arXiv:hep-th/0208195 v2 27 Feb 2003

Modular Localization of Massive Particles with “Any” Spin in d=2+1

Jens Mund^∗

January 2003

Dedicated to Rudolf Haag on the occasion of his 80^{th} birthday.

Abstract

We discuss a concept of particle localization which is motivated from quantum field theory, and has been proposed by Brunetti, Guido and Longo and by Schroer. It endows the single particle Hilbert space with a family of real subspaces indexed by the space-time regions, with certain specific properties reflecting the principles of locality and covariance. We show by construction that such a localization structure exists also in the case of massive anyons in d = 2 + 1, i.e. for particles with positive mass and with arbitrary spin s ∈ R. The construction is completely intrinsic to the corresponding ray representation of the (proper orthochronous) Poincaré group. Our result is of particular interest since there are no free fields for anyons, which would fix a localization structure in a straightforward way. We present explicit formulas for the real subspaces, expected to turn out useful for the construction of a quantum field theory for anyons. In accord with well-known results, only localization in string-like, instead of pointlike or bounded, regions is achieved. We also prove a single-particle PCT theorem, exhibiting a PCT operator which acts geometrically correctly on the family of real subspaces.

1 Introduction

Following E. Wigner [27], the state space of an elementary relativistic particle corresponds to an irreducible ray representation of the Poincaré group^1.

∗Institut für Theoretische Physik, Universität Göttingen, Bunsenstr. 9, 37 073 Göttingen, Germany. E-mail: mund@theorie.physik.uni-goettingen.de 1We shall not be concerned with the concept of infra-particles [5, 23].

In three as well as in four dimensional space-time, the physically relevant representations – and hence the conceivable particle types – are classified by the mass m and the spin s which labels a representation of the covering of the rotation subgroup (if m > 0). In three dimensional space-time the latter is isomorphic to the group of reals, hence the spin may take any real value — in contrast to the four-dimensional situation where it is quantized, s ∈^1_2 N_0. Thus, in three dimensional space-time there are more particle types; the exotic ones with non-half-integer spin are called anyons.

By modular localization of particles we mean a concept which has been advocated in recent years by Brunetti, Guido and Longo [4] and by B. Schroer [24, 9]: Suppose there is a quantum field for the particle type at hand, and consider the single particle states which are, together with a polarization cloud, created from the vacuum in a given space-time region. Thus the single particle space gets equipped with a family of subspaces indexed by the space-time regions, with certain specific properties reflecting the localization properties of the underlying quantum field, cf. Definition 2.1 below. This will be a sufficient motivation for us to call a family of subspaces of the single particle space with such properties a localization structure for the particle type at hand.

The question arises whether such a structure can be constructed for any given particle type (m, s) intrinsically within the single particle theory – that is to say, without referring to a quantum field, but using as input only the corresponding ray representation of the Poincaré group. This has been achieved for spin zero and positive mass by P. Ramacher [20], and for all positive energy representations of the Poincaré group by Brunetti, Guido and Longo [4]. The latter analysis includes reducible representations, but restricts to proper (not ray) representations, i.e. only the case of bosons and not the case of fermions or anyons is covered.

In the present article, this construction is performed for the case of massive anyons in d = 3. The purpose of this construction is twofold: Firstly, it shows that a localization structure indeed exists for all m > 0, s ∈ R. This is of particular interest because there are no free relativistic fields for anyons^2 [18], which would of course allow for a straightforward construction of the localization structure. Even worse, none of the hitherto proposed models of relativistic quantum fields for anyons in (continuous) three dimen-

2creating finitely many copies of the irreducible representation from the vacuum. D.R.Grigore has constructed free fields in d = 2 + 1 for any spin [12], but in contradiction to the generalized spin statistics connection holding in algebraic quantum field theory [10, 11, 6] they have bosonic statistics. Presumably, this is due to the fields having infinitely many components.

sional space-time [25, 26, 15, 1, 8, 14, 17] has been worked out to the extent that the localization structure could be readily constructed from them. Secondly, our analysis is intended to be a step in the construction of a model which resembles as closely as possible a free field for anyons, in the sense of a “second quantization functor” from the single particle theories to field algebras. To this end it is gratifying that we have found explicit formulas for the real subspaces of localized states.

The article is organized as follows. In Section 2, we make precise our definition of a localization structure for anyons, cf. Definition 2.1. In Section 3, we construct a localization structure for any given particle type m > 0, s ∈ R, intrinsically within the corresponding Wigner space. The result is summarized in the main Theorem 3.2, which also contains a PCT theorem. All relevant properties can be shown, via modular theory along the lines of [4], without reference to the specific irreducible representation (m, s) — except for the the so-called standard property, which guarantees that the constructed structure is non-trivial. This is the content of the last Section 4, where we explicitly exhibit sufficiently many “localized states” (Proposition 4.2). These are represented as families of functions which transform covariantly under the Poincaré group (Corollary 4.3). In Section 5, we finally prove that the Bisognano-Wichmann property essentially fixes the localization structure and also implies a single-particle version of the spin-statistics connection.

2 Definition of a Localization Structure for Anyons

Let H be a Hilbert space describing anyons of the type (m, s). We define a localization structure as a family of subspaces of H with certain specific properties reflecting the localization properties of a hypothetical underlying quantum field.

Let us first describe the index set for this family. Each subspace is labelled by a space-time region belonging to a specific class C, together with some additional information, which is needed to endow the index set with a partial order relation and with a non-trivial action of the 2π-rotation. In accord with the well-known result [11,10] that anyons cannot be localized in point-like, but only in string-like regions, each localization region C ∈ C must extend to infinity in some space-like direction e, e^2 = −1. More specifically, we say that a space-time region C contains a space-like direction e if C + e ⊂ C . (1)

We take C to be the set of convex, causally complete regions which contain some space-like direction in this sense. (A region C is called causally complete if it contains all points x such that every inextendible causal curve through x passes through C.) Typical examples of regions in C are space-like cones and wedge regions, i.e. Poincaré transforms of the standard wedge

W_1 .= { x ∈ R^3 : |x^0| < x^1 } . (2)

Wedges are the largest regions in the class C, in the sense that every C ∈ C is contained in some wedge [4].

The additional information indicated above, which has to be specified along with each localization region C ∈ C, is a path in the set of space-like directions. We denote the latter by

H .= {e ∈ R^3 : e^2 = −1} , (3)

and consider paths in H starting at a reference direction e_0, which we fix, once and for all, to be e_0 .= (0, 0, −1) . (4)

Given a region C ∈ C, we shall say that a path ẽ ends in C if its endpoint is contained in C in the sense of equation (1). Two paths ẽ_1 and ẽ_2 starting at e_0 and ending in C will be called equivalent w.r.t. C iff the path ẽ^{−1}_1 ∗ẽ_2 (the inverse of ẽ_1 followed by ẽ_2) is fixed-endpoint homotopic to a path which is contained in C. Now the index set for our localization structure, denoted by C̃, is the set of pairs (C, ẽ) , (5) where C ∈ C and ẽ is the equivalence class w.r.t. C of a path in H starting at e_0 and ending in C. For fixed C ∈ C, we shall use the notation C̃ for an element of the form (C, ẽ). To see what is involved, suppose C is a space-like cone or a wedge. Then the set of directions contained in C is a connected and simply connected subset of H, and different elements (C, ẽ_1) and (C, ẽ_3) differ just by a winding number, cf. Figure 1. Consider now two such pairs

C̃_1 .= (C_1, ẽ_1) and C̃_2 .= (C_2, ẽ_2). If C_1 ⊂ C_2 and the corresponding paths ẽ_1, ẽ_2 are equivalent w.r.t. C_2, then we shall write

C̃_1 ⊂ C̃_2 . (6)

If C_1 and C_2 are causally separated, then C̃_1 and C̃_2 determine a relative winding number

N(C̃_1, C̃_2) .= winding number of ẽ^{−1}_2 ∗ ẽ_1 ∗ ẽ_{12} , (7)

PSfrag replacements

Figure 1: C_H denotes the set of space-like directions contained in C. (C, ẽ_1) is equal to (C, ẽ_2), but different from (C, ẽ_3).

where ẽ_{12} is the “direct” path from e_1 to e_2 in clockwise direction. Finally, we note that the universal covering P̃^↑_+ of the Poincaré group naturally acts on C̃ as explained in the appendix, cf. equation (83), such that a 2π rotation acts non-trivial — it maps, for example, (C, ẽ_3) in Figure 1 onto (C, ẽ_1).

We now turn to the definition of a localization structure. We admit the case of several particle species of the same type (m, s), for example a particle and its anti-particle.

Definition 2.1 Let U be a finite direct sum of copies of the irreducible representation of P̃^↑_+ for mass m > 0 and spin s ∈ R, acting in a Hilbert space H. A family of closed real subspaces K(C̃), C̃ ∈ C̃, of H is called a localization structure for (m, s) if it has the following properties:

(1) Isotony: Let C̃_1 ⊂ C̃_2 in the sense of equation (6). Then

K(C̃_1) ⊂ K(C̃_2) .

(2) Twisted Locality: There is a complex number Z of modulus one, such that for any pair C̃_1, C̃_2 ∈ C̃ with C_1 causally separated from C_2

Z(C̃_1, C̃_2) K(C̃_2) ⊂ K(C̃_1)^′ . (8)

Here, Z(C̃_1, C̃_2) .= Z^{2N +1}, with N = N(C̃_1, C̃_2), cf. (7), and the prime denotes the symplectic complement^3.

3The relevant notions referring to real subspaces of a Hilbert space are recalled in Appendix A.

(3) Poincaré covariance: For all C̃ ∈ C̃ and g̃ ∈ P̃^↑_+ U(g̃) K(C̃) = K(g̃·C̃) . (4) Standardness: K(C̃) is standard^3 for all C̃ ∈ C̃.

Remark. (i) Covariance implies that K(r̃(2π)·C̃) = e^{2πis}K(C̃), where r̃(·) denotes rotation. Therefore K(r̃(2π)·C̃) coincides with K(C̃) if, and only if, s ∈^1_2 Z. Hence K(C̃) is independent of the path ẽ, but only depends on C, iff s ∈^1_2 Z. Further, it can be shown using the free field formalism (or along the same lines as in the present analysis, cf. the remark after Proposition C.2), that in this case the localization structure can be extended to bounded regions.

(ii) In the framework of algebraic quantum field theory, a field algebra for anyons [21] is a family of operator algebras {F(C̃)}_{C̃∈C̃}, indexed by the same class C̃ (except that in general, each C must contain some space-like cone [7]). Suppose there are finitely many particle species of the type (m, s) and that {m} is isolated from the rest of the spectrum, and denote by E^{m,s} the projection onto the corresponding single particle space. Then

K(C̃) .= E^{m,s}F(C̃)^{sa} Ω – (norm closure) , (9)

C̃ ∈ C̃, is a localization structure. This is in fact the motivation for our definition. As an illustration, we show that twisted locality (8) holds in the case of bosons or fermions. In these cases field operators φ_1 and φ_2 localized in causally separated regions commute or anti-commute, respectively. These relations have been shown in [6, Sect. 2] to survive the projection E^{m,s} in the sense that

( φ_1Ω, E^{m,s}φ_2Ω ) = ± ( φ^∗_2 Ω, E^{m,s}φ^∗_1 Ω ) , (10)

respectively. Hence, putting Z .= 1 for bosons and Z .= i for fermions, the imaginary part of ( Zφ_1Ω, E^{m,s}φ_2Ω ) is zero if φ_1 and φ_2 are self-adjoint. This is twisted locality. In the general case of anyons, analogous considerations hold, with Z being defined as a root of the statistics phase.

We finally recall the definition of a certain maximality property called twisted Haag duality. Let C̃ = (C, ẽ) and C̃^′ = (C^′, ẽ^′), where C^′ is the causal complement of C and ẽ^′ is the equivalence class of a path ending in C^′ in the same sense as in equation (1). If C is not a wedge, then the region C^′ is not contained in any wedge region. In this case we define a real subspace corresponding to C̃^′ via

K(C̃^′) .= ⋁ C̃_0⊂C̃′ ,C̃_0∈C̃ K(C̃_0) . (11)

Definition 2.2 A localization structure is said to satisfy twisted Haag duality if for every pair C̃, C̃^′ as above the identity

Z(C̃, C̃^′) K(C̃^′) = K(C̃)^′ (12)

holds.

3 Construction of the Localization Structure

Let U be a finite direct sum of copies of the irreducible representation of P̃^↑_+ for mass m > 0 and spin s ∈ R. We now construct a corresponding localization structure along the same lines as in [4].

We start with the definition of the localization space associated with the standard wedge W_1, cf. equation (2). Associated with this wedge are the Lorentz boosts λ_1(t) leaving W_1 invariant and acting on the coordinates x^0, x^1 as ( cosh(t) sinh(t) sinh(t) cosh(t) ) , (13)

and the reflection j about the edge of W_1,

j : (x^0, x^1, x^2) → (−x^0, −x^1, x^2) . (14)

We define Δ to be the unique positive operator satisfying

Δ^{it} = U(λ̃_1(−2πt)) , t ∈ R , (15)

where λ̃_1(·) denotes the lift of λ_1(·) to the covering group P̃^↑_+. We further pick an anti-unitary involution J satisfying

JU(g̃)J = U(j̃g̃j̃) , g̃ ∈ P̃^↑_+ , (16)

where j̃ · j̃ denotes the lift of the adjoint action^4 of j to the covering group P̃^↑_+. Lemma B.3 asserts that such an involution exists. We mention as an aside, that the localization structure which we now construct is independent

4See (79).

of the particular choice, cf. Proposition 5.2. We then define a closed operator S by S .= J Δ^12 . (17)

This operator is densely defined, antilinear and involutive due to the group relation j̃λ̃_1(t)j̃ = λ̃_1(t), cf. [4]. Hence, the eigenspace of S for the eigenvalue 1 is a standard real subspace, cf. Appendix A. We take this subspace as our localization space for W̃_1 .= (W_1, ẽ_{W1} ) , (18)

where ẽ_{W1} is the equivalence class of a path starting from e_0 and staying within W_1 (in the sense of (1)); In other words, we put

K(W̃_1) .= {ϕ ∈ dom S : Sϕ = ϕ} . (19)

The motivation for this definition will become clear after Definition 5.1. Covariance forces us to define the real subspaces corresponding to arbitrary wedges W̃ = g̃ · W̃_1 by

K(g̃ · W̃_1) .= U(g̃) K(W̃_1) for g̃ ∈ P̃^↑_+. (20)

The following lemma asserts that this is well-defined.

Lemma 3.1 Let g̃ ∈ P̃^↑_+ satisfy g̃ · W̃_1 = W̃_1. Then U(g̃) K(W̃_1) = K(W̃_1).

Proof. The set of Poincaré transformations g̃ ∈ P̃^↑_+ which map W̃_1 onto itself is the Abelian group generated by the one-parameter subgroups of the translations along the 2-axes and of the 1-boosts λ̃_1(t). Both of these subgroups commute with j̃ and with the 1-boosts, hence their representers commute with S, which implies the claim. □

Next we associate real closed subspaces K(C̃) to arbitrary regions C̃ ∈ C̃ by intersections: K(C̃) .= ⋂ W̃ ⊃C̃ K(W̃ ) , (21)

where the intersection goes over all wedge regions which contain C̃ in the sense of (6). If C is a wedge, this is consistent with (20) as a consequence of the positivity of the energy [4]. Note that if C is not a wedge, then (21) is the maximal subspace one can associate with C in view of locality.

We now state our main result.

Theorem 3.2 The family {K(C̃)}_{C̃∈C̃} constructed above is a localization structure for (m, s), cf. Definition 2.1, with Z = e^{iπs}. It also satisfies twisted Haag duality, cf. equation (12). Further, the anti-unitary involution U(j̃) defined by U(j̃) .= Z^{−1}J is a PCT operator, that is, a representer of j̃ in sense of equation (16), which acts geometrically correctly on the localization structure:^5 U(j̃) K(C̃) = K(j̃·C̃) , C̃ ∈ C̃ . (22) It is noteworthy that the “spin-statistics connection” Z^2 = e^{2πis} necessarily holds as a consequence of the definition (19), as we show in Proposition 5.3 below.

Proof. Isotony and Poincaré covariance, i.e. properties (1) and (3) of Definition 2.1, follow immediately by construction. We next prove equation (22). From the group relations λ̃_1(t)j̃ = j̃λ̃_1(t), λ̃_1(t)r̃(π) = r̃(π)λ̃_1(−t) and r̃(π)j̃ = j̃ r̃(−π), and the fact that Z^2 = e^{2iπs} = U(r̃(2π)), it follows that the operator U(r̃(π))U(j̃) commutes with S. But this implies that

U(j̃) K(W̃_1) = U(r̃(−π)) K(W̃_1) = K(j̃·W̃_1) , (23)

where we have used that j̃ ·W̃_1 = r̃(−π)·W̃_1. Hence, equation (22) holds for C̃ = W̃_1. By covariance, it holds for all wedge regions, and by the intersection property (21) it holds for all C̃ ∈ C̃.

We next prove twisted Haag duality (12). Equation (23) implies that JK(W̃_1) = ZK(j̃ ·W̃_1). Now according to a general result about Tomita operators, see e.g. [22, Prop. 2.3], the anti-unitary part J in the polar decomposition of S maps K(W̃_1) onto its symplectic complement:

JK(W̃_1) = K(W̃_1)^′ . (24)

Further, Z = Z(W̃_1, j̃·W̃_1) since the relative winding number N(W̃_1, j̃·W̃_1) is zero. We therefore have

Z(W̃_1, j̃·W̃_1) K(j̃·W̃_1) = K(W̃_1)^′ . (25)

Now any W̃^′_1 = (W^′_1, ẽ) differs from j̃·W̃_1 by a rotation about a multiple of 2π. Replacing j̃ ·W̃_1 by such W̃^′_1, the above equation is still valid because Z(W̃_1, r̃(2πN)·j̃ ·W̃_1) picks up a factor e^{−2πisN} which is compensated by the factor picked up by K(r̃(2πN)·j̃·W̃_1). By covariance and the fact that

5The action of j̃ on C̃ ∈ C̃, denoted j̃·C̃, is explained in the appendix, cf. (84).

Z(g̃ ·C̃_1, g̃·C̃_2) is independent of g̃ ∈ P̃^↑_+, we get twisted Haag duality for wedge regions, i.e. for every pair W̃ , W̃^′ the identity

Z(W̃ , W̃^′) K(W̃^′) = K(W̃ )^′ (26)

holds. For smaller regions we use a chain of equalities similar to the proof of Corollary 3.4 of [4]. Let C̃ and C̃^′ be as in Definition 2.2. Then

Z(C̃, C̃^′) K(C̃^′) = Z(C̃, C̃^′) ⋁ C̃_0 ⊂C̃′ K(C̃_0) = Z(C̃, C̃^′) ⋁ W̃ ′⊂C̃′ K(W̃^′) = ⋁ W̃ ′ ⊂C̃′ Z(C̃, W̃^′)K(W̃^′) = ⋁ W̃ ⊃C̃ K(W̃ )^′ = ( ⋂ W̃ ⊃C̃ K(W̃ ) )_′ =K(C̃)^′ .

(27)

In the second equation we have used the fact that for any pair of causally separated regions C, C_0 ∈ C there is a wedge W such that C_0 ⊂ W^′ ⊂ C^′, cf. [4], and also that K(W̃_1) = ⋁ C̃⊂W̃_1 K(C̃) . (28)

This fact is asserted by Takesaki’s theorem because the r.h.s. is a standard space contained in K(W̃_1) and is, by equation (15) and covariance, invariant under the modular group of K(W̃_1). The fourth equation follows from equation (26). We have also used the fact that Z(C̃_1, C̃_2) is insensitive to making the regions C_1, C_2 smaller. We have thus proved twisted Haag duality, which obviously implies twisted locality, so we have shown property (2) of Definition 2.1.

It remains to prove property (4) of the Definition 2.1, namely that K(C̃) is standard for each C̃. The real subspace associated to W̃_1 (and hence to any other wedge region W̃ ) has this property by construction, cf. equation (19) and Appendix A. The property that K(W̃ ) ∩ iK(W̃ ) = {0} transfers to the smaller spaces K(C̃). It remains to show that K(C̃) + iK(C̃) is dense for all C̃. But this follows from Corollary 4.3 in the next section, bearing in mind the following consequence of the Reeh-Schlieder theorem for the free scalar massive field: Consider the set of Schwartz functions with compact support contained in a fixed open space-time region. The restrictions to the mass shell of the Fourier transforms of these functions are dense in the space of square-integrable functions on the mass shell. □

4 Standardness of the Real Subspaces

To prove that K(C̃) + iK(C̃) is dense, we will explicitly exhibit sufficiently many elements in K(C̃). This will be the only place in our analysis where we make explicit use of the representation U of P̃^↑_+. It suffices to consider U to be irreducible. For if U is reducible, we may take the involution J, cf. equation (16), as a direct sum of suitable involutions. We then obviously end up with a localization structure which is the direct sum of irreducible localization structures.

We recall the relevant irreducible representations, starting with some notational remarks. Let L^↑_+ be the Lorentz group in d = 2 + 1 and L̃^↑_+ its universal covering group.^6 We denote elements of L̃^↑_+ generically by λ̃, and the covering homomorphism L̃^↑_+ → L^↑_+ by λ̃ → λ . (29) The group P̃^↑_+ is the semidirect product of L̃^↑_+ with the translation group R^3. Thus, elements of P̃^↑_+ will be denoted by g̃ = (a, λ̃), and the group multiplication is given by

(a, λ̃)(a^′, λ̃^′) = (a + λa^′ , λ̃λ̃^′). (30)

We occasionally denote (0, λ̃) simply by λ̃. The irreducible representation of P̃^↑_+ for m > 0 and s ∈ R, denoted by U in the sequel, is given as follows. Let H_m denote the positive mass shell {p · p = m^2, p_0 > 0} and dμ the Lorentz invariant measure on H_m. Then U acts on H .= L^2(H_m, dμ) according to ( U(a, λ̃)ϕ ) (p) = e^{isΩ(λ̃,p)} e^{ia·p} ϕ(λ^{−1}p) , (31) where Ω(λ̃, p) ∈ R is the Wigner rotation, cf. equation (76). To this representation a unique, up to a phase factor, anti-unitary involution J can be adjoined satisfying equation (16), thus extending U to P̃_+ within the same Hilbert space: (Jϕ)(p) .= e^{iπs} ϕ(−jp) , (32) cf. Lemma B.3. Let {K(C̃)}_{C̃∈C̃} be the resulting localization structure as in Theorem 3.2.

We now calculate elements in K(C̃) for given C̃ ∈ C̃. By construction, ϕ ∈ K(C̃) if and only if for all g̃ ∈ P̃^↑_+ which map C̃ into W̃_1,^7 the vector

6The relevant facts concerning L̃^↑_+ and the covering L̃^↑_+ → L^↑_+ are recalled in Appendix B.

7W̃_1 has been defined in equation (18)

U(g̃)ϕ is in K(W̃_1). In particular, it must be in the domain of Δ^12 . As is well-known [3], this implies that the map t → U(λ̃_1(t)) U(g̃) ϕ , t ∈ R, (33) is the boundary value of an analytic H-valued function on the strip R + i (0, π). But a complication arises from the Wigner rotation factor. Namely, the function t → exp(isΩ(λ̃_1(t)λ̃, p)) has singularities in the strip for any fixed p ∈ H_m and λ̃ ∈ L̃^↑_+ in a neighbourhood of the unit, which are branch points if s is not an integer (see Lemma C.1). Our strategy is to consider wave functions of the form ϕ = u · ψ (point-wise multiplication), where u is a fixed non-vanishing function on the mass shell, suitably chosen as to compensate the singularities of the Wigner rotation factor. The action of U(g̃), according to equation (31), on wave functions of the form (u · ψ)(p) .= u(p)ψ(p) can be written as ( U(a, λ̃) u · ψ ) (p) = u(p) c(λ̃, p) e^{ia·p} ψ(λ^{−1}p) , (34) with

c(λ̃, p) .= u(p)^{−1} e^{isΩ(λ̃,p)} u(λ̃^{−1} p) . (35)

In group theoretical terms, the map c(·, ·) : L̃^↑_+ × H_m → C \ {0} is a cocycle which is equivalent to the Wigner rotation factor. As indicated above, our strategy is to choose u such that c(λ̃, p) has the desired analyticity properties. This will succeed only for certain λ̃ ∈ L̃^↑_+ or, differently stated, for certain C̃ ∈ C̃. We shall consider, as a first step, C̃ of the form (C, ẽ_0), with C containing the reference direction e_0, cf. equation (4), and where ẽ_0 denotes the constant path at e_0. Stated differently, we consider elements λ̃ ∈ L̃^↑_+ which satisfy λ̃·ẽ_0 ∈ W̃_1 . (36)

By this we mean that W_1 contains the direction λ·e_0 in the sense of equation (1), and that the paths λ̃·ẽ_0 and ẽ_{W1} , cf. equation (18), are equivalent w.r.t. W_1. The following function is suitable for this purpose, and in the sequel the cocycle c will be defined as in equation (35) above with this choice of u: u(p) .= (p_0 − p_1 m · p_0 − p_1 + m − ip_2 p_0 − p_1 + m + ip_2 )_s , p_0 .= (p^2_1 + p^2 + m^2)^{12} . (37)

Note that p_0 − p_1 is strictly positive for all p ∈ H_m, hence the argument in brackets lies in the cut complex plane C \ R^−_0 . Thus, taking it to the power of s ∈ R can be defined via the branch of the logarithm on C \ R^−_0 with ln 1 = 0. This will always be understood in the sequel and will be called the power of s within C \ R^−_0 .

Lemma 4.1 Let λ̃ be an element of L̃^↑_+ such that λ̃·ẽ_0 ∈ W̃_1 in the sense of equation (36). Then for all p ∈ H_m the function t → c(λ̃_1(t)λ̃, p) has an analytic extension into the strip R+ i(0, π). This extension satisfies the boundary condition c(λ̃_1(t + iπ)λ̃, p) = e^{iπs} c(λ̃_1(t)λ̃, −jp) , t ∈ R. (38) Proof. As we show in Lemma B.1, λ̃ can be decomposed into boosts and rotations as λ̃ = λ̃_1(t) λ̃_2(t^′) r̃(ω) for some unique t, t^′, ω ∈ R. We then denote ω^′ .= ω −^π_2 . Then λ̃·ẽ_0 ∈ W̃_1 if and only if λ_2(t^′) r(ω^′) (0, 1, 0) ∈ W –_1 and ω^′ ∈ (−π, π) , (39) the latter condition singling out the correct leaf of the covering r̃(ω^′) → r(ω^′). As the vector in equation (39) is equal to (sinh t^′ sin ω^′, cos ω^′, cosh t^′ sin ω^′), condition (39) is equivalent to

| sinh t^′ sin ω^′| ≤ cos ω^′ and ω^′ ∈ [− π 2 , π 2 ] . (40)

This implies condition (92) of Proposition C.2 in Appendix C, which now asserts the claimed analyticity property and the correct boundary value of the cocycle. □ We denote by C^∞_0 (R^3) the C^∞-functions on R^3 with compact support, and, for f ∈ C^∞_0 (R^3), by E_mf the restriction of the Fourier transform of f to the mass shell H_m. Our main result is the following proposition. Proposition 4.2 Let C be a region in C containing the reference direction e_0 in the sense of equation (1), and let C̃ = (C, ẽ_0). Then K(C̃) ⊃ {u · E_mf | f ∈ C^∞_0 (C), real valued } .

Before proving the proposition, we point out that the local subspaces for regions containing directions other than e_0 are obtained via covariance, and can be nicely characterized as follows. Define, for each λ̃ ∈ L̃^↑_+, a function u_{λ̃} on the mass shell by

u_{λ̃}(p) .= u(p) c(λ̃, p) . (41)

This is an “intertwiner function” for those single particle vectors which are localized in regions extending to infinity in the direction λ̃·ẽ_0:

Corollary 4.3 i) Let λ̃ ∈ L̃^↑_+ and C̃ ∈ C̃. If C̃ contains λ̃·ẽ_0 in the sense of equation (36), then

K(C̃) ⊃ {u_{λ̃} · E_mf | f ∈ C^∞_0 (C), real valued } .

ii) The wave functions u_{λ̃} · E_mf transform covariantly in the sense that U(a, λ̃) u_{λ̃′} · E_mf = u_{λ̃λ̃′} · E_m(a, λ)_∗f , (42) where the star denotes the push-forward, (g_∗f)(x) .= f(g^{−1}x).

Proof. i) is an immediate consequence of Proposition 4.2, and ii) follows from the cocycle relation (94) below. □

It is noteworthy that the function u_{λ̃} only depends on the path λ̃·ẽ_0 up to a multiplicative constant. For the stabilizer subgroup of ẽ_0, namely the group of 1-boosts, modifies u_{λ̃} only by a factor c(λ̃_1(t), p) = e^{st}.

Proof of Proposition 4.2. Let f be a smooth function with compact support in C, and let g̃ = (a, λ̃) be such that g̃C̃ ⊂ W̃_1. Note that then λ̃ẽ_0 ∈ W̃_1 and supp g_∗f ⊂ W_1, where g_∗f denotes the push-forward as above. We have to show that U(g̃) u·E_mf ∈ K(W̃_1). To this end we prove that the H-valued function t → ϕ(t) .= U(λ̃_1(t))U(g̃) u · E_mf , t ∈ R, (43) is the boundary value of an analytic function ϕ(·) on the strip G .= R+i (0, π) which is continuous and bounded on its closure G– and that the boundary values are related by ϕ(t + iπ) = J ϕ(t) , t ∈ R. (44) Using the push-forward to write e^{ia·p}(E_mf)(λ^{−1}p) = ( E_m(a, λ)_∗f ) (p), we have

ϕ(t) = U(λ̃_1(t)a, λ̃_1(t)λ̃) u · E_mf = v(t) · ψ(t) (45) where we have written

v(t)(p) .= u(p) c(λ̃_1(t)λ̃, p) , (46) ψ(t)(p) .= ( E_mλ_1(t)_∗g_∗f ) (p) . (47)

It follows from Lemma 4.1 that for fixed p ∈ H_m, v(·)(p) extends to an analytic function v(·, p) on the strip G, continuous on its closure, and that v(t + iπ, p) = e^{iπs}u(p) c(λ̃_1(t)λ̃, −jp) . (48) Let us discuss the analyticity properties of ψ(t). The matrix-valued function t → λ_1(t) extends to an entire analytic function satisfying

λ_1(t + it^′) = λ_1(t) ( j_t′ + i sin(t^′) σ ) , (49)

where j_t′ acts as multiplication by cos t^′ on the coordinates x^0 and x^1 and leaves the other coordinates unchanged, and σ acts as the Pauli matrix σ_1 on (x^0, x^1) and as zero on x^2 [13]. Hence ψ(·)(p) extends, for fixed p ∈ H_m, to a function ψ(·, p) on G– as follows: ψ(t + it^′, p) .= (2π)^{−3/2} ∫ W_1 d^3x e^{i p·λ1(t)jt′ x} e^{− sin t′ p·λ1(t)σx} (g_∗f)(x) . (50) Now for x ∈ W_1, the vector σx lies in the forward light cone, hence p · λ_1(t)σx > 0 for p ∈ H_m. Thus the second exponential term in equation (50) is a damping factor, and for fixed τ ∈ G– the function (p_1, p_2) → ψ(τ, p) is of fast decrease. Further, due to the damping factor the function τ → ψ(τ, p) is analytic on the strip G for fixed p ∈ H_m. Thus our function t → ϕ(t) = v(t)ψ(t) extends, point-wise in p, to a function ϕ(τ, p) .= v(τ, p)ψ(τ, p) on G–, analytic on the interior, and in addition ϕ(τ, ·) ∈ L^2(H_m, dμ) for each τ ∈ G–. By equations (48) and (49) the analytic continuation satisfies, since j_π = j, ϕ(t + iπ, p) = e^{iπs}u(p) c(λ̃_1(t)λ̃, −jp) ( E_mj_∗g_∗f ) (p) . (51)

On the other hand, using u(−jp) = u(p) one calculates ( J ϕ(t) ) (p) = e^{iπs}u(p) c(λ̃_1(t)λ̃, −jp) ( E_mj_∗g_∗f̄ ) (p) . (52)

Thus for real valued f, the Hilbert space valued function τ → ϕ(τ) defined by ϕ(τ)(p) .= ϕ(τ, p) satisfies the desired equation (44). It remains to show that ϕ(τ) is in fact analytic as a Hilbert space valued function.

To this end let, for x ∈ W_1, t_x .= artanh^{x0}_{x1} . Then σx = |σx| λ_1(t_x)(1, 0, 0) and p · λ_1(t)σx = |σx| { cosh(t + t_x)p_0 − sinh(t + t_x)p_1 } . (53)

Note that the argument in curly brackets is strictly larger than |p_2| and than |p_1|× exp(−|t+t_x|). Let t+it^′ be contained in some compact subset G_0 ⊂ G of the strip. Then

|t| ≤ T and sin t^′ ≥ ε for some T > 0, ε > 0 . (54)

Then the above estimates imply, using that exp(−|t_x|) = (_{x1+|x0|} x_1−|x_0| ) 1_2 , that

sin t^′ p · λ_1(t)σx > α_1(x)|p_1| + α_2(x)|p_2| where (55)

α_1(x) .= ε 2 e^{−T} (x_1 − |x_0|) > 0 , (56)

α_2(x) .= ε 2 (x^2_1 − x^2_0)^{12} > 0 . (57)

This estimate implies that

Ψ(p_1, p_2) .= ∫ W_1 d^3x |g_∗f(x)| e^{−α1(x)|p1|−α2(x)|p2|} (58) is a dominating function for ψ(τ, ·) for all τ in the compact subset G_0 of the strip, in the sense that |ψ(τ, p)| < Ψ(p_1, p_2) for all τ ∈ G_0. This function is decreasing fast enough such that ∫ d^2p |p_1|^n|p_2|^m |Ψ(p_1, p_2)|^2 < ∞ for all n, m ∈ N_0 . (59)

Namely, the integral coincides with 4n!m! times the integral of |g_∗f(x)g_∗f(y)| (α_1(x)+α_1(y))^{−n−1} (α_2(x)+α_2(y))^{−m−1} over x and y in W_1, which is finite since α_1, α_2 are strictly positive functions on W_1 and supp(g_∗f) is compactly contained in W_1. By similar considerations one gets a dominating function for^d_{dτ} ψ(τ, p), which we denote by Ψ^′ and which satisfies the analogue of equation (59).

Next we establish bounds for v(τ, p): We claim that v(τ, p) and^d_{dτ} v(τ, p) are bounded, uniformly in τ ∈ G_0, by polynomials in |p_1| and |p_2| which we denote by V and V^′, respectively. We demonstrate here the case of nonnegative spin s, the other case working analogously. One has the inequality 0 < p_0 ±p_1 ≤ 2|p_1|+|p_2|+m and, using the identity^{−p2 +im}_{p0−p1} = i^{p0+p1 +m+ip2}_{p0−p1 +m−ip2} , the inequality |(−p_2 + im)(p_0 − p_1)^{−1}| ≤ 2(|p_1| + |p_2| + m)/m. These imply, for τ ∈ G_0, the estimate

v(τ, p) ≤ c_0(2|p_1| + |p_2| + m)^n ( c_1 + c_2(|p_1| + |p_2| + m) )_{2n} . = V (|p_1|, |p_2|) , where n is any integer ≥ s, c_1 = |a−b| and c_2 =^2_m e^{T −t}|a+b| with a and b as in Proposition C.2. Similar considerations hold for s < 0, and for^d_{dτ} v(τ, p).

We have now established the following facts: ϕ(t) extends to a family ϕ(τ) ∈ L^2(H_m, dμ), τ ∈ G–, such that ϕ(τ)(p) depends analytically on τ for each p ∈ H_m. Further, for τ in any fixed compact subset of the strip G, the p-point-wise derivative w.r.t. τ is dominated by a function Φ ∈ L^2(H_m, dμ):

| d dτ ϕ(τ)(p)| ≤ Φ(p) .= V (p)Ψ^′(p) + V^′(p)Ψ(p) , p = (ω(p), p) . (60)

That Φ is in L^2(H_m, dμ) follows from equation (59) and the corresponding equation for Ψ^′.

These facts imply, by the Lebesgue lemma on dominated convergence, that for arbitrary χ ∈ L^2(H_m, dμ), the function τ → ( χ, ϕ(τ) ) is analytic on the strip G, with derivative being calculated via the p-point-wise derivative^d_{dτ} ϕ(τ)(p). Since weak and strong analyticity are equivalent, this implies that τ → ϕ(τ) is an analytic Hilbert space valued function. This concludes the proof. □

5 Implications of the Bisognano-Wichmann Property

In this section we show that the Bisognano-Wichmann property , defined below, essentially fixes the localization structure, and that it implies the spin-statistics connection as mentioned after Theorem 3.2.

Given a localization structure K(C̃), C̃ ∈ C̃, denote by S the canonical involution corresponding to K(W̃_1), cf. Appendix A. Since S is a closed antilinear involution, it has a polar decomposition S =: JΔ^{1/2} with J being an anti-unitary involution and Δ a positive operator.

Definition 5.1 A localization structure satisfies the Bisognano-Wichmann property if Δ^{it} and J satisfy equations (15) and (16), thus representing the boosts and the reflection j̃, respectively.

It is noteworthy that this property in fact follows from the Definition 2.1 of a localization structure. This has been established by the author in [19] in the case of four-dimensional theories, and will be published elsewhere for anyons in d=3. Because of this fact we have been forced to take equations (15) to (19) as the starting point of our construction.

We shall now see that the Bisognano-Wichmann property fixes uniquely a certain extension of the localization structure which is maximal in the sense that it satisfies twisted Haag duality, cf. (12).

Proposition 5.2 There is up to equivalence only one localization structure which satisfies the Bisognano-Wichmann property and twisted Haag duality.

By equivalent localization structure we mean a family K̂(C̃), C̃ ∈ C̃, of closed real subspaces of a Hilbert space Ĥ such that there is a unitary map V : H → Ĥ satisfying K̂(C̃) = V K(C̃) for all C̃ ∈ C̃.

Proof. Let K(C̃), C̃ ∈ C̃, be a localization structure as in the Proposition. With the same argument as in the proof of Theorem 3.2, equation (28) must hold for K(W̃_1). Hence, the chain of equations (27) is valid, the last equation of which shows that, under the assumption of twisted Haag duality, K(C̃) is maximal in the sense that it satisfies equation (21). But this implies that the localization structure is fixed by the real subspaces associated to wedge regions, which in turn are fixed, due to the Bisognano-Wichmann property and covariance, by the real subspace K(W̃_1) associated to W̃_1 and the representation U. Hence the localization structure is fixed by K(W̃_1) or, equivalently, by the corresponding involution S. The positive part of the latter is fixed by the representation U, cf. equation (15), hence the only remaining freedom is the anti-unitary part J. But it turns out that J, and hence the entire localization structure, is fixed up to equivalence. More precisely, let K̂(C̃), C̃ ∈ C̃, be another localization structure as in the Proposition, with Ĵ the anti-unitary part of the canonical involution corresponding to K̂(W̃_1). Then, as we show in Lemma B.3, there is a unitary V commuting with the representation U such that Ĵ = V JV^{−1}. This implies that K̂(C̃) = V K(C̃) for all C ∈ C̃, as claimed. □

We finally prove a single-particle version of the spin-statistics theorem:

Proposition 5.3 Let {K(C̃)}_{C̃∈C̃} be a localization structure for (m, s) satisfying the Bisognano-Wichmann property . Then the spin-statistics connection holds:

Z^2 = e^{2πis} . (61)

Proof. We use the one-to-one correspondence between closed real standard subspaces K and densely defined anti-linear involutive operators S, cf. Appendix A. Let S^′ be the canonical involution corresponding to K(r̃(π)W̃_1).

Twisted locality (8) implies that

Z(W̃_1, r̃(π)W̃_1) S^′ Z(W̃_1, r̃(π)W̃_1)^∗ ⊂ S^∗.

Now the relative winding number N(W̃_1, r̃(π)W̃_1) is −1, hence

Z(W̃_1, r̃(π)W̃_1) = Z^{−1}

and we have S^′ ⊂ Z^2 S^∗. On the other hand, S^′ = U(r̃(π)) S U(r̃(−π)) by covariance. But the group relations imply [4] that S U(r̃(−π)) = U(r̃(π)) S^∗, hence Z^2 = U(r̃(2π)) ≡ e^{2πis}, which proves the claim. □

A Basic Notions from the Tomita-Takesaki Theory of Real Spaces

For a review of this theory, the reader is referred to one of the articles [16, 22, 4]. Here we recall the relevant notions.

Let H be a (complex) Hilbert space with scalar product ( · , · ). If K is a real subspace of H, then its symplectic complement is the set of vectors ψ ∈ H such that the imaginary part of ( ϕ, ψ ) vanishes for all ϕ ∈ K. It is a closed real subspace and is denoted by K^′. If K_α, α ∈ I, is a family of closed real subspaces, then the closed real span of these subspaces is denoted by ⋁ α∈I K_α. Its symplectic complement is given by ( ⋁ α∈I K_α)^′ = ⋂ α∈I K^′_α. A real closed subspace K of H is called standard if K + iK is dense in H and K ∩iK = {0}. Real closed standard subspaces K of H are in one-to-one correspondence with antilinear, densely defined, closed operators S acting on H which are involutive (i.e., satisfy S^2 ⊂ 1 ): Given S, let

K .= { ϕ ∈ domS : S ϕ = ϕ } . (62)

Then every vector in the domain of S may be uniquely written as ψ = ϕ_1 + iϕ_2 with ϕ_1, ϕ_2 ∈ K, namely ϕ_1 .=^1_2 (ψ + Sψ) and ϕ_2 .=^1_{2i} (ψ − Sψ). Hence K is standard. It is called the real space corresponding to S. Conversely, a real closed standard subspace K defines an antilinear, densely defined, closed involution S, by putting S(ϕ_1 + iϕ_2) .= ϕ_1 − iϕ_2 for ϕ_1, ϕ_2 ∈ K. S is then called the canonical involution corresponding to K. If S corresponds to K and U is unitary, then USU^∗ corresponds to UK, and further S^∗ corresponds to K^′.

B The Universal Covering Group of the Poincaré Group

Covering of the Lorentz group. The universal covering group L̃^↑_+ of the proper orthochronous Lorentz group L^↑_+ in three dimensions can be identified with the set { (γ, ω) | γ ∈ C , |γ| < 1, ω ∈ R } , (63)

the group multiplication (γ, ω)(γ^′, ω^′) = (γ^{′′}, ω^{′′}) being given by [2, p. 594]

γ^{′′} = (γ^′ + γe^{−iω′} )(1 + γγ̄^′e^{−iω′} )^{−1} (64)

ω^{′′} = ω + ω^′ + 1 i log { (1 + γγ̄^′e^{−iω′} )(c.c.)^{−1} } . Here (c.c.) denotes the complex conjugate of the preceding factor and log is the branch of the logarithm on C \ R^−_0 with log 1 = 0.

The covering homomorphism L̃^↑_+ → L^↑_+ is conveniently described via the double covering SU(1, 1) of L^↑_+, which is the subgroup of SL(2, C) (conjugate to SL(2, R)) consisting of elements of the form ( α β β̄ ᾱ ) , αᾱ − ββ̄ = 1. (65) The covering homomorphism L̃^↑_+ → SU(1, 1) associates to each (γ, ω) the SU(1, 1)-matrix

(1 − |γ|^2)^{− 12} ( e^{−i ω}2 γ̄e^{−i ω}2 γe^{i ω}2 e^{i ω}2 ) . (66)

The double covering SU(1, 1) → L^↑_+ is given as follows. For a = (a^0, a^1, a^2) ∈ R^3 we set a_~ = ( a^0 a^1 − ia^2 a^1 + ia^2 a^0 ) . (67)

Then the double covering SU(1, 1) → L^↑_+ associates to A ∈ SU(1, 1) the unique λ ∈ L^↑_+ satisfying

λa_~ = A a_~ A^∗ , a ∈ R^3. (68)

Let us determine the lifts of the one-parameter subgroups of boosts and rotations. Denote the boosts in k-direction (k = 1, 2) by λ_k(·) and the rotations in the 1-2 plane by r(·). Explicitely, λ_k(t) acts on the 0- and kcoordinates as the matrix (13), and r(ω) acts on the 1- and 2-coordinates as ( cos(ω) − sin(ω) sin(ω) cos(ω) ) . (69)

We denote by λ̃_1(·) , λ̃_2(·) and r̃(·) the unique lifts of these one-parameter groups to L̃^↑_+.

Lemma B.1 i) The lifts of the one-parameter groups are given by

λ̃_1(t) = (tanh(t/2), 0) , λ̃_2(t) = (i tanh(t/2), 0) and r̃(ω) = (0, ω). (70)

ii) Every element λ̃ ∈ L̃^↑_+ has a unique decomposition

λ̃ = λ̃_1(t) λ̃_2(t^′) r̃(ω) t, t^′, ω ∈ R . (71)

Proof. i) One verifies that the three one-parameter maps are continuous and have the correct images under the covering projection (66) and (68). ii) Consider the action of the Lorentz transformation λ, corresponding to λ̃, on the point (1, 0, 0). Define t^′ as the arsinh of the 2-component of λ·(1, 0, 0), and t as the unique real number such that sinh(t) cosh(t^′) is the 1-component of λ·(1, 0, 0). One then checks that the actions of λ and λ_1(t)λ_2(t^′) on the point (1, 0, 0) coincide. This implies that there is a unique ω ∈ R such that equation (71) holds. □

Wigner Rotation. Let, for p ∈ H_m, γ(p) .= p_1 + ip_2 p_0 + m , h̃(p) .= ( γ(p) , 0 ) , (72)

and denote by h(p) the corresponding element in L^↑_+. Then h(p) : (m, 0, 0) → p . (73) This implies that for arbitrary p ∈ H_m and λ̃ ∈ L̃^↑_3, the element

t(λ̃, p) .= h̃(p)^{−1} λ̃ h̃(λ^{−1}p) (74)

leaves (m, 0, 0) invariant, hence is a rotation and may be written in the form t(λ̃, p) = ( 0, Ω(λ̃, p) ) , (75) where Ω(·, ·) is the so-called Wigner rotation. In fact, equations (74) and (64) imply that, for λ̃ = (γ, ω),

Ω(λ̃, p) = ω + 1 i log {( 1 − γ(p)γ̄e^{−iω} )( c.c. )_{−1}}

+ 1 i log {( 1 + γ − γ(p)e^{−iω} 1 − γ(p)γ̄e^{−iω} γ̄(λ^{−1}p) ) ( c.c. )_{−1}} . (76)

Note that Ω ( (0, ω) , p ) = ω for all ω and p, and that Ω satisfies the cocycle condition

Ω(λ̃λ̃^′, p) = Ω(λ̃, p) + Ω(λ̃^′, λ^{−1}p) (77)

for all λ̃, λ̃^′ ∈ L̃^↑_+ and p ∈ H_m.

Proper Poincaré Group. The proper Poincaré group P_+ can be obtained from the proper orthochronous Poincaré group by adjoining the reflection j at the x^2-axis, cf. equation (14), with the appropriate relations:

j^2 = 1 j (a, 1) j = (j·a, 1) j λ_1(t) j = λ_1(t) j r(ω) j = r(−ω). (78)

(Note that the last equations imply jλ_2(t)j = λ_2(−t).) Correspondingly, the universal covering group P̃_+ of this (disconnected) group may be defined by adjoining an element j̃ to P̃^↑_+ satisfying the relations

j̃^2 = 1 and j̃ (a, (γ, ω)) j̃ = (ja, (γ̄, −ω)) . (79)

In fact, the map j̃ → j, λ̃ → λ is a homomorphism and hence a covering projection. Finally, we prove an important cocycle relation of the Wigner rotation (75) with respect to j̃.

Lemma B.2 For all λ̃ ∈ L̃^↑_+ and p ∈ H_m the following relation holds: Ω (~ jλ̃j̃ , p ) = −Ω(λ̃ , −j·p) . (80) Proof. From the definition of h̃(p) via equation (72) and the group relations (79) satisfied by j̃ we get h̃(−j·p) = j̃ h̃(p) j̃ . (81) This implies t(λ̃, −j·p) = j̃ t(j̃λ̃j̃, p) j̃ and hence the claim. □

Lemma B.3 i) Let U be the irreducible representation of P̃^↑_+ for mass m > 0 and spin s ∈ R defined in equation (31), and let J be the operator defined in equation (32). Then J is an anti-unitary involution satisfying the representation property JU(g̃)J = U(j̃g̃j̃) . (82) ii) Let U be a finite direct sum of copies of the irreducible representation of P̃^↑_+ for mass m > 0 and spin s ∈ R, acting on a Hilbert space H. Then there is a unique, up to equivalence, extension of U from P̃^↑_+ to P̃_+ in H. Uniqueness means that if J and Ĵ are anti-unitary involutions satisfying the representation property (82), then there is a unitary V commuting with U(P̃^↑_+) and satisfying V J = ĴV .

Proof. i) follows immediately from Lemma B.2. ii) The existence of J follows from i) by taking direct sums. To see uniqueness, let C .= ĴJ. It is a unitary operator commuting with the representation U and satisfying CJ = JC^{−1}. Using spectral calculus in the same way as in the proof of Prop. 3.1 in [28], we define a unitary root V of C, V^2 = C, which still commutes with the representation U and satisfies V J = JV^{−1}. Then V has the properties claimed in the Lemma. □

Action of P̃_+ on C̃. The universal covering group P̃_+ of the proper Poincaré group acts on C̃ in the following way. Let C̃ = (C, ẽ) ∈ C̃ where ẽ is the equivalence class w.r.t. C of a path t → ẽ(t) in H starting at e_0 and ending in C. Identifying L̃^↑_+ with the set of homotopy classes of paths in L^↑_+ starting at the unit, an element g̃ = (a, λ̃) ∈ P̃^↑_+ acts on C̃ as follows. Let t → λ̃(t) be any path in L^↑_+ which represents λ̃. Then we define g̃·C̃ .= ( g·C, λ̃·ẽ ) , (83)

where λ̃·ẽ is the equivalence class w.r.t. λ·C of the path t → λ̃(t)·ẽ(t) in H. Further, the element j̃ ∈ P̃_+ acts on C̃ as j̃·C̃ .= (j·C, j̃·ẽ) , (84) where j̃ ·ẽ is the equivalence class w.r.t. j ·C of the path t → j · ẽ(t). Note that this path also starts at e_0 since we have chosen the reference direction e_0 so as to be invariant under j.

C Proof of Analyticity of the Cocycle.

We establish the required analyticity properties of the cocycle c(λ̃, p), cf. equ. (35), starting with the Wigner rotation factor for the 1-boosts. Let l(p) .= p_0 − p_1 + m − ip_2 and (85) v(p) .= l(p) l(p)^{−1}. (86) Note that for all p ∈ H_m, the number v(p) lies in the cut complex plane C \R^−_0 , allowing for our definition of the power v(p)^s given before Lemma 4.1. We have Lemma C.1 The Wigner rotation factor for the 1-boosts is given by e^{isΩ(λ̃1(t),p)} = v(p)^s v(λ̃_1(−t)p)^{−s} . (87) As a function of t, it has branch points in the strip R+i(0, π) for any p ∈ H_m if s is not an integer.

Proof. Equation (87) is verified by direct calculation. But using (λ_1(t)p)_0 − (λ_1(t)p)_1 = e^t(p_0 − p_1) , (88) we get

v(λ_1(−t) p) = e^t(p_0 − p_1) + m − ip_2 e^t(p_0 − p_1) + m + ip_2

. (89)

For any fixed p ∈ H_m, this function has zeroes in the strip, which proves the claim. □ In the next proposition, we give an explicit expression for the cocycle c(λ̃, p), exhibiting its analyticity properties.

Proposition C.2 Let λ̃ = λ̃_1(t) λ̃_2(t^′) r̃(ω), with t, t^′, ω ∈ R, and let ω^′ .= ω −^π_2 . Let further p ∈ H_m be arbitrary.

i) Denote by ω^′_0 the representant of ω^′ + 2πZin the interval (−2π, 0]. Then c(λ̃, p) = 2^{−s} e^{s(t+t′ )} e^{is(ω′−ω′0 )} ( a − b + e^{−t}(a + b) −p_2 + im p_0 − p_1 )_{2s} , where (90) a .= cos ω^′_0 2 , and b .= e^{−t′} sin ω^′_0 2 ≤ 0 . (91)

The power of 2s is understood within C \ R^−_0 .

ii) Let s ∉^1_2 N_0. The function τ → c(λ̃_1(τ)λ̃, p) is analytic in the strip R+ i(0, π) if and only if the parameters t^′ and ω^′ satisfy the relation

− sinh t^′ | sin ω^′| ≤ cos ω^′ . (92)

In this case, the upper and lower boundary values are related by c(λ̃_1(τ)λ̃, p)|_{τ =iπ} = e^{iπs} e^{4πisn(ω′ )} c(λ̃, −jp) , (93) where n(ω^′) is the unique integer such that ω^′ − 2πn(ω^′) ∈ (−π, π]. iii) For s ∈^1_2 N_0, the function τ → c(λ̃_1(τ)λ̃, p) is analytic in the strip R+ i(0, π) and satisfies the boundary condition (93) for all λ̃ ∈ L̃^↑_+ . Remark. From (iii) follows that for s ∈^1_2 N_0 the localization structure can be non-trivially extended to bounded regions as in Proposition 4.2. The same can be shown for s ∈ −^1_2 N if one uses, instead of our intertwining function u =: u_s the function u^−_s (p) := u_{|s|}(p).

Proof. In the following, p denotes an arbitrary point on the mass shell. We will use the cocycle identity c(λ̃λ̃^′, p) = c(λ̃, p) c(λ̃^′, λ^{−1}p) , λ̃, λ̃^′ ∈ L̃^↑_+ , (94) satisfied by c as a consequence of equation (77). Thus, we first calculate c(λ̃, p) if λ̃ is a boost in 1-direction or a rotation, and then use the above cocycle property for a general element λ̃.

The function v from Lemma C.1 is related to u, defined in equation (37), by u(p) = (p_0 − p_1 m )_s v(p)^s. Hence, in view of the identity (88), Lemma C.1 implies that

c(λ̃_1(t), p) = e^{st} for all t ∈ R, p ∈ H_m . (95)

In order to calculate the cocycle for rotations, let us see how the function u transforms under rotations. Writing u as u(p) = (p_0 − p_1 m )_s ( l(p)/l(p) )_s and using the identity

l(p) · l(p) = 2(p_0 + m)(p_0 − p_1) , we get u(p) = ( 2m(p_0 + m) )_{−s} l(p)^{2s} . Here we have used the fact that Re l(p) > 0 to identify (l(p)^2)^s with l(p)^{2s}. A straightforward calculation shows that l transforms under rotations as follows: For ω ∈ R, l ( r(−ω)p ) = l(p) · l_ω(p) where (96) l_ω(p) .= e^{−iω/2} ( cos ω 2 + sin ω 2 −p_2 + im p_0 − p_1 ) . (97)

Note that l(p) and l_ω(p) are, as well as the l.h.s. of equation (96), in C \ R^−_0 for all ω and p. Hence we may take them to the power of 2s (within C \ R^−_0 ) separately, i.e. (l(p) l_ω(p))^{2s} = l(p)^{2s}l_ω(p)^{2s}. We thus have u ( r(−ω)p ) = u(p) · l_ω(p)^{2s} , (98)

and hence the cocycle for rotations is given by

c(r̃(ω), p) = e^{isω} l_ω(p)^{2s} . (99)

Now our results (95) and (99) imply, by the cocycle relation (94), that for all t, ω ∈ R c(λ̃_1(t)r̃(ω), p) = e^{st} e^{isω}l_ω(λ_1(−t)p)^{2s} . (100)

Let us discuss how to take l_ω(p), see equation (97), to the power of 2s. As is clear from the construction, the dependence of l_ω on ω is 2π-periodic. Choosing a representant ω_0 of ω + 2πZin the interval (−2π, 0], we may extract a factor e^{−isω0} from l_{ω0} (p)^{2s}. That is to say, we have

l_ω(p)^{2s} = l_{ω0} (p)^{2s} = e^{−isω0} ( cos ω_0 2 + sin ω_0 2 −p_2 + im p_0 − p_1 )_{2s} , ω_0 ∈ (−2π, 0] . (101) (For ω_0 ≠ 0 this is so because then the imaginary parts of the two factors on the r.h.s. of equation (97) have opposite sign, while for ω_0 = 0 both factors equal one.) Using this and equation (88), we arrive at the expression c(λ̃_1(t)r̃(ω), p) = e^{st} e^{is(ω−ω0 )} { cos ω_0 2 + e^{−t} sin ω_0 2 −p_2 + im p_0 − p_1 }_{2s} , (102)

where ω_0 is the representant of ω + 2πZin the interval (−2π, 0].

We are now prepared to prove equation (90). Let λ̃ ∈ L̃^↑_+ be as in the Proposition. Using λ̃_2(t^′) = r̃(^π_2 ) λ̃_1(t^′) r̃(−^π_2 ), we rewrite λ̃ as

λ̃ = λ̃_1(t) r̃(π 2 ) λ̃_1(t^′) r̃(ω^′) , with ω^′ .= ω − π 2 . (103)

Due to the cocycle relation (94), c(λ̃, p) consists of two factors of the form calculated in equation (102): c(λ̃, p) = c (~ λ_1(t) r̃( π 2 ) , p ) · c (~ λ_1(t^′) r̃(ω^′) , r(− π 2 )λ_1(−t) p ) = 2^{−s} e^{st} { 1 + e^{−t} −p_2 + im p_0 − p_1 }_{2s} · e^{st′} e^{is(ω′−ω′0 )} { a + b −q_2 + im q_0 − q_1 }_{2s} , (104)

where ω^′_0 is the representant of ω^′ + 2πZin (−2π, 0], and we have written a and b as in equation (91) of the Proposition and q .= r(−^π_2 )λ_1(−t) p. Explicitely, q reads q = ( cosh t p_0 − sinh t p_1 , p_2 , sinh t p_0 − cosh t p_1 ) , and we calculate −q_2 + im q_0 − q_1 = −e^tp_− + e^{−t}p_+ + 2im e^tp_− + e^{−t}p_+ − 2p_2 = − e^tp_− + p_2 − im e^tp_− − p_2 + im , where p_± .= p_0 ± p_1. Then the product of the two curly brackets in (104) yields { 1 + e^{−t} −p_2 + im p_0 − p_1 } { a + b −q_2 + im q_0 − q_1 } = a − b + e^{−t}(a + b) −p_2 + im p_0 − p_1 . (105)

Having chosen ω^′_0 ∈ (−2π, 0], we observe that b ≤ 0, and equality holds only if ω^′_0 = 0. Hence a + b = 0 implies a − b = 1. Thus the r.h.s. is in C \ R^−_0 . The same holds for the two factors on the l.h.s., hence we may take them to the power of 2s (within C \ R^−_0 ) separately. We therefore have

c(λ̃, p) = 2^{−s} e^{s(t+t′)} e^{is(ω′−ω′0 )} f(t, p)^{2s} , where (106) f(t, p) .= a − b + e^{−t} (a + b) −p_2 + im p_0 − p_1

. (107)

This proves part i) of the Proposition.

We now discuss the analyticity properties of the function c(λ̃_1(·)λ̃, p). If λ̃ is parametrized by t, t^′, ω ∈ R as in the Proposition, then λ̃_1(τ)λ̃ = λ̃_1(τ + t) λ̃_2(t′) r̃(ω) and we may write

c(λ̃_1(τ)λ̃, p) = 2^{−s} e^{s(τ +t+t′)} e^{is(ω′ −ω′0 )} f(τ + t, p)^{2s} , (108)

with f(·, p) as in equation (107). Note that f(·, p) is an entire analytic function and satisfies f(t + iπ, p) = f(t, −jp) . (109) For s ∈^1_2 N_0 (iii), the claimed analyticity and boundary conditions follow. To prove ii), let s ∉^1_2 N_0. Then the function τ → c(λ̃_1(τ)λ̃, p) has an analytic extension into the strip C + i(0, π) if and only if f(·, p) has no zeroes in the strip. This can be decided by looking at the definition (107), taking into consideration that (−p_2 + im)(p_0 − p_1)^{−1} takes all values in the upper half plane R+ iR^+ if p runs through H_m.

In the following, z^{2s}_+ will denote z to the power of 2s defined via the branch of the logarithm on C \ R^+_0 satisfying log(−1) = iπ, if z ∈ C \ R^+_0 . For z ∈ C \ R^−_0 , z to the power of 2s defined via the branch of the logarithm on C \ R^−_0 satisfying log(1) = 0 will now be denoted by z^{2s}_− , instead of z^{2s} as before. We will use the following rules: (1) If z is in the upper complex half plane, then z^{2s}_− = z^{2s}_+ , while for z in the lower half plane, z^{2s}_− = e^{−4πis}z^{2s}_+ . (2) Complex conjugation commutes with taking powers within z ∈ C \ R^−_0 : (z̄)^{2s}_− = z^{2s}_− . (3) If f(τ, p) is contained in C \R^±_0 for all τ in the strip R+i[0, π], then analytic continuation in τ commutes with taking powers within C \R^±_0 , respectively. That means in particular, f(τ, p)^{2s}_± |_{τ =iπ} = f(iπ, p)^{2s}_± , where the l.h.s. denotes the analytic continuation of f(·, p)^{2s}_± from the real line to iπ.

Case 1: |b| > |a|. Then (a + b)(a − b) < 0, hence a + b and a − b have different sign. Then f(·, p) has zeroes in the strip and hence the cocycle has, for s ∉^1_2 Z, no analytic continuation into the strip. Case 2: |b| ≤ |a|, i.e. (a + b)(a − b) ≥ 0. We observe first that a = 0 implies ω^′_0 = −π, hence b = −e^{−t′} < 0, contradicting the assumption. Hence a ≠ 0 in the present case. Case 2.1: Both a + b and a − b are greater or equal to zero. Since a ≠ 0 (as observed above), this implies that a > 0 and consequently, b being non-positive (cf. (91)) that a−b > 0. Hence f(τ, p) is contained in C \R^−_0 for all τ in the strip, and our rules above, together with equation (109), imply that f(τ, p)^{2s}_− |_{τ =iπ} = f(0, −jp)^{2s}_− . Hence we have c(λ̃_1(τ)λ̃, p)|_{τ =iπ} = e^{iπs} e^{2is(ω′−ω′0 )} c(λ̃, −jp) . (110)

In the case at hand, a > 0 and consequently ω^′_0 ∈ (−π, 0]. Hence (ω^′−ω^′_0)/2π is just the integer n(ω^′) defined in the Proposition, and the above equation coincides with equation (93). Case 2.2: Both a+b and a−b are less or equal to zero. Similarly as in case 2.1, this implies that a+b < 0. Hence f(τ, p) is in the lower half plane for real τ, and is contained in C \R^+_0 for all τ in the strip. Hence our three rules above imply that f(τ, p)^{2s}_− |_{τ =iπ} = e^{−4πis}f(0, −jp)^{2s}_− . We thus have c(λ̃_1(τ)λ̃, p)|_{τ =iπ} = e^{iπs} e^{2is(ω′−ω′0 −2π)} c(λ̃, −jp) . (111) In the case at hand, a < 0 and consequently ω^′_0 ∈ (−2π, −π). Hence (ω^′ − ω^′_0 − 2π)/2π is just the integer n(ω^′) defined in the Proposition, and the above equation again coincides with equation (93).

We have now shown that the cocycle has an analytic continuation into the strip if and only if |b| ≤ |a|, and that the continuation satisfies equation (93). It remains to show that |b| ≤ |a| is equivalent to the condition (92). Both conditions are true for ω^′ ∈ 2πZand false for ω^′ ∈ π + 2πZ, hence they coincide if ω^′ ∈ πZ. If ω^′ ∉ πZ, then |b| ≤ |a| is equivalent to e^{−t′} − e^{t′} ≤ | cot ω^′_0 2 | − | tan ω^′_0 2 | = 2 cos ω^′_0 | sin ω^′_0|^{−1} = 2 cos ω^′ | sin ω^′|^{−1} ,

hence to condition (92). We have thus shown part ii) of the Proposition. □

Acknowledgements

I thank B. Schroer, H.-W. Wiesbrock, D. Guido and R. Longo for stimulating discussions and D. Buchholz for valuable hints concerning the manuscript. Further, I gratefully acknowledge the hospitality extended to me by the Universities of Rome I and II, and financial support by the SFB 288 (Berlin), the EU (via TMR networks in Rome), the Graduiertenkolleg “Theoretische Elementarteilchenphysik” (Hamburg), and the DFG (Göttingen).

References

[1] R. Banerjee, A. Chatterjee, and V. V. Sreedhar, Canonical quantization and gauge invariant anyon operators in Chern-Simons scalar electrodynamics, Ann. Phys. 222 (1993), 254–290.

[2] V. Bargmann, Irreducible unitary representations of the Lorentz group, Ann. Math. 48 (1947), 568–640.

[3] J.J. Bisognano and E.H. Wichmann, On the duality condition for a Hermitean scalar field, J. Math. Phys. 16 (1975), 985.

[4] R. Brunetti, D. Guido, and R. Longo, Modular localization and Wigner particles, Rev. Math. Phs. 14 (2002), 759–786, arXiv:math-ph/0203021.

[5] D. Buchholz, On particles, infraparticles and the problem of asymptotic completeness, Proc. IAMP Conf. (Marseille), World Scientific, 1987.

[6] D. Buchholz and H. Epstein, Spin and statistics of quantum topological charges, Fysica 17 (1985), 329–343.

[7] D. Buchholz and K. Fredenhagen, Locality and the structure of particle states, Commun. Math. Phys 84 (1982), 1–54.

[8] J.L. Cortes and M.S. Plyushchay, Anyons as spinning particles, Int. J.

Mod. Phys. A11 (1996), 1427.

[9] L. Fassarella and B. Schroer, Wigner particle theory and local quantum physics, J. Phys. A 35 (2002), 9123–9164, arXiv:hep-th/0112168.

[10] K. Fredenhagen, Structure of superselection sectors in low dimensional quantum field theory, Proceedings (Lake Tahoe City) (L.L. Chau and W. Nahm, eds.), 1989.

[11] J. Fröhlich and P.A. Marchetti, Quantum field theories of vortices and anyons, Commun. Math. Phys. 121 (1989), 177–223.

[12] D.R. Grigore, Free fields for any spin in 1+2 dimensions, Journ. Math.

Phys. 35 (1994), 6304–6331.

[13] R. Haag, Local quantum physics, second ed., Texts and Monographs in Physics, Springer, Berlin, Heidelberg, 1996.

[14] H. Ito, Statistics of the composite systems and anyons in the fractional quantum Hall effect, Prog. Theor. Phys. 107 (2002), 177–189.

[15] R. Jackiw and E.J. Weinberg, Selfdual Chern-Simons vortices, Phys.

Rev. Lett. 64 (1990), 2234.

[16] P. Leyland, J. Roberts, and D. Testard, Duality for quantum free fields, unpublished notes, 1978.

[17] M. Mintchev and M. Rossi, Gauss law and charged fields in the presence of a Chern- Simons term, Phys. Lett. B271 (1991), 187–195.

[18] J. Mund, No-go theorem for ‘free’ relativistic anyons in d = 2 + 1, Lett.

Math. Phys. 43 (1998), 319–328.

[19] , The Bisognano-Wichmann theorem for massive theories, Ann.

H. Poinc. 2 (2001), 907–926.

[20] P. Ramacher, Modular localization of elementary systems in the theory of Wigner, J. Math. Phys. 41 (2000), no. 9, 6079–6089.

[21] K.-H. Rehren, Field operators for anyons and plektons, Commun. Math.

Phys 145 (1992), 123.

[22] M.A. Rieffel and A. Van Daele, A bounded operator approach to Tomita- Takesaki theory, Pacific Journ. Math. 69 (1977), no. 1, 187–221.

[23] B. Schroer, Infrateilchen in der Quantenfeldtheorie, Fortsch. Phys. 173 (1963), 1527.

[24] , Wigner representation theory of the Poincaré group, localization, statistics and the S-matrix, Nuclear Phys. B 499 (1997), 519–546.

[25] G.W. Semenoff, Canonical quantum field theory with exotic statistics, Phys. Rev. Lett. 61 (1988), no. 5, 517.

[26] M.S. Swanson, Fock-Space representations of coupled Abelian Chern- Simons theory, Phys. Rev. 42 (1990), no. 2, 552.

[27] E.P. Wigner, On unitary representations of the inhomogeneous Lorentz group., Ann. Math. 40 (1939), 149.

[28] M. Wollenberg, Notes on modular conjugations of von Neumann factors, Z. Anal. Anwendungen 19 (2000), 13–22.