arXiv:hep-th/0208076 v1 10 Aug 2002

Supersymmetric Gauge Theories, Vortices and Equivariant Cohomology

W. Machin and G. Papadopoulos

Department of Mathematics

King’s College London Strand London WC2R 2LS

Abstract

We construct actions for (p, 0)- and (p, 1)- supersymmetric, 1 ≤ p ≤ 4, two-dimensional gauge theories coupled to non-linear sigma model matter with a Wess-Zumino term. We derive the scalar potential for a large class of these models. We then show that the Euclidean actions of the (2, 0) and (4, 0)-supersymmetric models without Wess-Zumino terms are bounded by topological charges which involve the equivariant extensions of the Kähler forms of the sigma model target spaces evaluated on the two-dimensional spacetime. We give similar bounds for Euclidean actions of appropriate gauge theories coupled to non-linear sigma model matter in higher spacetime dimensions which now involve the equivariant extensions of the Kähler forms of the sigma model target spaces and the second Chern character of gauge fields. The BPS configurations are generalisations of abelian and non-abelian vortices.

1 Introduction

Two-dimensional field theories have found many applications in string theory. For example, two-dimensional sigma models and some two-dimensional gauge theories have been used to model the dynamics of fundamental and D-strings, respectively. The small fluctuations of strings which arise as intersections in various brane configurations are described by two-dimensional gauge theories coupled to scalars. Because of this, many of the properties and the various objects that arise in gauge theories coupled to scalars have a brane interpretation [1, 2, 3, 4]. Supersymmetric gauge theories coupled to linear sigma models have been constructed in [5] and they have been used to illuminate the relation between Landau-Ginzburg models and Calabi-Yau spaces. Recently a two-dimensional gauged theory coupled to a linear sigma model was used to investigate aspects of the dynamics of vortices using branes [6].

In two dimensions, the Wess-Zumino term has the same mass dimension as the kinetic term of sigma model scalars. Therefore two-dimensional supersymmetric gauged theories can couple to non-linear sigma model matter which also has a non-vanishing Wess-Zumino coupling. Such a theory is renormalizable. The gauging of supersymmetric two-dimensional non-linear sigma models with a Wess-Zumino term has been considered in [7, 8]. However in these papers the part of the action which involves the gauge field kinetic terms has not been given. It has been found in [7] that the Wess-Zumino term of a non-linear sigma model cannot always be gauged. The conditions for gauging a Wess-Zumino term have been identified as the obstructions to the extension of the closed form associated with the Wess-Zumino term to an element of the equivariant cohomology [9] of the sigma model target space [10]. Scalar potentials for supersymmetric two-dimensional sigma models with Wess-Zumino term have been investigated in [11, 12, 13, 14].

In this paper we shall construct the actions of (p,0)- and (p,1)-supersymmetric, 1 ≤ p ≤ 4, two-dimensional gauge theories coupled to non-linear sigma model matter and with non-vanishing Wess-Zumino term. In addition we shall also consider the scalar potentials that arise in these theories. This will generalise various partial results that have already appeared in the literature. To simplify the description of the results from here on, we shall use the term ‘sigma models’ instead of the term ‘non-linear sigma models’ unless otherwise explicitly stated. The method we shall use to construct the various actions of supersymmetric two-dimensional gauged theories coupled to sigma models is based on the superfields found in the context of supersymmetric sigma models [15, 16] and later used in the context supersymmetric gauged sigma models [8]. One advantage of this method is that it keeps manifest the various geometric properties of the couplings that appear in these theories. This will be used in the second part of the paper to construct of various bounds for vortices. Since the parts of the actions that we shall describe involving the kinetic term of the sigma model scalars, the Wess-Zumino term and their couplings to gauge fields are known, we shall focus on the kinetic term of the gauge fields and the scalar potentials of these theories. We shall allow the gauge couplings to depend on the sigma model scalars and we shall derive the various conditions on these couplings required by gauge invariance and supersymmetry. We shall find that the scalar potential of gauge theories coupled to sigma models in two dimensions, even in the presence of Wess-Zumino term, is the sum of a ‘F’ term or a ‘D’ term or both. The presence of a D-term, or Fayet-Iliopoulos term, may come as a surprise. This is because in the presence of a Wess-Zumino term the geometry of the target space, say, of (2,0)-supersymmetric models where such a term is expected, is not Kähler and but Kähler with torsion (KT). Thus the Kähler form is not closed and there are no obvious moment maps. However, it has been shown in [17] that KT geometries under certain conditions admit moment maps and are those that appear in the Fayet-Iliopoulos term of these models. Similar results hold for the (4,0)-supersymmetric models. We shall observe that the gauged (p,1), p = 1, 2, 4, multiplets are associated with scalar superfields. For the gauge theories with (2,1) and (4,1) supersymmetry, these scalar multiplets satisfy the same supersymmetry constraints as the associated sigma model multiplets. Therefore these gauge theories can be thought of as sigma models with target spaces LG ⊗ R^p, p = 1, 2, 4. This will allow us to combine the (p,1) gauge multiplet and the standard sigma model (p, 1) multiplet to a new sigma model multiplet. As a result, sigma model type of actions can be written for these gauge theories coupled to matter for which the associated couplings depend on the scalar fields of both the sigma model and gauge multiplets. This generalizes the results of [8].

In the second part of this paper, we shall show that the Euclidean actions of (2,0)- and (4,0)-supersymmetric two-dimensional gauge theories coupled to sigma models with a Fayet-Iliopoulos term but with vanishing Wess-Zumino term admit bounds. In particular we shall find that the Euclidean action S_E of the (2,0)-supersymmetric theory is bounded by the absolute value of a topological charge Q which is the integral over the two-dimensional spacetime of the equivariant extension of the Kähler form of its sigma model target space, S_E ≥ |Q|. The sigma model manifold in the (4,0)-supersymmetric theory is hyper-Kähler and so there are three Kähler forms each having an equivariant extension. The Euclidean action S_E of the (4,0)-supersymmetric theory is bounded by the length of the three topological charges Q_1, Q_2, Q_3 each associated with the integral over the two-dimensional spacetime of the equivariant extensions of the three Kähler forms, S_E ≥ √ Q^2_1 + Q^2 + Q^2_3. This is another application of the equivariant cohomology in the context of two-dimensional gauged sigma models which is distinct from that found in [10] and we have mentioned above. (For many other applications see for example [18].) The configurations that saturate these bounds are vortices and include the Nielsen-Olesen type of vortices [19] associated with gauge theories coupled to linear sigma models. In particular the bounds above generalise that found by Bogomol’nyi in [20] for the abelian vortices of a gauge theory coupled to a single linear complex scalar field.

We also find that similar bounds exist in higher dimensions for action type of functionals that involve maps between Kähler manifolds of any dimension coupled to gauge fields or maps from a Kähler manifold into a hyper-Kähler manifold again coupled to gauge fields. The structure of these functionals is such that it includes the Euclidean actions of some supersymmetric gauge theories in higher dimensions coupled to sigma models with Fayet-Iliopoulos terms. In particular the first case, which involves maps between two-Kähler spaces, includes the Euclidean action of a four-dimensional N = 1 supersymmetric gauge theory coupled to a sigma model. The latter case, which involved maps from a Kähler manifold into a hyper-Kähler one, can be associated with the Euclidean action of a four-dimensional N = 2 supersymmetric gauge theory coupled to a sigma model. Note that in N = 1 theories in four dimensions the sigma model target space is Kähler while in the N = 2 theories in four dimensions the sigma model target space is hyper-Kähler. In all these cases the action functionals are bounded by topological charges which involve the equivariant extensions of the Kähler forms of the sigma model target space as well as the second Chern character of the gauge fields. Our results are different from those of [21, 22] for non-abelian vortices which involve non-abelian gauge theories coupled to linear sigma model matter. Note that in the bound constructed in [21], the topological term involves the first class and second Chern character of the gauge fields instead of the equivariant extension of the Kähler form and the second Chern character of the gauge field that we find. It turns out that in the case of gauge theories coupled to linear sigma models of [5] the two different topological charges can be related, see also [23]. However this involves a partial integration procedure in which various surface terms are taken to vanish. We remark that in the construction of the bounds that involve the equivariant extensions of the Kähler forms, and also in [20], the topological terms are identified with what remains after writing the Euclidean actions of the theories as a sum of squares without the use of partial integrations. It is clear that our results can also be used to construct bounds for solitons in appropriate gauge theories coupled to sigma model matter in odd-spacetime dimensions. This is the usual situation where instantons in a n-dimensional theory can be thought of as static solitons of a (n+1)-dimensional theory. In particular, there is a bound for the energy of static configurations of a three-dimensional N = 2 supersymmetric gauge theory coupled to sigma model matter. This new bound is an extension to gauged theories of the of bounds found in [24] and generalizes that of [25].

This paper is organised as follows: In section two, we shall describe nonsupersymmetric gauge theories coupled to sigma model matter to set up our notation and give some universal conditions which appear in all such models. In section three, we shall describe the (1,0)-supersymmetric gauge theories coupled to sigma model matter with a Wess-Zumino term. We shall also give the scalar potential of the system. In sections four and five, we shall describe the (2,0)- and (4,0)-supersymmetric gauge theories coupled to sigma model matter and give the scalar potentials of the systems. We shall find that these systems have Fayet-Iliopoulos terms constructed from the moment maps of KT and HKT geometries, respectively. In section six, we shall describe the (1,1)- supersymmetric gauge theory coupled to sigma model matter. We shall find that both the gauge multiplet and the sigma model multiplet are scalar superfields allowing for non-polynomial interactions between them. In sections seven and eight, we shall describe the (2,1)- and (4,1)-supersymmetric gauge theories coupled to sigma model matter and give the scalar potentials of the systems. In both these theories the gauge multiplets and the sigma model multiplets are scalar superfields and therefore admit non-polynomial interactions. In section nine, we describe a bound for the Euclidean action of a (2,0)-supersymmetric gauge theory without Wess-Zumino term. We show that the equivariant extension of the Kähler class enters in the bound. The BPS configurations are vortices and the scalar fields take values in a curved manifold M . In section ten, we describe a bound for the Euclidean action of a (4,0)-supersymmetric gauge theory without Wess-Zumino term. We show that the topological term in the bound is a linear combination equivariant extensions of the Kähler classes of the hyper-Kähler manifold which is the sigma model target space. In sections eleven and twelve, we present a generalisation of the bounds we have described for (2,0)- and (4,0)-supersymmetric models to a class of gauge theories coupled to scalars which are maps between Kähler manifolds or from a Kähler manifold to a hyper-Kähler, respectively. The topological term this time involves, apart from the equivariant extensions of Kähler forms, the second Chern character of the gauge connection. Finally in section thirteen, we give our conclusions.

2 Two-dimensional gauged sigma models with Wess-Zumino term

2.1 Geometric Data and Action

To describe two-dimensional supersymmetric gauge theories coupled to sigma model matter with a Wess-Zumino term, it is instructive to begin with a non-supersymmetric system as a toy example. Let Ξ be the two-dimensional Minkowski spacetime with light-cone coordinates (x^+, x^=). The fields of the model that we shall consider here are the following: a gauge potential A with gauge group G, sigma model matter fields ϕ which are locally maps from Ξ into a sigma model manifold or target space M and real fermions ψ_− and λ_+ on Ξ of opposite chirality.

The couplings of two-dimensional gauged sigma model are described by a Riemannian metric g on M and the Wess-Zumino term which is a locally-defined two-form b on M ; H = db is a globally defined closed three-form on M . In addition, the gauge group G acts on M leaving invariant both the metric and the Wess-Zumino term, ie

L_ag = 0 L_aH = 0 (2.1)

where L_a is the Lie-derivative with respect to the vector fields {ξ_a : a = 1, . . . , dimLG} generated by the action of the gauge group G on M ; LG is the Lie algebra of G. Therefore, we have

[ξ_a, ξ_b]^i = −f^c_{ab} ξ^i_c , (2.2) where f are the structure constants of G; a, b, c = 1, . . ., dim LG are gauge indices. The first condition in (2.1) implies that ξ_a are Killing vectors, ie

∇_iξ_{aj} + ∇_jξ_{ai} = 0 (2.3)

where ∇ is the Levi-Civita connection of g and i, j = 1, . . . , dimM . The second condition in (2.1) together with dH = 0 imply that i_aH is closed and so

ξ^i_a H_{ijk} = 2∂_{[j} w_{k]a} (2.4)

for some locally defined one-form w_a.

It is useful to give a geometric interpretation for the gauge potential A of the sigma model field ϕ. Let P be a principal bundle over the spacetime Ξ with fibre the gauge group G. The gauge potential A is locally the pull-back of a connection one-form A of P onto a open set of the spacetime Ξ. The sigma model maps ϕ are sections of the bundle P ×_G M . Locally they can be represented as maps from the spacetime Ξ into M .

To describe the couplings of the fermions, we consider two vector bundles E and F over M equipped with connections B and C and with fibre metrics h and k, respectively. The fermions ψ_− and λ_+ can be thought of as sections of S_− ⊗ E and S_+ ⊗ F , respectively, where S_− and S_+ are spin bundles over Ξ associated to the two inequivalent real representation of Spin(1, 1). Note that in two dimensions there are Majorana-Weyl fermions and so two inequivalent one-dimensional real spinor representations of Spin(1, 1). In addition we shall assume that the connections B and C as well as the fibre metrics h and k are invariant under the action of the gauge group on M . These conditions imply that

L_aB^A_{i B} = −∇_iU^A_{a B} (2.5)

L_ah_{AB} = −U_a^C_Ah_{CB} − U_a^C_B h_{AC} , (2.6)

where

∇_iU^A_{a B} = ∂_iU^A_{a B} + B_i^A_C U_a^C_B − U_a^A_C B_i^C_B , (2.7)

and U_a are infinitesimal gauge transformations, A, B, C = 1, . . ., rank E, and similarly for the connection C and fibre metric k. The above conditions on the connection B have appeared in [26]. An action for the fields A, ϕ, ψ_− and λ_+ is S = ∫ d^2x ( u_{ab}F^a_{+=}F^b_{+=} + g_{ij}∇+ϕ^i∇_=ϕ^j − V (ϕ) )

+ ∫ d^2xdt ( H_{ijk}∂_tϕ^i∇+ϕ^j∇_=ϕ^k − w_{ia}∂_tϕ^iF^a_{+=} )

+ ∫ d^2x (ih_{AB} ψ^A_− ~∇+ψ^B_− − ik_A′_B′ λ^{A′}_+ ~∇_=λ^{B′}_+ )

(2.8)

where u_{ab} = u_{ab}(ϕ) are the gauge couplings which in general depend on ϕ, V is a scalar potential and

F+_= = [∇+, ∇_=] , (2.9) where we have suppressed gauged indices. The covariant derivatives in the action above are defined as follows, ∇_μϕ^i = ∂_μϕ^i + A^a_μξ^i_a (2.10) and ~∇_μψ^A_− = ∂_μψ^A_− + ∇_μϕ^iB^A_{i B} ψ^B_− + A^a_μU^A_{a B} ψ^B , (2.11)

μ = +, =, and similarly for ~∇λ^{A′}_+ . The latter can be rewritten as ~∇_μψ^A_− = ∂_μψ^A_− + ∂_μϕ^iB^A_{i B}ψ^B_− + A^a_μμ^A_{a B}ψ^B . (2.12)

where μ_a^A_B = U_a^A_B + ξ_a^iB_i^A_B . (2.13) Observe that the part of the action involving the Wess-Zumino term has been written as an integral over a three-dimensional space. The conditions for this term to be written in a two-dimensional form as well as the conditions for the gauge invariance of the action will be investigated in the next section, see also [7].

2.2 Conditions for gauge invariance

The gauge transformations of the fields are δ_ϵA^a_μ = −∇_μϵ^a δ_ϵϕ^i = ϵ^aξ^i_a δ_ϵψ^A_− = ϵ^aU^A_{a B} ψ^B_− δ_ϵλ^{A′}_+ = ϵ^aV^{A′}_{a B′} λ^{B′}_+ (2.14)

where ϵ is the parameter of infinitesimal gauge transformations. Some of the conditions required for the invariance of the action (2.8) have been incorporated as part of the geometric data of the sigma model in the previous section. In particular, in addition to the conditions (2.1) and (2.5), we require that (i) w_a is a globally defined one-form on M which (ii) satisfies L_aw_b = −f_{ab}^cw_c . (2.15) To write the Wess-Zumino part of the action in a two-dimensional form, it is necessary for the relevant three form to be closed. This in addition requires that ξ^i_aw_{ib} + ξ^i_bw_{ia} = 0 . (2.16)

Then the three-dimensional part of the action (2.8) can be written locally [7] as

S^′ = ∫ d^2x ( b_{ij}∂+ϕ^i∂_=ϕ^j − A^a_+w_{ia}∇_=ϕ^i

+ A^a_=w_{ia}∇+ϕ^i + A^a_+A^b_=ξ^i_b w_{ai} ) . (2.17)

The conditions above that require (i) H to be invariant under the group action, (ii) w_a to be globally defined on M , (iii) (2.15) and (iv) (2.16) are those for the closed form H to have an extension, i.e. equivariant extension [9], as a closed form in M ×_G EG [10].

Next let us consider the conditions for gauge invariance of part of the action (2.8) involving the fermions. We find that this requires that

L_cu_{ab} + u_{db}f^d_{ca} + u_{ad}f^d_{cb} = 0 (2.18)

for the gauge couplings u_{ab},

L_aU_b − L_bU_a = [U_a, U_b] − f^c_{ab} U_c (2.19) and L_aV = 0 . (2.20)

We have not assumed that ∇_ih = 0. However given a connection on a vector bundle with a fibre metric h, there always exist another connection ∇^′ such that ∇^′_ih = 0. Suppose that the ∇^′ is used for the fermionic couplings. If this is the case, the gauge group is O(N ) and therefore the right-hand-side of (2.6) vanishes.

Observe that the equation (2.5) can be written in a more covariant form as

ξ^j_aG^A_{ij B} = ∇_iμ^A_{a B} . (2.21)

In what follows we shall assume that the conditions stated in this section by requiring gauge invariance of the non-supersymmetric model described by the action (2.8) hold. We shall see that for supersymmetric sigma models more conditions are necessary.

3 (1, 0) supersymmetric gauged models

The (1,0)-supersymmetric gauged sigma model involves the coupling of three different (1,0)-multiplets. To simplify the construction of this model we shall describe each multiplet and the conditions for supersymmetry and gauge invariance separately. There are different ways of approaching this problem. Here we shall use ‘standard’ (1,0)-superfields. The action will be constructed using (1,0)-superspace methods.

3.1 The gauge multiplet

The (1,0)-superspace Ξ^{1,0} has coordinates (x^+, x^=, θ^+), where (x^+, x^=) are bosonic light-cone coordinates and θ^+ is a Grassmann odd-coordinate. The (1,0)-supersymmetric Yang-Mills multiplet with gauge group G is described by a connection A in superspace which has components (A+, A_=, A_+). In addition, it is required that these satisfy the supersymmetry constraints [8]

[∇_+, ∇_+] = 2i∇+ [∇+, ∇_=] = F+_= [∇_+, ∇_=] = W_− , (3.1)

where F+_=, W_− are the components of the curvature of the superspace connection A. (The gauge indices have been suppressed.) Jacobi identities imply that

∇_+W_− = iF+_= (3.2)

Therefore the independent components of the gauge multiplet are

χ^a = W_−| F^a_{+=} = −i∇_+W^a_−| (3.3)

where χ^a is the gaugino and F^a is the two-form gauge field strength and the vertical line denotes evaluation of the associated superfield at θ^+ = 0. This notation for identifying the components of a superfield will also be used later for other theories.

3.2 Sigma model multiplets

To described the sigma model multiplet that couples to the above gauge field, we introduce a Riemannian manifold M with metric g and a locally defined two form b. In addition we assume that M admits a vector bundle E with fibre metric h, connection B and a section s. The data required for the description of the sigma model multiplet are the same as those given in section 2.1. In addition we take the section s to satisfy

L_as_A = −U^B_{a A}s_B . (3.4)

The (1, 0)-supersymmetric sigma model multiplet is described by a real scalar superfield ϕ and a fermionic superfield ψ_−. The superfield ϕ is a map from the superspace Ξ^{1,0} into a sigma model manifold M and the fermionic superfield ψ_− is a section of the bundle ϕ^∗E ⊗ S_−; S_− is a spin bundle over Ξ^{1,0}.

The components of the superfields ϕ, ψ_− are

ϕ^i = ϕ^i| λ^i_+ = ∇_+ϕ^i|

ψ^A_− = ψ^A_−| ℓ^A = ~∇_+ψ^A_−| , (3.5)

where the covariant derivatives are defined as

∇_+ϕ^i = D_+ϕ^i + A^a_+ξ^i_a ~∇_+ψ^A_− = D_+ψ^A_− + ∇_+ϕ^iB^A_{i B}ψ^B_− + A^a_+U^A_{a B} ψ^B_− , (3.6)

where D_+ is the usual flat superspace derivative, D^2_+ = i∂+.

3.3 Supersymmetric action

It is straightforward to couple the gauge multiplet to (1, 0)-supersymmetric sigma model matter. The full action is

S = S_g + S_σ + S_f + S_p (3.7)

where

S_g = − ∫ d^2xdθ^+ ( u_{ab}W^a_−∇_+W^b_− − iz_aW^a_− ) , (3.8)

where u_{ab} = u_{ab}(ϕ), u_{ab} is not necessarily symmetric in the gauge indices and z_a is a theta type of term which may depend on the scalar field ϕ, z_a = z_a(ϕ).

The gauge covariant supersymmetric action for the fields ϕ is [8] S_σ = − i ∫ d^2xdθ^+ g_{ij}∇_+ϕ^i∇_=ϕ^j − i ∫ d^2xdtdθ^+ ( H_{ijk}∂_tϕ^i∇_+ϕ^j∇_=ϕ^k − w_{ia}∂_tϕ^iW^a_− ) (3.9)

which as in section 2.1 can also be written as an integral over Ξ^{1,0} superspace provided that H admits an equivariant extension. In particular we have S_σ = −i ∫ d^2xdθ^+ ( g_{ij}∇_+ϕ^i∇_=ϕ^j + b_{ij}D_+ϕ^i∂_=ϕ^j

− A^a_+w_{ia}∂_=ϕ^i + A^a_=w_{ia}D_+ϕ^i + A^a_+A^b_=ξ^i_{[b}w_{a]i} ) . (3.10)

The action of the gauged fermionic multiplet is [26]

S_f = ∫ d^2xdθ^+ h_{AB}ψ^A_− ~∇_+ψ^B_− . (3.11)

The definition of the covariant derivative ~∇_+ is similar to the one given in section (2.1) for the covariant derivative ~∇+.

The action for the potential term is

S_p = ∫ d^2xdθ^+ ms_Aψ^A_− (3.12)

which is similar to that of the ungauged model in [11].

The superfields transform under the gauge group G as

δA_μ = −∇_μϵ^a δϕ^i = ϵ^aξ^i_a (ϕ) δψ^A_− = ϵ^aU^A_{a B} ψ^B_− . (3.13)

where μ = +, =, + is a Ξ^{1,0} superspace index and ϵ^a is an infinitesimal gauge transformation parameter. Gauge invariance of the action (3.7) requires, in addition to the conditions given in section (2.2), the condition (3.4) and

L_az_b = −f_{ab}^cz_c . (3.14)

3.4 The action of (1,0)-model in components and scalar potential

The action of (1,0)-supersymmetric two-dimensional gauged sigma model described by the action (3.7) can be easily written in components by performing the θ^+ integration and using the definition of the various component fields of the (1,0)-multiplets which we have described in the previous sections. In particular we find for the part of the action involving the kinetic term of the gauge multiplet that

S_g = ∫ d^2x ( u_{ab}F^a_{+=}F^b_{+=} + z_aF^a_{+=}

− iu_{ab}χ^a_−∇+χ^b_− + i∂_iu_{ab}λ^i_+χ^a_−F^b_{+=} + i∂_iz_aλ^i_+χ^a_− ) . (3.15)

Next we find that

S_σ = ∫ d^2x ( g_{ij}∇+ϕ^i∇_=ϕ^j + b_{ij}∂+ϕ^i∂_=ϕ^j + iλ^i_+ ~∇^{(+)}_= λ^j_+

+ iw_{ia}λ^i_+χ^a_− − A^a_+w_{ia}∂_=ϕ^i + A^a_=w_{ia}∂+ϕ^i

− A^a_+A^b_=ξ^i_{[b} w_{a]i} ) , (3.16)

where ∇^{(±)} are the usual metric connections with torsion ±H and ~∇^{(±)} are the associated connections involving also the gauge connection A. For the fermionic multiplet we have

S_f = ∫ d^2x ( −ih_{AB} ψ^A_− ~∇+ψ^B_− + h_{AB}ℓ^Aℓ^B − 1 2 G_{ijab}ψ^A_−ψ^B_− λ^i_+λ^j_+ ) (3.17) and S_p = ∫ d^2x ( ∇_is_Aλ^i_+ + s_Aℓ^A ) . (3.18)

The scalar potential in these models is precisely that of the ungauged (1,0) sigma models in [11], ie. V = 1 4 m^2h^{AB}s_As_B . (3.19)

So we find that only ‘F -terms’ contribute to the potential. This is because the gauge multiplet does not have an auxiliary field. Therefore the classical vacua of the theory are the points of the sigma model manifold M for which the section s vanishes modulo gauge transformations. Therefore the vacua of the theory are those orbits of the gauge group G in M for which the section s vanishes.

4 (2, 0) supersymmetry

4.1 The gauge multiplet

The (2, 0) superspace Ξ^{2,0} has coordinates (x^+, x^=, θ^+_0 , θ^+_1 ) where (x^+, x^=) are the usual light-cone coordinates and {θ^+_p : p = 0, 1} are anticommuting coordinates. The (2,0)-supersymmetric Yang-Mills multiplet is described by a connection A in Ξ^{2,0} superspace with components (A+, A_=, A_{p+}), p = 0, 1. In addition it is required that these satisfy the supersymmetry constraints [8]

[∇_{p+}, ∇_{q+}] = 2iδ_{pq} ∇+ [∇+, ∇_=] = F+_= [∇_{p+}, ∇_=] = W_{p−} , (4.1)

where p, q = 0, 1. Jacobi identities imply that

∇_{p+}W_{q−} + ∇_{q+}W_{p−} = 2iδ_{pq} F+_= (4.2)

The components of the gauge multiplet are

χ_{0−} = W_{0−}| χ_{1−} = W_{1−}| iF+_= = ∇_{0+}W_{0−}| f = ∇_{0+}W_{1−}| . (4.3)

The components, (χ_{0−}, χ_{1−}), are the gaugini which are real chiral fermions in two dimensions, F+_= is the field strength and f is an auxiliary field. (We have suppressed the gauge indices.)

4.2 The sigma model multiplet

It is well known the target manifold M of (2,0)-supersymmetric ungauged sigma model is Kähler manifold with torsion (KT). Therefore M is a hermitian manifold with metric g and equipped with a complex structure J which is parallel with respect to the ∇^{(+)} connection. This connection is a metric connection with torsion H, ie ∇^{(+)} = ∇ +^1_2 H where ∇ is the Levi-Civita connection. (For the definition of these geometries see [27, 28]). To gauge the model, we assume as in section 2.1 that the gauge group G acts on M and leaving invariant the metric g and the Wess-Zumino term H. In addition we require that the action of the group G is holomorphic. This means that

L_aJ = 0 , (4.4)

where the Lie derivative is along vector fields ξ_a generated by the group action of G. The sigma model fields are maps ϕ : Ξ^{2,0} → M into a complex manifold M which in addition satisfy

∇_{1+}ϕ^i = J^i_j ∇_{0+}ϕ^j , (4.5)

where ∇_{p+}ϕ = D_{p+}ϕ^i + A^a_{p+}ξ^i_a, p = 0, 1. Note that the requirement for M to be a complex manifold can be derived from the above condition.

The components of the sigma model multiplet ϕ are as follows:

ϕ^i = ϕ^i| λ^i_+ =∇_{0+}ϕ^i| . (4.6)

4.3 The fermionic multiplet

Let E be a vector bundle over M equipped with a connection B and a fibre (almost) complex structure I. The fermionic multiplet ψ_− is a section of ϕ^∗E ⊗ S_− over the Ξ^{2,0}, where S_− is a spin bundle over Ξ^{2,0}. In addition we require that the fermionic multiplet ψ_− satisfies

~∇_{1+}ψ^A_− = I^A_B ~∇_{0+}ψ^B_− + 1 2 mL^A , (4.7)

where L is a section of E and ~∇_{p+}ψ^A_− = D_{p+}ψ^A + ∇_{p+}ϕ^iB_i^A_B ψ^B_− + A^a_{p+}U_a^A_B , (4.8)

for p = 0, 1.

Compatibility of the condition (4.7) with gauge transformations requires that L_aI^A_B = U_a^A_C I^C_B − I^A_C U_a^C_B

L_aL^A = U_a^A_BL^B .

(4.9)

These are the conditions for the gauge transformations and the (2,0)-supersymmetry transformations to commute.

The compatibility of the condition (4.7) with the algebra of covariant derivatives ∇ implies the following conditions: G^A_{kl B}J^i_kJ^l_j = G^A_{ij B} J^k_i∇_kL^A − I^A_B∇_iL^B = 0

J^k_i∇_kI^A_B − I^A_C ∇_iI^C_B = 0 .

(4.10)

These are precisely the conditions required for the off-shell closure of (2,0) supersymmetry algebra.

It is always possible to find a connection B on the bundle E such that ∇I = 0. In such case the last condition in (4.10) is satisfied. Decomposing E ⊗C as E ⊗ C = E ⊕ Ē using I, the first condition implies that E is a holomorphic vector bundle. Then the second condition in (4.10) implies that the section L is the real part of a holomorphic section of E.

The components of the fermionic multiplet are as follows:

ψ^A_− = ψ^A_−| ℓ^A = ~∇_{0+}ψ^A_−| , (4.11)

where ψ_− is a two-dimensional real chiral fermion and ℓ is an auxiliary field.

4.4 Action

The action of the (2,0)-supersymmetric gauged sigma model can be written as

S = S_g + S_σ + S_f , (4.12)

where S_g is the action of the gauge multiplet, S_σ is the action of the sigma-model multiplet and S_f is the action of the fermionic multiplet. We shall describe each term separately.

4.5 The gauge multiplet action

The most general action for the (2,0)-supersymmetric gauge multiplet up to terms quadratic in the field strength is

S_g = ∫ d^2xdθ^+_0 ( −u^0_{ab}δ^{pq}W^a_{p−}∇_{0+}W^b_{q−} + u^1_{ab}δ^{pq}W^a_{p−}∇_{1+}W^b_{q−} + iz^p_aW^a_{p−} ) , (4.13)

where u^0 and u^1 are the gauge coupling constants which in general depend on the superfield ϕ and similarly for the ‘theta’ terms z^p. Both u^0 and u^1 are not necessarily symmetric in the gauge indices. The above action can be written in different ways. However there are always field and coupling constant redefinitions which can bring the action to the above form.

Observe that this action is not an integral over the full Ξ^{2,0} superspace. Therefore it is not manifestly (2,0)-supersymmetric. The requirement of invariance under (2,0) supersymmetry imposes the conditions

J^j_i∂_j u^0 = −∂_iu^1

J^j_i∂_jz^1 = −∂_iz^0 .

(4.14)

This is most easily seen by verifying that the Lagrangian density is independent of θ^+_1 up to θ^+_0 , x^+, x^=-surface terms. The conditions (4.14) are the Cauchy- Riemann equations which imply that u^0 + iu^1 and z^1 + iz^0 are holomorphic.

Indeed provided that the holomorphicity conditions (4.14) hold, the action (4.13), apart from the theta terms, can be written as an integral over the Ξ^{2,0} superspace as

S_g = ∫ d^2xdθ^+_0 dθ^+_1 ( αu^0_{ab}W^a_{0−}W^b_{1−} + (α − 1)u^1_{ab}W^a_{0−}W^b_{0−}

− αu^1_{ab}W^a_{1−}W^b_{1−} + (α − 1)u^0_{ab}W^a_{1−}W^b_{0−}

) (4.15)

for any constant α. After integrating over the odd coordinate θ^+_1 we recover the action (4.13). Observe that the action (4.15) simplifies if one takes u^0, u^1 to be symmetric matrices. In particular one finds that

S_g = ∫ d^2xdθ^+_0 dθ^+_1 u^0_{ab}W^a_{0−}W^b_{1−} . (4.16)

Invariance of the action (4.13) under gauge transformations requires that the couplings u^0, u^1 and z^p satisfy L_au^0_{bc} = −f^e_{ab}u^0_{ec} − f^e_{ac}u^0_{ae} L_au^1_{bc} = −f^e_{ab}u^1_{ec} − f^e_{ac}u^1_{ae} L_az^p_b = −f^c_{ab}z^p_c . (4.17)

The gauge transformations of the gauge multiplet and the sigma model multiplet that are required to derive the above result are as in the (1,0)-supersymmetric models studied in the previous sections.

4.6 The sigma model action

The part of the action which describes the coupling of the sigma model (2,0)- multiplet to the gauge multiplet has already been given in [8]. This action is S_σ = − i ∫ d^2xdθ^+_0 ( g_{ij}∇_{0+}ϕ^i∇_=ϕ^j + ν_aW^a_{1−} )

− i ∫ d^2xdtdθ^+_0 ( H_{ijk}∂_tϕ^i∇_{0+}ϕ^j∇_=ϕ^k − w_{ia}∂_tϕ^iW^a_{0−}

) (4.18)

where ν_a is a function on M , possibly locally defined, given by

I^j_i(ξ_{aj} + w_{aj}) = −∂_iν_a (4.19)

Under certain conditions the maps ν can be thought of as the moment maps of KT geometry [17].

Gauge invariance of the above part of action requires in addition to the conditions on w, which we have already mentioned in section 2.2, that ν_a is globally defined on M and that

L_aν_b = −f_{ab}^cν_c . (4.20)

4.7 The action of the fermionic multiplet

This part of the action is

S_f = ∫ d^2xdθ^+_0 ( h_{AB}ψ^A_− ~∇_{0+}ψ^B_− + ms_Aψ^A_− ) (4.21)

Gauge invariance of this part of the action requires the same conditions as those appearing for the couplings of (1,0)-multiplet in (2.19).

The conditions required by (2,0)-supersymmetry on the couplings of the above action are the same as those of the ungauged model and have been given in [29]. These can be easily derived by requiring that the Lagrangian density is independent from θ^+_1 up to x^+, x^=, θ^+_0 surface terms. In particular, we find that

h_{CB}I^C_A + h_{CA}I^C_B = 0

J^j_i∇_jh_{AB} + ∇_ih_{AC} I^C_B = 0

J^j_i∇_js_A − ∇_i(s_B I^B_A) − 1 2 ∇_ih_{AB} L^B = 0

s_AL^A = const .

(4.22)

The first condition implies that the fibre metric is hermitian is respect to the fibre complex structure. It is always possible to choose such a fibre metric given a fibre complex structure on a bundle vector bundle E. In the context of sigma models this has been explained in [16]. The rest of the conditions can be considerably simplified if the connection B is chosen such that ∇I = ∇h = 0. Such connection always exists on a hermitian vector bundle E. In such case, the third equation in (4.22) implies that s is the real part of a holomorphic section of E^∗.

4.8 The action in components

It is straightforward to write the action S of the (2,0)-supersymmetric gauge sigma model in components. In particular we find that the component action of the gauge multiplet (4.13) is

S_g = ∫ d^2x ( u^0_{ab}F^a_{+=}F^b_{+=} + z^0_aF^a_{+=} − u^0_{ab}f^af^b + iz^1_af^a + iu^0_{ab}χ^a_{0−}∇+χ^b_{0−} + iu^0_{ab}χ^a_{1−}∇+χ^b_{1−} − 2iu^1_{[ab]}F^a_{+=}f^b + 2iu^1_{[ab]}χ^a_{[0−}∇+χ^b_{1]−} + i∂_iz^0_aλ^i_+χ^a_{0−} + i∂_iz^1_aλ^i_+χ_{1−} − λ^i_+∂_iu^0_{ab}(iχ^a_{0−}F^b_{+=} + χ^a_{1−}f^b) + λ^i_+∂_iu^1_{ab}(−χ^a_{0−}f^b + iχ^a_{1−}F^b_{+=}) ) .

(4.23)

The component action of the sigma model part is

S_σ = ∫ d^2x ( g_{ij}∇+ϕ^i∇_=ϕ^j + b_{ij}∂+ϕ^i∂_=ϕ^j + iλ^i_+ ~∇^{(+)}_= λ^j_+ − i∂_iλ^i_+ν_aχ^a_{1−} − iν_af^a + ig_{ij} λ^i_+χ^a_{0−}ξ^j_a + iw_{ia}λ^i_+χ^a_{0−} − A^a_+w_{ia}∂_=ϕ^i + A^a_=w_{ia}∂+ϕ^i − A^a_+A^b_=ξ^i_{[b} w_{a]i} ) (4.24)

and the component action of the fermionic multiplet is

S_f = ∫ d^2x ( − ih_{AB} ψ^A_− ~∇+ψ^B_− + h_{AB} ℓ^Aℓ^B − 1 2 h_{AB}ψ^A_−ψ^B_− λ^i_+λ^j_+G_{ijAB} + m∇_is_Aλ^i_+ψ^A_− + ms_Aℓ^A ) . (4.25)

Eliminating the auxiliary fields of the gauge and fermionic multiplets, we find that S = ∫ d^2x ( g_{ij}∇+ϕ^i∇_=ϕ^j + b_{ij}∂+ϕ^i∂_=ϕ^j + u^0_{ab}F^a_{+=}F^b_{+=} + iu^0_{ab}χ^a_{0−}∇+χ^b_{0−} + iu^0_{ab}χ^a_{1−}∇+χ^b_{1−} + iλ^i_+ ~∇^{(+)}_= λ^j_+ − ih_{AB} ψ^A_− ~∇+ψ^B_− + z^0_aF^a_{+=} − 1 4 m^2h^{AB}s_As_B − 1 4 u^{ab}_0 (ν_a − z^1_a)(ν_b − z^1_b ) − 1 2 h_{AB}ψ^A_−ψ^B_− λ^i_+λ^j_+G_{ijAB} + m∇_is_Aλ^i_+ψ^A_− − A^a_+w_{ia}∂_=ϕ^i + A^a_=w_{ia}∂+ϕ^i − A^a_+A^b_=ξ^i_{[b} w_{a]i} − u^{ab}_0 (ν_a − z^1_a)u^1_{[cb]}F^c_{+=} − u^{ab}_0 u^1_{[ac]}u^1_{[bd]}F^c_{+=}F^d_{+=} + i∂_iz^0_aλ^i_+χ^a_{0−} + i∂_iz^1_aλ^i_+χ_{1−} − i∂_iu^0_{ab}λ^i_+χ^a_{0−}F^b_{+=} + i∂_iu^1_{ab}λ^i_+χ^a_{1−}F^b_{+=} − i∂_iν_aλ^i_+χ^a_{1−} + ig_{ij}λ^i_+χ^a_{0−}ξ^j_a + iw_{ia}λ^i_+χ^a_{0−} + 1 2 iu^{ab}_0 (ν_a − z^1_a)(∂_iu^0_{cb}χ^c_{1−} + ∂_iu^1_{cb}χ^c_{0−}) + 1 4 u^{ab}_0 (∂_iu^0_{ca}χ^c_{1−} + ∂_iu^1_{cb}χ^c_{0−})(∂_iu^0_{db}χ^d_{1−} + ∂_iu^1_{db}χ^d_{0−}) − iu^{ab}_0 u^1_{[ac]}F^c_{+=}(∂_iu^0_{db}χ^d_{1−} + ∂_iu^1_{db}χ^d_{0−}) + 2iu^1_{[ab]}χ^a_{[0−}∇+χ^b_{1]−} )

(4.26)

where u^{ab}_0 is the matrix inverse of u^0_{(ab)},

u^{ab}_0 u^0_{(bc)} = δ^a_c . (4.27) Note that we have assumed that u^0 is invertible.

4.9 Scalar potential and classical vacua

The scalar potential of the (2,0)-supersymmetric gauge theories coupled to sigma model matter is V = 1 4 u^{ab}_0 (ν_a − z^1_a)(ν_b − z^1_b ) + 1 4 mh^{AB} s_As_B . (4.28)

The scalar potential in these models is written as a sum of a ‘D’ and an ‘F ’ term. The classical supersymmetric vacua of the theory are those for which ν_a − z^1_a = 0 s_A = 0 . (4.29) The inequivalent classical vacua are the space of orbits of the gauge group on the zero set of the section s and ν − z^1. If the section s and z^1 vanish, then the space of inequivalent vacua is the KT reduction M//G of the sigma model target space M . It has been shown in [17] that the space of vacua inherits the KT structure of the sigma model manifold M and under certain assumptions is a smooth manifold. However the three-form of the Wess-Zumino term on M//G is not necessarily closed.

5 (4, 0) supersymmetry

5.1 The gauge multiplet

The (4, 0) superspace Ξ^{4,0} has coordinates (x^+, x^=, θ^+_p ), where θ^+_p , p = 0, 1, 2, 3, are the odd coordinates. The (4,0)-supersymmetric Yang-Mills multiplet is described by a connection A in superspace with components (A+, A_=, A_{p+}), p = 0, 1, 2, 3. In addition it is required that these satisfy the supersymmetry constraints [8]

[∇_{p+}, ∇_{q+}] = 2iδ_{pq} ∇+

[∇+, ∇_=] = F+_= [∇_{p+}, ∇_=] = W_{p−}

∇_{p+}W_{q−} = 1 2 ϵ_{pq}^{p′q′} ∇_p′_+W_q′_− , (5.1)

where p, q, p^′q^′ = 0, . . . , 3 and p ≠ q in the last condition. (We have suppressed gauge indices.) Jacobi identities imply that

∇_{p+}W_{q−} + ∇_{q+}W_{p−} = 2iδ_{pq} F+_= (5.2)

The components of the gauge multiplet are

χ_{p−} = W_{p−}| iF+_= = ∇_{0+}W_{0−}| f_r = ∇_{0+}W_{r−}| (r = 1, 2, 3) (5.3)

The first four fields, (χ_{p−} : p = 0, 1, 2, 3), are the gaugini which are real chiral fermions in two dimensions, F+_= is the field strength and {f_r : r = 1, 2, 3} are the auxiliary fields.

5.2 The sigma model multiplet

Let M be a hyper-Kähler manifold with torsion (HKT). This implies that M admits a hypercomplex structure {J_r : r = 1, 2, 3} the metric g on M is trihermitian and the hypercomplex structure is parallel with respect to a metric connection with torsion the three-form H, ∇^{(+)}J_r = 0; (see [27, 28] for more details). In addition we assume that the gauge group G acts on M preserving the metric, three-form H and the hypercomplex structure. The latter condition implies that

L_aJ_r = 0 , (5.4) where the Lie derivative L_a is along vector field ξ_a generated by the action of G on M . The sigma model fields are maps ϕ : Ξ^{4,0} → M into the HKT manifold M which in addition satisfy

∇_{r+}ϕ^i = J_r^i_j ∇_{0+}ϕ^j , (5.5)

where ∇_{p+}ϕ = D_{p+}ϕ^i + A^a_{p+}ξ^i_a and r = 1, 2, 3. We remark that the algebra of (4,0) supersymmetry transformations closes as a consequence of the HKT condition we imposed on M .

The components of the sigma model multiplet ϕ are as follows,

ϕ^i = ϕ^i| λ^i_+ =∇_{0+}ϕ^i| . (5.6)

5.3 The fermionic multiplet

Let E be a vector bundle over M equipped with a connection B and a fibre (almost) hypercomplex structure {I_r : r = 1, 2, 3}. The fermionic multiplet ψ_− is a section of ϕ^∗E ⊗ S_− over the Ξ^{4,0}, where S_− is a spin bundle over Ξ^{4,0}. In addition the fermionic multiplet ψ_− satisfies

~∇_{r+}ψ^A_− = I_r^A_B ~∇_{0+}ψ^B_− + 1 2 mL^A_r (5.7)

where {L_r : r = 1, 2, 3} are sections of E and

~∇_{p+}ψ^A_− = D_{p+}ψ^A + ∇_{p+}ϕ^iB_i^A_B ψ^B_− + A^a_{p+}U_a^A_B , (5.8)

p = 0, 1, 2, 3.

Compatibility of the condition (5.7) with gauge transformations requires that

L_aI^A_{r B} = U_a^A_C I^C_{r B} − I^A_{r C} U_a^C_B

L_aL^A_r = U_a^A_BL^B_r .

(5.9)

These are the conditions for the gauge transformations and the (2,0)-supersymmetry transformations to commute.

The conditions required for the closure of the (4,0) supersymmetry algebra are similar to those found for the ungauged (4,0) model in [11, 15]. Here to simplify the analysis, we shall in addition assume that the fibre hypercomplex structure is parallel with respect to ∇, ie ∇I_r = 0. (See [16] for a discussion on the conditions required for the existence of such a connection ∇ on the vector bundle E.) The more general case can be easily derived but we shall not use these results later. In this special case, we find that G_{kl}^A_BJ_r^k_iJ_s^l_j + G_{kl}^A_BJ_s^k_iJ_r^l_j = 2δ_{rs}G_{ij}^A_B J_r^J_i∇_jL^A_s + J_s^J_i∇_jL^A_r − I_r^A_B ∇_iL^B_s − I_s^A_B∇_iL^B_r = 0 .

(5.10)

The first condition implies that the curvature G of the vector bundle E is an (1,1)-form with respect to all three complex structures J_r. Observe that the diagonal relation r = s implies all the rest. The diagonal part of the second condition implies that each section L_r is a holomorphic section with respect to the pair (J_r , I_r).

The components of the fermionic multiplet are as follows:

ψ^A_− = ψ^A_−| ℓ^A = ~∇_{0+}ψ^A_−| , (5.11)

where ψ_− is a two-dimensional real chiral fermion and ℓ is an auxiliary field.

5.4 Action

The action of the (4,0)-supersymmetric gauged sigma model can be written as

S = S_g + S_σ + S_f , (5.12)

where S_g is the action of the gauge multiplet, S_σ is the action of the sigma-model multiplet and S_f is the action of the fermionic multiplet. We shall describe each term separately.

5.5 The gauge multiplet action

The most general action for the (4,0)-supersymmetric gauge multiplet up to terms quadratic in the field strength is

S_g = ∫ d^2xdθ^+_0 ( −u^0_{ab}δ^{pq} W^a_{p−}∇_{0+}W^b_{q−} + 3∑ r=1 u^r_{ab}δ^{pq} W^a_{p−}∇_{r+}W^b_{q−} + iz^p_aW^a_{−p} ) (5.13)

where {u^p : p = 0, 1, 2, 3} and {z^p : p = 0, 1, 2, 3} are the gauge coupling constants which in general depend on the superfield ϕ and u^p are not necessarily symmetric in the gauge indices. The above action can be written in different ways. However there are always field and coupling constant redefinitions which bring the action to the above form.

Observe that this action is not an integral over the full Ξ^{4,0} superspace. Therefore it is not manifestly (4,0)-supersymmetry. Define J^i_{0 j} = δ^i_j. The requirement of invariance the action (5.13) under (4,0) supersymmetry imposes the conditions

J^j_{p i}∂_j u_q = 1 2 ϵ_{pq}^{p′q′} J_p′^j_i∂_ju_q′ (p ≠ q) ∂_iu_0 = J^j_{1 i}∂_ju_1 = J^j_{2 i}∂_ju_2 = J^j_{3 i}∂_ju_3 ,

(5.14)

and {u^r : r = 1, 2, 3} are symmetric in the gauge indices. In addition, we have

J_r^j_i∂_jz^r = −∂_iz^0

J_p^j_i∂_jz_q = − 1 2 ϵ_{pq}^{p′ q′} J_p′^k_i∂_kz_q′ . (5.15)

The conditions (5.14) and (5.15) imply that in fact {u^p : p = 0, . . . , 3} and {z^p : p = 0, . . . , 3} are constant, i.e. independent from the sigma model superfield ϕ. The above conditions are most easily derived by verifying that the Lagrangian density is independent of θ^+_r up to surface terms in x^+, x^= and θ^+_0 . In addition gauge invariance requires that the coupling constants u^p and z^p satisfy the condition

f^d_{ab}u^p_{dc} + f^d_{ac}u^p_{bd} = 0

f^c_{ab}z^p_c = 0 .

(5.16)

In particular u^r should be proportional to an invariant quadratic form on the Lie algebra of the gauge group G. If G semi-simple, the condition on z^p implies that z^p = 0. If G is abelian, then the above conditions are satisfied for any constants u^p and z^p.

5.6 The sigma model multiplet action

This part of the action has already been described in [8]. Here we shall summarise some of results relevant to this paper. The action of this multiplet is S_σ = − i ∫ d^2xdθ^+_0 ( g_{ij}∇_{0+}ϕ^i∇_=ϕ^j + 3∑ r=1 ν_{ra}W^a_{r−} )

− i ∫ d^2xdtdθ^+_0 ( H_{ijk}∂_tϕ^i∇_{0+}ϕ^j∇_=ϕ^k − w_{ia}∂_tϕ^iW^a_{0−} ) , (5.17)

where ν_a is a function on M , possibly locally defined, given by

I^j_{r i}(ξ_{aj} + w_{aj}) = −∂_iν_{ra} . (5.18)

It has been shown in [17] that under certain conditions ν is a moment map of HKT geometry.

The gauge transformations of the superfield ϕ are

δϕ^i = λ^aξ^i_a (ϕ) (5.19)

Gauge invariance of the above action requires that w should satisfy the conditions mentioned in section 2.2, the moment maps should be globally defined on the sigma model target space M and

L_aν_{ra} = −f^c_{ab} ν_{rc} . (5.20)

5.7 The action of the fermionic multiplet

This part of the action is

S_f = ∫ d^2xdθ^+_0 ( h_{AB}ψ^A_− ~∇_{0+}ψ^B_− + ms_Aψ^A_− ) (5.21)

Gauge invariance of this part of the action requires the same conditions as those appearing for the couplings of (1,0)-multiplet in (2.19).

The conditions required by (4,0)-supersymmetry on the couplings of the above action are the same as those of the ungauged model and have been given in [15]. These can be easily derived by requiring that the Lagrangian density is independent from θ^+_r up to x^+, x^=, θ^+_0 surface terms. In particular, we find that

h_{CB} I_r^C_A + h_{CA}I_r^C_B = 0

J_r^j_i∇_jh_{AB} + ∇_ih_{AC} I_r^C_B = 0

J_r^j_i∇_js_A − ∇_is_B I_r^B_A − 1 2 ∇_ih_{AB}L^B_r = 0

s_AL^A_r = const .

(5.22)

To derive the above conditions we have used that ∇I_r = 0 as we have assumed in the construction of the fermionic multiplet. The first condition implies that the fibre metric is tri-hermitian. These conditions can be further simplified if the connection B is chosen such that ∇h = 0. In such case, the third equation in (5.22) implies that s is the real part of three holomorphic sections of E^∗ each with respect to the three doublets (J_r , I_r) of complex structures, ie s is triholomorphic.

5.8 The action in components and scalar potential

The part of the action of the theory involving the kinetic term of the gauge multiplets (5.13) can be easily expanded in components as follows:

S_g = ∫ d^2x ( u^0_{ab}F^a_{+=}F^b_{+=} + iu^0_{ab}δ^{pq} χ^a_{p−}∇+χ^b_{q−}

+ z^0_aF^a_{+=} − ∑ r (u^0_{ab}f^a_r f^b_r + iz^r_af^a_r )

+ 2iu^1_{ab}χ^a_{[0−}∇+χ^b_{1]−} + 2iu^1_{ab}χ^a_{[2−}∇+χ^b_{3]−}

+ 2iu^2_{ab}χ^a_{[0−}∇+χ^b_{2]−} + 2iu^2_{ab}χ^a_{[1−}∇+χ^b_{3]−}

+ 2iu^3_{ab}χ^a_{[0−}∇+χ^b_{3]−} + 2iu^3_{ab}χ^a_{[1−}∇+χ^b_{2]−} ) .

(5.23)

To derive this we have used that {u^p : 0, . . . , 3} are constant and {u^r : 1, 2, 3} symmetric in the gauge indices.

The part of the action that contains the kinetic term and the Wess-Zumino term of the sigma model fields in components is as follows,

S_σ = ∫ d^2x ( g_{ij}∇+ϕ^i∇_=ϕ^j + b_{ij}∂+ϕ^i∂_=ϕ^j + iλ^i_+ ~∇^{(+)}_= λ^j_+ − i ∑ r (ν_{ra}f^a_r + ∂_iν_{ra}λ^i_+χ^a_{r−})

+ ig_{ij}λ^i_+χ^a_{0−}ξ^j_a + iw_{ia}λ^i_+χ^a_{0−}

− A^a_+w_{ia}∂_=ϕ^i + A^a_=w_{ia}∂+ϕ^i − A^a_+A^b_=ξ^i_{[b} w_{a]i} ) (5.24)

The part of the action that contains the kinetic term the fermionic multiplet in components is as follows:

S_f = ∫ d^2x ( − ih_{AB} ψ^A_− ~∇+ψ^B_− + h_{AB} ℓ^Aℓ^B − 1 2 h_{AB}ψ^A_−ψ^B_− λ^i_+λ^j_+G_{ijAB} + m∇_is_Aλ^i_+ψ^A_− + ms_Aℓ^A

) (5.25)

After eliminating the auxiliary fields of both the gauge multiplet and the fermionic multiplet, we find that the action of (4,0)-supersymmetric gauge theories coupled to sigma models is

S_g + S_f = ∫ d^2x ( u^0_{ab}F^a_{+=}F^b_{+=} − ih_{AB}ψ^A_− ~∇+ψ^B_− + iδ^{pq}u^0_{ab}χ^a_{p−}∇+χ^b_{q−} + 2iu^1_{ab}χ^a_{[0−}∇+χ^b_{1]−} + 2iu^1_{ab}χ^a_{[2−}∇+χ^b_{3]−} + 2iu^2_{ab}χ^a_{[0−}∇+χ^b_{2]−} + 2iu^2_{ab}χ^a_{[1−}∇+χ^b_{3]−} + 2iu^3_{ab}χ^a_{[0−}∇+χ^b_{3]−} + 2iu^3_{ab}χ^a_{[1−}∇+χ^b_{2]−} − 1 2 h_{AB} ψ^A_−ψ^B_− λ^i_+λ^j_+G_{ijAB} + m∇_is_Aλ^i_+ψ^A_− − 1 4 u^{ab}_0 ∑ r (ν_{ra} − z^r_a)(ν_{rb} − z^r_b ) − 1 4 m^2h^{AB}s_As_B + z^0_aF^a_{+=} + ∑ p ∂_iz^p_aλ^i_+χ^a_{r−} )

(5.26)

It is straightforward to write the action S of the (2,0)-supersymmetric gauge sigma model in components. In particular we find the following: S = ∫ d^2x ( g_{ij}∇+ϕ^i∇_=ϕ^j + b_{ij}∂+ϕ^i∂_=ϕ^j + u^0_{ab}F^a_{+=}F^b_{+=} + iu^0_{ab}δ^{pq} χ^a_{p−}∇+χ^b_{q−} + iλ^i_+ ~∇^{(+)}_= λ^j_+ − ih_{AB} ψ^A_− ~∇+ψ^B_− + z^0_aF^a_{+=} − 1 4 m^2h^{AB} s_As_B − 1 4 u^{ab}_0 ∑ r (ν_{ra} − z^r_a)(ν_{rb} − z^r_b ) − 1 2 h_{AB} ψ^A_−ψ^B_− λ^i_+λ^j_+G_{ijAB} + m∇_is_Aλ^i_+ψ^A_− − A^a_+w_{ia}∂_=ϕ^i + A^a_=w_{ia}∂+ϕ^i − A^a_+A^b_=ξ^i_{[b} w_{a]i} + i∂_iz^0_aλ^i_+χ^a_{0−} + ig_{ij}λ^i_+χ^a_{0−}ξ^j_a + iw_{ia}λ^i_+χ^a_{0−} + i ∑ r ∂_i(z^r_a − ν_{ra})λ^i_+χ^a_{r−} )

(5.27)

5.9 Scalar Potential and Classical Vacua

The scalar potential of the (4,0)-supersymmetric gauged sigma models is V = 1 4 3∑ r=1 u^{ab}_0 ν_{ra}ν_{rb} + 1 4 mh^{AB} s_As_B , (5.28)

where we have absorbed the constants z^r_a into the definition of the moment maps ν_{ra}. The scalar potential in these models is written as a sum of a ‘D’ and an ‘F ’ term. The classical supersymmetric vacua of the theory are those for which

ν_{ra} = 0 s_A = 0 . (5.29)

The inequivalent classical vacua are the space of orbits of the gauge group on the zero set of the section s and the HKT moment maps ν_r. If the section s vanishes, then the space of inequivalent vacua is the theory is the HKT reduction M//G of the sigma model target space M . It has been shown in [17] that under certain assumptions the space of vacua inherits the HKT structure of the sigma model manifold M and it is a smooth space. However the three-form of the Wess-Zumino term on M//G is not necessarily closed.

6 (1, 1) supersymmetry

6.1 The gauge multiplet

The (1, 1) superspace Ξ^{1,1} has coordinates (x^+, x^=, θ^+, θ^−), where θ^± are Grassman valued odd coordinates. The (1,1)-supersymmetric Yang-Mills multiplet is described by a connection A in superspace with components (A+, A_=, A_+, A_−). In addition it is required that these satisfy the supersymmetry constraints [8]

[∇_+, ∇_−] = W [∇+, ∇_=] = F+_= [∇_+, ∇_+] = 2i∇+ [∇_−, ∇_−] = 2i∇_= (6.1)

(We have suppressed the gauge indices.) The Jacobi identities imply that

[∇_+, ∇_=] = i∇_−W [∇_−, ∇+] = i∇_+W F+_= = ∇_+∇_−W (6.2)

It is worth mentioning that the (1,1)-supersymmetric gauge multiplet can be constructed from a scalar superfield. This allows for the possibility of nonpolynomial couplings between the sigma model multiplet and the gauge multiplet. The components of the gauge multiplet are

W = W | F+_= = ∇_+∇_−W | χ_+ = ∇_+W | χ_− = ∇_−W | (6.3)

The field, W , is a scalar, χ_+,χ_− are gaugini which are real chiral fermions in two dimensions, and F+_= is the (gauge) field strength.

6.2 The sigma model multiplet

Let M be a Riemannian manifold with metric g and locally defined two-form b. We take the gauge group G to act on M with isometries preserving the Wess- Zumino three-form H = db and generating the vector fields ξ_a as in section 2.1. In addition we assume that the one-form w satisfies the conditions of section 2.2.

The sigma model (1,1) multiplet ϕ is a map from the (1,1) superspace Ξ^{1,1} into the Riemannian manifold M . The components of ϕ are as follows,

ϕ^i = ϕ^i| ℓ^i = ∇_+∇_−ϕ^i|

λ^i_+ = ∇_+ϕ^i| λ^i_− = ∇_−ϕ^i| , (6.4)

where ∇_+ϕ^i = D_+ϕ^i + A^a_+ξ^i_a and similarly for ∇_−. Observe that the first two components of (1, 1) superfield ϕ can be identified with the two components of a (1, 0) superfield ϕ while the latter two components can be identified with those of a (1, 0) fermionic superfield ψ_−. The vector bundle associated with this fermionic multiplet is the tangent bundle of M .

6.3 Action

The action of the (1,1)-supersymmetric gauged sigma model can be written as sum of three terms,

S = S_g + S_σ + S_p , (6.5)

where S_g is the action of the gauge multiplet, S_σ is the action of the sigma-model multiplet and S_p is a potential term. We shall describe each term separately.

6.4 The gauge multiplet action

An action of the (1,1)-supersymmetric gauge multiplet is most easily written in (1,1) superspace. In particular we have

S_g = ∫ d^2xdθ^+dθ^− ( −u_{ab}∇_+W^a∇_−W^b + 1 2 v_{ab}W^aW^b + z_aW^a ) , (6.6)

where u_{ab} = u_{ab}(ϕ), u is not necessarily symmetric in the gauge indices, v_{ab} = v_{ab}(ϕ) and the theta term z_a = z_a(ϕ). Of course this action is manifestly (1,1)- supersymmetric because it is an integral over full superspace. Gauge invariance imposes the additional conditions L_au_{bc} = −f^d_{ab}u_{dc} − f^d_{ac}u_{bd} L_av_{bc} = −f^d_{ab}v_{dc} − f^d_{ac}v_{bd} L_az_b = −f^d_{ab}z_d (6.7)

on the couplings u,v and z.

The action (6.6) can be easily expanded in components to find

S_g = ∫ d^2x ( + u_{ab}F^a_{+=}F^b_{+=} − u_{ab}∇+W^a∇_=W^b + iu_{ab}∇+χ^a_−χ^b_− − iu_{ab}χ^a_+∇_=χ^b_+ + ∂_iu_{ab}F^a_{+=}λ^i_+χ^b_− − ∂_iu_{ab}λ^i_−χ^a_+F^b_{+=} + i∂_iu_{ab}λ^i_+χ^a_+∇_=W^b + i∂_iu_{ab}λ^i_−∇+W_aχ^b_− + u_{ab}f^b_{cd}χ^a_+χ^c_−W^d − ∇_i∂_ju_{ab}λ^i_+λ^j_−χ^a_+χ^b_− − ∂_iu_{ab}ℓ^iχ^a_+χ^b_− + v_{ab}χ^a_+χ^b_− + v_{ab}W^aF^b_{+=} + ∂_iv_{ab}λ^i_+W_aχ^b_− − ∂_iv_{ab}λ^i_−χ^a_+W^b + 1 2 ∇_i∂_j v_{ab}λ^i_+λ^j_−W^aW^b + 1 2 ∂_iv_{ab}ℓ^iW^aW^b + z_aF^a_{+=} + ∂_iz_aλ^i_+χ_− − ∂_iz_aλ^i_−χ_+ + ℓ^i∂_iz_aW^a + λ^i_+λ^j_−∇_i∂_jz_aW^a ) .

(6.8)

6.5 The sigma model multiplet action and potential term

A (1,1)-supersymmetric gauged sigma model action has been given in [8]. This action can be written as

S_σ = ∫ d^2xdθ^+dθ^− g_{ij}∇_+ϕ^i∇_−ϕ^j + ∫ d^2xdtdθ^+dθ^− ( H_{ijk}∂_tϕ^i∇_+ϕ^j ∇_−ϕ^k − w_{ia}∂_tϕ^iW^a_− ) (6.9)

This can be rewritten without the t integration as

S_σ = ∫ d^2xdθ^+dθ^− ( g_{ij}∇_+ϕ^i∇_−ϕ^j + b_{ij}D_+ϕ^iD_−ϕ^j − A^a_+w_{ia}D_−ϕ^i − A^a_−w_{ia}D_+ϕ^j + A^a_−A^b_+ξ^i_{[b}w_{a]i} ) . (6.10)

It is straightforward to add a potential term to the above actions as

S_p = ∫ d^2xdθ^+dθ^− h (6.11)

where h = h(ϕ) is a function of the superfield ϕ. Gauge invariance of the above action requires that w should satisfy the conditions stated in section 2.2.

6.6 A generalisation of the action

The action of (1,1)-supersymmetric gauge theory presented above can be generalized by allowing the various couplings of the theory to depend on the scalar component of the gauge multiplet superfield. Supersymmetry then requires additional fermionic couplings. The new theory can be organised as a (1,1)- supersymmetric sigma model which has target space L = M × L(G), where L(G) is the Lie algebra of the gauge group G. The various allowed couplings are restricted by two-dimensional Lorentz invariance, supersymmetry and gauge invariance. The superfields of the (1,1)-supersymmetric gauge theory coupled to sigma model matter are maps Z = (ϕ, W ) from the (1,1) superspace Ξ^{1,1} into L, where ϕ is the usual (1,1) sigma model superfield and W is the (1,1) gauge theory multiplet. We again allow the gauge group G to act on L with a group action on M and the adjoint action on L(G). The vector fields generated by such a group action are

ξ_a = ξ^A_a ∂_A = ξ^i_a∂_i + W^bf^c_{ab}∂_c (6.12)

where A = (i, a), the component ξ^i is allowed to depend on both ϕ and W , and the partial derivative with the gauge index denotes differential with respect to W . Next we introduce a metric g and a Wess-Zumino term H on L and assume that the gauge group G acts on L with isometries leaving the Wess-Zumino term H invariant. We also define w as i_{ξa} H = dw_a, where ξ_a is the new Killing vector field (6.12). Then an action can be written for this new sigma model as

S_σ = ∫ d^2xdθ^+dθ^− ( g_{AB}∇_+Z^A∇_−Z^B + h )

+ ∫ d^2xdtdθ^+dθ^− ( H_{ABC} ∂_tZ^A∇_+Z^B ∇_−Z^C − w_{Ba}∂_tZ^B W^a_− ) (6.13)

where h is a function which depends on Z. This action is clearly supersymmetric because it is a full (1,1) superspace integral. Gauge invariance requires that w above satisfies all the conditions stated in section 2.2 but for the group action with associated vector fields (6.12) and a Wess-Zumino term in L. In addition, gauge invariance requires that

L_ah = 0 (6.14)

where the Lie derivative is with respect to the vector field (6.12).

6.7 Scalar Potential

To compute the scalar potential we express the action in components and eliminate the auxiliary field of the sigma model superfield ϕ from the action using the field equations. The scalar potential is V (W, ϕ) = 1 4 g^{ij} ∂_ih∂_jh , (6.15)

where g^{ij} is the inverse of the restriction of the metric of L on M . Observe that V depends on both the sigma model scalar ϕ and the gauge multiplet scalar W . The classical supersymmetric vacua of the theory are those values of (ϕ, W ) for which ∂_ih = 0. For example, for the special (1,1)-supersymmetric model investigated in the beginning of the section, V =^1_4 g^{ij} (∂_ih + ∂_iz_aW^a)(∂_j h + ∂_j z_bW^b), where in this case h = h(ϕ).

7 (2, 1) supersymmetry

7.1 The gauge multiplet

The (2, 1) superspace Ξ^{2,1} has coordinates (x^+, x^=, θ^+_p , θ^−), where (x^+, x^=) are the even and (θ^+_0 , θ^+_1 , θ^−) are odd coordinates. The (2,1)-supersymmetric Yang- Mills multiplet is described by a connection A in superspace with components (A+, A_=, A_{p+}, A_−), p = 0, 1. In addition it is required that these satisfy the supersymmetry constraints [8]

[∇_{p+}, ∇_−] = W_p [∇+, ∇_=] = F+_= [∇_{p+}, ∇_{q+}] = 2iδ_{pq} ∇+ [∇_−, ∇_−] = 2i∇_= . (7.1)

We have suppressed the gauge indices. We remark that W_p are scalar superfields. The Jacobi identities imply that

[∇_{p+}, ∇_=] = i∇_−W_p [∇_−, ∇+] = i∇_{0+}W_0 F^a_{+=} = ∇_{0+}∇_−W^a_0 ∇_{1+}W_1 = ∇_{0+}W_0 (7.2)

∇_{1+}W_0 + ∇_{0+}W_1 = 0 .

The two scalar superfields (W_0, W_1) can be viewed as a map W from the (2,1) superspace Ξ^{2,1} into LG⊗R^2, where LG is the Lie algebra of the group G. Next introduce a complex structure I = Id ⊗ ϵ in LG ⊗ R^2 where ϵ is the constant complex structure in R^2 with ϵ^0_1 = −1. The last two conditions in (7.1) can be expressed as

∇_{1+}W^{ap} = ϵ^p_q∇_{0+}W^{aq} . (7.3)

In fact this implies that W is a covariantly chiral superfield, (∇_{1+} +i∇_{0+})(W_1 + iW_0) = 0.

The components of the gauge superfields W_p are

W_p = W_p| F+_= = ∇_{0+}∇_−W_0| f = ∇_{0+}∇_−W_1| χ_{0+} = ∇_{0+}W_0| χ_{1+} = ∇_{0+}W_1| χ_{p−} = ∇_−W_p| , (7.4)

where W_p are scalars, χ_{p+} and χ_{p−} are the gaugini which are real chiral fermions in two dimensions, F+_= is the field strength and f is a real auxiliary field. As in the (1,1)-supersymmetric gauge theory, the gauge multiplet is determined by scalar superfields. This will lead again to non-polynomial interactions between the gauge and sigma multiplets of the theory.

7.2 The sigma model multiplet

Let M be a KT manifold with metric g and complex structure J. We in addition assume that the gauge group G acts on M with isometries which furthermore preserve the complex structure J and the Wess-Zumino term H. These conditions are the same as those in the case of (2,0)-supersymmetric theory. The

(2,1) sigma model superfield ϕ is a map from the (2,1) superspace Ξ^{2,1} into the sigma model manifold M . In addition it is required that

∇_{1+}ϕ^i = J^i_j ∇_{0+}ϕ^j , (7.5)

where ∇_{p+}ϕ^i = D_{p+}ϕ^i + A^a_{p+}ξ^i_a and ξ_a are the vector fields on M generated by the group action. As we have seen, the (2,1) gauge multiplet satisfies the condition (7.3) similar to (7.5). The superfield ϕ is also covariantly chiral, as can be seen by choosing complex coordinates on the sigma model manifold M . These results will be used later for the construction of actions of (2,1)-supersymmetric gauge theories coupled to sigma models.

The components of the sigma model multiplet ϕ are as follows:

ϕ^i = ϕ^i| ℓ^i = ∇_{0+}∇_−ϕ^i|

λ^i_+ =∇_{0+}ϕ^i| λ^i_− =∇_−ϕ^i| , (7.6)

where ϕ is a scalar, λ_+ and λ_− are real fermions, and ℓ is an auxiliary field.

7.3 Action

An action of a (2,1)-supersymmetric gauge theory coupled to sigma model matter can be written as

S = S_g + S_σ + S_p , (7.7)

where S_g is the action of the gauge multiplet, S_σ is the action of the sigmamodel multiplet and S_p contains the potential term. We shall describe each term separately.

7.4 The gauge multiplet action

An action for the (2,1)-supersymmetric gauge multiplet is

S_g = ∫ d^2xdθ^+_0 dθ^− ( − u^0_{ab}δ^{pq} ∇_{0+}W^a_p ∇_−W^b_q

+ u^1_{ab}δ^{pq} ∇_{1+}W^a_p ∇_−W^b_q + z^p_a W^a_p

) (7.8)

where u^0, u^1 are the gauge coupling constants and z^p are theta term type of couplings. All the couplings are allowed to depend on the superfield ϕ. We shall assume that both u^0, u^1 are symmetric in the gauge indices but this restriction can be lifted.

Observe that the action (7.8) is not an integral over the full Ξ^{2,1} superspace. Therefore it is not manifestly (2,1)-supersymmetric. The requirement of invariance of the action under (2,1) supersymmetry imposes the conditions

J^j_i∂_j u^0_{ab} = −∂_iu^1_{ab}

J^j_i∂_j z^1_a = −∂_iz^0_a .

(7.9)

Therefore the couplings u^0 + iu^1 and z^1 + iz^0 are holomorphic.

In addition gauge invariance of the action (7.8) implies that L_au^p_{bc} = −f^d_{ab}u^p_{dc} − f^d_{ac}u^p_{bd} L_az^p_b = −f^d_{ab}z^p_d . (7.10)

7.5 The sigma model multiplet action and potential

The action of the (2,1)-supersymmetric gauged sigma model with Wess-Zumino term has been given in [8]. Here we shall summarise some of results relevant to this paper. The action of this multiplet is

S_σ = ∫ d^2xdθ^+_0 dθ^− ( g_{ij}∇_{0+}ϕ^i∇_−ϕ^j + ν_aW^a_1 )

+ ∫ d^2xdtdθ^+ dθ^− ( H_{ijk}∂_tϕ^i∇_{0+}ϕ^j∇_−ϕ^k − w_{ia}∂_tϕ^iW^a_− ) (7.11)

This action can be written without the t integration as

S_σ = ∫ d^2xdθ^+dθ^− ( g_{ij}∇_+ϕ^i∇_−ϕ^j + b_{ij}D_+ϕ^iD_−ϕ^j

− A^a_+w_{ia}D_−ϕ^i − A^a_−w_{ia}D_+ϕ^j + A^a_−A^b_+ξ^i_{[b}w_{a]i}

) (7.12)

Gauge invariance of the above action requires that w should satisfy the conditions described in section 2.2. As in the case of (2,0)-supersymmetric gauged sigma model, it is also required that ν is globally defined and L_aν_b = −f^c_{ab} ν_c. In fact ν is a moment map associated with the action of the gauge group on the KT manifold M .

The part of the action involving the potential is

S_p = ∫ d^2xdθ^+_0 dθ^− h , (7.13)

where h = h(ϕ) Invariance under (2,1) supersymmetry requires that

∂_ih = J^k_i∂_kh^1 (7.14)

where h^1 = h^1(ϕ). This implies that h is the real part of a holomorphic function on M .

The scalar potential of (2,1)-supersymmetric gauge theories coupled to sigma models described above is V = 1 4 u^{ab}_0 (ν_a + z^1_a)(ν_b + z^1_b ) + 1 4 g^{ij}(∂_ih + ∂_iz^p_aW^a_p )(∂_j h + +∂_j z^p_aW^a_p ) . (7.15)

7.6 A generalisation

As we have shown both the (2,1) gauge multiplet and the (2,1) sigma model multiplet are constructed from covariantly chiral scalar superfields, ie both satisfy the conditions (7.5) and (7.3). Because of this, these two superfields can be combined to a single superfield Z = (W_0, W_1, ϕ) which is a map from the (2, 1) superspace Ξ^{2,1} into (LG ⊗ R^2) × M . In addition we can take Z to satisfy a chirality condition which is the combination of (7.3) and (7.5). Next we can take the gauge group G to act on (LG ⊗ R^2) × M with the adjoint action in the first factor and a group action on M . The vector fields associated by such a group action are

ξ_a = ∑ p f^c_{ab}W^b_p ∂ ∂W^c_p + ξ^i∂_i . (7.16)

Treating the (2,1)-supersymmetric gauge theory coupled to sigma model matter as a sigma model with superfield Z, which satisfies (7.3) and (7.5), we can write the action

S_σ = ∫ d^2xdθ^+_0 dθ^− ( g_{AB}∇_{0+}Z^A∇_−Z^B + ν_aW^a_1 + h )

+ ∫ d^2xdtdθ^+dθ^− ( H_{ABC}∂_tZ^A∇_{0+}Z^B ∇_−Z^C − w_{Ba}∂_tZ^B W^a_− ) (7.17)

where now all the couplings are defined using the geometry of (LG ⊗ R^2) × M . Of course (2,1)-supersymmetric requires that (LG ⊗ R^2) × M is a KT manifold with respect to the complex structure (J, id ⊗ ϵ). In particular the metric and the rest of the couplings depend on the coordinates of (LG ⊗ R^2) × M . The conditions for gauge invariance are easily determined from those of the (2,1)- supersymmetric gauged sigma model. We remark that the couplings of (7.17) can be arranged such that the SO(2) R-symmetry of the (2, 1)-supersymmetry algebra is broken. In particular the SO(2) rotation that rotate the W_p scalar components is not a symmetry of the action. However if one insists in preserving the R-symmetry, then the KT manifold (LG ⊗ R^2) × M should admit a SO(2) action preserving all the geometric data.

8 (4, 1) supersymmetry

8.1 The gauge multiplet

The (4, 1) superspace Ξ^{4,1} has coordinates (x^+, x^=, θ^+_p , θ^−), where (x^+, x^=) are the even and {θ^−, θ^+_p , p = 0, . . . , 3} are the odd coordinates. The (4,1)- supersymmetric Yang-Mills multiplet is described by a connection A in Ξ^{4,1} superspace with components (A+, A_=, A_{p+}, A_−) with p = 0, . . . 3. In addition it is required that these satisfy the supersymmetry constraints [8] [∇_{p+}, ∇_−] = W_p [∇+, ∇_=] = F+_= [∇_{p+}, ∇_{q+}] = 2iδ_{pq} ∇+ [∇_−, ∇_−] = 2i∇_= (8.1) ∇_{p+}W_q = ϵ^{p′ q′}_{pq} ∇_p′_+W_q′ . (We have suppressed all the gauge indices.) The Jacobi identities imply that [∇_{p+}, ∇_=] = i∇_−W_p [∇_−, ∇+] = i∇_{0+}W_0

F^a_{+=} = ∇_{0+}∇_−W^a_0 (8.2) ∇_{p+}W_q + ∇_{q+}W_p = 0 (p ≠ q) ∇_{0+}W_0 = ∇_{1+}W_1 = ∇_{2+}W_2 = ∇_{3+}W_3 The (4,1) gauge multiplet is determined by four scalar superfields. Some of the conditions on these superfields given in (8.1), like in the (2,1) model previously, can be expressed as conditions of a (4,1) sigma model multiplet. For this, view the four-scalar superfields {W_p : p = 0, 1, 2, 3} as maps from the superspace Ξ^{4,1} into LG ⊗ R^4, where LG is the Lie algebra of the gauge group G. Then introduce three constant complex structures {I_r } in R^4 such that (I_r)^0_s = δ_{rs} and (I_r )^s_t = −ϵ_{rst} where r, s, t = 1, 2, 3. The conditions on W_p in (8.1) and (8.1) can be expressed as ∇_{r+}W^a_p = I_r^q_p∇_{0+}W^a_q . (8.3) The components of the gauge multiplet are W_p = W_p| F+_= = ∇_{0+}∇_−W_0| χ_{p−} = ∇_−W_p| χ_{p+} = ∇_{0+}W_p| (8.4) f_r = ∇_{0+}∇_−W_r | r = 1, 2, 3 , where W_p are scalars, χ_{p+},χ_{p−} are the gaugini which are real chiral fermions in two dimensions, F+_= is the field strength and {f_r : r = 1, 2, 3} are auxiliary fields. The SO(4) R-symmetry of the (4,1)-supersymmetric gauge theory rotates both the scalars and the fermions of the gauge multiplet.

8.2 The sigma model multiplet

Let M be a HKT manifold with metric g and hypercomplex structure {J_r; r = 1, 2, 3}. We in addition assume that the gauge group G acts on M with isometries which in addition preserve the hypercomplex structure J_r and the Wess-Zumino term H. These conditions are the same as in the case of (4,0)- supersymmetric model. The (4,1) sigma model superfield ϕ is a map from the (4,1) superspace Ξ^{4,1} into the sigma model manifold M . In addition it is required that ∇_{r+}ϕ^i = J_r^i_j ∇_{0+}ϕ^j , (8.5) where ∇_{p+}ϕ^i = D_{p+}ϕ^i+A^a_{p+} ξ^i_a and ξ are the vector fields on M generated by the group action. As we have seen the (4,1) gauge multiplet satisfies the condition (8.3) similar to (8.5). These results will be used later for the construction of actions of (4,1)-supersymmetric gauge theories coupled to sigma models.

The components of the sigma model (4,1) multiplet ϕ are as follows,

ϕ^i = ϕ^i| ℓ^i = ∇_{0+}∇_−ϕ^i|

λ^i_+ = ∇_{0+}ϕ^i| λ^i_− = ∇_−ϕ^i| , (8.6)

where ϕ is a scalar, λ_+ and λ_− are real fermions, and ℓ is an auxiliary field.

8.3 Action

The action of a (4,1)-supersymmetric gauged theory coupled to sigma model matter can be written as

S = S_g + S_σ + S_p , (8.7)

where S_g is the action of the gauge multiplet, S_σ is the action of the sigma-model multiplet and S_p is the potential. We shall describe each term separately.

8.4 The gauge multiplet action

An action for the (4,1)-supersymmetric gauge multiplet is

S_g = ∫ d^2xdθ^+_0 ( − u^0_{ab}δ^{pq}∇_{0+}W^a_p ∇_−W^b_q

+ u^r_{ab}δ^{pq}∇_{r+}W^a_p ∇_−W^b_q + z^p_a W^a_p

) (8.8)

where {u^p} = {u^0, u^r} and z^p are the gauge coupling constants and theta type of terms, respectively, which in general depend on the superfield ϕ. We shall assume that both u^p are symmetric in the gauge indices but this restriction can be lifted.

Observe that this action is not an integral over the full Ξ^{4,1} superspace. Therefore it is not manifestly (4,1)-supersymmetric. The requirement of invariance under (4,1) supersymmetry imposes the condition that u^p and z^p are constant. This is similar to the condition that arises in (4,0) supersymmetric gauge theories. In addition, gauge invariance of the action (8.8) requires that

f^d_{ab}u^p_{dc} + f^d_{ac}u^p_{bd} = 0

f^d_{ab}z^p_d = 0 .

(8.9)

Thus u^p must be invariant quadratic forms on the Lie algebra of the group G and z^p must be invariant elements of the Lie algebra. Of course z^p = 0, if G is semi-simple.

8.5 The sigma model multiplet action and the potential

An action for the (4,1) sigma model multiplet coupled to gauge fields has been given in [8]. Here we shall summarise some of results relevant to this paper. The action of the (4,1)-supersymmetric gauged sigma model is

S_σ = ∫ d^2xdθ^+dθ^− ( g_{ij}∇_+ϕ^i∇_−ϕ^j + ∑ r ν^r_aW^a_r )

+ ∫ d^2xdtdθ^+dθ^− ( H_{ijk}∂_tϕ^i∇_+ϕ^j∇_−ϕ^k − w_{ia}∂_tϕ^iW^a_− ) . (8.10)

The gauge transformations of ϕ are δϕ^i = λ^aξ^i_a (ϕ). Gauge invariance of the above action requires that w should satisfy the conditions described in section 2.2. As in the case of (4,0)-supersymmetric gauged sigma model, ν^r should satisfy L_aν^r_b = −f^c_{ab} ν^r_c . In fact ν^r is a moment map associated with the action of the gauge group G on the HKT manifold M .

The part of the action involving the potential is

S_p = ∫ d^2xdθ^+_0 dθ^− h , (8.11)

where h = h(ϕ). Invariance under (4,1) supersymmetry requires that

∂_ih = J_r^k_i∂_kh^r (8.12)

where h^r = h^r(ϕ). This implies that h is the real part of three holomorphic functions on M , ie h is tri-holomorphic.

The scalar potential of (4,1)-supersymmetric gauge theories coupled to sigma models is V = 1 4 u^{ab}_0 3∑ r=1 ν^r_aν^r_b + 1 4 g^{ij} ∂_ih∂_j h , (8.13)

where we have shifted the moment maps ν_r by a constant z_r .

8.6 A generalisation

As we have shown both the (4,1) gauge multiplet and the (4,1) sigma model multiplet are constructed from scalar superfields which satisfy the similar constraints (8.3) and (8.5), respectively. Because of this, these two superfields can be combined to a single superfield Z = (W, ϕ) which is a map from the (4, 1) superspace Ξ^{4,1} into (LG ⊗ R^4) × M . In addition we can take Z to satisfy a condition which is the combination of (8.5) and (8.3). Next we can take the gauge group G to act on (LG ⊗ R^4) × M with the adjoint action in the first factor and a group action on M . The vector fields associated by such a group action are

ξ_a = ∑ p f^c_{ab}W^b_p ∂ ∂W^c_p + ξ^i∂_i . (8.14)

Treating the (4,1)-supersymmetric gauge theory coupled to sigma model matter as a sigma model with superfield Z, which satisfies (8.3) and (8.5), we can write the action

S_σ = ∫ d^2xdθ^+_0 dθ^− ( g_{AB}∇_{0+}Z^A∇_−Z^B + ∑ r ν^r_aW^a_r + h )

+ ∫ d^2xdtdθ^+dθ^− ( H_{ABC}∂_tZ^A∇_{0+}Z^B ∇_−Z^C − w_{Ba}∂_tZ^B W^a_− ) (8.15)

where now all the couplings are defined using the geometry of (LG ⊗ R^4) × M . Of course (4,1)-supersymmetry requires that (LG ⊗ R^4) × M is a HKT manifold with respect to the hypercomplex structure (J_r , I_r). In particular the metric and the rest of the couplings depend on the coordinates of (LG ⊗ R^4) × M . The conditions for gauge invariance are easily determined from those of the (4,1)- supersymmetric gauged sigma model. We remark that the couplings of (8.15) can be arranged such that the SO(4) R-symmetry of the (4, 1)-supersymmetry algebra is broken. In particular the SO(4) rotation that rotates the W_p scalar components is not a symmetry of the action. However if one insists in preserving the R-symmetry, then the HKT manifold (LG ⊗ R^4) × M should admit a SO(4) action preserving all the geometric data.

9 A bound for vortices in the (2,0) model

Vortices are the instantons of two-dimensional gauge theories coupled to sigma models. Bogomol’nyi type of bounds for both abelian [20] and non-abelian vortices [21, 22] have been investigated in the context of linear sigma models. Here we shall establish bounds for vortices for non-linear sigma models. For this we shall consider the Euclidean action of the (2,0)-supersymmetric gauge sigma model without Wess-Zumino term. The sigma model target space M is Kähler with metric g, complex structure J and associated Kähler form Ω_J ((Ω_J )_{ij} = g_{ik}J^k_j). After a Wick rotation the two-dimensional spacetime is R^2 with the standard Euclidean metric. The relevant part of the bosonic Euclidean action of a (2,0)-supersymmetric gauge theory coupled to a sigma model is

S_E = ∫ R^2

d^2x (1 2 g_{ij}δ^{μν} ∇_μϕ^i∇_ν ϕ^j + 1 2 u_{ab}F^a_{μν}F^b_{λρ}δ^{μλ}δ^{νρ} + 1 4 u^{ab}ν_aν_b ) . (9.1)

Next we introduce I a constant complex structure on R^2 such that R^2 is a Kähler manifold. The associated Kähler form Ω_I is the volume form of R^2. In such a case the Euclidean action (9.1) can be rewritten as

S_E = ∫ d^2x [ 1 4 u_{ab} ( (Ω_I · F^a ∓ 1 2 ν^a)(Ω_I · F^b ∓ 1 2 ν^b) + 1 4 g_{ij}δ^{μν} (I^ρ_μ∇_ρϕ^i ∓ ∇_μϕ^kJ^i_k)(I^σ_ν∇_σϕ^j ∓ ∇_νϕ^ℓJ^j_ℓ)] ± ∫ R^2

((Ω_J )_{ij}∇ϕ^i ∧ ∇ϕ^j + ν_aF^a)

(9.2) where Ω_I · F = (Ω_I )^{μν} F_{μν}, ν^a = u^{ab}ν_b, u_{ab} = u^0_{ab} and u^{ac}u_{cb} = δ^a_b (u_{ab} = u_{(ab)}). We remark that the above expression for the Euclidean action has been constructed from (9.1) by completing squares and collecting all the remaining terms which organise themselves in the last term of (9.2).

The last term in (9.2), Q = ∫ R^2

ω_J , (9.3)

is a topological charge, where the form

ω_J = (Ω_J )_{ij}∇ϕ^i ∧ ∇ϕ^j + ν_aF^a (9.4)

is the equivariant extension of the Kähler form Ω_J of the sigma model target space M . The form ω_J is closed. Viewing ω_J as form on R^2, it is apparent. In fact ω_J is closed as a two-form on any manifold N for any map ϕ from N into the sigma model manifold M and for any choice of connection A. This can be easily seen and we shall not demonstrate it here.

The Euclidean action of the (2,0)-supersymmetric two-dimensional gauge theory coupled to a sigma model is bounded by the absolute value of the topological charge Q, S_E ≥ |Q|. This is because it is always possible to choose the signs in the Bogomol’nyi bound above such that the topological term is positive. If the topological charge is positive, then the bound is attained whenever

Ω_I · F^a − ν^a = 0

J^i_j ∇_μϕ^j − ∇_νϕ^iI^ν_μ = 0 .

(9.5)

In two-dimensions, the curvature F is a (1,1)-form. Choosing complex coordinates (z, z̄) on R^2 with respect to the complex structure I, it is always possible to arrange using a (complex) gauge transformation that A_{z̄} = 0. Choosing complex coordinates in the sigma model target space M as well, it is easy to see that the second BPS condition implies that the map ϕ is holomorphic from the spacetime R^2 into the sigma model manifold M .

A special case of this bound arises for gauge theories couple to linear sigma models for which the sigma model manifold M = R^{2n} with the Euclidean metric and equipped with a constant compatible complex structure J. This case includes the Nielsen-Olesen vortices [19]. (For these, existence of a solution was shown in [23] and the moduli were studied in [30], [21] and more recently in [31], see also [32]). The case with a single complex scalar has been analysed in [20]. Choosing complex coordinates {q^α; α = 1, . . ., n} in R^{2n}, we write

ds^2 = ∑ α dq^αdq^ᾱ

Ω_J = −i ∑ α dq^α ∧ dq^ᾱ .

(9.6)

Next consider the abelian group U (1)-action q^α → e^{iQα t}q^α which generates the holomorphic Killing vector fields ξ = i ∑ α Q_α(q^α ∂ ∂q^α − q^ᾱ ∂ ∂q^ᾱ ) . (9.7)

The moment map is ν = − ∑ α (Q_αq^αq^ᾱ) − Λ , (9.8)

where Λ is a (cosmological) constant. This is an example of a (2, 0)-supersymmetric gauged linear sigma model with gauge group U (1) of the type considered in [5]. The topological charge is Q = ∫ R^2

d^2z ( ∑ α(∇_zq^α∇_{z̄}q^ᾱ − ∇_{z̄}q^α∇_zq^ᾱ) + νF_{zz̄} ) (9.9)

where ∇_zq^α = ∂_zq^α + iA_z Q_αq^α, ∇_zq^ᾱ = ∂_zq^ᾱ − iA_zQ_αq^ᾱ, ∇_{z̄}q^ᾱ = (∇_zq^α)^∗ and ∇_{z̄}q^α = (∇_zq^ᾱ)^∗, and F_{zz̄} = ∂_zA_{z̄} − ∂_{z̄}A_z. To compare the bound above (9.2) with that of vortices in [5], we observe that after some integration by parts we have Q = ∫ R^2

d^2z ( ∑ α Q_α(∂_z q^α∂_{z̄} q^ᾱ − ∂_{z̄}q^α∂_zq^ᾱ) − ΛF_{zz̄} ) + surfaces (9.10)

The first term in the above expression is the topological charge expected for the vortices (instantons) of ungauged two-dimensional sigma models. The same topological charge also appears in the kink solitons of three-dimensional nonlinear sigma models. The last part in the above expression involving the cosmological constant and the Maxwell field is the usual degree of an abelian vortex. The relation between the topological charge Q in (9.9) and the degree of an abelian vortex involves integration by parts. Under certain boundary conditions the two topological charges are the same. However as we have shown, the bound that involves the equivariant extension of the Kähler form generalizes in the context of gauge theories coupled to non-linear sigma models.

10 A bound for vortices in the (4,0) model

A bound similar to the one we have described in the previous section for the Euclidean action of (2,0)-supersymmetric gauge theory coupled to sigma model matter can also be found for the Euclidean action of (4,0)-supersymmetric gauge theory. The Euclidean action of a (4,0)-supersymmetric gauge theory coupled to sigma model matter with vanishing Wess-Zumino term is

S_E = ∫ R^2

d^2x (1 2 g_{ij}δ^{μν} ∇_μϕ^i∇_νϕ^j + 1 2 u_{ab}F^a_{μν}F^b_{λρ}δ^{μλ}δ^{νρ} + 1 4 3∑ r=1 u^{ab} ∑ r ν^r_aν^r_b ) (10.1)

The sigma model target space is hyper-Kähler with metric g, hypercomplex structure {J_r : r = 1, 2, 3} and associated Kähler forms Ω_{Jr} . After the Wick rotation, the two-dimensional spacetime is R^2 with the standard Euclidean metric. Let I be a compatible constant complex structure such that R^2 is a Kähler manifold with associated Kähler form Ω_I . In such a case the Euclidean action can be written as

S_E = ∫ d^2x [ 1 4 3∑ r=1 u_{ab}(a_rΩ_I · F^a ∓ ν^a_r )(a_rΩ_I · F^b ∓ ν^b_r )

+ 1 4 3∑ r=1 δ^{μν} g_{ij}(a_rI^ρ_μ∇_ρϕ^i ∓ ∇_μϕ^kJ^i_{r k})(a_r I^σ_ν∇_σϕ^i ∓ ∇_νϕ^ℓJ^j_{r ℓ})]

± ∫ R^2 3∑ r=1 a_r ω_{Jr} ,

(10.2)

where {a_r : r = 1, 2, 3} is a constant vector with length one,

∑_3 r=1(a_r)^2 = 1, u_{ab} = u^0_{ab} = u^0_{ba}, ν^a_r = u^{ac}ν_{rc}, u^{ac}u_{cb} = δ^a_b and

ω_{Jr} = (Ω_{Jr} )_{ij}∇ϕ^i ∧ ∇ϕ^j + ν_aF^a (10.3)

is the equivariant extension of the Kähler form Ω_{Jr} .

The strictest bound is attained whenever the unit vector {a_r : r = 1, 2, 3} is parallel to the vector of the topological charges Q_r : r = 1, 2, 3}, where

Q_r = ∫ R^2

ω_{Jr} (10.4)

and the sign is chosen such that the topological term in the bound is positive. If the inner product of {a_r : r = 1, 2, 3} and {Q_r : r = 1, 2, 3} in (10.2) is positive, we have that S_E ≥ √ Q^2_1 + Q^2 + Q^2_3 . (10.5)

This bound is attained whenever

a_r Ω_I · F^a − ν^a_r = 0 J_r^i_j ∇_μϕ^j − a_r∇_νϕ^iI^ν_μ = 0 .

(10.6)

Using a rotation in the space of three complex structures, we can arrange such that a_1 = 1 and a_2 = a_3 = 0. In such case, the last equation in (10.6) implies that

∇_μϕ^i = 0 . (10.7)

This in turn gives

F^a_{μν} ξ^i_a = 0 (10.8)

Therefore either ϕ takes values in the fixed point set M_f of the group action of G in M or the curvature F of the connection A vanishes. In the latter case, the first equation in (10.6) implies that ν_r = 0 and these are the vacua of the theory. If these are no non-trivial flat connections and M_f ∩ ν^{−1}_1 (0) ∩ ν^{−1}_2 (0) ∩ ν^{−1}_3 (0) is empty, then the space of solutions if the hyper-Kähler reduction M//G of M and it is a hyper-Kähler manifold. On the other hand if ϕ take values in M_f , then the second equation in (10.6) implies that ϕ are constant. Substituting this in the first equation in (10.6) implies that ϕ are in M_f ∩ ν^{−1}_2 (0) ∩ ν^{−1}_3 (0). In addition we have that

Ω_I · F^a − ν^a_1 = 0 . (10.9)

This is the Hermitian-Einstein equation in two dimensions.

11 Kähler manifolds and non-abelian vortices

The bounds that we have described in the previous sections can be easily generalized as follows. Consider two Kähler manifolds (N, h, I) and (M, g, J) of dimensions 2k and 2n, and Kähler forms Ω_I and Ω_J , respectively. Next allow M to admit a holomorphic G-action with associated killing vector fields ξ and moment map ν. In our conventions i_ξΩ_J = −dν. Next consider the functional

S_E = ∫ N dvol(N ) ( 1 2 |∇ϕ|^2 + 1 2 |F |^2 + 1 4 |ν|^2 ) , (11.1)

where |∇|^2 = g_{ij}h^{μν} ∇_μϕ^i∇_ν ϕ^j, ∇_μϕ^i = ∂_μϕ^i + A^aξ^i_a, |F |^2 = u_{ab}F^a_{μν}F^b_{ρσ} h^{μρ}h^{νσ}, |ν|^2 = u^{ab}ν_aν_b and u is a fibre inner product on the gauge bundle which we can set u_{ab} = δ_{ab}.

The functional S_E can be rewritten as follows:

S_E = ∫ N dvol(N ) [ 1 4 |Ω_I · F ∓ ν|^2 + |F^{2,0}|^2 + 1 4 |I∇ϕ ∓ J∇ϕ|^2 ]

± 1 (k − 1)! ∫ N ω_J ∧ Ω^{k−1}_I − 1 (k − 2)! ∫ N u_{ab}F^a ∧ F^b ∧ Ω^{k−2}_I (11.2)

where we have chosen the normalisation dvol(N ) =^1_{k!} Ω^k_I , Ω_I · F = Ω^{μν}_I F_{μν} , F^{2,0} is the (2,0) part of the curvature F and

ω_J = (Ω_J )_{ij}∇ϕ^i ∧ ∇ϕ^j + ν_aF^a (11.3)

is the equivariant extension of the Kähler form Ω_J . (The inner products are taken with respect to the Riemannian metrics h and g.) The rest of the notation is self-explanatory. We remark that if Ω_J represents the first Chern class of a line bundle, i.e. the Kähler manifold is Hodge, then ω_J can be thought of as the equivariant extension of the first Chern class (see [9]).

If u_{ab} is a constant invariant quadratic form on the Lie algebra of the gauge group G, it is clear that the functional S_E is bounded by a topological term

Q which involves the equivariant extension of the Kähler form and the second Chern character of the bundle P ×_G L(G), where P is a principal bundle of the gauge group G and G acts on L(G) with the adjoint representation. In particular we can write

S_E = ∫ N dvol(N ) [ 1 4 |Ω_I · F ∓ ν|^2 + |F^{2,0}|^2 + 1 4 |I∇ϕ ∓ J∇ϕ|^2 ]

± 1 (k − 1)! ∫ N ω_J ∧ Ω^{k−1}_I −

8π^2 λ(k − 2)! ∫ N ch_2 ∧ Ω^{k−2}_I ,

(11.4)

where λ is an appropriate normalisation factor involving the ratio between the fibre inner product on P ×_G L(G) and u; where G is simple. It is worth pointing out that the term involving the second Chern character is not affected by the choice of sign in writing (11.2). Therefore there are three cases to consider the following: (i) there is no choice of sign such that the topological charge Q is positive. In such a case the bound cannot be attained. (ii) There is a critical case in which for one choice of sign the topological charge is negative while for the other choice is zero. This case implies that the Euclidean action vanishes and so every term should vanish. Solutions exist for F = ∇ϕ = ν = 0. (iii) For one of the choice of signs the topological charge is positive. Suppose that Q is positive in (11.2) for the first choice of sign. In such case the bound is attained provided that the equations

F^{2,0} = 0 Ω_I · F^a − ν^a = 0

I^ν_μ∇_νϕ^i − J^i_j∇_μϕ^j = 0

(11.5)

hold. The first equation implies that F is a (1,1)-form. The last equation in (11.5) implies that the maps ϕ are holomorphic. Finally the middle equations are a generalization of non-abelian vortex equations. If the term involving the moment map is constant, then the resulting equation is the Hermitian-Einstein equation.

12 Hyper-Kähler manifolds and non-abelian vortices

Let (N, h, I) be a Kähler manifold of dimension 2k with associated Kähler form Ω_I and (M, g, J_r) be a hyper-Kähler manifold of dimension 4n with associated Kähler forms Ω_{Jr} . Next allow M to admit a tri-holomorphic G-action with associated killing vector fields ξ and moment maps ν_r. In our conventions i_ξ Ω_{Jr} = −dν_r . Next consider the functional

S_E = ∫ N dvol(N ) ( 1 2 |∇ϕ|^2 + 1 2 |F |^2 + 1 4 3∑ r=1 |ν_r|^2 ) , (12.1) where |∇|^2 = g_{ij}h^{μν} ∇_μϕ^i∇_ν ϕ^j, ∇_μϕ^i = ∂_μϕ^i + A^aξ^i_a, |F |^2 = u_{ab}F^a_{μν}F^b_{ρσ} h^{μρ}h^{νσ}, |ν_r|^2 = u^{ab}ν_{ra}ν_{rb} and u is a fibre inner product on the gauge bundle which we can set u_{ab} = δ_{ab}.

The functional S_E can be rewritten as follows:

S_E = ∫ N dvol(N ) [ 1 4 3∑ r=1 |a_rΩ_I · F ∓ ν_r|^2 + |F^{2,0}|^2 + 1 4 3∑ r=1 |a_rI∇ϕ ∓ J_r ∇ϕ|^2 ]

± 1 (k − 1)! ∫ N 3∑ r=1 a_rω_{Jr} ∧ Ω^{k−1}_I − 1 (k − 2)! ∫ N u_{ab}F^a ∧ F^b ∧ Ω^{k−2}_I (12.2)

where dvol(N ) =^1_{k!} Ω^k_I , {a_r : r = 1, 2, 3} is a constant vector of length one, ∑_3

r=1(a_r)^2 = 1, Ω_I · F = Ω^{μν}_I F_{μν}, F^{2,0} is the (2,0) part of the curvature F and

ω_{Jr} = (Ω_{Jr} )_{ij} ∇ϕ^i ∧ ∇ϕ^j + ν_{ra}F^a (12.3)

is the equivariant extension of the Kähler form Ω_{Jr} . (The inner products are taken with respect to the Riemannian metrics h and g.) The rest of the notation is self-explanatory.

It is clear that the functional S_E is bounded by a topological charge Q which involves the equivariant extensions of the Kähler forms Ω_{Jr} and, if u is a constant invariant quadratic form on L(G), the second Chern character of the gauge bundle P ×_G L(G). It is worth pointing out that the term involving the second Chern character is not affected by the choice of sign in writing (12.2). Therefore as in the Kähler case, there are several cases to consider but we shall not repeat the analysis again. Suppose that both Q and that the inner product of the vector {a_r : r = 1, 2, 3} with {Q̃_r : r = 1, 2, 3} are positive in (12.2), where

Q̃_r = 1

(k − 1)! ∫ N ω_{Jr} ∧ Ω^{k−1}_I . (12.4)

Then the bound is attained provided that the equations

F^{2,0} = 0 a_rΩ_I F^a − ν^a_r = 0 a_rI^ν_μ∇_νϕ^i − J_r^i_j ∇_μϕ^j = 0

(12.5)

hold. The first equation implies that F is a (1,1)-form. It is always possible with a rotation in the space of complex structures of the hyper-Kähler manifold M to set a_1 = 1 and a_2 = a_3 = 0. Then last equation in (12.5) implies that

∇_μϕ^i = 0 . (12.6)

This in turn implies that

F^a_{μν}ξ^i_a = 0 . (12.7)

Therefore either the connection A is flat or the maps ϕ take values in the fixed set M_f of the G-group action on M . In the former case, in the absence of nontrivial flat connections, the moduli space of solutions to these equations is the hyper-Kähler reduction M//G of G and it is a smooth manifold provided that the level set does not intersect M_f . In the latter case, the maps ϕ are constant and the two remaining equations in (12.5) are the Hermitian-Einstein equations for the connection A.

One can also consider the case where (N, h, I_r) is a hyper-Kähler manifold while (M, g, J) is a Kähler manifold which admits a G-holomorphic action of isometries. This case can be treated as that considered in the previous section involving only Kähler manifolds. A Kähler structure on N can chosen with respect to any complex structure which lies in the two-sphere of complex structures of N .

13 Concluding Remarks

We have constructed the actions of two-dimensional (p,0)- and (p,1)-supersymmetric gauge theories coupled to sigma model matter with Wess-Zumino term. We have also given the scalar potentials of these theories. Our method of constructing these theories relies on a superfield method. Then we have shown that the Euclidean actions these theories admit vortex type of bounds which generalise to higher dimensions.

The gauge theories that we have constructed are not the most general ones. It is known for example that the (1,1)-supersymmetric sigma model admits a scalar potential which is the length of a killing vector field [33]. Our superfield method cannot describe such a term. There are also other possibilities, for example the sigma models with almost complex manifolds as a target space as well as those associated with (p, 0) fermionic multiplets for which the supersymmetry algebra closes on-shell [16, 29]. Other models of interest that we have not described here are those with (p, 2), p = 2, 4, and (4,4) supersymmetry. All the above models can be described using (1,0) superfields. This method has been used before, see [12, 13, 14]. This means that the action of such models can be written in terms of (1,0) superfields and the additional supersymmetries can be implemented by requiring invariance of the action under additional suitable transformations. The (2,2) and (4,4) supersymmetric gauge theories have been described using other methods in [5] and [34].

The gauge theories coupled to sigma models which we have described with (p, 1) supersymmetry have soliton type of bounds in addition to the vortex type of bounds that we have described. For the former bounds the energy of these models can be written as a sum of squares and a topological term. This is very similar to bounds of (ungauged) sigma models [24] and so we have not described them here. It would be of interest to investigate the solutions of the vortex equations we have presented for different types of moment maps. It may be that for a suitable choice, the vortex equations can be solved exactly.

Acknowledgements We would like to thank D. Tong and P. Townsend for useful discussions. One of us GP thanks the theory group at CERN for hospitality. This work is partly supported by the PPARC grant PPA/G/S/1998/00613. GP is supported by a University Research Fellowship from the Royal Society.

References

[1] A. Strominger, “Open p-branes,” Phys. Lett. B383 (1996) 44–47,

hep-th/9512059.

[2] G. Papadopoulos and P. K. Townsend, “Intersecting M-branes,” Phys.

Lett. B380 (1996) 273–279, hep-th/9603087.

[3] A. Hanany and E. Witten, “Type IIB superstrings, BPS monopoles, and three-dimensional gauge dynamics,” Nucl. Phys. B492 (1997) 152–190,

hep-th/9611230.

[4] E. Bergshoeff and P. K. Townsend, “Solitons on the supermembrane,” JHEP 05 (1999) 021, hep-th/9904020.

[5] E. Witten, “Phases of N = 2 theories in two dimensions,” Nucl. Phys.

B403 (1993) 159–222, hep-th/9301042.

[6] D. Tong, “NS5-branes, T-duality and worldsheet instantons,” JHEP 07 (2002) 013, hep-th/0204186.

[7] C. M. Hull and B. Spence, “The gauged nonlinear sigma model with Wess-Zumino term,” Phys. Lett. B232 (1989) 204.

[8] C. M. Hull, G. Papadopoulos, and B. Spence, “Gauge symmetries for (p, q) supersymmetric sigma models,” Nucl. Phys. B363 (1991) 593–621.

[9] M. F. Atiyah and R. Bott, “The moment map and equivariant cohomology,” Topology 23 (1984), no. 1, 1–28.

[10] J. M. Figueroa-O’Farrill and S. Stanciu, “Gauged Wess-Zumino term and equivariant cohomology”, Phys. Lett. B341 153, hep-th/9407196; “Equivariant cohomology and gauged bosonic sigma models,”

hep-th/9407149.

[11] C. M. Hull, G. Papadopoulos, and P. K. Townsend, “Potentials for (p, 0) and (1, 1) supersymmetric sigma models with torsion,” Phys. Lett. B316 (1993) 291–297, hep-th/9307013.

[12] G. Papadopoulos and P. K. Townsend, “Massive sigma models with (p, q) supersymmetry,” Class. Quant. Grav. 11 (1994) 515–532,

hep-th/9307066.

[13] G. Papadopoulos and P. K. Townsend, “Massive (p, q) supersymmetric sigma models revisited,” Class. Quant. Grav. 11 (1994) 2163–2180,

hep-th/9406015.

[14] G. Papadopoulos and P. K. Townsend, “Solitons in supersymmetric sigma models with torsion,” Nucl. Phys. B444 (1995) 245–264,

hep-th/9501069.

[15] P. S. Howe and G. Papadopoulos, “Ultraviolet behavior of

two-dimensional supersymmetric nonlinear sigma models,” Nucl. Phys. B289 (1987) 264–276.

[16] P. S. Howe and G. Papadopoulos, “Further remarks on the geometry of two-dimensional nonlinear sigma models,” Class. Quant. Grav. 5 (1988) 1647–1661.

[17] G. Grantcharov, G. Papadopoulos, and Y. S. Poon, “Reduction of HKT-structures,” J. Math. Phys. 43 (2002) 3766–3782,

math.dg/0201159.

[18] S. Cordes, G. W. Moore, and S. Ramgoolam, “Lectures on 2-d Yang-Mills theory, equivariant cohomology and topological field theories,” Nucl. Phys. Proc. Suppl. 41 (1995) 184–244, hep-th/9411210.

[19] H. B. Nielsen and P. Olesen, “Vortex-line models for dual strings,” Nucl.

Phys. B61 (1973) 45–61.

[20] E. B. Bogomol’nyi, “Stability of classical solutions,” Sov. J. Nucl. Phys.

24 (1976) 449.

[21] S. B. Bradlow, “Vortices in holomorphic line bundles over closed Kähler manifolds,” Commun. Math. Phys. 135 (1990) 1–17.

[22] S. B. Bradlow and O. Garcia-Prada, “Non-Abelian monopoles and vortices.” Prepared for Conference on Geometry and Physics: Quantum Invariants and Low-Dimensional Topology, Aarhus, Denmark, 18-27 Jul 1995, alg-geom/9602010.

[23] C. H. Taubes, “Arbitrary N -vortex solutions to the first order Landau- Ginzburg equations,” Commun. Math. Phys. 72 (1980) 277.

[24] E. R. C. Abraham and P. K. Townsend, “Q kinks,” Phys. Lett. B291 (1992) 85–88.

[25] L. Jacobs and C. Rebbi, “Interaction energy of superconducting vortices,” Phys. Rev. B19 (1979) 4486–4494.

[26] C. M. Hull, “Gauged heterotic sigma models,” Mod. Phys. Lett. A9 (1994) 161–168, hep-th/9310135.

[27] P. S. Howe and G. Papadopoulos, “Twistor spaces for HKT manifolds,” Phys. Lett. B379 (1996) 80–86, hep-th/9602108.

[28] G. W. Gibbons, G. Papadopoulos, and K. S. Stelle, “HKT and OKT geometries on soliton black hole moduli spaces,” Nucl. Phys. B508 (1997) 623–658, hep-th/9706207.

[29] C. M. Hull and E. Witten, “Supersymmetric sigma models and the heterotic string,” Phys. Lett. B160 (1985) 398–402.

[30] E. J. Weinberg, “Multivortex solutions of the Ginzburg-Landau equations,” Phys. Rev. D19 (1979) 3008.

[31] N. S. Manton and J. M. Speight, “Asymptotic interactions of critically coupled vortices,” hep-th/0205307.

[32] A. Losev, N. Nekrasov, and S. L. Shatashvili, “Freckled instantons in two and four dimensions,” Class. Quant. Grav. 17 (2000) 1181–1187,

hep-th/9911099.

[33] L. Alvarez-Gaume and D. Z. Freedman, “Potentials for the supersymmetric nonlinear sigma model,” Commun. Math. Phys. 91 (1983) 87.

[34] S. J. Gates Jr., M. T. Grisaru, M. E. Knutt, S. Penati, and H. Suzuki, “Supersymmetric gauge anomaly with general homotopic paths,” Nucl. Phys. B596 (2001) 315–347, hep-th/0009192.