arXiv:hep-th/0208051 v2 19 Aug 2002

Brane Solitons for G_2 Structures in Eleven-Dimensional Supergravity Re-Visited

Jan Gutowski^1 and George Papadopoulos^2

1. Department of Physics Queen Mary University of London Mile End, London E1 4NS.

2. Department of Mathematics King’s College London Strand London WC2R 2LS

Abstract

We investigate the four-dimensional supergravity theory obtained from the compactification of eleven-dimensional supergravity on a smooth manifold of G_2 holonomy. We give a new derivation for the Kähler potential associated with the scalar kinetic term of the N = 1 four-dimensional theory. We then examine some solutions of the four-dimensional theory which arise from wrapped M-branes.

1 Introduction

Considerable interest has been shown recently in compactifications of M-theory on manifolds which have holonomy group G_2. This is primarily because the compactified theory exhibits a realistic amount of supersymmetry in four dimensions [1]. However, it has been known for some time that for compactifications of eleven-dimensional supergravity on smooth G_2 manifolds the four-dimensional effective theory does not have charged particles. Recently charged particles have been introduced by considering compactifications on singular G_2 manifolds [2], [3], [4]. This has led to renewed interest in the properties of G_2 compactifications. This has also motivated the investigation of G_2 singularities and has led to the construction of several new non-compact G_2 manifolds [5], and [6] and references within.

In this paper we shall re-derive the Kähler potential of the N=1 four-dimensional supergravity action obtained from the compactification of eleven-dimensional supergravity on a smooth G_2 manifold. Geometrically this gives a Kähler metric on the tangent space of the moduli space of G_2 structures. This Kähler potential has been obtained previously in [1], [7], [8] and [9]. This was done by computing first the terms quadratic in the 4-form field strength obtained on making a Kaluza-Klein ansatz. Then N = 1 supersymmetry together with the results of [10] were used to determine the Kähler metric. In this paper we explicitly derive an expression for the Kähler potential of the four-dimensional supergravity action from the eleven-dimensional Einstein-Hilbert term, using some results of [11]. This new derivation is similar in spirit to the calculation of the moduli metric of supersymmetric multi-black hole solutions; see for example [12], [13], [14]. One of the advantages of this new approach is that the Kähler structure on the tangent bundle of the moduli space of G_2 structures is obtained directly without making an explicit use of supersymmetry in four dimensions. Our computation will be used to compare a normalization factor in the definition of the Kähler potential.

The plan of this paper is as follows. In section two we present the computation of the Kähler potential of the four-dimensional theory obtained on compactification by making use of various symmetries of the G_2 manifold. In section three we examine some black hole and domain wall solutions of the resulting four dimensional effective theory. Some useful G_2 identities are presented in the Appendix.

2 Compactifications of Eleven-Dimensional Supergravity

The bosonic part of the eleven-dimensional supergravity Lagrangian is L = √ hR − 1 2 F ∧^⋆F + 1 6 C ∧ F ∧ F , (2.1) where h is the eleven dimensional spacetime metric, R is the eleven dimensional Ricci scalar, C is a 3-form gauge potential with associated field strength F = dC. The compactification ansatz that we shall consider is ds^2 = ds^2(R^{1,3}) + ds^2_N , (2.2)

with F = 0, where N is a compact smooth 7-manifold with G_2 holonomy. In particular, N is Ricci-flat, and there exists a covariantly constant 3-form ϕ on N . Some algebraic properties of this 3-form are presented in the Appendix. The dimension of the moduli space of G_2 structures of the manifold N is b_3(N ). The solution (2.2) preserves^1_8 of the 32 supersymmetries of elevendimensional supergravity. Hence, we expect that the low energy four-dimensional theory is a N = 1, four-dimensional supergravity.

In order to probe the low energy dynamics of this solution, we shall allow the moduli s^i to depend on the spacetime co-ordinates x^M as s^i → s^i(x^M ). Specifically, we shall take the perturbed spacetime metric to be

ds^2 = g_{MN} dx^M dx^N + g_{ab}dy^ady^b , (2.3)

where we have split the spacetime co-ordinates in a 4+7 manner according to x^μ = {x^M , y^a} for M, N = 0, . . ., 3 and a, b = 1, . . ., 7; and g_{ab} = g_{ab}(y, s^i(x^M )), g_{MN} = g_{MN} (x^L). Here g_{ab} depends on x^M only via the moduli s^i, so that at fixed x^M , g_{ab}dy^ady^b is a metric with G_2 holonomy. We shall assume that all components of the metric vary slowly with regard to x^M , and we shall refer to quantities being of first or second order with respect to derivatives of x^M .

To proceed, it is necessary to solve the field equations up to first order, and to determine the effective action up to second order. Solving the field equations up to first order ensures that the back reaction of the geometry to the varying moduli is taken into account. In what follows, we shall concentrate on the Einstein equations. We remark that perturbing the moduli in the 3-form potential C produces a first order 4-form field strength, and hence, in order to solve the first order Einstein equations, it suffices to solve the Ricci-flatness condition

R_{μν} = 0 (2.4)

up to first order. The only first order terms contributing to the Ricci tensor arise in the R_{aM} components. This implies that

∇_dW_M^d_a − ∇_aW_M^d_d = 0 (2.5)

where ∇_a is the covariant derivative with respect to the (perturbed) metric g_{ab} on N and

W_{Mab} = L ∂_{∂xM} g_{ab} ; (2.6)

L is the Lie derivative.

To investigate the consequences of (2.5), it is convenient to express W_{Mab} in terms of the 3-forms ψ_M = L ∂_{∂xM} ϕ and χ_M = ∇_M ϕ, where here ∇_M denotes the covariant derivative with respect to the (perturbed) eleven-dimensional metric. Note that up to first order, the only nonvanishing components of ψ_M and χ_M are ψ_{Mabc} and χ_{Mabc}. Next, taking the Lie derivative of (a.4) in the appendix, we find that W_{Mab} = 1 6 ψ_{Macd}ϕ_b^{cd} + 1 6 ϕ_a^{cd}ψ_{Mbcd} + 1 3 ∂_M g^{cf} ϕ_{acd}ϕ_{bf}^d . (2.7) For use later observe that contracting (2.7) with g^{ab}, one obtains

∂_M log det g_7 = 1 9 ψ_{Mdef} ϕ^{def} . (2.8) Furthermore, using (a.7), the last term in (2.7) can be rewritten as

∂_M g^{cf} ϕ_{acd}ϕ_{bf}^d = W_{Mab} − g_{ab}∂_M log det g_7 . (2.9)

Substituting this expression back into (2.7), one obtains W_{Mab} = 1 4 ( ψ_{Macd}ϕ_b^{cd} + ϕ_a^{cd}ψ_{Mbcd} ) − 1 2 g_{ab}∂_M log det g_7 . (2.10)

It follows that ∇^bW_{Mab} − ∇_aW_M^b_b = 1 4 ∇^b ( ϕ_a^{cd}ψ_{Mbcd} − ψ_{Macd}ϕ_b^{cd} ) . (2.11)

Using the relation χ_{Mabc} = 1 4 ψ_{Mabc} − 1 24 ϕ_{abc}ψ_{Mdeh}ϕ^{deh} − 3 8 ψ_{Mde[a}^⋆ϕ_{bc]}^{de} (2.12) between χ_{Mabc} and ψ_{Mabc}, the condition (2.5) can be written as

⋆ϕ ∧ δχ_M = 0 , (2.13)

where δ is the adjoint of d defined on Λ^∗(N ).

To continue, recall that Λ^2(R^7) decomposes into two irreducible G_2 representations, Λ^2(R^7) = Λ^2_7 ⊕ Λ^2_{14}. The seven-dimensional representation Λ^2_7 arises by contracting a two-form with the parallel three-form ϕ to yield a vector. Then the condition (2.13) implies that π_7δχ_M = 0, where π_7 is the projection onto Λ^2_7.

Now we shall show that the field equations (2.5) are solved if ψ_M is harmonic. For this we choose the gauge fixing condition π_7δψ_M = 0. This is a good gauge fixing condition because it can be shown that it is equivalent to requiring that L ∂_{∂xM} ϕ is L^2-orthogonal to L ∂_{∂ya} ϕ, ie the deformations along the moduli directions are orthogonal to the deformations induced by the diffeomorphisms of N . It turns out that the closure of ψ_M together with the condition π_7δψ_M = 0 imply that ψ_M is harmonic. In particular ψ_M is coclosed and so the first term in the right-hand-side of (2.11) vanishes. Using the fact that ψ_M is harmonic, it can be shown that ψ_{Mabc}ϕ^{abc} is independent of y^a and so the second term in the right-hand-side of (2.11) vanishes as well.

It remains to compute the second order effective action from (2.1) . We shall concentrate on the Einstein-Hilbert part of the action, as this is sufficient to determine the Kähler potential of the four-dimensional N = 1 theory. The zeroth and first order parts in four-dimensional spacetime derivatives of the eleven-dimensional action vanish. The second order part simplifies to S_{EH} = ∫ d^{11}x √ − det g_4 √ det g_7 [ R^{(4)} − 1 4 g^{MN} ( W_M^{ab}W_{Nab} − W_M^a_aW_N^b_b )] . (2.14)

Using the expression for W_{Mab} in terms of ψ_M in (2.10), we find that the eleven-dimensional Einstein-Hilbert term of the action can be written as S_{EH} = ∫ d^{11}x √ − det g_4 √ det g_7 [ R^{(4)} − 1 16 g^{MN} ψ_{Mabc}ψ_N^{abc} − 1 32 g^{MN ⋆}ϕ^{cdeh}ψ_{Macd}ψ_N^a_{eh} + 1 864 g^{MN} ( ϕ^{abc}ψ_{Mabc} )( ϕ^{deh}ψ_{Ndeh} )] . (2.15)

This expression simplifies even further when we recall that the 3-forms on N decompose into three G_2 irreducibles: Λ^3(N ) = Λ^3_1 ⊕ Λ^3_7 ⊕ Λ^3_{27} and the harmonic 3-forms decompose as H^3(N, R) = H^3_1(N, R) ⊕ H^3_{27}(N, R). From this it follows that π_7ψ_M = 0, which implies that ϕ ∧ ψ_M = 0. Hence we obtain

S_{EH} = ∫ d^{11}x √ − det g_4 √ det g_7 [ R^{(4)} − 1 12 g^{MN} ψ_{Mabc}ψ_N^{abc} + 1 216 g^{MN} ( ϕ^{abc}ψ_{Mabc} )( ϕ^{deh}ψ_{Ndeh} )] . (2.16)

To continue, it is convenient to define Θ = ∫ d^7y √ det g_7, so that

ψ_{Mabc}ϕ^{abc} = 18Θ^{−1}∂_M Θ . (2.17)

To put the four-dimensional action into the Einstein frame, we make the conformal re-scaling

ĝ_{MN} = Θg_{MN} (2.18)

of the four-dimensional metric. Then the Einstein-Hilbert action is written as S_{EH} = ∫ d^4x √ − det g_4 [ R^{(4)} − 1 2 Θ^{−1}g^{MN} (ψ_M , ψ_N ) ] , (2.19)

where we have dropped the ^ and (τ, κ) ≡ 1 6 ∫ d^7y √ det g_7 τ_{abc}κ^{abc} (2.20)

for 3-forms τ, κ ∈ Λ^3(N ). After a calculation similar to the one presented in [8] and [9], we obtain the Kähler potential K = −3 log Θ , (2.21)

of the sigma model matter in the effective N = 1, four-dimensional supergravity theory. In fact (2.21) should be thought of as the Kähler potential on the tangent bundle of the moduli space of G_2 structures on the compact manifold N . Note that the normalization factor of the Kähler potential is that of [9] and it differs from that of [8] by a factor of seven.

The remaining couplings of the four-dimensional effective supergravity have been described extensively in the literature [1]. The bosonic fields are b_3(N ) complex scalars z^i =^1_2 (s^i − ip^i), i = 1, . . ., b_3(N ) and b_2(N ) Maxwell fields F^a = dA^a, a = 1, . . . , b_2(N ), where the real scalars p^i and the Maxwell fields arise from the Kaluza-Klein reduction of the three-form gauge potential of eleven-dimensional supergravity given by

C = p^iϕ_i + A^a ∧ ω_a (2.22)

where {ϕ_i} is a basis for H^3(N, R) and {ω_a} is a basis for H^2(N, R). The total effective action obtained via this reduction combined with the calculation given above is then embedded within the N = 1 four-dimensional supergravity as

S_{G2} = ∫ d^4x √ −g [ R − 2γ_i¯_j ∂_M z^i∂^M z̄^j − 1 2 Reh_{ab}F^a_{MN} F^{bMN} + 1 2 Imh_{ab}F^a_{MN}^⋆F^{bMN} ] (2.23)

where γ_i¯_j =^{∂2K}_{∂zi∂z̄j} and h_{ab} = h_{ab}(z^i) is holomorphic in z^i. In particular, from the Kaluza-Klein reduction of the term −^1_2 F ∧ ⋆F in the eleven-dimensional supergravity action we obtain the following four-dimensional terms ∫ d^4x √ −g [ − 1 2 Θ^{−1}g^{MN} ∂_M p^i∂_N p^j(ϕ_i, ϕ_j) − 1 4 s^iC_{iab}F^a_{MN} F^{bMN} ] (2.24)

where C_{iab} are real topological intersection numbers given by C_{iab} = ∫ N ϕ_i ∧ ω_a ∧ ω_b , (2.25) and we have made use of the identity ω_a ∧^⋆ω_b = ω_a ∧ ω_b ∧ ϕ which follows from (a.10). From the eleven dimensional term^1_6 F ∧ F ∧ C we obtain the four-dimensional term ∫ d^4x √ −g [ − 1 4 p^iC_{iab}F^a_{MN}^⋆F^{bMN} ] . (2.26)

Hence, comparing (2.24) and (2.26) with (2.23) we find that Reh_{ab} =^1_2 s^iC_{iab} and Imh_{ab} = −^1_2 p^iC_{iab}; and so h_{ab} = z^iC_{iab} where z^i =^1_2 (s^i − ip^i).

We remark that a potential term of the form [15] S_{pot} = − ∫ d^4x √ −g ( e^K [ γ^{ij̄} D_ifD¯_j f̄ − 3|f|^2 ] + 1 2 D_aD^a ) (2.27)

may in principle be added to the G_2 action given in (2.23), where f = f(z^i) is a holomorphic superpotential, D_if = fK_i +^{∂f}_{∂zi} , K_i =^{∂K}_{∂zi} ; D_a is a Fayet-Iliopoulos term and D^a = Reh^{ab}D_b where Reh^{ab} is the inverse of Reh_{ab}. The action given by S_{G2} + S_{pot} possesses N = 1 supersymmetry in four dimensions; however, it is not generically possible to obtain the potential term given above through the G_2 compactification described here.

3 Solutions of the Effective Theory

3.1 Dilatonic Black Holes

The simplest possible black-hole type of solution with active scalars is that for which the only non-vanishing modulus field is the volume of the compact space. The ansatz for such a black hole have been given in [8]. In particular one takes ds^2 = −A^2dt^2 + B^2(dr^2 + r^2ds^2(S^2)), s^i = sc^i with c^i constant; p^i = 0 and A^a = C^adt. The potential term is set to vanish. The solution can be found by a direct substitution into the field equations of the truncated action

S^′_{G2} = ∫ d^4x √ −g [ R − 2γ_i¯_j∂_M z^i∂^M z̄^j − 1 2 Reh_{ab}F^a_{MN} F^{bMN} ] , (3.28)

where the pF ∧ F terms have been truncated. The spacetime metric, gauge field strengths and scalars are given by

ds^2 = −L^{74} F dt^2 + L^{− 74} [F^{−1}dr^2 + r^2ds^2(S^2)] F^a = H^adL ∧ dt s = ρL^{− 14} (3.29)

where H^a and ρ are constants, and

L^{−1} = 1 +

4κ^2μ r F = 1 − 4μ r , (3.30)

for constant μ, κ. It is also convenient to define the constants H_{ab} = c^iC_{iab}, and set K_i = s^{−1}λ_i where λ_i are constants such that c^iλ_i = −7, as a consequence of the homogeneity properties of the volume of the G_2 manifold. It is straightforward to show that in order for the scalar equations to be satisfied, the λ_ℓ must be constrained as C_{ℓab}H^aH^b = − (κ^2 + 1) 2ρκ^2 λ_ℓ , (3.31)

and given this constraint, the Einstein equations are also satisfied. Note that μ is the nonextremality parameter of the black hole. Taking the limit μ → 0 with 4κ^2μ = Q finite, the resulting solution is an extremal black hole. In fact it is one of the dilatonic black holes found in [12]. To see this, observe that a consistent truncation of the four-dimensional action (3.28) associated with this ansatz, after an appropriate rescaling of the Maxwell field, is

S^′_{G2} = ∫ d^4x √ − det g_4 [ R^{(4)} − 7 2 s^{−2}|∇s|^2 − sF^2 ] , (3.32)

where F = dA is the 2-form Maxwell field strength. This action is equivalent to the Einstein- Maxwell action for dilatonic black holes given in [12] S = ∫ d^4x √ − det g_4 [ R^{(4)} − 2|∇σ|^2 − e^{−2aσ}F^2 ] , (3.33)

on setting s = e^{− 2√7 σ} together with a =^{1√}_7 . The multi-black hole extreme solutions of (3.32) are given as ds_4^2 = H^{− 74} dt^2 + H^{74} dx^2 (3.34)

together with s = H^{14} and A =

√_7 8 H^{−1}dt where

H = 1 + N∑ A=1 μ_A |x − z_A| (3.35)

is a harmonic function^1. Note that the volume of the G_2 manifold blows up at the poles of H, which are curvature singularities of the four-dimensional spacetime solution.

There are also magnetic black holes associated with G_2 compactifications and their relation to wrapped branes has been described in [8]. The metric for these black holes is the same as that of the electric black holes above, but the modulus scalar for the magnetic black holes is the inverse of the electric black hole modulus scalar. Both the electrically and magnetically charged black holes break all of the N = 1 four-dimensional supersymmetry.

3.2 Supersymmetric Domain Walls

In order to find domain wall solutions preserving half of the N = 1 supersymmetry, it is necessary to introduce a potential term into the action [16]. Although such a term cannot be obtained from the classical compactification described here, one way of obtaining this potential is to add additional fluxes to the G_2 manifold [17]. However, it has been argued that this is inconsistent with the assumption that the G_2 manifold is compact [18]. Alternatively, one may include quantum

1 The power of the harmonic function in these solutions differs from that given in [8] because of the change of normalization of the Kähler potential.

corrections which arise from the wrapping of Euclidean M2-brane instantons on associative cycles [7], [19]. A superpotential for this configuration has been conjectured in [20] which is of the form f = μ ∞∑ k=1 1 k^2 e^{kλizi} (3.36) for constants μ and λ_i.

To describe domain wall type solutions we set the gauge fields and the Fayet-Iliopoulos terms to vanish, and take the spacetime metric to be

ds^2 = B(y)^2 [ ds^2(R^{1,2}) + dy^2 ] (3.37)

with z^i = z^i(y). The generic constraint equations for such a solution which preserves half of the supersymmetry have been given in in [21]; they are

∂_yB = −e^{iϕ}B^2e^{K2} f̄ ∂_yz^i = −B^{−1}∂_yBf̄^{−1}γ^{ij̄} D¯_jf̄ ∂_y [ 2Ψ + iK ] = 2iK_i∂_yz^i , (3.38)

where Ψ is an angular variable obtained from solving the Killing spinor equations. To solve these equations we shall set p^i = 0. The third equation in (3.38) implies that ∂_yΨ = 0. Hence it is convenient to rescale f = e^{iΨ0} F where Ψ = Ψ_0 = const. Then (3.38) simplifies to

∂_yB = −B^2e^{K2} F̄ ∂_yz^i = Be^{K2} γ^{ij̄} D¯_jF̄ (3.39)

To proceed we set s^i = s(y)c^i for constant c^i. As a consequence of the homogeneity of the G_2 volume, we also have K_i = λ_is^{−1} for constant λ_i, where c^iλ_i = −7. Furthermore, Θ = μs^{73} for constant μ > 0. If we set F = F (−^2_7 z^iλ_i), so that F |_pi_{=0,s}i_{=sc}i = P (s) then (3.39) simplifies to

∂_yB^{−1} = μ^{− 32} s^{− 72} P ∂_ys = 4 7 μ^{− 32} s^2(s^{− 72} P )^′ (3.40)

where^′ =^d_{ds} . Hence, defining W = s^{− 72} P , we note that we can write B in terms of s as

B = e^{− 74} ∫_W s2W ′ ds (3.41) and given such a solution, the behaviour of s is determined by the equation

∂_yB^{−1} = μ^{− 32} W . (3.42)

We note that just as for the case of the black holes, the power of the exponential in (3.41) is altered due to the change of normalization of the Kähler potential.

We have proposed a new method to compute the Kähler potential of scalars of four-dimensional effective theory associated with D=11 supergravity compactifications on compact smooth G_2 manifolds. This method may be proved useful to compute the Kähler potential of the effective theory when the underlying G_2 manifold in not compact.

Acknowledgements: J. G. is supported by an EPSRC postdoctoral grant. G.P. is supported by a University Research Fellowship from the Royal Society. This work is partially supported by SPG grant PPA/G/S/1998/00613.

Appendix : Some Useful G_2 Identities

If N is an integrable G_2 manifold, then there exists a covariantly constant 3-form ϕ, which, in an appropriate orthonormal frame {e^a : a = 1, . . . , 7} may be written as

ϕ = e^1 ∧ e^2 ∧ e^3 + e^1 ∧ ( e^4 ∧ e^5 − e^6 ∧ e^7 ) + e^2 ∧ ( e^4 ∧ e^6 + e^5 ∧ e^7 ) + e^3 ∧ ( e^4 ∧ e^7 − e^5 ∧ e^6 ) , (a.1)

and the dual 4-form is

⋆ϕ = e^4 ∧ e^5 ∧ e^6 ∧ e^7 + e^2 ∧ e^3 ∧ ( e^6 ∧ e^7 − e^4 ∧ e^5 ) + e^1 ∧ e^3 ∧ ( e^4 ∧ e^6 + e^5 ∧ e^7 ) + e^1 ∧ e^2 ∧ ( e^5 ∧ e^6 − e^4 ∧ e^7 ) , (a.2)

where^⋆ is the Hodge dual defined with respect to g_7 and we fix ϵ^{1234567} = +1. The G_2 metric is obtained from the 3-form ϕ via the non-linear relation g_{ab} = − 1 24 ϕ_{acd}ϕ_{bef}^⋆ϕ^{cdef} . (a.3) In addition, we have g_{ab} = 1 6 ϕ_{acd}ϕ_b^{cd} . (a.4) Another useful identity is ϕ_{acd}^⋆ϕ^a_{bhf} = − [ g_{cb}ϕ_{dhf} + g_{ch}ϕ_{dfb} + g_{cf} ϕ_{dbh} − g_{db}ϕ_{chf} − g_{dh}ϕ_{cfb} − g_{df} ϕ_{cbh} ] , (a.5)

which implies ϕ_{acd}^⋆ϕ^{ac}_{hf} = −4ϕ_{dhf} . (a.6) We also have the identity ϕ_{dab}ϕ^d_{cf} = g_{ac}g_{bf} − g_{af} g_{bc} −^⋆ϕ_{abcf} , (a.7) and for any 3-form θ, − 1 3 ϕ_{abc}θ_{deh}ϕ^{deh} − 2θ_{de[a}^⋆ϕ_{bc]}^{de} + θ_{deh}ϕ^{eh}_{[a}ϕ_{bc]}^d = 0 . (a.8) Note also that if ω ∈ Λ^2(N ) is a 2-form with π_7ω = 0 then the constraint

ϕ_a^{bc}ω_{bc} = 0 , (a.9) which is satisfied if ω is harmonic, is equivalent to ω_{ab} = 1 2 ⋆ϕ_{ab}^{cd}ω_{cd} (a.10) as a consequence of (a.7).

References

[1] G. Papadopoulos and P. K. Townsend, Compactification of D=11 Supergravity on Spaces of Exceptional Holonomy, Phys. Lett. B357 (1995) 300; hep-th/9506150.

[2] M. Atiyah and E. Witten, M-Theory Dynamics on a Manifold of G_2 Holonomy; hepth/0107177.

[3] M. Cvetic, G. Shiu and A. Uranga, Chiral Four-Dimensional N=1 Supersymmetric Type IIA Orientifolds from Intersecting D6-Branes, Nucl. Phys. B615 (2001) 3; hep-th/0107166.

[4] B. Acharya and E. Witten, Chiral Fermions from Manifolds of G_2 Holonomy, hepth/0109152.

[5] A. Brandhuber, J. Gomis, S.S. Gubser, and S. Gukov, Gauge theory at large N and new G_2 holonomy metrics, Nucl. Phys. B611 (2001); hep-th/0106034.

[6] M. Cvetič, G.W. Gibbons, H. Lü and C.N. Pope, Special Holonomy Spaces and M-theory, hep-th/0206154.

[7] J. Harvey and G.W. Moore, Superpotentials and membrane instantons, hep-th/9907026. [8] J. Gutowski and G. Papadopoulos, Moduli Spaces and Brane Solitons for M-Theory Compactifications on Holonomy G_2 Manifolds; hep-th/0104105.

[9] C. Beasley and E. Witten, A Note on Fluxes and Superpotentials in M-Theory Compactifications on Manifolds of G_2 Holonomy; hep-th/0203061 [10] N. Hitchin, The Geometry of three-forms in six and seven dimensions, math.DG/0010054. [11] D. D. Joyce, Compact Manifolds with Special Holonomy, Oxford University Press, (2000). [12] K. Shiraishi, Multicentered solution for maximally charged dilaton black holes in arbitrary dimensions, J. Math. Phys 34 (1993) 1480.

[13] J. Michelson and A. Strominger, Superconformal multi-black hole quantum mechanics, JHEP 9909:005, (1999); hep-th/9908044.

[14] J. Gutowski and G. Papadopoulos, The dynamics of very special black holes, Phys. Lett.

B472 (2000) 45; hep-th/9910022.

[15] J. Bagger and J. Wess, Supersymmetry and Supergravity, Princeton University Press, (1992). [16] M. Cvetic and H. H. Soleng, Supergravity Domain Walls, Phys. Rep. 282 (1997) 159; hepth/9604090.

[17] S. Gukov, Solitons, Superpotentials and Calibrations, Nucl. Phys. B574 (2000) 169; hepth/9911011.

[18] K. Becker and M. Becker, Compactifying M-Theory to Four-Dimensions, JHEP 0011 (2000) 029; hep-th/0010282.

[19] A. Misra, On the Exact Evaluation of the Membrane Instanton Superpotential in M-Theory on G_2-Holonomy Manifold; hep-th/0205293.

[20] H. Ooguri and C. Vafa, Knot Invariants and Topological Strings, Nucl. Phys. B577 (2000) 419; hep-th/9912123.

[21] J. Gutowski, Stringy Domain Walls of N=1, D=4 Supergravity, Nucl. Phys, B627 (2002) 381; hep-th/0109126.