arXiv:hep-th/0208162 v2 29 Aug 2002

On uncertainty relations in noncommutative quantum mechanics

Katarzyna Bolonek Piotr Kosiński^∗ Department of Theoretical Physics II

University of Łódź Pomorska 149/153, 90-236 Łódź Poland

August 30, 2002

Abstract

We discuss the uncertainty relations in quantum mechanics on nocommutative plane. In particular, we show that, for a given state, at most one out of three basic nontrivial uncertainty relations can be saturated. We consider also in some detail the case of angular momentum eigenstates.

In recent years noncommutative field theories (NQFT) have become very popular, mainly due to their relation to string theory in nontrivial backgrounds [1] and M–theory compactifications [2]. As in the commutative case, the low energy limit of NQFT single–particle sector can be taken which results in noncommutative counterpart of one–particle quantum mechanics. There appeared many papers devoted to the study of various aspects of noncommutative quantum mechanics [3]-[22]. Their authors were mainly studying the spectra of hamiltonians describing particles moving on various noncommutative backgrounds.

In the present letter we analyse some very simple aspects of noncommutative quantum mechanics on the plane. Namely, we consider the uncertainty relations following from the basic commutation rules which define the theory.

∗supported by KBN grant no 5P03B05620

In particular, we are interested in the states which saturate the uncertainty relations and show that, contrary to the commutative case, not all basic nontrivial relations can be saturated simultaneously. Then we concentrate on eigenstates of angular momentum and find that while x–x relation can be saturated exactly, x–p ones — only with arbitrary good but not ideal accuracy.

The noncommutative quantum mechanics (NCQM) on the plane is defined by the following set of commutation relations:

[x̂_i, x̂_j ] = iθϵ_{ij} I (1a) [x̂_i, p̂_j ] = iℏδ_{ij}I i, j = 1, 2 (1b) [p̂_i, p̂_j ] = 0; (1c)

up to renumbering 1 ↔ 2 one can assume θ ≥ 0.

Algebra (1) looks like a deformation of Heisenberg–Weyl algebra; however, both algebras are, in fact, equivalent: the substitution

x̂_i ≡ x̃_i −^θ_{2ℏ} ϵ_{ij}p̃_j p̂_i ≡ p̃_i (2)

transforms (1) into Heisenberg–Weyl algebra. The physical contents of both theories are, in general, different and depend on the interpretation of the relevant operators.

The angular momentum operator L̂ is defined as follows L̂ ≡ ϵ_{ij}x̂_ip̂_j + θ 2ℏ p̂_ip̂_i (3)

and obeys [L̂, x̂_i] = iℏϵ_{ij}x̂_j [L̂, p̂_i] = iℏϵ_{ij}p̂_j (4)

Finite rotations are represented by unitary operators

U(α) = e^{iαL̂ℏ} (5)

Eqs. (4) imply U(α) ( x̂_1 x̂_2 ) U^†(α) = ( cos α − sin α sin α cos α ) ( x̂_1 x̂_2 ) (6) together with the similar rule for p’s.

Commutation rules (1) imply some uncertainty relations. Let us first remind the general scheme for such relations [23] (see also [24]). Given two selfadjoint operators Â, B̂ obeying

[Â, B̂] = iĈ (7)

one can derive the following inequalities

ΔA_ψ · ΔB_ψ ≥ 1 2 |⟨Ĉ⟩_ψ | (8) for any normalized state ψ; here ΔA_ψ ≡ √ (ψ, (Â − ⟨A⟩_ψ I)^2ψ), etc. (9)

Morover, (8) is saturated iff (Â − ⟨A⟩_ψ I)ψ = −iγ(B̂ − ⟨B⟩_ψ I)ψ (10) for some γ ∈ R. Multiplying both sides of eq. (10) by Â − ⟨A⟩_ψI and using again (10) as well as the saturated version of (8) we obtain, provided γ ≠ 0,

(ΔA)^2_ψ =^γ_2 ⟨Ĉ⟩_ψ

(ΔB)^2_ψ =^1_{2γ} ⟨Ĉ⟩_ψ

(11)

In general, the operators entering uncertainty realtions are unbounded so necessary assumptions concerning their domains should be made.

Below we shall need yet another property: assume two selfadjoint operators Â and B̂ commute to unit operator, [Â, B̂] = icI, c ≠ 0; then neither Â nor B̂ have normalizable eigenvectors (in their common invariant domain).

Consider now the uncertainty relations implied by the commutation rules (1):

Δx_1Δx_2 ≥ 1 2 θ (12a)

Δx_1Δp_1 ≥ 1 2 ℏ (12b)

Δx_2Δp_2 ≥ 1 2 ℏ (12c)

We would like to know whether there exist states saturating the above inequalities. In the ”classical” (θ = 0) case there exist states saturating simultaneously both (12b) and (12c); these are famous coherent states. For θ ≠ 0 situation is different. In fact we have the following theorem:

Theorem 1 For a given state ψ at most one of the uncertainty relations (12) can be saturated.

Define x̆_i ≡ x̂_i − ⟨x̂_i⟩_ψ I, p̆_i ≡ p̂_i − ⟨p̂_i⟩_ψI; then x̆_i, p̆_i satisfy the same algebra (1). Assume now that ψ saturates both (12a) and (12b). Then x̆_1ψ = −iγx̆_2ψ x̆_1ψ = −iδp̆_1ψ;

(13)

note that both γ ≠ 0, δ ≠ 0; indeed, according to the remark made above ψ cannot be an eigenvector (in particular — null eigenvector) of x̆_1. Eqs. (13) imply (γx̆_2 − δp̆_1)ψ = 0 (14) Then, due to [γx̆_2 − δp̆_1, p̆_2] = iℏγI, γ ≠ 0, (15) ψ cannot be normalizable. This result is not very surprising: for θ = 0 the coherent states for x_1, p_1 are dispersionless neither with respect to x_1 nor x_2; however, a priori it could happen that the states saturating (12a) and (12b) diverge in θ → 0 limit.

Assume in turn, that (12b) and (12c) are saturated for some ψ, i.e. x̆_iψ = −iγ_ip̆_iψ, γ_i ∈ R, i = 1, 2 (16) Multiply both sides by ϵ_{ji}x̆_j and sum over i, j θψ = −i ∑ ij ϵ_{ij}x̆_jx̆_iψ = − ∑ i,j γ_iϵ_{ji}x̆_jp̆_iψ = − ∑ i,j γ_iϵ_{ji}p̆_ix̆_j ψ = i ∑ i,j γ_j γ_iϵ_{ji}p̆_ip̆_j ψ = 0

(17)

i.e. θ = 0 or ψ = 0. This concludes the proof of our theorem 1.

We are often interested in eigenvectors of L̂; for example, the ground state of rotationally invariant hamiltonian is an eigenstate of L̂. Assume that ψ is an eigenvector of L̂, L̂ψ = ℏlψ (18) i.e. U(α)ψ = e^{ilα}ψ (19) We have the following

Theorem 2 If ψ is an eigenvector of L̂ then neither (12b) nor (12c) are saturated.

The proof is extremely simple. It follows from (6) and (18) that (ψ, x̂_iψ) = (U(π)ψ, U(π)x̂_iψ) = (U(π)ψ, U(π)x̂_iU^†(π)U(π)ψ) = (ψ, U(π)x̂_iU^†(π)ψ) = −(ψ, x̂_iψ); on the other hand, using U(^π_2 ) we find (ψ, x̂^2_1ψ) = (ψ, x̂^2ψ); the same result holds for p’s. Therefore (Δx_1)_ψ = (Δx_2)_ψ, (Δp_1)_ψ = (Δp_2)_ψ and both (12b) and (12c) must be saturated simultaneously. This is, however, impossible by Theorem 1.

Although (12a) and (12b) cannot be saturated for eigenstates of L̂ they can be satisfied with arbitrary accuracy. First, as we mentioned above, for eigenstates of L̂, ⟨x̂_i⟩ = 0, ⟨p̂_i⟩ = 0, ⟨x̂^2_1⟩ = ⟨x̂^2⟩, ⟨p̂^2_1⟩ = ⟨p̂^2⟩. Using (2) we have

⟨x̂^2_1⟩ = 1 2 ⟨x̂^2_1 + x̂^2⟩ = 1 2 ⟨ θ^2 4ℏ^2

(p̃^2_1 + p̃^2) + (x̃^2_1 + x̃^2) − θ ℏ L̂ ⟩

Take null eigenvector of L̂ and assume it saturates both Δx̃_1 · Δp̃_1 ≥^ℏ_2 , Δx̃_2 · Δp̃_2 ≥^ℏ_2 (this is possible because we are now dealing with standard Heisenberg operators). Then (again ⟨x̃_i⟩ = 0, ⟨x̃^2_1⟩ = ⟨x̃^2⟩, ⟨p̃_i⟩ = 0, ⟨p̃^2_1⟩ = ⟨p̃^2⟩)

⟨x̂^2_1⟩ = 1 2 ⟨ θ^2 4ℏ^2

(p̃^2_1 + p̃^2) + (x̃^2_1 + x̃^2) ⟩ = = ⟨ θ^2 4ℏ^2 p̃^2_1 + x̃^2_1 ⟩ = θ^2 4ℏ^2

⟨p̃^2_1⟩ + ℏ^2 4⟨p̃^2_1⟩ and ⟨x̂^2_1⟩⟨p̂^2_1⟩ = θ^2 4ℏ^2

(⟨p̃^2_1⟩)^2 + ℏ^2 4 Now we can take normalizable eigenstate with arbitrary small dispersion ⟨p̃^2_1⟩; however, the state with ⟨p̃^2_1⟩ = 0 is not normalizable.

On the other hand we shall see that (12a) can be saturated for eigenvectors of L̂.

We shall show now that any of the inequalities (12) can be saturated. Define formally

T (θ) = e^{iθ}2ℏ^{2 p̂1p̂2} (20)

Then T^{−1}(θ) = T^†(θ) = T (−θ) and

x̃_1 = T (θ)x̂_1T^†(θ) x̃_2 = T^†(θ)x̂_2T (θ)

(21)

Let us remind again that x̃_i and p̃_i = p̂_i form standard Heisenberg–Weyl algebra. Therefore, there exist coherent |ϕ⟩ states saturating

Δx̃_iΔp̃_i ≥^ℏ_2 , i = 1, 2 (22)

Due to (21) we conclude then that T (−θ)|ϕ⟩ (T (θ)|ϕ⟩) saturates (12b) ((12c)). It remains to show that the action of T (±θ) on |ϕ⟩ is well defined. This is, however, straightforward, because the representation of the algebra (1) can be explicitly constructed using (2) and well known Fock–space technique.

Finally consider the states saturating (12a). Inspired by the standard Fock space construction and the form of the commutation rule (1a) we define creation/anihilation operators

b =^{1√}_{2θ} (x̂_1 + ix̂_2), b =^{1√}_{2θ} (x̂_1 − ix̂_2) (23)

or, by (2), b = 1 √ 2θ ( x̃_1 − θ 2ℏ p̃_2 + i ( x̃_2 + θ 2ℏ p̃_1 )) = = 1 √ 2ℏ ( 1 √ 2 (√ 2ℏ θ x̃_1 − √ θ 2ℏ p̃_2 ) + i √ 2 (√ 2ℏ θ x̃_2 + √ θ 2ℏ p̃_1

)) (24)

Define the dilatation operator D = 1 2ℏ ([x̃_1, p̃_1]_+ + [x̃_2, p̃_2]_+) (25)

It is simple to check that

b = e^{i2 ln( 2ℏθ )D} ( 1 √ 2 ( x̃_1 + ix̃_2 √ 2ℏ ) + i √ 2 ( p̃_1 + ip̃_2 √ 2ℏ )) e^{− i2 ln( 2ℏθ )D} (26) or b = e^{i2 ln( 2ℏθ )D}a_−e^{− i2 ln( 2ℏθ )D}, (27)

where

a_− = 1 √ 2 (a_1 + ia_2), (28)

is the anihilation operator carrying definite angular momentum. The complementary anihilation operator is

a_+ = 1 √ 2 (a_1 − ia_2). (29)

The following prescription can be now given for constructing the states saturating (12a). We construct the general state saturating, say, Δx̃_1Δp̃_1 ≥^ℏ_2 and then replace a_1 → a_−, a_2 → a_+; finally, exp(^i_2 ln(^{2ℏ}_θ )D) is applied. Again, one can check explicitly that the whole procedure is well defined.

Acknowledgment

Piotr Kosiński kindly acknowledges numerous discussions with Prof. Paweł Maślanka.

References

[1] C. Chu, P. Ho, Nucl. Phys. B550, 151(1999);B568,447(2000) V. Schomerus, JHEP 9906, 030(1999) N. Seiberg, E. Witten, JHEP 9909, 032(1999) [2] A. Connes, M. R. Douglas, A. Schwarz, JHEP 9802, 003(1998) [3] G. Dunne, R. Jackiw, C. Trugenberger, Phys. Rev. D41, 661(1990) [4] G. G. Athanasiu, E. G. Floratos, S. Nicolis, J. Phys. A29, 6737(1996) [5] J. Lukierski, P. C. Stichel, W. J. Zakrzewski, Ann. Phys. 260, 224(1997) [6] D. Bigatti, L. Susskind, Phys. Rev. D62, 06604(2000) [7] C. Duval, P. A. Horvathy, Phys. Lett. B479, 284(2000) [8] J. Gamboa, M. Loeve, F. Mendez, J. C. Rojas, Mod. Phys. Lett. A16, 2075(2001) [9] J. Gamboa, M. Loeve, F. Mendez, J. C. Rojas, Phys. Rev. D64, 067901(2001) [10] V. P. Nair, Phys. Lett. B505, 249(2001) [11] V. P. Nair, A. P. Polychronakos, Phys. Lett. B505, 267(2001) [12] B. Morariu, A. P. Polychronakos, Nucl. Phys. B610, 531(2001) [13] D. Karabali, V. P. Nair, A. P. Polychronakos, Nucl. Phys. B627, 565(2002) [14] B. Morariu, A. P. Polychronakos, hep-th/0201070

[15] R. Jengo, R. Ramachandran, JHEP 0202, 017(2002) [16] M. Chaichian, M. M. Sheikh–Jabbari, A. Tureanu, Phys. Rev. Lett. 86, 2716(2001) [17] B. Muthukumar, P. Mitra, Phys. Rev. D66, 027701(2002) [18] M. Demetrian. D. Kochan, Acta Phys. Slov. 52, 1(2002) [19] A. A. Deriglazov, Phys. Lett. B530, 235(2002) [20] S. Bellucci, A Nersessian, hep-th/0205024 [21] R. Banerjee, Mod. Phys. Lett. A17 (2002), 631 [22] P. Horvathy, M. Phjushchay, JHEP 0206 (2002), 033 [23] L. J. Schiff, Quantum Mechanics, McGraw–Hill, New York 1968 [24] T. Curtright, C. K. Zachos, Mod. Phys. Lett. A16 (2001), 2381