arXiv:hep-th/0208083 v1 12 Aug 2002

IGC-PFUR-02/2002

BLACK-BRANE SOLUTION FOR A_3 ALGEBRA

M.A. Grebeniuk^1, V.D. Ivashchuk^2 and V.N. Melnikov^3

Center for Gravitation and Fundamental Metrology, VNIIMS, 3/1 M. Ulyanovoy Str., Moscow 117313, Russia and Institute of Gravitation and Cosmology, People’s Friendship University of Russia, Mikhlukho-Maklaya Str. 6, Moscow 117198, Russia

Abstract

Black p-brane solutions for a wide class of intersection rules and Ricci-flat “internal” spaces are considered. They are defined up to moduli functions H_s obeying non-linear differential equations with certain boundary conditions imposed. A new solution with intersections corresponding to the Lie algebra A_3 is obtained. The functions H_1, H_2 and H_3 for this solution are polynomials of degree 3, 4 and 3, correspondingly. An example of A_3-solution with three 3-branes in 12-dimensional model (suggested by N. Khviengia et al) is presented.

PACS: 04.20.Jb; 04.50.+h; 04.70.Bw; 02.20.Sv; 02.30.Hq Keywords: Black-branes; polynomials; Lie algebras

1mag@gravi.phys.msu.su 2ivas@rgs.phys.msu.su 3melnikov@rgs.phys.msu.su

1 Introduction

In this paper we continue investigation of the black-brane solutions with arbitrary intersection rules [1, 2, 3, 4]. These solutions are governed by functions H_s = H_s(R) obeying a set of second order non-linear differential equations (equivalent to Toda-type ones) with certain boundary conditions imposed.

More general spherically symmetric solutions were obtained in [14] using the sigma-model approach from [7, 13, 4]. For another (algebraic) approach see also [5, 6, 9] and references therein.

In order to simplify the investigation of such model and obtain exact solutions the following conjecture was suggested in [1]: the functions H_s are polynomials if the p-brane intersection rules correspond to semisimple Lie algebras. This conjecture was verified for solutions with A_m and C_m series of Lie algebras [2, 3] and also confirmed by special black-brane ”block-orthogonal” solutions considered earlier in [15, 16]. It should be noted that an analogue of this conjecture for extremal black holes was considered earlier in [11].

Although the conjecture mentioned above allows one to reduce the set of differential equations to the system of algebraic one, it still seems to be very difficult to get the general solution to this set of equations too. So, the only way of obtaining exact solutions is to investigate special cases with different Lie algebras (such as A_2, C_2 etc.).

The simplest nontrivial example of black-brane solution corresponding to Lie algebra A_2 = sl(3) was obtained in [1, 2] (e.g. dyonic solutions in 11-dimensional supergravity). This A_2- solution was governed by two polynomials H_1 and H_2 of degree 2. The coefficients of polynomials and charges were the functions of some parameters P_1 and P_2 and had a rather simple form.

Here we present a new solution corresponding to the Lie algebra A_3 and governed by three polynomials of degree 3, 4 and 3. The coefficients of polynomials exhibit a non-meromorphic dependence upon parameters P_1, P_2 and P_3: a term, which is a square root of a polynomial of degree 4, appears. (For the special case with P_1 = P_3 the solution was already obtained and investigated in [18]). Here we also suggest an example of A_3-solution with three 3-branes in 12-dimensional model from [19].

2 p-brane black hole solutions

Consider a model governed by the action S = ∫ d^D x √ |g| { R[g] − h_{αβ}g^{M N} ∂_M φ^α∂_N φ^β − ∑ a∈△ θ_a n_a!

exp[2λ_a(φ)](F^a)^2 } (1) where g = g_{M N} (x)dx^M ⊗ dx^N is a metric, φ = (φ^α) ∈ R^l is a vector of scalar fields, (h_{αβ} ) is a constant symmetric non-degenerate l × l matrix (l ∈ N), θ_a = ±1,

F^a = dA^a = 1 n_a! F^a_{M1...Mna} dz^{M1} ∧ . . . ∧ dz^{Mna} (2) is a n_a-form (n_a ≥ 1), λ_a is a 1-form on R^l: λ_a(φ) = λ_{αa}φ^α, a ∈ △, α = 1, . . . , l. In (1) we denote |g| = | det(g_{M N} )|, (F^a)^2_g = F^a_{M1...Mna} F^a_{N1...Nna} g^{M1 N1} . . . g^{Mna Nna} , a ∈ △. Here △ is some finite set. It should be noted that in the models with one time all θ_a = 1 if the signature of the metric is (−1, +1, . . . , +1).

Let us consider (black-brane) solutions to the field equations corresponding to the action (1) from [1, 2, 3]. These solutions are defined on the manifold

M = (R_0, +∞) × (M_1 = S^{d1} ) × (M_2 = R) × . . . × M_n, (3)

and have the following form g = (∏ s∈S H^{2hsd(Is)/(D−2)} s ){ f^{−1}dR ⊗ dR + R^2dΩ^2_{d1} (4)

− (∏ s∈S H^{−2hs}_s ) fdt ⊗ dt + n∑ i=3 (∏ s∈S H^{−2hsδiIs} s ) g^i } , exp(φ^α) = ∏ s∈S H^{hsχsλαas} s , (5)

F^a = ∑ s∈S δ^a_s F^s, (6)

where f = 1 − 2μ/R^{d̄} ,

F^s = − Q_s R^{d1} ( ∏ s^′∈S H^{−Ass′}_s′ )dR ∧ τ (I_s), s ∈ S_e, (7)

F^s = Q_sτ (Ī_s), s ∈ S_m. (8) Here Q_s ≠ 0 (s ∈ S) are charges, R_0 > 0, R^{d̄}_0 = 2μ > 0 and d̄ = d_1 − 1. In (4) g^i = g^i_{mini} (y_i)dy^{mi}_i ⊗ dy^{ni}_i is a Ricci-flat metric on M_i, i = 3, . . . , n and δ_{iI} = ∑ j∈I δ_{ij} is the indicator of i belonging to I: δ_{iI} = 1 for i ∈ I and δ_{iI} = 0 otherwise. Here g^2 = −dt ⊗ dt, and g^1 = dΩ_{d1} is a canonical metric on unit sphere M_1 = S^{d1} ,

The p-brane set S is by definition S = S_e ∪ S_m, S_v = ∪_{a∈△}{a} × {v} × Ω_{a,v}, (9) v = e, m and Ω_{a,e}, Ω_{a,m} ⊂ Ω, where Ω = Ω(n) is the set of all non-empty subsets of {2, . . . , n}, i.e. all p-branes do not “live” in M_1.

Any p-brane index s ∈ S has the form s = (a_s, v_s, I_s), where a_s ∈ △, v_s = e, m and I_s ∈ Ω_{as,vs} . The sets S_e and S_m define electric and magnetic p-branes, correspondingly. In (5) χ_s = +1, −1 for s ∈ S_e, S_m, respectively. All p-branes contain the time manifold M_2 = R, i.e. 2 ∈ I_s, ∀s ∈ S. (10) All manifolds M_i, i > 2, are oriented and connected and τ_i ≡ √ |g^i(y_i)| dy^1_i ∧ . . . ∧ dy^{di}_i , (11) are volume d_i-forms, where d_i = dimM_i, i = 1, . . . , n, with d_1 > 1 and d_2 = 1. For any I = {i_1, . . . , i_k} ∈ Ω, i_1 < . . . < i_k, we denote τ (I) ≡ τ_{i1} ∧ . . . ∧ τ_{ik} , d(I) = ∑ i∈I d_i. (12)

The forms F^s correspond to the electric and magnetic p-branes for s ∈ S_e, S_m, respectively. In (8) we use the notation Ī = {1, . . . , n} \ I.

The parameters h_s appearing in the solution satisfy the relations: h_s = (B_{ss})^{−1}, where B_{ss}′ = d(I_s ∩ I_s′ ) + d(I_s)d(I_s′ ) 2 − D + χ_sχ_s′ λ_{αas} λ_{βas′} h^{αβ}, (13) s, s^′ ∈ S, with (h^{αβ}) = (h_{αβ})^{−1} and D = 1 + ∑_n i=1 d_i. Here we assume that

(i) B_{ss} ≠ 0,

s ∈ S, and

(ii) det(B_{ss}′ ) ≠ 0,

i.e. the matrix (B_{ss}′ ) is a non-degenerate one. Let us consider the matrix (A_{ss}′ ) = (2B_{ss}′ /B_s′_s′ ) . (14)

Here some ordering in S is assumed.

The functions H_s = H_s(z) > 0, z = 2μ/R^{d̄} ∈ (0, 1), obey the equations d dz ( (1 − z) H_s dH_s dz ) = B_s ∏ s^′∈S H^{−Ass′}_s′ , (15) equipped with the boundary conditions

H_s(1 − 0) = H_{s0} ∈ (0, +∞), (16) H_s(+0) = 1, (17)

s ∈ S. Here B_s = B_{ss}ε_sQ^2_s/(2d̄μ)^2, ε_s = (−ε[g])^{(1−χs)/2}ε(I_s)θ_{as} , (18)

s ∈ S, ε[g] ≡ sign det(g_{M N} ). More explicitly eq. (18) reads: ε_s = ε(I_s)θ_{as} for v_s = e and ε_s = −ε[g]ε(I_s)θ_{as} , for v_s = m.

Eqs. (15) had to be solved in order to obtain explicit solutions. They are equivalent to the Toda-type equations [4]. The first boundary condition (16) guarantees the existence of a regular horizon at R^{d̄} = 2μ. The second condition (17) ensures an asymptotical flatness (for R → +∞) of the (2 + d_1)-dimensional section of the metric.

Due to eqs. (7) and (8), the dimension of p-brane world volume d(I_s) is defined by relations: d(I_s) = n_{as} −1, d(I_s) = D−n_{as} −1, for s ∈ S_e, S_m, respectively. For a p-brane we use a standard notation: p = p_s = d(I_s) − 1.

The solutions are valid if the appropriate restriction on the sets Ω_{a,v} is imposed. This restriction guarantees the block-diagonal structure of the stress-energy tensor. We denote w_1 ≡ {i|i ∈ {2, . . . , n}, d_i = 1} and n_1 = |w_1| (i.e. n_1 is the number of 1-dimensional spaces among M_i, i = 2, . . . , n). It is clear, that 2 ∈ w_1.

Restriction. Let 1a) n_1 ≤ 1 or 1b) n_1 ≥ 2 and for any a ∈ △, v ∈ {e, m}, i, j ∈ w_1, i ≠ j, there are no I, J ∈ Ω_{a,v} such that i ∈ I, j ∈ J and I \ {i} = J \ {j}.

This restriction is satisfied in the non-composite case: |Ω_{a,e}| + |Ω_{a,m}| = 1, (i.e when there are no two p-branes with the same color index a, a ∈ △.) The restriction forbids certain intersections of two p-branes with the same color index for n_1 ≥ 2.

The Hawking temperature corresponding to the solution has the form [1]

T_H = d̄ 4π(2μ)^{1/d̄} ∏ s∈S H^{−hs}_{s0} , (19)

where H_{s0} are defined in (16).

The solution under consideration describes a set of charged (by forms) overlapping black p-branes ”living” on submanifolds of M_2 × . . . × M_n.

3 Examples of solutions

3.1 “Block-orthogonal” solutions

The simplest polynomial solutions of eqs. (15) occur in orthogonal case [8, 9, 10, 12, 13], when

B_{ss}′ = 0, (20)

for s ≠ s^′, s, s^′ ∈ S. In this case (A_{ss}′ ) = diag(2, . . . , 2) is a Cartan matrix for semisimple Lie algebra A_1 ⊕ . . . ⊕ A_1 and H_s(z) = 1 + P_sz, (21)

with P_s ≠ 0, satisfying P_s(P_s + 1) = −B_s, (22)

s ∈ S. For positive parameters P_s > 0 we get negative B_s < 0.

In [15, 16] this solution of eqs. (15) was generalised to the ”block-orthogonal” case: S = S_1 ∪ . . . ∪ S_k, S_i ∩ S_j = ∅, i ≠ j, (23) S_i ≠ ∅, i.e. the set S is a union of k non-intersecting (non-empty) subsets S_1, . . . , S_k, and relation (20) is satisfied for all s ∈ S_i, s^′ ∈ S_j , i ≠ j; i, j = 1, . . . , k. In this case eq. (21) is modified as follows H_s(z) = (1 + P_sz)^{bs} , (24)

where b^s = 2 ∑ s^′ ∈S A^{ss′} , (25) (A^{ss′} ) = (A_{ss}′ )^{−1} and parameters P_s are coinciding inside blocks, i.e. P_s = P_s′ for s, s^′ ∈ S_i, i = 1, . . . , k. Parameters P_s ≠ 0 satisfy the relations (22) and parameters B_s are also coinciding inside blocks, i.e. B_s = B_s′ for s, s^′ ∈ S_i, i = 1, . . . , k.

Let (A_{ss}′ ) be a Cartan matrix for a finite-dimensional semisimple Lie algebra G. In this case all the powers in (25) are natural numbers coinciding with the components of twice the dual Weyl vector in the basis of simple roots [17], and hence, all functions H_s are polynomials, s ∈ S. The following conjecture may help in finding solutions of eqs. (15).

Conjecture [1]. Let (A_{ss}′ ) be a Cartan matrix for a semisimple finite-dimensional Lie algebra G. Then the solution to eqs. (15)-(17) (if exists) is a polynomial

H_s(z) = 1 + n_s∑

k=1 P^{(k)}_s z^k, (26) where P^{(k)}s are constants, k = 1, . . . , n_s, the integers n_s = b^s are defined in (25) and P^{(ns)}s ≠ 0, s ∈ S. This conjecture was verified for A_n and C_n series of Lie algebras [2, 3]. In the extremal case μ = +0 an a analogue of this conjecture was suggested earlier in [11].

3.2 Solution for A_2 algebra

Here before coming to solutions for A_3 algebra we present the polynomial solution from [1, 2] corresponding to the Lie algebra A_2 = sl(3) with the Cartan matrix

(A_{ss}′ ) = ( 2 −1 −1 2 ) . (27)

The moduli polynomials read in this case as follows

H_s = 1 + P_sz + P^{(2)}_s z^2, (28)

where P_s = P^{(1)}s and P^{(2)}s ≠ 0 are constants and

P^{(2)}_s =

P_sP_{s+1}(P_s + 1) 2(P_1 + P_2 + 2)

, (29)

B_s = −

P_s(P_s + 1)(P_s + 2) P_1 + P_2 + 2

, (30)

s = 1, 2. Here P_1 + P_2 + 2 ≠ 0.

In the A_2-case the solution is described by relations (4)-(8) with S = {s_1, s_2} and intersection rules are following from (13), (14) and (27)

d(I_{s1} ∩ I_{s2} ) = d(I_{s1} )d(I_{s2} ) D − 2 − χ_{s1} χ_{s2} λ_{as1} · λ_{as2} − 1 2 K, (31) d(I_{si} ) − (d(I_{si} ))^2 D − 2 + λ_{asi} · λ_{asi} = K, (32) where K ≠ 0 and functions H_{si} = H_i are defined by relations (28)-(30) with z = 2μR^{−d̄} , i = 1, 2. Here and in what follows λ · λ^′ = λ_αλ^′_β h^{αβ}.

3.3 Solution for A_3 algebra

Now we present the new solution related to the Lie algebra A_3 = sl(4) with the Cartan matrix

(A_{ss}′ ) =

2 −1 0 −1 2 −1 0 −1 2 . (33)

According to Conjecture we seek the solution to eqs. (15)-(17) in the following form

H_1(z) = 1 + P_1z + P^{(2)}_1 z^2 + P^{(3)}_1 z^3, (34) H_2(z) = 1 + P_2z + P^{(2)}_2 z^2 + P^{(3)}_2 z^3 + P^{(4)}_2 z^4, (35) H_3(z) = 1 + P_3z + P^{(2)}_3 z^2 + P^{(3)}_3 z^3, (36) where P_s = P^{(1)}s and P^{(k)}s are constants, s = 1, 2, 3.

Here we outline the result obtained by computer calculations. For B_s-parameters (18) we get the following relations

B_1 = 1 2(2 + P_1 + P_2 − P_3) [ 12 − Δ − 2P^3_1 − 2P^2_1 (3 − P_3) + 6P_3 (37)

+P_2(4 + P_2)(3 + P_3) + P_1(2 + P_2(4 + P_2) + 6P_3) ] , B_3 = 1 2(2 − P_1 + P_2 + P_3) [ 12 − Δ + 6P_1 + (3 + P_1)P_2(4 + P_2), (38)

+(2 + 6P_1 + P_2(4 + P_2))P_3 − 2(3 − P_1)P^2_3 − 2P^3_3 ] , B_2 = 1 (2 + P_1 + P_2 − P_3)(2 − P_1 + P_2 + P_3) [ (2 + P_2)(Δ (39)

−(2 + P_2)(2 + (2 + P_2)^2 + 2P_1P_3 + 3(P_1 + P_3))) ] , and for parameters P^{(k)}s in (15)-(17) we obtain

P^{(2)}_1 = 1 4(2 + P_1 + P_2 − P_3) [ 12 − Δ + 2P^2_1 P_2 + 6P_3 + P_2(4 + P_2)(3 + P_3) (40)

+P_1(6 + P_2(6 + P_2) + 4P_3) ] , P^{(2)}_3 = 1 4(2 − P_1 + P_2 + P_3) [ 12 − Δ + 6P_1 + (3 + P_1)P_2(4 + P_2) (41)

+(6 + 4P_1 + P_2(6 + P_2))P_3 + 2P_2P^2_3 ] , P^{(3)}_1 = 1 12(2 + P_1 + P_2 − P_3) [ (2 + P_1 + P_2)(12 − Δ + 6P_1 + (3 + P_1)P_2(4 + P_2)) (42)

+(2P^2_1 (2 + P_2) + (2 + P_2)(6 + P_2(4 + P_2)) + P_1(14 + P_2(10 + P_2)))P_3 ] , P^{(3)}_3 = 1 12(2 − P_1 + P_2 + P_3) [ P_1((2 + P_2)(6 + P_2(4 + P_2)) + (14 + P_2(10 + P_2))P_3 (43)

+2(2 + P_2)P^2_3 ) + (2 + P_2 + P_3)(12 − Δ + 6P_3 + P_2(4 + P_2)(3 + P_3)) ] , P^{(2)}_2 = 1 2(2 + P_1 + P_2 − P_3)(2 − P_1 + P_2 + P_3) [ −((2 + P_2)(12 − Δ + 3P_2(4 + P_2)) (44)

+2P_1(4 + 3P_2)P_3 + 3(2 + P_2)^2(P_1 + P_3) + P_2(1 + P_2)(P^2_1 + P^2_3 )) ] , P^{(3)}_2 = 1 6(2 + P_1 + P_2 − P_3)(2 − P_1 + P_2 + P_3) [ (2 + P_2)(−(P^3_2 (3 + P_1 + P_3)) (45)

+Δ(2 + P_1 + P_2 + P_3) − P^2_2 (18 + P_1(9 + P_1) + P_3(9 + P_3)) − 2(2 + P_1 + P_3) ×(6 + 2P_1P_3 + 3(P_1 + P_3) + P_2(9 + P_1P_3 + 2(P_1 + P_3)))) ] , P^{(4)}_2 = 1 24(2 + P_1 + P_2 − P_3)(2 − P_1 + P_2 + P_3) [ (2 + P_2)(−((3 + P_2)(2 + P_2 + P_3) (46)

×(12 − Δ + 6P_3 + P_2(4 + P_2)(3 + P_3))) + P_1((−2 − P_2)(3 + P_2)^2(4 + P_2) −2(42 + P_2(42 + P_2(12 + P_2)))P_3 − 2(2 + P_2)(6 + P_2)P^2_3 + Δ(3 + P_2 + 2P_3)) −P^2_1 (P^3_2 + 2(3 + 2P_3)^2 + P^2_2 (7 + 2P_3) + P_2(18 + 4P_3(4 + P_3)))) ] , where Δ = [ P^2_1 ( (6 + P_2(4 + P_2))^2 + 12(2 + P_2)^2P_3 + 4(2 + P_2)^2P^2_3 ) (47) +2P_1 ( 3(2 + P_2)^2 (6 + P_2(4 + P_2)) + (84 + P_2(4 + P_2) (26 + P_2(4 + P_2))) P_3

+6(2 + P_2)^2P^2_3 ) + (6(2 + P_3) + P_2(4 + P_2)(3 + P_3))^2 ]_{1/2} . Here 2 + P_2 ± (P_1 − P_3) ≠ 0.

The A_3 black-brane solution is described by relations (4)-(8), with S = {s_1, s_2, s_3}, and intersection rules following from (13), (14) and (33)

d(I_{s1} ∩ I_{s2} ) = d(I_{s1} )d(I_{s2} ) D − 2 − χ_{s1} χ_{s2} λ_{as1} · λ_{as2} − 1 2 K, (48)

d(I_{s2} ∩ I_{s3} ) = d(I_{s2} )d(I_{s3} ) D − 2 − χ_{s2} χ_{s3} λ_{as2} · λ_{as3} − 1 2 K, (49)

d(I_{s1} ∩ I_{s3} ) = d(I_{s1} )d(I_{s3} ) D − 2 − χ_{s1} χ_{s3} λ_{as1} · λ_{as3} , (50) d(I_{si} ) − (d(I_{si} ))^2 D − 2 + λ_{asi} · λ_{asi} = K, (51) where K ≠ 0 and functions H_{si} = H_i are defined by relations (34)-(36) with z = 2μR^{−d̄} , i = 1, 2, 3.

For P_1 = 3P , P_2 = 4P and P_3 = 3P with P > 0 we get a special “block-orthogonal” solution H_1(z) = (1 + P z)^3, H_2(z) = (1 + P z)^4, H_3(z) = (1 + P z)^3, (52) in agreement with the relations (24) and (25).

In the special case P_1 = P_3 the relations for H_1, H_2 (34)-(35) describe the solution corresponding to Lie algebra C_2 = so(5) [18].

3.3.1 Solution with three 3-branes in D = 12 model

Now we illustrate the general A_3 formulae by considering a bosonic field model in dimension D = 12 [19] that admits the bosonic sector of 11-dimensional supergravity as a consistent truncation. The action for this model has the following form

S_{12} = ∫ M d^{12}z √ |g|{R[g] − g^{M N} ∂_M φ∂_N φ − 1 4! exp(2λ_4φ)(F^4)^2 − 1 5! exp(2λ_5φ)(F^5)^2} (53)

+c_{12} ∫ M A^4 ∧ F^4 ∧ F^4.

Here F^4 = dA_3 is the 4-form, F^5 = dA^4 is the 5-form, c_{12} is constant and

λ^2_4 = − 1 10 , λ_5 = −2λ_4. (54)

The model describes electrically charged 2- and 3-branes and magnetically charged 6- and 5-branes (corresponding to F^4 and F^5, respectively) with (orthogonal) intersection rules given in [7].

First, we consider the A_3-solution for the truncated model (i.e. without Chern-Simons term) defined on the manifold

M = (2μ, +∞) × (M_1 = S^2) × (M_2 = R) × (M_3 = R^2) (55) ×(M_4 = R^3) × (M_5 = R^2) × (M_6 = R),

with three electric 3-branes with sets I_i = I_{si} defined as follows

I_1 = {2, 3, 6}, I_2 = {2, 4}, I_3 = {2, 5, 6}, (56)

The A_3-intersection rules (48)-(51) read

d(I_1 ∩ I_2) = d(I_2 ∩ I_3) = 1, d(I_1 ∩ I_3) = 2, (57)

(here K = 2). The black-brane solution has the following form

g = (H_1H_2H_3)^{4/10} { f^{−1}dR ⊗ dR + R^2dΩ^2 (58)

−(H_1H_2H_3)^{−1}fdt ⊗ dt + H^{−1}_1 g^3 + H^{−1}_2 g^4 + H^{−1}_3 g^5 + H^{−1}_1 H^{−1}_3 g^6 } , exp(φ) = (H_1H_2H_3)^{λ5/2}, (59)

F^5 =

Q_1 R^2

H^{−2}_1 H_2dt ∧ dR ∧ τ_3 ∧ τ_6 +

Q_2 R^2

H_1H^{−2}_2 H_3dt ∧ dR ∧ τ_4 + (60) Q_3 R^2

H_2H^{−2}_3 dt ∧ dR ∧ τ_5 ∧ τ_6,

and F^4 = 0, where f = 1 − 2μ/R.

Here Q_i ≠ 0 are charges related to parameters P_i, by formulae B_i = −Q^2_i /(2μ^2), and (37)-(39); μ > 0, and the functions H_i = H_i(z, (P_j )) are defined by (34)-(36), (40)-(47), and z = 2μ/R, i = 1, 2, 3. In (58) g^a is a flat metric on M_a, a = 3, . . . , 6.

This solution satisfies the equations of motion for the model (53) itself, since the only modifications due to Chern-Simons term are related to “Maxwells” equations

d ∗ F^4 = const F^5 ∧ F^4, d ∗ F^5 = const F^4 ∧ F^4, (61)

and are trivial (since F^4 = 0).

We remind that the twelve-dimensional model from [19] can be consistently truncated to a ten-dimensional Lagrangian that contains all the BP S p-brane solutions of the type IIB-theory.

4 Conclusions

In this paper we presented a new black-brane solution with three branes and intersection rules corresponding to the Lie algebra A_3. The solution is governed by polynomials of degree 3, 4, 3 and the coefficients of polynomials exhibit a special dependence upon the parameters P_1, P_2 and P_3 due to appearance of the term Δ (see (47)). (The case P_1 = P_3, corresponding to Lie algebra C_2 = so(5) was considered recently in [18].)

The A_3-solution is more complicated then the A_2-one, which has a rather simple analytical structure. This means that the polynomial solutions for other A_n-algebras (n > 3) may be even more complicated.

Other topics of interest is the application of this result to black-brane thermodynamics (e.g. relations for the entropy, Cardy-Verlinde type formulas etc) and analysis of post-Newtonian effects [2]. On this way one may expect to clarify the appearance of the function Δ in the solution. Another problem is to find the polynomial solutions for other Lie algebras (at least for A_k ones).

Here we also considered as an example the A_3-solution with three 3-branes in 12-dimensional model from [19] (this model imitates the low-energy limit of hypothetical F theory [20]). This solution may be also generalized to the case of B_D-models [13] in dimensions D ≥ 12.

Acknowledgments

This work was supported in part by the Russian Ministry of Industry, Science and Technology, Russian Foundation for Basic Research (RFFI-01-02-17312-a) and DFG project (436 RUS 113/678/0-1(R)). The results of the work were reported at the Fifth International Conference on Gravitation and Astrophysics of Asian-Pacific countries.

References

[1] V.D. Ivashchuk and V.N. Melnikov, P-brane black holes for general intersections, Grav.

Cosmol., 5, 4(20) 313-318 (1999); gr-qc/0002085.

[2] V.D. Ivashchuk and V.N. Melnikov, Black hole p-brane solutions for general intersection rules, Grav. Cosmol., 6, 1(21), 27-40 (2000); hep-th/9910041.

[3] V.D. Ivashchuk and V.N. Melnikov, Toda p-brane black holes and polynomials related to Lie algebras. Class. Quantum Grav. 17, 2073-2092 (2000); math-ph/0002048.

[4] V.D. Ivashchuk and V.N. Melnikov, Exact solutions in multidimensional gravity with antisymmetric forms, topical review, Class. Quantum Grav., 18 (2001) R87-R152; hepth/0110274.

[5] I.Ya. Aref’eva and O.A. Rytchkov, Incidence matrix description of intersecting p-brane solutions, Am. Math. Soc. Transl. 201 19-38 (2000); hep-th/9612236.

[6] I.Ya. Aref’eva, M.G. Ivanov and O.A. Rytchkov, Properties of intersecting p-branes in various dimensions, hep-th/9702077.

[7] V.D. Ivashchuk and V.N. Melnikov, Sigma-model for the generalized composite p-branes, Class. Quantum Grav. 14, 3001-3029 (1997); Corrigenda 15 (12), 3941 (1998); hepth/9705036.

[8] M. Cvetic and A. Tseytlin, Non-extreme black holes from non-extreme intersecting Mbranes, Nucl. Phys. B 478, 181-198 (1996); hep-th/9606033.

[9] I.Ya. Aref’eva, M.G. Ivanov and I.V. Volovich, Non-extremal intersecting p-branes in various dimensions, Phys. Lett. B 406, 44-48 (1997); hep-th/9702079.

[10] N. Ohta, Intersection rules for non-extreme p-branes, Phys. Lett. B 403, 218-224 (1997);

hep-th/9702164.

[11] H. Lü, J. Maharana, S. Mukherji and C.N. Pope, Cosmological solutions, p-branes and the Wheeler-DeWitt equation, Phys. Rev. D 57, 2219-2229 (1998); hep-th/9707182.

[12] K.A. Bronnikov, V.D. Ivashchuk and V.N. Melnikov, The Reissner-Nordström problem for intersecting electric and magnetic p-branes, Grav. Cosmol. 3, 3(11), 203-212 (1997); gr-qc/9710054.

[13] V.D. Ivashchuk and V.N. Melnikov, Multidimensional classical and quantum cosmology with intersecting p-branes, J. Math. Phys., 39, 2866-2889 (1998); hep-th/9708157.

[14] V.D. Ivashchuk and S.-W. Kim, Solutions with intersecting p-branes related to Toda chains, J. Math. Phys., 41, 444-460 (2000); hep-th/9907019.

[15] K.A. Bronnikov, Block-orthogonal brane systems, black holes and wormholes, Grav. Cosmol. 4, 1(13), 49-56 (1998); hep-th/9710207.

[16] V.D. Ivashchuk and V.N. Melnikov. Multidimensional cosmological and spherically symmetric solutions with intersecting p-branes. In Lecture Notes in Physics, Vol. 537, ”Mathematical and Quantum Aspects of Relativity and Cosmology Proceedings of the Second Samos Meeting on Cosmology, Geometry and Relativity held at Pythagoreon, Samos, Greece, 1998, eds: S. Cotsakis, G.W. Gibbons., Berlin, Springer, 2000; gr-qc/9901001.

[17] J. Fuchs and C. Schweigert, Symmetries, Lie algebras and representations. A graduate course for physicists. Cambridge Univ. Press, Cambridge, 1997.

[18] M.A. Grebeniuk, V.D. Ivashchuk and S.-W. Kim, Black-brane solutions for C_2 algebra, submitted to J. Math. Phys., hep-th/0111219.

[19] N. Khviengia, Z. Khviengia, H. Lü, C.N. Pope, Towards a field theory of F-theory, hepth/9703012; Class. Quantum Grav. 15, 759-773 (1998).

[20] C. Vafa, Evidence for F-theory, hep-th/9602022; Nucl. Phys. B 469, 403 (1996).