n has been defined by (4.11). The mode-expansions of fermionic variables are the same as in the closed string case. The quantization can be done in the same way as closed strings. The commutation relations of bosonic and fermionic modes are the same as (4.12) and (4.13). The quantum Hamiltonian and spectrum can be also studied with the standard procedure but we will not investigate them furthermore here.

Next we will study D-branes. Though the mode-expansions of fermionic variables are the same as in the closed string case, in the open string case fermionic boundary conditions lead to further constraints

Ψ_0 = ~Ω~Π~Ψ_0 , ~Ω^T ~Ψ_0 = −~ΠΨ_0 , ~Ψ_n = ~ΩΨ_n , (n ≠ 0) , Ψ^′_0 = ~Ω~Π~Ψ^′_0 , ~Ω^T ~Ψ^′_0 = −~ΠΨ^′_0 , ~Ψ^′_n = ~ΩΨ^′_n , (n ≠ 0) .

The self-consistency of these conditions gives us a condition ~Ω~Π~Ω~Π = −1 . (4.20)

This condition is peculiar to the pp-wave, and gives an additional constraint for the Dp-branes in the theory. In fact, in the massive type IIB theory, D1- and D9-branes are forbidden and D3-, D5- and D7-branes can exist but those directions are limited. In the massive type IIA theory similar restrictions are imposed.

We shall list the possible Dp-branes below: • p = 8 : one of I = 1, 2, 3 is Dirichlet type, ~Ω = γ̃^I ,

• p = 6 : 1) two of I = 1, 2, 3 and one of I^′ = 4, . . . , 8 are Dirichlet types, ~Ω = γ̃^Iγ̃^Jγ̃^{I′} ,

2) three of I^′ = 4, . . . , 8 are Dirichlet types, ~Ω = γ̃^{I′}γ̃^{J′}γ̃^{K′} ,

• p = 4 : 1) all of I = 1, 2, 3 and two of I^′ = 4, . . . , 8 are Dirichlet types,

~Ω = γ̃^Iγ̃^Jγ̃^Kγ̃^{I′}γ̃^{J′} ,

2) one of I = 1, 2, 3 and four of I^′ = 4, . . . , 8 are Dirichlet types,

~Ω = γ̃^Iγ̃^{I′}γ̃^{J′}γ̃^{K′}γ̃^{L′} ,

• p = 2 : two of I = 1, 2, 3 and all of I^′ = 4, . . . , 8 are Dirichlet types,

~Ω = γ̃^Iγ̃^Jγ̃^{I′}γ̃^{J′}γ̃^{K′}γ̃^{L′}γ̃^{M ′} .

In conclusion, all Dp-branes can exist for p = even, but those directions are constrained as the case of the type IIB [30]. We note that zero-point energy varies for each direction of D-branes.

5 Conclusions and Discussions

We have considered the type IIA string theory on the pp-wave background from the elevendimensional viewpoint. To begin, we have discussed the type IIA pp-wave solution through the toroidal compactification of the maximally supersymmetric pp-wave solution in eleven dimensions on a spatial isometry direction. Next, we have derived the action of the type IIA string theory from the type IIA pp-wave solution of the supergravity. Moreover, we have derived the type IIA string action from the eleven-dimensional supermembrane theory on the maximally supersymmetric pp-wave background by applying the double dimensional reduction for a spatial isometry direction. The resulting action agrees with the one obtained from the supergravity side. In particular, the Kaluza-Klein gauge field induces a mass term of a bosonic coordinate in the type IIA theory. Furthermore, we have written down the action of the matrix string on the pp-wave. This action contains the 3-point interaction and mass terms. Also, the field strength of the gauge connection is shifted. However, this action is still gauge invariant, though this theory is not maximally supersymmetric. In particular, this theory is reduced to the matrix string theory in the flat space by taking the limit μ → 0. We also discussed the quantization of closed and open strings in the type IIA string. In particular, the allowed Dp-branes in this theory has been investigated. The value p = 2, 4, 6 and 8 are allowed but the directions of D-branes are constrained.

We can also consider compactifications along other isometry directions. In such cases the number of the remaining supercharges is less than 24. It is nice to study the Type IIA ppwave background preserving 26 supercharges [27] or type IIA string theory from the elevendimensional supermembrane. It is an interesting work to discuss less supersymmetric type IIA string theories from the supermembrane. Moreover, the supersymmetric D-branes in such type IIA string theories are very interesting subject to study.

It is nice to study the matrix string theory written down here from several aspects. In particular, it would be interesting to study the relation between the matrix string theory on the pp-wave and “string bit” [39].

Acknowledgement

The work of K.S. is supported in part by the Grant-in-Aid from the Ministry of Education, Science, Sports and Culture of Japan (♯ 14740115).

Appendix

A Compactification on an SO(3)-direction

In the text we have considered the compactification on an SO(6)-direction. We can also compactify one of the directions x^I ’s, (I = 1, 2, 3). In this case, there are some different points from the compactification on an SO(6)-direction and we shall summarize these differences.

In this compactification on an SO(3)-direction the change of variables is given by X^+ = x^+ , X^− = x^− + μ 3 x^1x^2 , X^a = x^a , (a = 3, . . . , 9)

X^1 = x^1 cos (μ 3 x^+ ) − x^2 sin (μ 3 x^+ ) , X^2 = x^1 sin (μ 3 x^+ ) + x^2 cos (μ 3 x^+ ) , (A.1) then the metric is rewritten as

ds^2 = −2dx^+dx^− + G^′_{++}(x^3, x^{I′} )(dx^+)^2 + 9∑ r=1 (dx^r)^2 − 4 3 μx^2dx^+dx^1 , (A.2)

G^′_{++} (x^3, x^{I′} ) ≡ − [ (μ 3 )_2 (x^3)^2 + (μ 6 )_2^9∑ I′=4 (x^{I′} )^2 ] , and the constant 4-form flux is still written in Eq.(2.2). In this case the x^1-direction is a manifest spatial isometry direction. In the same way, we can obtain the type IIA solution from the above expression. The ten-dimensional metric g_{μν} is given by

g_{μν} dx^μdx^ν = −2dx^+dx^− + g_{++}(x^i)(dx^+)^2 + 8∑ i=1 (dx^i)^2 , (A.3)

g_{++}(x^i) ≡ − [( 2 3 μ )_2 (x^1)^2 + (μ 3 )_2

(x^2)^2 + (μ 6 )_2^8∑ a=3 (x^a)^2 ] , where we have relabelled the indices x^2, · · · , x^9 as x^1, · · · , x^8. The Kaluza-Klein gauge field A_μ is represented as A_+ = − 2 3 μx^1 , A_i = 0 , (i = 1, . . . , 8) , (A.4) and non-zero NS-NS 2-form is given by

B_{+1} = μ 3 x^2 , B_{+2} = − μ 3 x^1 . (A.5)

In this case, the R-R 3-form C_{μνρ} and dilaton ϕ vanish.

To begin, let us discuss the bosonic sector. We can easily obtain the bosonic action from Eq.(2.14) using the type IIA metric. The resulting action is expressed as

S_B = 1 4πα^′ ∫ dτ ∫_{2π} 0 dσ [_8 ∑ i=1 [ (∂_τ x^i)^2 − (∂_σx^i)^2 ] + 2 3 μ x^2∂_σx^1 − 2 3 μ x^1∂_σx^2

− ( 2 3 μ )_2

(x^1)^2 − (μ 3 )_2 (x^2)^2 − (μ 6 )_2^8∑ a=3 (x^a)^2 ] , (A.6)

where the mass term for x^1 is induced from the Kaluza-Klein gauge field A_μ as the case of the compactification on an SO(6)-direction. It is also an easy exercise to derive the above action (A.6) by using the double dimensional reduction.

Next, we shall consider the fermionic sector. Now, in the study of the supergravity, the field strength of R-R 3-form is zero, but NS-NS 2-form is non-zero and it has the constant field strength proportional to μ. Thus, this contribution induces the fermion mass term. However, there might be possibly an issue for the numerical constant and the fermion mass term obtained in the supergravity analysis is not identical with the one derived via double dimensional reduction if we naively use the expression of the covariant derivative in the text.

References

[1] J. Kowalski-Glikman, “Vacuum states in supersymmetric Kaluza-Klein theory”, Phys.

Lett. B 134 (1984) 194.

[2] J. Figueroa-O’Farrill and G. Papadopoulos, “Homogeneous fluxes, branes and a maximally supersymmetric solution of M-theory”, JHEP 0108 (2001) 036, hep-th/0105308.

[3] R. Penrose, “Any spacetime has a plane wave as a limit”, Differential geometry and relativity, Reidel, Dordrecht, 1976, pp. 271-275.

R. Güven, “Plane Wave Limits and T-duality”, Phys. Lett. B 482 (2000) 255,

hep-th/0005061.

[4] M. Blau, J. Figueroa-O’Farrill, C. Hall and G. Papadopoulos, “A new maximally supersymmetric background of IIB superstring theory”, JHEP 0201 (2001) 047, hep-th/0110242. “Penrose limits and maximal supersymmetry”, hep-th/0201081.

[5] R.R. Metsaev, “Type IIB Green-Schwarz superstring in plane wave Ramond-Ramond background”, Nucl. Phys. B 625 (2002) 70, hep-th/0112044.

[6] R.R. Metsaev and A.A. Tseytlin, “Exactly solvable model of superstring in plane wave Ramond-Ramond background ”, Phys. Rev. D 65 (2002) 126004, hep-th/0202109.

[7] J.G. Russo and A.A. Tseytlin, “On solvable models of type IIB superstring in NS-NS and R-R plane wave backgrounds ”, JHEP 0204 (2002) 021, hep-th/0202179.

[8] D. Berenstein, J. Maldacena and H. Nastase, “Strings in flat space and pp waves from N = 4 Super Yang Mills”, JHEP 0204 (2002) 013, hep-th/0202021.

[9] E. Bergshoeff, E. Sezgin and P. Townsend, “Supermembranes and Eleven-Dimensional Supergravity”, Phys. Lett. 189 (1987) 75.

[10] E. Bergshoeff, E. Sezgin and P. Townsend, “Properties of the Eleven-Dimensional Supermembrane Theory”, Ann. Phys. 185 (1988) 330.

[11] B. de Wit, J. Hoppe and H. Nicolai, “On the Quantum Mechanics of Supermembranes”, Nucl. Phys. B 305 (1988) 545.

[12] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, “M-theory As A Matrix Model:

Conjecture”, Phys. Rev. D 55 (1997) 5112, hep-th/9610043.

[13] K. Dasgupta, M.M. Sheikh-Jabbari and M. Van Raamsdonk, “Matrix Perturbation Theory For M-Theory On a PP-Wave”, JHEP 0205 (2002) 056, hep-th/0205185.

[14] K. Sugiyama and K. Yoshida, “Supermembrane on the PP-wave Background”, to appear in Nucl. Phys. B, hep-th/0206070.

[15] K. Sugiyama and K. Yoshida, “BPS Conditions of Supermembrane on the PP-wave”, to appear in Phys. Lett. B, hep-th/0206132.

[16] T. Banks, N. Seiberg and S. Shenker, “Branes from Matrices”, Nucl. Phys. B 490 (1997) 91, hep-th/9612157.

[17] N. Kim and J. Plefka, “On the Spectrum of PP-Wave Matrix Theory”, hep-th/0207034.

K. Dasgupta, M.M. Sheikh-Jabbari and M. Van Raamsdonk, “Protected multiplets of Mtheory on a Plane Wave”, hep-th/0207050.

N. Kim and J-H. Park, “Superalgebra for M-theory on a pp-wave”, hep-th/0207061.

[18] D. Bak, “Supersymmetric Branes in PP Wave Background”, hep-th/0204033.

S. Hyun and H. Shin, “Branes from Matrix Theory in PP-Wave Background”, to appear in Phys. Lett. B, hep-th/0206090.

M. Alishahiha and M. Ghasemkhani, “Orbiting Membranes in M-theory on AdS_7 × S^4 Background”, hep-th/0206237.

[19] K. Sugiyama and K. Yoshida, “Giant Graviton and Quantum Stability in Matrix Model on PP-wave Background”, to appear in Phys. Rev. D, hep-th/0207190.

[20] R.C. Myers, “Dielectric-Branes”, JHEP 9912 (1999) 022, hep-th/9910053.

[21] J. Michelson, “(Twisted) Toroidal Compactification of pp-Waves”, hep-th/0203140.

[22] M. Cvetic, H. Lu, C.N. Pope, “M-theory PP-waves, Penrose Limits and Supernumerary Supersymmetries”, hep-th/0203229.

[23] J.P. Gauntlett and C.M. Hull, “pp-waves in 11-dimensions with extra supersymmetry”, JHEP 0206 (2002) 013, hep-th/0203255.

[24] R. Corrado, N. Halmagyi, K.D. Kennaway and N.P. Warner, “Penrose Limits of RG Fixed Points and PP-Waves with Background Fluxes”, hep-th/0205314.

[25] E.G. Gimon, L.A. Pando Zayas and J. Sonnenschein, “Penrose Limits and RG flows”, hep-th/0206033. D. Brecher, C.V. Johnson, K.J. Lovis and R.C. Myers, “Penrose Limits, Deformed pp-Waves and the String Duals of N=1 Large n Gauge Theory”,

hep-th/0206045.

[26] I. Bena and R. Roiban, “Supergravity pp-wave solutions with 28 and 24 supercharges”,

hep-th/0206195.

[27] J. Michelson, “A pp-Wave With 26 Supercharge”, hep-th/0206204.

[28] M. Alishahiha, M.A. Ganjali, A. Ghodsi and S. Parvizi, “On Type IIA String Theory on the PP-wave Background”, hep-th/0207037.

[29] M.J. Duff, P.S. Howe, T. Inami and K.S. Stelle, “Superstrings in D = 10 from Supermembranes in D = 11”, Phys. Lett. B 191 (1987) 70.

[30] A. Dabholkar and S. Parvizi, “Dp Branes in PP-wave Background”, hep-th/0203231.

[31] M. Billo’ and I. Pesando, “Boundary States for GS superstrings in an Hpp wave background”, Phys. Lett. B 536 (2002) 121, hep-th/0203028.

[32] O. Bergman, M.R. Gaberdiel and M.B. Green, “D-brane interactions in type IIB planewave background”, hep-th/0205183.

[33] M. Cvetic, H. Lü, C.N. Pope and K.S. Stelle, “T-duality in the Green-Schwarz formalism, and the massless/massive IIA duality map”, Nucl. Phys. bf B 573 (2000) 149,

hep-th/9907202.

[34] S. Hyun and H. Shin, “N=(4,4) Type IIA String Theory on PP-Wave Background”,

hep-th/0208074.

[35] R. Dijkgraaf, E. Verlinde and H. Verlinde, “Matrix String Theory”, Nucl. Phys. B 500 (1997) 43, hep-th/9703030 [36] Y. Sekino and T. Yoneya, “From Supermembrane to Matrix String”, Nucl. Phys. B 619 (2001) 22, hep-th/0108176.

[37] G. Bonelli, “Matrix Strings in pp-wave backgrounds from deformed Super Yang-Mills Theory”, JHEP 08 (2002) 022, hep-th/0205213.

[38] R. Gopakumar, “String Interactions in PP-Waves”, hep-th/0205174. [39] H. Verlinde, “Bits, Matrices and 1/N”, hep-th/0206059.