arXiv:hep-th/0208171 v3 8 Dec 2002

KEK-TH-834 ICRR-Report-491-2002-9 August 2002

Comments on Quantum Aspects of Three-Dimensional de Sitter Gravity

Hiroshi Umetsu^{1∗} and Naoto Yokoi^{2†}

1 High Energy Accelerator Research Organization (KEK), Tsukuba, Ibaraki 305-0801, Japan and The Niels Bohr Institute, Blegdamsvej 17, DK-2100 Copenhagen Ø, Denmark

2 Institute for Cosmic Ray Research, University of Tokyo, Kashiwa, Chiba 277-8582, Japan

Abstract

We investigate the quantum aspects of three-dimensional gravity with a positive cosmological constant. The reduced phase space of the three-dimensional de Sitter gravity is obtained as the space which consists of the Kerr-de Sitter space-times and their Virasoro deformations. A quantization of the phase space is carried out by the geometric quantization of the coadjoint orbits of the asymptotic Virasoro symmetries. The Virasoro algebras with real central charges are obtained as the quantum asymptotic symmetries. The states of globally de Sitter and point particle solutions become the primary states of the unitary irreducible representations of the Virasoro algebras. It is shown that those states are perturbatively stable at the quantum level. The Virasoro deformations of these solutions correspond to the excited states in the unitary irreducible representations. In view of the dS/CFT correspondence, we also study the relationship between the Liouville field theory obtained by a reduction of the SL(2;C ) Chern-Simons theory and the three-dimensional gravity both classically and quantum mechanically. In the analyses of the both theories, the Kerr-de Sitter geometries with nonzero angular momenta do not give the unitary representations of the Virasoro algebras.

∗ umetsu@post.kek.jp and umetsu@nbi.dk † yokoi@icrr.u-tokyo.ac.jp

1 Introduction

Quantum gravity on de Sitter space-time attracts much interest owing to not only conceptual problems [1] (see also [2] and references therein) but also recent astronomical observations [3, 4]. Recently it was proposed that the gravity with a positive cosmological constant has a dual description by the Euclidean conformal field theory on the infinitely past or future boundary [5] (see also [6]). Since de Sitter space-time has no everywhere time-like Killing vector, constructions of quantum field theories on that space could be non-trivial. And it is known that the quantum field theories on de Sitter space has some peculiar features, e.g., the existence of various possible vacua [6, 7]. To deeply understand this correspondence, proper investigations of quantum theories of de Sitter gravity are needed because one has no well-defined stringy example of de Sitter space-time. Since in three dimensions a gauge theoretical description of the gravity is known [8, 9], it seems that we can analyze the gravity at the quantum level^1.

Our aim in this paper is to construct concretely a quantum theory of the three-dimensional gravity with a positive cosmological constant. For this end, we use the similar procedures to those used in Ref.[18] to investigate a quantum anti-de Sitter gravity. We first construct the phase space of this system by using the SL(2;C ) Chern-Simons description of the threedimensional gravity [19]. The phase space consists of solutions of the equations of motion under the boundary conditions that the space-time should approach to de Sitter space in the asymptotically past [5]. It includes the Kerr-de Sitter geometries [20, 21] as particular solutions. The Virasoro algebras which are reduced symmetries of the gauge symmetry act on this space by their coadjoint forms and their central charges are given by a well-known value c =^{3l}_{2G} . Each geometry corresponding to an element on the phase space can be represented as a non-compact region in SL(2;C )/SU(1,1) and its metric is induced from the Killing metric of SL(2;C )/SU(1,1). The actions of the Virasoro algebras on the phase space can be interpreted as deformations of that region. The family which consists of geometries connected with each other by the Virasoro deformations is identified with a product of the coadjoint orbits of the conformal groups labeled by mass and angular momentum of the Kerr-de Sitter geometry. Since the conformal group is not globally well-defined, our discussion of the coadjoint orbit would be formal. Thus we mainly concentrate on the infinitesimal deformations of the Kerr-de Sitter geometries and neighborhood of the elements corresponding to those Kerr-de Sitter geometries on the orbits.

In Section 3 we consider a quantization of the Virasoro deformations which are degrees of freedom of the gravitational system analyzed here. In Ref.[21] it was shown that the Virasoro

1From the viewpoint of the dS/CFT correspondence, the Chern-Simons gravity on three-dimensional de Sitter space-time is also studied in [10, 11, 12, 13, 14, 15, 16]. In more general settings including the de Sitter gravity case, a correspondence between the three-dimensional Chern-Simons theory with boundary and a conformal field theory was earlier discussed in [17] as a generalization of the AdS/CFT correspondence by using the Dirac’s canonical method.

algebras with imaginary central charges were acquired as algebras of the conserved charges by a quantization of the corresponding Chern-Simons theory. In the appendix B, we provide some descriptions which state that the Virasoro algebra with an imaginary central charge are also obtained by a different manner of quantization. We would like to show that the unitary irreducible representations of the Virasoro algebra with a real central charge can be obtained by geometric quantization of the coadjoint orbit prescribed by an appropriate symplectic form on the orbit. Here strict analyses will be restricted within the perturbative level under the condition c ≫ 1. We consider the unitary representations of the Virasoro algebra adopting the unitarity conditions L^†_m = L_{−m} for the Virasoro generators which are usually used in conformal field theories. Then we discuss the perturbative stability of vacua by regarding L_0 as the energy function. The unitarity and the stability of vacua require that the conformal weights of the primary states should be real and positive. It means in the sense of the three-dimensional gravity that only the point particle geometries, i.e., without angular momenta, and their Virasoro deformations can provide the unitary and stable quantum theory. The geometries with excess angles are forbidden.

It is known that the Chern-Simons theory on a manifold with boundaries reduces to the chiral WZNW theories on the boundaries [22]. In the case of the Chern-Simons gravity with (negative) positive cosmological constant, it is shown that the chiral WZNW theories furthermore reduce to the Liouville field theory under the asymptotic (anti-)de Sitter boundary condition [23, 10]. In Section 4 we see the explicit correspondence between three-dimensional geometries and solutions of the Liouville theory. The relationship of infinitesimal Virasoro deformations of the Kerr-de Sitter geometries and those of the Liouville theory are provided. At the quantum level, the direct product of the primary states with appropriate conformal weights in the Liouville theory is identified with the state of the Kerr-de Sitter space-time. The states corresponding to the deformed geometries are identified with the excited states which are obtained by acting the Virasoro generators on the primary state.

Finally we provide some discussions in Section 5.

2 Three-Dimensional Geometry with Positive Constant Curvature

Solutions of the Einstein equation with a positive cosmological constant 1/l^2 are geometries with a positive constant scalar curvature 6/l^2. All solutions are locally equivalent to each other because the three-dimensional gravity has no local degrees of freedom. In this section, we would like to clarify what characterizes each solution. And we provide a phase space of this system under the boundary conditions being asymptotically de Sitter space-time from the perspective of Chern-Simons gravity.

2.1 On the Kerr-de Sitter Solution

The Kerr-de Sitter solution is characterized by its ADM-like mass M = −^μ_{8G} and angular momentum J. In the Schwarzschild coordinates (t, r, ϕ), its metric ds^2_{(μ,J)} is given by

ds^2_{(μ,J)} = −N^2(dt)^2 + N^{−2}(dr)^2 + r^2 ( dϕ + N^ϕdt )_2

, (2.1)

where N^2 = μ − r^2 l^2 + 16G^2J^2 r^2

, N^ϕ = 4GJ r^2

. (2.2)

The space-time has the cosmological horizon at r = r_+,

r_+ = l 2 (√ μ + i 8GJ l + √ μ − i 8GJ l ) , (2.3)

if μ ∈ R for J ≠ 0 or μ ∈ R_{≥0} for J = 0. In the case J = 0, this metric represents a point particle sitting at r = 0 [20],

ds^2_{(μ,0)} = − ( 1 − r̃^2 l^2 ) ( dt̃ )_2 + (dr̃)^2 1 −^{r̃2}_{l2}

+ r̃^2 ( dϕ̃ )_2

, (2.4)

where we transformed the coordinates as follows, t̃ = √μ t, r̃ = r√ μ , ϕ̃ = √ μ ϕ. (2.5)

We have to make the identification ϕ̃ ∼ ϕ̃ + 2π √ μ because ϕ ∼ ϕ + 2π. Thus this geometry has a conical singularity at r = 0 with a deficit angle 2π ( 1 − √ μ ) if 0 < μ < 1. On the other hand, we do not have any physical interpretation for space-time for μ > 1 which has an excess angle 2π (√ μ − 1 ) . In the case of J = 0 and μ < 0, N^2 becomes negative in the coordinate system used in the eq.(2.1). Thus we will omit this case in the most part in this paper unless explicitly mentioned, although this metric can be rewritten in the form of de Sitter metric locally by an appropriate coordinate transformation.^2

We will mainly use another coordinate system (τ, z, z̄) which is defined below. By the coordinate transformations, τ = t l + f(r) − 1 2 ln √ b_0b̄_0 c/6 , z = e^tl^{+g(r)+iϕ}, (2.6) z̄ = e^{tl +ḡ(r)−iϕ}, 2 In fact, although one can transform it into de Sitter metric like (2.4), time-like coordinate becomes periodic in the resulting coordinate system.

the Kerr-de Sitter metric ds^2_{(μ,J)} is written in the following form,

ds^2_{(b0,b̄0)} = l^2 [ −dτ^2 + b_0 c/6 dz^2 z^2 + b̄_0 c/6 dz̄^2 z̄^2 + ( e^{−2τ} + b_0b̄_0 (c/6)^2z^2z̄^2 e^{2τ} ) dzdz̄ ] , (2.7)

where c ≡^{3l}_{2G} , and b_0, b̄_0 are defined by

b_0 ≡ c 24 (1 − μ) − i 2 J, b̄_0 ≡ c 24 (1 − μ) + i 2 J. (2.8)

And f(r), g(r) and ḡ(r) are obtained by solving the following first order differential equations,

l d dr f(r) = √ 1 − N^2 N^2 , l d dr g(r) = r^2 l^2 + b_0 −b̄_0 c/6 r^2 l^2 N 2√ 1 − N^2 , l d dr ḡ(r) =

r^2 l^2 − b_0−b̄_0 c/6 r^2 l^2 N 2√ 1 − N^2

. (2.9)

For these coordinate transformations to be well-defined, the range of r is restricted in 0 < r < l √ μ, for 0 ≤ μ ≤ 1, J = 0 l √ μ − 1 < r < l √ μ, for 1 < μ, J = 0 (2.10) l | | | √ b_0 c/6 − √ b̄_0 c/6 | | | < r < r^+. for μ ∈ R, J ≠ 0 Therefore we will consider the region of the Kerr-de Sitter space-time defined by −∞ < t < ∞, 0 ≤ ϕ < 2π and the above range of r.

These geometries can be represented in the coset space SL(2;C )/SU(1,1).^3 Let us consider a non-compact region in SL(2;C )/SU(1,1) consisting of the elements

G_0 ≡ a+1 2 √ a z^{a−1}2 −^{i√}_a z^{a+1}2

−^{i(a−1)}_2^√_a z^{− a+1}2^{1√}_a z^{− a−1}2 e^τ 0 0 e^{−τ} ā+1 2 √ āz̄^{ā−1}2 −^{i(ā−1)}_2^√_ā z̄^{− ā+1}2

−^{i√}_āz̄^{ā+1}2^{1√}_āz̄^{− ā−1}2

, (2.11)

where a = √ 1 −^{b0}_{c/24} and ā = √ 1 −^{b̄0}_{c/24} which coincide with √ μ for J = 0. G_0 is characterized by the relation G_0 = ϵG^†_0ϵ^{−1} where ϵ ≡ 2J^0. The metric on this region induced from the Killing metric of SL(2;C )/SU(1,1) coincides with the Kerr-de Sitter metric (2.7),

ds^2_{(b0,b̄0)} = − l^2 2 Tr ( G^{−1}_0 dG_0

)_2

. (2.12)

3 SL(2;C ) generators we use in this paper are

J^0 = i 2 0 0 −^i_2

, J^1 =

0 −^1_2

−^1_2 0

, J^2 =

0 −^i_2 i 2 0 .

These satisfy [ J^a, J^b ] = ϵ^{abc}Jc, where ϵ^{abc} is a totally anti-symmetric tensor ϵ^{012} = +1 and sl(2;C) indices are lowered (or raised) by ηab ≡ diag.(−1, 1, 1) (or η^{ab}, the inverse matrix of ηab). And (J^a)^† = Ja.

Therefore we can make the following interpretation: G_0 gives a mapping from the parameter space (τ, z, z̄) to SL(2;C )/SU(1,1). Then the Kerr-de Sitter space-time is realized as a region defined by G_0 in SL(2;C )/SU(1,1). Thus each solution is characterized by its region. And its metric is induced from the Killing metric of SL(2;C )/SU(1,1).

2.2 SL(2;C ) Chern-Simons Gauge Theory It is well-known that the Chern-Simons gauge theory with an appropriate gauge group is on-shell equivalent to the three-dimensional gravity[8, 9].^4 Therefore we can provide a quantum theory of the gravity by quantizing a classical phase space of the Chern-Simons theory. In particular, the gravity with a positive cosmological constant can be described by taking SL(2;C ) as the gauge group.

The Einstein-Hilbert action is written by using the Chern-Simons action as follows, S_{EH} = ik 4π ∫ M Tr ( AdA + 2 3 A^3 ) − ik 4π ∫ M Tr ( ĀdĀ + 2 3 Ā^3 )

= − k πl ∫ M Tr [ e ( dω + ω^2 ) − 1 3l^2 e^3 ] + k 2πl ∫ ∂M Tr eω = 1 16πG ∫ M d^3x √ −g ( R − 2 l^2 ) + 1 8πG ∫ ∂M Tr eω, (2.13)

where k =^l_{4G} and we decomposed SL(2;C ) connections A, Ā to dreibein e^a and spin connection ω^a, A = i l e + ω, Ā = − i l e + ω. (2.14) The three-dimensional space M is parametrized by τ, z, and z̄. In this paper we consider a two-dimensional boundary of M at τ −→ −∞ which is parametrized by z and z̄. In the above form (2.13), the gravitational action has a boundary contribution. We note the fact that this boundary term has a well-known form for solutions of the equations of motion, 1 8πG ∫ ∂M Tr eω = − i 8πG ∫ ∂M dz ∧ dz̄ √ h l , (2.15)

where h is the determinant of an induced metric on ∂M. The equations of motion of the Chern-Simons theory are the flat connection conditions which are interpreted as the torsion-free condition and the Einstein equation with a positive cosmological constant Λ = 1/l^2 in terms of dreibein and spin connection. The flat SL(2;C ) connections can be solved as

A = G^{−1}dG, Ā = Ḡ^{−1}dḠ. (2.16)

For the equations (2.14) to hold, G and Ḡ must satisfy the following relation Ḡ = ϵ^{−1} (G^{−1})^† ϵ, (2.17)

4 Of course, this equivalence holds only under some assumptions, e.g. the reversibility of the dreibein.

where the relation ϵ^{−1}J^aϵ = −J_a = − (J^a)^† is useful. That is, only if this condition is satisfied, the SL(2;C ) Chern-Simons theory can be regarded as a gravity.

The correspondence between SL(2;C ) flat connections and the Kerr-de Sitter geometries can be made by the following ways: first we define a mapping, SL(2;C )×SL(2;C ) −→SL(2;C ) by ( G, Ḡ ) −→ G = GḠ^{−1}, (2.18) where it is assumed that G and Ḡ satisfy (2.17). Thus G satisfies

Ḡ = G^{−1} or equivalently G = ϵG^†ϵ^{−1}. (2.19)

G is invariant under the right diagonal SU(1,1) transformation which preserves the relation (2.17), G −→ Gg, Ḡ −→ Ḡg, (2.20) Since G satisfies (2.19), we can identify G with G_0 (2.11) corresponding to the Kerr-de Sitter space-time. We consider the following decomposition of G_0,

G_0 = G_0Ḡ^{−1}_0 ,

G_0 = a+1 2 √ a z^{a−1}2 −^{i√}_a z^{a+1}2

−^{i(a−1)}_2√_a z^{− a+1}2^1√_a z^{− a−1}2 e^12^τ 0

0 e^{− 1}2^τ

, (2.21)

Ḡ_0 = 1√ āz̄^{− ā−1}2^{i(ā−1)}_2^√_ā z̄^{− ā+1}2 i√ āz̄^{ā+1}2^{ā+1}_2^√_āz̄^{ā−1}2 e^{− 1}2^τ 0

0 e^12^τ

(2.22)

Then we construct the flat connections (2.16) from G_0 and Ḡ_0,

A_0 = G^{−1}_0 dG_0 = 1 2 dτ −ie^{−τ} dz −^{ib0}_{c/6} e^{τ dz}_{z2} −^1_2 dτ ,

Ā_0 = Ḡ^{−1}_0 dḠ_0 =

−^1_2 dτ^{ib̄0}_{c/6} e^{τ dz̄}_{z̄2} ie^{−τ} dz̄^1_2 dτ . (2.23)

The dreibein obtained from A_0, Ā_0 are written in the form e =^l_{2i} ( A_0 − Ā_0 ) =^l_{2i}Ḡ^{−1}_0 ( G^{−1}_0 dG_0 )¯ G_0.

Thus these SL(2;C ) flat connections provide descriptions of the Kerr-de Sitter geometry in the Chern-Simons gravity, that is, ds^2 = 2Tre^2 = ds^2_{(b0 ,b̄0)}.

2.3 Phase Space of de Sitter Gravity In studies of the three-dimensional anti-de Sitter gravity, a generalization of anti-de Sitter and the BTZ black hole solutions was considered [23, 24, 25, 18]. Applying their methods to the de Sitter case, we find the following solutions,

A_b = 1 2 dτ −ie^{−τ} dz −^{ib(z)}_{c/6} e^τ dz −^1_2 dτ , Ā_{b̄} =

−^1_2 dτ^{ib̄(z̄)}_{c/6} e^τ dz̄ ie^{−τ} dz̄^1_2 dτ . (2.24)

Here b(z) and b̄(z̄) have to be invariant under z → e^{2πi}z to be consistent with the coordinate transformation (2.6). These SL(2;C ) flat connections are obtained as solutions of the equations of motion under the gauge fixing condition A_τ = −iJ^0, Ā_τ = iJ^0 and the following conditions which are consistent with the Strominger’s boundary conditions to be asymptotically de Sitter [5],

A_{z̄} −→ 0, Ā_z −→ 0, (2.25)

A_z −→ 0 −ie^{−τ} O (e^τ ) 0 , Ā_{z̄} −→ 0 O (e^τ ) ie^{−τ} 0 , at τ → −∞. (2.26)

The degrees of freedom of the classical solutions are two functions b(z) and b̄(z̄), and thus the phase space of the three-dimensional de Sitter gravity is composed of these functions. The asymptotic Virasoro algebras which act on this phase space are realized as residual gauge transformation,

η_f = 1 2 f^′ −ife^{−τ} −i (_1 2 f^{′′} +^b_{c/6} f ) e^τ −^1_2 f , η̄^{f̄} = −^1_2f̄^′ i

(_1 2f̄ ′′ +^{b̄}_{c/6}f̄ ) e^τ if̄e^{−τ 1}_2f̄ , (2.27)

where f = f(z) and f̄ = f̄(z̄) should be invariant under z → e^{2πi}z, also. These transformations preserve the forms of the flat SL(2;C ) connections (2.24) and generate the infinitesimal deformations of b(z) and b̄(z̄).

δ_f A = 0 0 −^{iδf b}_{c/6} e^τ dz 0 , δ^¯f Ā = 0^{iδf̄ b̄}_{c/6} e^τ dz̄ 0 0 . (2.28)

The deformations of b(z) and b̄(z̄) are given by the coadjoint actions of the Virasoro algebras with the central charge c,

δ_f b = fb^′ + 2f^′b + c 12 f^{′′′}, δ¯_f b̄ = f̄b̄^′ + 2f̄^′b̄ + c 12 f̄^{′′′}. (2.29)

The diffeomorphism corresponding to these gauge transformations is generated by the following vector fields,

ξ^μ∂_μ = 1 2 (f^′ + f̄^′)∂_τ + f + b̄ c/6 e^{2τ} f^{′′} − f̄^{′′} 2 [_{bb̄} (c/6)^2 e 2τ − e^{−2τ} ] ∂_z + f̄ + b c/6 e^{2τ}f̄^{′′} − f^{′′} 2 [_{bb̄} (c/6)^2 e 2τ − e^{−2τ} ] ∂_{z̄} .(2.30)

The flat connections (2.24) describe a deformation of the Kerr-de Sitter space-time. Its metric ds^2_{(b,b̄)} is

ds^2_{(b,b̄)} = l^2 [ −dτ^2 + b(z) c/6 dz^2 + b̄(z̄) c/6 dz̄^2 + ( e^{−2τ} + b(z)b̄(z̄) (c/6)^2 e^{2τ} ) dzdz̄ ] . (2.31)

The deformed flat connections (2.24) can be solved in principle as

A_b = G^{−1}_b dG_b, Ā¯_b = Ḡ^{−1}_{b̄} dḠ¯_b. (2.32)

G_b and Ḡ¯_b are generally complicated functions of b(z) and b̄(z̄), respectively.^5 Then one can provide a region in SL(2;C )/SU(1,1) defined by a mapping G_{(b,}¯_{b)}(τ, z, z̄) = G_bḠ^{−1}_{b̄} . We will call this region Z_{(b,}¯_{b)}. The space-time corresponding to the deformed solutions A_b and Ā¯_b is realized as Z_{(b,}¯_{b)} with the induced metric ds^2_{(b,b̄)} = −^{l2}_2 Tr ( G^{−1}_{(b,b̄)}dG_{(b,}¯_{b)} )_2 . The Virasoro algebras with the central charge c act on the phase space consisting of b(z) and b̄(z̄) by coadjoint actions (2.29). Let us consider the coadjoint orbits of b =^{b0}_{z2} and b̄ =^{b̄0}_{z̄2} . We denote them as W_{b0} and W̄¯_{b0} respectively. Then W_{b0} × W̄¯_{b0} can be identified with the family of Z_{(b,}¯_{b)} in which b(z) and b̄(z̄) lie on W_{b0} and W̄¯_{b0} respectively. Namely, Z(_{b0/z}2_{,b̄0 /z̄}2) is deformed to Z_{(b,}¯_{b)} by coadjoint action of the Virasoro algebras. And the metric ds^2_{(b0,b̄0)} is deformed to ds^2_{(b,b̄)}, (2.31).

We again note that each geometry is characterized by its region in SL(2;C )/SU(1,1), although all geometries are locally equivalent to SL(2;C )/SU(1,1). Therefore the degrees of freedom of this system can be regarded as ways of taking a region in SL(2;C )/SU(1,1), in other words, ways of drawing a two-dimensional surface, which is a boundary of a region, in SL(2;C )/SU(1,1). Thus this degrees of freedom may be interpreted in terms of a two-dimensional theory.

3 Quantization of de Sitter Gravity

In the previous section, we clarified that the phase space of the three-dimensional de Sitter gravity consists of the holomorphic and anti-holomorphic functions, b(z) and b̄(z̄) respectively, with invariance under z → e^{2πi}z. Here we first consider an introduction of a symplectic structure into the phase space. It was shown that the Virasoro algebras with pure imaginary central charges are obtained by applying the symplectic reduction method to the SL(2;C ) Chern-Simons

5 The explicit forms of Gb and Ḡ¯_b will be given in Section 4.

theory [21].^6 We here show that there exists a symplectic form which leads to the Virasoro algebras with real central charges after quantization. The similar methods to those used in Ref.[18] for the asymptotically anti-de Sitter space-time, e.g., geometric quantization method [26, 27, 28, 29], are applied to the case of de Sitter gravity. There is an essential difference between these two cases. While the group which acts on the phase space is ^DiffS^1 in anti-de Sitter case, we now must deal with the conformal group which is not globally well-defined. Thus we concentrate on perturbative analyses around the de Sitter and Kerr-de Sitter geometries. Then we consider the unitary representations of the Virasoro algebra and discuss the perturbative stability of vacua.

3.1 Coadjoint Orbit A general element of the Virasoro algebra is written as f(z)∂_z + ac where c is a central element and a is a complex number. We denote this as (f, a). The commutation relation is given by

[(f, a_1), (g, a_2)] = ( fg^′ − f^′g, i 24 ∮ dz 2πi ( f^{′′′}g − fg^{′′′} )) . (3.1)

Under this commutation relation, adjoint vectors l_m = ( iz^{m+1}, 0 ) satisfy

i [l_m, l_n] = (m − n)l_{m+n} + c 12 (m^3 − m)δ_{m+n,0}. (3.2)

A general coadjoint vector has the form b(z)dz^2 + tc^∗ where t is a complex number and c^∗ a dual element of c. We abbreviate it as (b, t). The dual pairing between coadjoint and adjoint vectors is defined as ⟨(b, t), (g, a)⟩ = −i ∮ dz 2πi b(z)g(z) + ta. (3.3) The coadjoint action of the Virasoro group is given by δ_f (b, t) = ( fb^′ + 2f^′b + t 12 f^{′′′}, 0 ) . (3.4)

The dual pairing is invariant under the action of the Virasoro algebra, δ_f ⟨(b, t), (g, a)⟩ = 0. A coadjoint orbit is defined as an orbit of a coadjoint vector by coadjoint action of the conformal group. Let us consider an orbit of (_{b0} z^2 , t ) , we denote it as W_{b0} , where b_0 is a complex number.

From (3.4) for b =^{b0}_{z2} and f = ∑ n f_nz^{n+1}, we find

δ_f b = 2 ∑ n nf_n [ b_0 + t 24 (n^2 − 1) ] z^{n−2}, (3.5)

thus b_0 is invariant under coadjoint actions of the Virasoro algebra. There are two classes of orbits. For general b_0, δ_f b vanishes for f = z, thus the stability group of this type of orbits

6 In appendix B, we show that the Virasoro algebra with a pure imaginary central charge is obtained by a standard canonical quantization of the SL(2;C ) Chern-Simons theory.

is dilatation. If b_0 = −^t_{24} ( m^2 − 1 ) where m ∈ Z_{>0}, there are three solutions f = z, z^{1±m} of δ_f b = 0.

For z_s = s(z), the integrated form of (3.4) is given by

b^s(z_s) = ( dz_s dz )_{−2} [ b_0 z^2 − t 12 {z_s, z} ] , (3.6)

where {z_s, z} is the Schwarzian derivative {z_s, z} ≡^{d3 zs/dz3}_{dzs/dz} −^3_2 (_{d2zs/dz2} dz_s/dz )_2 . Then b^s is an element of W_{b0} . The coadjoint orbit representations of generators of the Virasoro algebra l_m = ( iz^{m+1}, 0 ) are given by

L_m = ⟨(b^s, t), (iz^{m+1}, 0)⟩ = ∮ dz_s 2πi b^s(z_s)z^{m+1}_s . (3.7)

Since the central element corresponds to (0, 1), it has a constant value c = t on the orbit. Therefore we denote t as c. A canonical symplectic structure is introduced on each coadjoint orbit by the dual pairing [28, 29], Ω|_bs (u, v) = ⟨(b^s, t), [(u, 0), (v, 0)]⟩ = −i ∮ dz_s 2πi b^s(z_s) ( uv^′ − u^′v ) (z_s) − ic 24 ∮ dz_s 2πi ( uv^{′′′} − u^{′′′}v ) (z_s), (3.8)

where u = u(z_s) and v = v(z_s) are tangent vectors at b^s. It should be noted that the semiclassical analysis is justified in the region of large c because the symplectic form Ω is large in that region. Under this symplectic structure L_m’s (3.7) satisfy the classical Virasoro algebra i {L_m, L_n} = (m − n)L_{m+n} + c 12 (m^3 − m)δ_{m+n,0}. (3.9)

3.2 Quantization of Coadjoint Orbits

We first make a perturbative analysis of the orbit W_{b0} at the classical level. We set

z_s = s(z) = z + i ∑ n≠0 s_nz^{−n+1}, (3.10)

where s_n is a complex number. Then b^s is expanded as the following form from the formula (3.6)

b^s(z_s) = b_0 z^2

+ 2i ∑ n (n − 1) [ b_0 + c 24 n(n + 1) ] s_nz^{−n−2} −3 ∑ m,n (m − 1)(n − 1) [ b_0 + c 24 (m^2 + n^2 + mn + m + n) ] s_ms_nz^{−m−n−2} + O(s^3). (3.11)

The explicit form of the symplectic form is Ω(s, s^′) = −i ∑ m [ 2mb_0 + c 12 (m^3 − m) ] s_ms^′_{−m} + O(s^3). (3.12)

From the inverse matrix of Ω, the following Poisson bracket is obtained {s_m, s_n} = −i [ 2mb_0 + c 12 (m^3 − m) ]_{−1} δ_{m+n,0} + O(s). (3.13)

The expressions for the generators of the Virasoro algebra are L_m = 2im [ b_0 + c 24 (m^2 − 1) ] s_m + O(s^2), for m ≠ 0, (3.14)

L_0 = b_0 + ∑ n n^2 [ b_0 + c 24 (n^2 − 1) ] s_{−n}s_n + O(s^3). (3.15)

A discussion of the stability of vacua for “energy function” L_0 in the anti-de Sitter gravity was provided by the similar perturbative method [18]. In that case, the reality condition (s_n)^∗ = s_{−n} was imposed because the coordinate corresponding to z was a real parameter which parametrizes S^1. Therefore s_ns_{−n} was positive definite and a condition for vacua to be stable was obtained from the requirement that L_0 should be bounded from below. However z is now a complex coordinate and thus no restriction is imposed on s_n at the classical level.

We next consider a semi-classical quantization of the orbits. It is performed by replacing the Poisson bracket (3.13) to −i times the commutator. Then we find that s_n are essentially creation and annihilation operators up to their normalizations. We are interested in the unitary representations of the Virasoro algebra in which (L_m)^† = L_{−m}, in particular (L_0)^† = L_0, holds. This unitarity condition leads to the conditions (s_m)^† = s_{−m} and b_0 ∈ R up to this order of perturbations.^7 The stability of the classical vacua means that L_0 should be bounded below at b(z) =^{b0}_{z2} . It holds true only when b_0 ≥ 0. (3.16)

Therefore only orbits with b_0 ∈ R_{≥0} provide the unitary representations of the Virasoro algebra with the stable vacua.

The quantum Virasoro algebra is given by replacing the Poisson bracket to −i times the commutator in the classical Virasoro algebra (3.9),

[L_m, L_n] = (m − n)L_{m+n} + c 12 (m^3 − m)δ_{m+n,0}. (3.17)

Each unitary representation of the Virasoro algebra is labeled by its highest weight state |h⟩. The highest weight state satisfies L_0|h⟩ = h|h⟩ and L_n|h⟩ = 0 for n ≥ 1. In particular |0⟩ satisfy L_{−1}|0⟩ = 0 in addition to the above conditions. The unitary irreducible representations V_{h=b0} corresponding to W_{b0} (b_0 > 0) are constructed by acting the Virasoro generators L_{−n} (n ≥ 1) on |b_0⟩. The unitary irreducible representation V^′_{h=0} corresponding to W_{b0 =0} is given by acting L_{−n} (n ≥ 2) on |0⟩.

7This type of Hermitian conjugation is also considered in view of the dS/CFT correspondence in Ref.[7].

3.3 Quantization of Gravity in dS_3

The phase space of the three-dimensional de Sitter gravity is composed of de Sitter, Kerrde Sitter geometries and their Virasoro deformations. The de Sitter space and its Virasoro deformations are identified with the product of the Virasoro coadjoint orbits W_{b0=0} ×W̄¯_{b0 =0}. The quantizations of the orbits lead to the unitary irreducible representations of the Virasoro algebras V^′_{h=0} ×V̄^′¯_{h=0}. The Kerr-de Sitter geometry with b =^{b0}_{z2} and b̄ =^{b̄0}_{z̄2} and their deformations Z_{(b,}¯_{b)} are identified with the product of the orbits W_{b0} × W̄¯_{b0} . If b_0 is real, that is b_0 = b̄_0, and b_0 > 0, the quantizations of the orbits lead to the unitary irreducible representations of the Virasoro algebras V_{b0} × V̄_{b0} . The unitarity condition that b_0 is real means J = 0, thus b_0 =^c_{24} (1 − μ) from (2.8). In addition to that, the stability condition requires b_0 ≥ 0. Therefore μ is restricted in the region μ ≤ 1. Geometries with excess angles (μ > 1) are forbidden by these conditions. As a result, the quantizations of deformations only of de Sitter and conical geometries without angular momenta provide the unitary theories with stable vacua. On the other hand, quantizations of the Kerr-de Sitter space-times with non-vanishing angular momenta and their deformations do not give unitary theories.

We provide some comments for the geometries with J = 0 and μ < 0. As noted in the previous section, these geometries seem to be unphysical in the Schwarzschild coordinates. However, according to the discussion in this section, they are naturally included in the phase space constructed here and are represented by the following region in SL(2;C )/SU(1,1),

G_{(μ<0)} ≡ 1 m −^{i(1+i} √ m) 2 z^{− 1−i} √ m 2 −z^{1+i} √ m 2 1−i √ m 2 z^{− 1−i} √ m 2 −iz^{1−i} √ m 2 e^τ 0 0 e^{−τ}

× i(1−i √ m) 2 z̄^{− 1+i} √ m 2 −^{1+i} √ m 2 z̄^{− 1−i} √ m 2 z̄^{1−i} √ m 2 iz̄^{1+i} √ m 2 , (3.18)

with m ≡ −μ. The induced metric on this region is given by

ds^2_{(μ<0)} = l^2 [ −dτ^2 +

1 + m 4 dz^2 z^2 + 1 + m 4 dz̄^2 z̄^2 + ( e^{−2τ} +

(1 + m)^2 16 1 z^2z̄^2 e^{2τ} ) dzdz̄ ] , (3.19)

that is ds^2_{(μ<0)} = ds^2_{(b0,b̄0)} with b_0 = b̄_0 =^c_{24} (1 + m). The Virasoro deformations of these geometries can be defined by the same way as those explained until here. After quantization, furthermore, the states of these geometries are allowed under our consideration about the unitarity and stability at the perturbative level.

4 On Three-dimensional de Sitter Gravity and Liouville Field Theory

It is well-known that the Chern-Simons action on a manifold with boundaries reduces to the chiral WZNW actions on the boundaries [22]. It was shown that the action of the three-dimensional anti-de Sitter gravity which is written by two SL(2;R) Chern-Simons actions reduces to the nonchiral WZNW action and furthermore it reduces to the Liouville field theory under the boundary conditions being the asymptotically anti-de Sitter space-time [23]. Recently analogous analyses were done in [10] for the three-dimensional de Sitter gravity with the asymptotically past de Sitter space-time.

4.1 Reduction to Liouville Field Theory We briefly review processes of the reduction to the Liouville field theory [10] in order to fix the notations we use here.

The Einstein action is given by the SL(2;C ) Chern-Simons action (2.13). The reduction is carried out by two stages. At the first stage, we impose the following reduction conditions,

A_{z̄} −→ 0, Ā_z −→ 0, (4.1)

at the infinitely past τ −→ −∞. These conditions are same as (2.25). Under these conditions and the gauge fixing A_τ = −iJ^0, Ā_τ = iJ^0, the flat connections are written as A = G^{−1}dG, Ā = Ḡ^{−1}dḠ, (4.2) where G and Ḡ are group elements of SL(2;C ) and behave at τ −→ −∞ as

G −→ g(z, z̄) e^12^τ 0

0 e^{− 1}2^τ , Ḡ −→ ḡ(z, z̄) e^{− 1}2^τ 0

0 e^12^τ

. (4.3)

Substituting these flat connections into the SL(2;C ) Chern-Simons action, we obtain two chiral WZNW action in terms of g(z, z̄) and ḡ(z, z̄) respectively. Then changing the variables,

H = G^{−1}Ḡ, h = g^{−1}ḡ, (4.4)

two chiral WZNW actions are combined to the non-chiral WZNW action, S = ik 4π ∫ ∂M dz ∧ dz̄ Tr ( h^{−1}∂_z hh^{−1}∂_{z̄} h ) + ik 12π ∫ M Tr ( H^{−1}dH )_3

. (4.5)

Here we provide some comments to this WZNW action. H and h must satisfy H = ϵH^†ϵ^{−1} and h = ϵh^†ϵ^{−1} for this theory to describe the de Sitter gravity. Thus this is actually SL(2;C )/SU(1,1)

WZNW theory. Next the composition (4.4) is different from the pairing (2.20) which we defined in the previous section to clarify the connection between the SL(2;C ) flat connections and the space-time metric.

At the second stage of the reduction, conditions which are on-shell equivalent to the equations (2.26) in the previous section are imposed on the conserved currents of the WZNW theory. We can explicitly describe them by using the Gauss decomposition

h = 1 0 X 1 e^{− 1}2^{Φ̃} 0

0 e^12^{Φ̃} 1 Y 0 1 . (4.6)

Then the constraints are written by

J^0_z = 2i ( −^1_2 ∂_zΦ̃ − e^{−Φ̃}X∂_z Y ) = 0 1 2 ( J^1_z + iJ^2_z ) = −e^{−Φ̃} ∂_z Y = −i, J̄ 0_{z̄} = 2i ( −^1_2 ∂_{z̄}Φ̃ − e^{−Φ̃}Y ∂_{z̄} X ) = 0 1 2 (¯ J^1_{z̄} − iJ̄^2_{z̄} ) = −e^{−Φ̃} ∂_{z̄} X = −i, (4.7)

where J_z = ∂_z hh^{−1} and J̄_{z̄} = h^{−1}∂_{z̄} h. After applying the constraints, the WZNW action (4.5) reduces to one of the Liouville field theory, S = ik 4π ∫ ∂M dz ∧ dz̄ ( 1 2 ∂_zΦ̃∂_{z̄}Φ̃ + 2e^{Φ̃} ) . (4.8)

Moreover transforming to the conformal gauge of the metric on ∂M and redefining Φ̃ = γΦ , the action is written as S = 1 4π ∫ ∂M d^2x [ 1 2 h^{ij} ∂_iΦ∂_j Φ + λ 2γ^2 e^{γΦ} + Q 2 RΦ ] , (4.9)

where Q =^2_γ = √_l 2G and λ =^{16}_{l2} .

4.2 3d gravity and Liouville Field Theory

General solutions of the equation of motion of the Liouville theory are locally given by the following form [30] e^{γΦ} = ∂_z F ∂_{z̄}F̄ (1 − F F̄ )^2

(4.10)

where F is a holomorphic function F = F (z) and F̄ is anti-holomorphic F̄ = F̄ (z̄). While e^{γΦ} must be invariant under z → e^{2πi}z, F and F̄ are not required to have this invariance.

We give explicit connections between these classical solutions and three-dimensional geometries. From the constraints (4.7) we find X = iγ 2 ∂_z Φ, Y = iγ 2 ∂_{z̄} Φ. (4.11)

Substituting these relations and the classical solutions (4.10) into the Gauss decomposition of h (4.6), h can be written as the decomposed form into holomorphic and anti-holomorphic parts,

h ≡ g(z)^{−1}ḡ(z̄) = 1 √ ∂_zF iF √ ∂_z F i 2 ∂^2_z F (∂_zF )^{3/2}

(∂_zF )^2−^1_2 F ∂^2_z F (∂_zF )^{3/2}

1√_{∂z̄F̄}^i_2^{∂2z̄ F̄}

(∂z̄^¯F )^{3/2} iF̄√_{∂z̄F̄} (^{∂z̄F̄} )^{2− 12 F̄ ∂2z̄ F̄} (∂z̄^¯F )^{3/2}

. (4.12)

By following the inverse procedures of the reduction from the Chern-Simon theory to the Liouville theory, the SL(2;C ) flat connections corresponding to (4.10) can be obtained as

A = 1 2 dτ −ie^{−τ} dz −^i_2 {F, z} dz −^1_2 dτ , Ā =

−^1_2 dτ^i_2 {¯ F , z̄ } dz̄ ie^{−τ} dz̄^1_2 dτ . (4.13)

We identify A and Ā with the generalized solutions A_b and Ā¯_b (2.24). Then b (b̄) is written by the Schwarzian derivative of F (F̄ ), b(z) = c 12 {F (z), z} , b̄(z̄) = c 12 {¯ F (z̄), z̄ } . (4.14)

That is, b(z) (¯ b(z̄) ) coincides with the stress tensor of the holomorphic (anti-holomorphic) part of the Liouville theory. By using F and F̄ , G_b and Ḡ¯_b (2.32) are written as G_b = g(z)e^{−iτ J 0} and Ḡ_{b̄} = ḡ(z̄)eiτ J^0 . Thus we can give the explicit form of the region corresponding to the deformed space-time,

G_{(b,}¯_{b)} = G_bḠ^{−1}_{b̄}

= (∂_zF )^2−^1_2 F ∂^2_z F (∂_zF )^{3/2} − iF √ ∂_zF −^i_2^{∂2z F}_{(∂z F )3/2}^{1√}_{∂zF} e^τ 0 0 e^{−τ}

(∂z̄^¯F )^2−^1_2^¯F ∂^2_{z̄}^¯F

(∂z̄^¯F )^{3/2}

−^i_2^{∂2z̄ F̄}

(∂z̄^¯F )^{3/2} −^{iF̄}√_{∂z̄F̄}^1√_{∂z̄F̄} , (4.15)

Setting F = F_0 ≡ z^a and F̄ = F̄_0 ≡ z̄^ā, the region G_0 (2.11) corresponding to the Kerr-de Sitter solution is obtained.

We would like clearly to see the relationship between the phase space of the three-dimensional gravity and that of the Liouville theory. Under the conformal transformation z −→ z_s = s(z), F (z) is transformed as scalar, F^s(z_s) = F (z). Then b(z) (4.14) correctly transforms as the stress tensor, b(z) −→ b^s(z_s) = c 12 {F^s(z_s), z_s} = ( dz_s dz )_{−2} [ b(z) − c 12 {z_s, z} ] . (4.16)

The infinitesimal form of the transformation is δ_f F = F^′f and δ_f b = fb^′ + 2f^′b +^c_{12} f^{′′′}, where we took z_s = z − f(z) and f is a single valued function on the complex plane. Setting F = F_0 and f = −i ∑ n u_nz^{−n+1}, in particular, we consider deformations of the solution corresponding to the Kerr-de Sitter geometry,

F_f (z) = F_0 + δ_f F_0 = z^a ( 1 − ia ∑ n u_nz^{−n} ) . (4.17)

For this F_f , the stress tensor (4.14) becomes

b_f (z) = 1 z^2 { c 24 (1 − a^2) + ic 12 ∑ n n(a^2 − n^2)u_{−n}z^n

− c 24 ∑ m,n (a + m)(a + n) [ (m + n)a − m^2 − n^2 − 3mn ] u_{−m}u_{−n}z^{m+n} } + O(u^3). (4.18)

Then we find

L_m = ∮ dz 2πi b(z)z^{m+1} = 2im [ b_0 + c 24 (m^2 − 1) ] u_m + O(u^2), for m ≠ 0

L_0 = ∮ dz 2πi b(z)z = b_0 + ∑ n n^2 [ b_0 + c 24 (n^2 − 1) ] u_{−n}u_n + O(u^3), (4.19)

where b_0 =^c_{24} (1 − a^2). These coincide with the perturbative expressions, (3.14) and (3.15), of the Virasoro generators if we identify u_m with s_m. Therefore we obtained the correspondences between the infinitesimal Virasoro deformations of the Kerr-de Sitter geometries and those of configurations of the Liouville field. Thus the quantization of this Liouville theory is expected to reproduce the same unitary irreducible representations of the Virasoro algebras as those of the three-dimensional gravity obtained in the previous section.

In the quantum Liouville field theory [30, 31], the primary field is given by e^{αΦ} (α ∈ C ) with weight −^1_2 α(α − Q). And the primary state is defined by |α⟩ ≡ lim_{z→0} e^{αΦ}(z)|0⟩ which satisfies L_0|α⟩ = − 1 2 α(α − Q)|α⟩, L_n|α⟩ = 0 for n ≥ 1, (4.20) where |0⟩ is the SL(2;C ) invariant vacuum, L_n|0⟩ = 0 for n ≥ −1. The representations of the Virasoro algebra are constructed by acting L_{−n}(n ≥ 1) on |α⟩ and L_{−n}(n ≥ 2) on |0⟩, respectively.

The primary state |α⟩ ⊗ |α⟩ is identified with the state of the point particle without angular momentum in the 3d gravity by matching the conformal weight with b_0 =^c_{24} (1 − μ),

α = √ c 12 [ 1 − √ 1 − b_0 c/24 ] , (4.21) where 0 ≤ b_0 ≤^c_{24} , thus α is real and 0 ≤ α ≤ √_c 12 . This upper bound for the value of α corresponds to the Seiberg bound. The state with α within this range is non-normalizable. The excitations on the primary states can be identified with the excitations by the deformations of the point particle state, as explained in terms of classical perturbations. In the case of the geometries with μ < 0 and J = 0, their counterparts in the Liouville field theory are the primary states |α⟩ ⊗ |α⟩ with α = √ c/12 [1 ± i √ m] where m = −μ > 0. These states are normalizable because Re(α) = √ c/12. These sorts of states are allowed by our discussion about the unitarity and stability in the gravity side. On the other hand, we have concluded that the states of the Kerr-de Sitter geometries (J ≠ 0) and their deformations do not provide the unitary theory. Those states would correspond to states in representations constructed on the primary states of the Liouville theory with complex value of α which is given by eq.(4.21) with b_0 =^c_{24} (1−μ)−^i_2 J. It is known from studies of the Liouville theory that these representations with Re(α) ≠ √ c/12 are not unitary.

5 Discussions

We would like to discuss relations between the holonomies of SL(2;C ) flat connections and the zero modes of the Liouville field. The geometries we have considered here have the closed paths z ∼ e^{2πi}z and z̄ ∼ e^{−2πi}z̄. The holonomies of the SL(2;C ) flat connections (2.23), which correspond to the Kerr-de Sitter metric, along these paths are given by Tr P e ∮ A = Tr G^{−1}_0 (z, τ)G_0(e^{2πi}z, τ) = −2 cos(aπ), Tr P e^{∮ Ā} = Tr Ḡ^{−1}_0 (z̄, τ)Ḡ_0(e^{−2πi}z̄, τ) = −2 cos(āπ), (5.1)

where a = √ 1 −^{b0}_{c/24} and ā = √ 1 −^{b̄0}_{c/24} as defined before. Thus the Kerr-de Sitter metric can be characterized by these holonomies as well its mass and angular momentum. Substituting the solution corresponding to this geometry in the Liouville theory into the right hand side in the eq.(4.10), we find Φ ∼ 1 γ ln a +

(a − 1) γ ln z + 1 γ ln ā +

(ā − 1) γ ln z̄. (5.2)

Here we ignore the denominator of the right hand side in the eq.(4.10), that is, the effect of the Liouville potential, thus this equality is not strict. However comparing this equation with the following expansion Φ ∼ x − ip ln z + (anti-holomorphic part), we obtain x = 1 γ ln a, p = i(a − 1) γ . (5.3)

These correspond to the relations which used in the Ref.[18] to investigate a quantization of three-dimensional gravity with a negative cosmological constant in the view of the Liouville field theory. As pointed out in that paper, we should also consider quantization of these global degrees of freedom, holonomies, within the three-dimensional gravity.

We think that more accurate analyses are needed in order to completely understand the quantum nature of the three-dimensional de Sitter gravity. First we implicitly assumed in this paper that the states obtained by quantization of the phase space of the gravity, e.g., de Sitter or point particle geometries, are normalizable. On the other hand the primary states corresponding to the point particle geometries are non-normalizable in the Liouville field theory. To clarify origin of this discrepancy, it is needed to study the global structure of the phase space and to strictly define the inner product between quantum states in the de Sitter gravity. Next we stated in Section 2 that the flat SL(2;C ) connections A and Ā can not be independent mutually so that the dreibein and spin connection are real quantities. This requirement connects the holomorphic part of the degrees of freedom of the theory with the anti-holomorphic part, that is, b̄(z̄) should be a complex conjugate function of b(z). On the other hand, we imposed L^†_m = L_{−m}, which are relations among the modes of the holomorphic part b(z), as the unitarity condition. It might be possible to adopt other conditions which relate b(z) to b̄(z̄) by Hermitian conjugation.^8 In this paper we used the coordinate system corresponding to the planar coordinate of de Sitter space. In general quantum theory might depend on the choice of the coordinate system, e.g., the vacua corresponding to different coordinates could be connected with each other by the Bogoliubov transformations. Therefore it is meaningful to investigate quantum theory of the de Sitter gravity in other coordinate systems, particularly in the global coordinate.

Acknowledgment This work of H. U. was supported in part by JSPS Research Fellowships for Young Scientists.

A Brown-York Stress Tensor

Here we show that the Brown-York stress tensor [32] for general solutions we used coincides with b(z) and b̄(z̄).

Since the equation (2.15) is satisfied for solutions of the equations of motion, we consider the action^9 S = 1 16πG ∫ M d^3x √ −g ( R − 2 l^2 ) − i 8πG ∫ ∂M dz ∧ dz̄ √ h l . (A.1)

For the space-time metric

ds^2 = l^2 [ −dt^2 + h_{zz} dz^2 + h_{z̄z̄} dz̄^2 + 2h_{zz̄} dzdz̄ ] , (A.2)

8 Recently this type of Hermitian conjugations has been discussed in Ref.[15] 9This action originated from the Chern-Simons action is on-shell equivalent to the gravitational action including the boundary term and the counter term considered in Ref.[32, 5, 11].

the Brown-York stress tensors are given by T_{zz} = 2 √ h δS δh^{zz} = 1 8πG [ R_{zz} − 1 2 h_{zz} ( R − 2 l^2 )] + 1 8πGl [ h_{zz} + 1 2 ∂_th_{zz} ] ∂M , (A.3)

T_{z̄z̄} = 2 √ h δS δh^{z̄z̄} = 1 8πG [ R_{z̄z̄} − 1 2 h_{z̄z̄} ( R − 2 l^2 )] + 1 8πGl [ h_{z̄z̄} + 1 2 ∂_th_{z̄z̄} ] ∂M , (A.4)

T_{zz̄} = 1 √ h δS δh^{zz̄} = 1 8πG [ R_{zz̄} − 1 2 h_{zz̄} ( R − 2 l^2 )] + 1 8πGl [ h_{zz̄} + 1 2 ∂_th_{zz̄} ] ∂M . (A.5)

Substituting the general space-time metric (2.31), the bulk terms of the above stress tensors vanish and only boundary contributions remain, T_{zz} = 1 2πl^2 b(z), T_{z̄z̄} = 1 2πl^2 b̄(z̄), T_{zz̄} = 0. (A.6)

B Canonical Quantization of SL(2; C ) Chern-Simons Gravity

In this appendix, as mentioned in Section 3, we make a canonical quantization à la Dirac of three-dimensional de Sitter gravity described by the action (2.13). (The case of three-dimensional anti-de Sitter gravity is discussed in Ref.[33, 34, 35, 17, 25].) Then we find the Virasoro algebra with a pure imaginary central charge as the asymptotic symmetry.

SL(2; C ) Chern-Simons action is defined from (2.13):^{10} S_{EH} = S_{CS} (A) − S_{CS} (Ā), S_{CS} (A) = ik 4π ∫ M Tr ( AdA + 2 3 A^3 ) (B.1) = ik 4π ∫ M dτ ∧ dρ ∧ dσ ϵ^{μνρ} ( η_{ab}A^a_μ∂_ν A^b_ρ + ϵ_{abc}A^a_μA^b_ν A^c_ρ ) , (B.2)

where A is the sl(2; C)-valued 1-form related to dreibein and spin connection by (2.14). M is a three-dimensional manifold whose topology is R × R^2. M is parameterized by (τ, ρ, σ) whose region is (−∞ < τ < ∞, 0 ≤ ρ < ∞, 0 ≤ σ < 2π). We concentrate on S_{CS} (A) part only in the sequel since the discussion on S_{CS} (Ā) part is parallel.

M is a non-compact manifold with a two-dimensional boundary τ → −∞ and ρ → ∞. Thus we require the boundary condition for A so that the action (B.2) is differentiable with respect to A_ρ and A_σ :

A_{z̄} = 0 at τ → −∞, (B.3)

where z = e^{ρ+iσ} and A_z = (A_ρ − iA_σ)/2z, A_{z̄} = (A_ρ + iA_σ)/2z̄. This boundary condition is the same as (2.25). As for the boundary ρ → ∞ we include the boundary term in the Chern-Simons action so that the action is differentiable with respect to A^a_τ .

10ϵ^{τ ρσ} = +1.

We make a canonical quantization of the Chern-Simons action S_{CS} [A]. S_{CS} [A] is invariant under the gauge transformation δA^a_μ = D_μλ^a (D_μλ^a = ∂_μλ^a + ϵ^a_{bc}A^b_μλ^c) and thus describes a constrained system. The standard recipe of Hamiltonian formalism of constrained systems yields the following constraints in addition to π^τ_a = 0 and the Gauss law constraint:^{11}

ϕ^i_a ≡ π^i_a + ik 8π ϵ^{ij} η_{ab}A^b_j = 0 (i, j = ρ, σ and ϵ^{ρσ} = −1). (B.4)

We fix the gauge A_τ = −iJ^0 and will explicitly solve the Gauss law constraint later on. Thus the Dirac bracket of the remaining dynamical variable A^a_i under the constraint (B.4) becomes { A^a_i (x), A^b_j(y) } D = 4π ik ϵ_{ij} η^{ab}δ^2(x − y) (ϵ_{ρσ} = +1). (B.5)

By means of the Dirac bracket (B.5), the Dirac bracket between the functionals F [A] and G[A] of the dynamical variables A^a_i (x) is given by {F [A], G[A]}_D = 4π ik ϵ_{ij} η^{ab} ∫ Σ dρ ∧ dσ δF [A] δA^a_i (x) δG[A] δA^b_j (x) , (B.6)

where Σ denotes the space-like surface R^2 of constant τ.

By using the bracket (B.6), the algebra of the generators of the gauge transformation δA^a_i = D_iλ^a can be obtained. The generator of the gauge transformation is given by the Gauss law constraint: Q(λ) = − ik 4π ∫ Σ dρ ∧ dσ η_{ab}λ^aF^b_{ρσ} + ik 4π ∫ ∂Σ dσ η_{ab}λ^aA^b_σ, (B.7) where F^a_{ρσ} = ∂_ρA^a_σ − ∂_σ A^a_ρ + ϵ^a_{bc}A^b_ρA^c_σ . ∂Σ denotes the boundary of Σ at ρ → ∞ and the boundary term is supplemented for Q(λ) to be differentiable with respect to A^a_i . From (B.6) and (B.7), one can easily find the algebra of the generator Q(λ): {Q(λ), Q(η)}_D = Q ([λ, η]) − ik 4π ∫ ∂Σ dσ η_{ab}λ^a∂_ση^b ( [λ, η]^a = ϵ^a_{bc}λ^bη^c ) . (B.8)

As mentioned above, we solve explicitly the Gauss law constraint and the equations of motion of A^a_i under the boundary condition (B.3) and the gauge fixing condition for A^a_τ . The general solutions are given by

A_τ = −iJ^0 = g^{−1}∂_τ g, A_{z̄} = 0, and A_z = g^{−1}Â(z)g (g = e^{−iτ J 0} ). (B.9)

The space of these general solutions is invariant under the gauge function λ^a = g^{−1}λ̂^a(z)g. The generator of this gauge transformation gives the global charge of the Chern-Simons theory on

11We take τ as time here. Although, corresponding to the radial quantization of conformal field theory on R^2, we can formally take ρ as “time”, the following discussion and the final result do not essentially change.

a manifold with the boundary [33]. On this classical phase space, the generator of the gauge transformation with this gauge function is reduced to

Q(λ) = g^{−1}Q̂(λ̂)g , Q̂(λ̂) = ik 4π ∮ ∂Σ dz η_{ab}λ̂^a(z)Â^b(z). (B.10)

We note that the generator is given by the boundary integral only. Q̂(λ̂) satisfies the same algebra as that of Q(λ): { Q̂(λ̂), Q̂(η̂) } D = Q̂([λ̂, η̂]) − ik 4π ∮ ∂Σ dz η_{ab}λ̂^a∂_zη̂^b. (B.11)

In the similar manner to the case of conformal field theory on R^2, we expand Â^a(z) and λ̂^a(z) respectively:

Â^a(z) = − 2 k T^a(z) = − 2 k ∞∑ n=−∞ T^a_n z^{−n−1}, λ̂^a(z) = ∞∑ n=−∞ λ̂^a_nz^{−n}. (B.12)

From (B.11), the algebra of the Laurent coefficients of Â^a(z) can be obtained as { T^a_m, T^b_n } D = ϵ^{ab}_cT^c_{m+n} − k 2 m η^{ab}δ_{m+n,0}. (B.13) This is nothing but the holomorphic part of SL(2; C) current algebra. Thus the global charge of SL(2; C ) Chern-Simons theory on a manifold with the boundary satisfies SL(2; C) current algebra (B.13).

The solutions (B.9), however, do not satisfy the boundary condition to be asymptotically de Sitter (2.26) in general. Thus we need to require further boundary conditions corresponding to (2.26) for the Laurent coefficients T^a_m such as^{12}

T^0_m = 0, T^+_m = −ikδ_{m+1,0}. (B.14)

One can treat the above conditions as new constraints on T^a(z) and obtain the resulting algebra of the remaining variable L_{m−1} ≡ −T^−_m by means of the Dirac bracket under the new constraints: {L_m, L_n}_D = i(m − n)L_{m+n} − c 12 (m^3 − m)δ_{m+n,0}, (B.15)

where c = 6k =^{3l}_{2G} . This is the Virasoro algebra of the asymptotic symmetry on the asymptotically three-dimensional de Sitter space-time.

However, in order to obtain the corresponding quantum algebra acting on the physical Hilbert space, the replacement of the Dirac bracket with −i times commutator is required. Thus the quantum algebra becomes

[L_m, L_n] = (m − n)L_{m+n} + ic 12 (m^3 − m)δ_{m+n,0}. (B.16)

12T^±_m = T^1_m ± iT^2_m .

As promised, one can find the quantum algebra of the asymptotic symmetry is the Virasoro algebra with a pure imaginary central charge ic.

Finally we comment on the relation between this algebra and the Virasoro algebra discussed in Section 3. From the relation T^−(z) = −ib(z) (see (2.24)), T^−_m = −iL̃_{m−1} leads to the corresponding quantum algebra: [ L̃_m, L̃_n ] = −i(m − n)L̃_{m+n} − ic 12 (m^3 − m)δ_{m+n,0}. (B.17)

The central extension term of the algebra in terms of L̃_m still remains pure imaginary. Two different algebras, (3.17) and (B.17), are based on the Poisson bracket of the same reduced variables. This discrepancy originates from the different choice of the symplectic structure which defines the Poisson bracket between the reduced variables.

References

[1] E. Witten, “Quantum Gravity In De Sitter Space,” [arXiv:hep-th/0106109].

[2] R. Bousso, “Adventures in de Sitter space,” [arXiv:hep-th/0205177].

[3] A. G. Riess et. al., “Observational Evidence from Supernovae for an Accelerating Universe and a Cosmological Constant,” Astron. J. 116 (1998), 1009 [arXiv:astro-ph/9805201].

[4] S. Perlmutter et. al., “Measurements of Omega and Lambda from 42 High-Redshift Supernovae,” Astrophys. J. 517 (1999), 565 [arXiv:astro-ph/9812133].

[5] A. Strominger, “The dS/CFT correspondence,” JHEP 10 (2001), 034 [arXiv:hepth/0106113].

[6] M. Spradlin, A. Strominger and A. Volovich, “Les Houches lectures on de Sitter space,” [arXiv:hep-th/0110007].

[7] R. Bousso, A. Maloney and A. Strominger, “Conformal vacua and entropy in de Sitter space,” Phys. Rev. D 65 (2002), 104039 [arXiv:hep-th/0112218].

[8] A. Achúcarro and P. Townsend, “A Chern-Simons Action for Three-Dimensional Anti-de Sitter Supergravity Theories,” Phys. Lett. B 180 (1986), 89.

[9] E. Witten, “(2+1)-Dimensional Gravity as an Exactly Soluble System,” Nucl. Phys. B 311 (1988), 46.

[10] S. Cacciatori, D. Klemm, “The asymptotic dynamics of de Sitter gravity in three dimensions,” Class. Quant. Grav. 19 (2002), 579 [arXiv:hep-th/0110031].

[11] V. Balasubramanian, J. de Boer and D. Minic, “Mass entropy and holography in asymptotically de Sitter spaces,” Phys. Rev. D 65 (2002), 123508 [arXiv:hep-th/0110108].

[12] B. Carneiro da Cunha, “Three dimensional de Sitter gravity and the dS/CFT correspondence,” Phys. Rev. D 65 (2002), 104025 [arXiv:hep-th/0110169].

[13] T. R. Govindarajan, R. K. Kaul and V. Suneeta, “Quantum gravity on dS_3,” Class. Quant.

Grav. 19 (2002), 4195 [arXiv:hep-th/0203219].

[14] D. Klemm and L. Vanzo, “De Sitter gravity and Liouville theory,” JHEP 0204 (2002), 030 [arXiv:hep-th/0203268].

[15] V. Balasubramanian, J. de Boer and D. Minic, “Exploring de Sitter Space and Holography,” [arXiv:hep-th/0207245].

[16] B. Carneiro da Cunha, “Dwelling on de Sitter,” [arXiv:hep-th/0208018].

[17] M. I. Park, “Symmetry algebras in Chern-Simons theories with boundary: Canonical approach,” Nucl. Phys. B 544 (1999) 377 [arXiv:hep-th/9811033].

[18] T. Nakatsu, H. Umetsu and N. Yokoi, “Three-dimensional black holes and Liouville field theory,” Prog. Theor. Phys. 102, (1999) 867 [arXiv:hep-th/9903259].

[19] E. Witten, “Quantization Of Chern-Simons Gauge Theory With Complex Gauge Group,” Commun. Math. Phys. 137 (1991) 29.

[20] S. Deser and R. Jackiw, “Three-Dimensional Cosmological Gravity: Dynamics Of Constant Curvature,” Ann. Phys. (N.Y.) 153 (1984) 405.

[21] M. I. Park, “Statistical Entropy of Three-dimensional Kerr-De Sitter space,” Phys.Lett.

B440 (1998), 275 [arXiv:hep-th/9806119].

[22] S. Elitzur, G. W. Moore, A. Schwimmer and N. Seiberg, “Remarks On The Canonical Quantization Of The Chern-Simons-Witten Theory,” Nucl. Phys. B 326 (1989) 108.

[23] O. Coussaert, M. Henneaux and P.Van. Driel, “The asymptotic dynamics of threedimensional Einstein gravity with a negative cosmological constant,” Class. Quant. Grav. 12 (1995), 2961 [arXiv:gr-qc/9506019].

[24] M. Banados and M. E. Ortiz, “The central charge in three dimensional anti-de Sitter space,” Class. Quant. Grav. 16 (1999) 1733 [arXiv:hep-th/9806089].

[25] M. Banados, “Three dimensional quantum geometry and black hole,” [arXiv:hepth/9901148].

[26] G. Segal, “Unitary Representations of Some Infinite Dimensional Groups,” Commun. Math.

Phys. 80 (1981), 307.

[27] M. J. Bowick and S. G. Rajeev, “The Holomorphic Geometry Of Closed Bosonic String Theory And Diff S1 / S1,” Nucl. Phys. B 293 (1987), 348.

[28] E. Witten, “Coadjoint Orbits Of The Virasoro Group,” Commun. Math. Phys. 114 (1988), 1. [29] For an example, N. M. J. Woodhouse, “Geometric Quantization,” Second edition, Oxford Mathematical Monograph, Oxford University Press, 1992.

[30] N. Seiberg, “Notes on Quantum Liouville Theory and Quantum Gravity,” Prog. Theor.

Phys. Suppl. 102 (1990), 319.

[31] J. Teschner, “Liouville theory revisited,” Class. Quant. Grav. 18 (2001), R153 [arXiv:hepth/0104158].

[32] J. D. Brown and J. W. York, “Quasilocal energy and conserved charges derived from the gravitational action,” Phys. Rev. D 47 (1993), 1407.

[33] M. Banados, “Global charges in Chern-Simons theory and the 2+1 black hole,” Phys. Rev.

D 52 (1996), 5816 [arXiv:hep-th/9405171].

[34] M. Banados, T. Brotz and M. E. Ortiz, “Boundary dynamics and the statistical mechanics of the 2+1-dimensional black hole,” Nucl. Phys. B 545 (1999), 340 [arXiv:hep-th/9802076].

[35] P. Oh and M. I. Park, “Symplectic reduction and symmetry algebra in boundary Chern- Simons theory,” Mod. Phys. Lett. A 14 (1999) 231 [arXiv:hep-th/9805178].