arXiv:hep-th/0209118 v3 19 Sep 2002

DFF 2/9/02

Noncommutative instantons on d = 2n planes from matrix models

P. Valtancoli

Dipartimento di Fisica, Polo Scientifico Universitá di Firenze and INFN, Sezione di Firenze (Italy) Via G. Sansone 1, 50019 Sesto Fiorentino, Italy

Abstract

In the case of an invertible coordinate commutator matrix θ_{ij} , we derive a general instanton solution of the noncommutative gauge theories on d = 2n planes given in terms of n oscillators.

1 Introduction

The concept of noncommutative geometry [1]-[2] has nowadays acquired a central role in the study of possible extensions of gauge theories. Plausible reasonings based on quantum mechanics and general relativity imply that it is necessary, at least at Planck scale, to replace space-time coordinates by some noncommutative structure [3]-[4].

Many non perturbative aspects of noncommutative gauge theories have recently been explored; between them we can recall the Morita equivalence of the noncommutative torus, and the non perturbative structure of noncommutative gauge theories,i.e. the instantons ( in Euclidean space-time ) [5]-[6]-[7]-[8]-[9]-[10].

The first examples of noncommutative instantons were given by Nekrasov and Schwarz [7] who modified the Atiyah-Drinfeld-Hitchin-Manin (ADHM) construction [11] to the noncommutative case, and showed that on noncommutative R^4 non singular instantons exist even for the U(1) gauge group.

It is interesting to observe that introducing noncommutativity - which from the point of view of the star product corresponds to adding a complicated set of higher derivative interactions - can in fact greatly simplify the construction of soliton solutions.

Our point of view is searching a new systematic method of classifying soliton solutions starting from the Matrix model approach, instead of the twistor approach of Nekrasov and Schwarz [12]-[13]-[14]-[15].

It is well known that matrix model, suitable defined, encodes the noncommutative gauge theory on a d = 2n plane, by expanding the matrices X_i as a sum of a background ( representing the noncommutative coordinate system ) and fluctuations, which represent the gauge connection. In this paper we explore, by using different matrix models, i.e. the unitary matrix model and the hermitian one, the characterization of soliton solutions in terms of constraints in the matrices X_i, and solve them with an easy method.

The commonly accepted definition of soliton [16]-[17]-[18]-[19]-[20]-[21]-[22]-[23]-[24]-[25]- [26]-[27] is by the configuration

U^†X^iU (1.1)

obtained with a quasi-unitary operator U that satisfies

UU^† = 1 U^†U = 1 − P_0 (1.2) where P_0 is a finite projection operator.

In this article, instead of searching the general solution of this operator U directly in 2n-dimensions, we apply the duality transformation [28]-[29] that maps a 2n-dimensional plane in two dimensions, since then the quasi-unitary operator U is known to be simply the shift operator. Using back again the duality transformation one can easily write down general formulas for the quasi-unitary operator U and instanton configuration X_i in every even dimension.

The solution is based on a representation in terms of n-oscillators in d = 2n dimensions, whose Hilbert space is the tensorial product of n Hilbert spaces of one oscillator.

The duality transformation is based on the isomorphism between n quantum numbers and only one quantum number, which allows us to reduce the general solution in d = 2n dim. to a solution with a single oscillator, i.e. in d = 2 dimensions.

2 Matrix models and noncommutative gauge theories

In this paper we study two types of matrix models, i.e. the unitary matrix model and the hermitian matrix model, and their relation with noncommutative gauge theory in d = 2n dimensions.

Let us start with d = 2 and the unitary matrix model

S = β_0 θ^2_0

T r[(U_1U_2 − e^{−iθ0} U_2U_1)(h.c.)] θ_0 = 2π N (2.1)

where U_1, U_2 are two independent unitary matrices N × N. In order to define a noncommutative U(1) gauge theory in two dimensions on a noncommutative plane, a certain N → ∞ limit must be taken.

The model has a positive definite action S, with its minimum reached at

U^{(0)}_1 U^{(0)}_2 = e^{−iθ0} U^{(0)}_2 U^{(0)}_1 (2.2)

which are the commutation relations of a noncommutative torus. In order to define the fluctuation around this background solution we define:

U_1 = U^{(0)}_1 e^{i√θθ0 a1(U (0)1 ,U (0)2 )} U_2 = U^{(0)}_2 e^{i√θθ0 a2(U (0)1 ,U (0)2 )} (2.3) where a_1 and a_2 are two hermitian matrices, that can be developed, as in a Fourier series, in terms of the two basic matrices U^{(0)}_1 , U^{(0)}_2 . By using simply the commutation relations, one finds:

U_1U_2 = U^{(0)}_1 U^{(0)}_2 e^{i√θθ0 a1(U (0)1 e−iθ0 ,U (0)2 )}e^{i√θθ0 a2(U (0)1 ,U (0)2 )} U_2U_1 = U^{(0)}_2 U^{(0)}_1 e^{i√θθ0 a1(U (0)1 ,U (0)2 eiθ0 )}e^{i√θθ0 a2(U (0)1 ,U (0)2 )}. (2.4)

Now we consider the N → ∞ limit ( i.e. θ_0 → 0 ). In this case it is possible to define two noncommutative coordinates from the commutation relations (2.2)

U^{(0)}_1 = e^i √_{θ0} θ x̂_2 U (0) 2 = e^{−i} √_{θ0} θ x̂_1 ⇒ [x̂

1, x̂_2] = iθ. (2.5)

In terms of them, the fluctuations can be recast as follows

U_1U_2 = U^{(0)}_1 U^{(0)}_2 e^{i√θθ0 a1(x̂1,x̂2−√θθ0 )}e^{i√θθ0 a2(x̂1,x̂2)} U_2U_1 = U^{(0)}_2 U^{(0)}_1 e^{i√θθ0 a1(x̂1−√θθ0 ,x̂2)}e^{i√θθ0 a2(x̂1,x̂2)}. (2.6)

By expanding the exponentials and keeping only the relevant terms, one finds

U_1U_2 − e^{−iθ0} U_2U_1 = U^{(0)}_1 U^{(0)}_2 [i √ θθ_0(a_1(x̂_1, x̂_2 − √ θθ_0) − a_1(x̂_1, x̂_2)) − θθ_0 2 (a^2_1 + a^2 + 2a_1a_2) − i √ θθ_0(a_2(x̂_1 − √ θθ_0, x̂_2) − a_2(x̂_1, x̂_2)) + θθ_0 2 (a^2_1 + a^2 + 2a_2a_1)] + O( √ θ^3_0) =

= U^{(0)}_1 U^{(0)}_2 (−iθθ_0(∂_2a_1 − ∂_1a_2) − θθ_0[a_1, a_2]) = iθθ_0U^{(0)}_1 U^{(0)}_2 (∂_1a_2 − ∂_2a_1 + i[a_1, a_2]) = iθθ_0U^{(0)}_1 U^{(0)}_2 F_{12} + O( √ θ^3_0). (2.7)

Strictly speaking, defining a derivative with respect to a noncommutative coordinate is not properly defined. One should pass from operators to their symbols, i.e. commutative functions , as in [28] , and introduce, instead of the products of operators the star product of their corresponding symbols; however we will never need to use the symbols and we will omit them in the following.

The action which survives in the N → ∞ limit is the U(1) noncommutative Yang-Mills action:

S = lim_{θ0 →0} β_0 θ^2_0

T r(U_1U_2 − e^{−iθ0} U_2U_1)(h.c.) = β_0θ^2T rF^2_{12}. (2.8)

We have reached the noncommutative plane from a careful parametrization of the commutation relation (2.2), which represents instead a noncommutative torus as a background.

Note the importance of the presence of the scaling factor N^2 in front of the action S, to reach a finite action in the N → ∞ limit.

It is not difficult to relate this model to a hermitian matrix model directly. The two independent unitary matrices U_1, U_2 can be parameterized in terms of two infinite-dimensional hermitian matrices as follows

U_1 = e^{i√θ0 θX1} U_2 = e^{i√θ0 θX2} . (2.9)

Then the commutation relation

U_1U_2 − e^{−iθ0} U_2U_1 = −θθ_0([X_1, X_2] − i θ ) + O( √ θ^3_0) (2.10)

is equivalent to a commutation relation between the two infinite-dimensional hermitian matrices.

Therefore, in the limit θ_0 → 0, the action S becomes:

S = −β_0θ^2T r([X_1, X_2] − i θ ) 2 (2.11)

which again is positive definite and reaches its minimum on the background

[X_1, X_2] = i θ (2.12)

which is satisfied by a noncommutative plane, with the position

X_1 = x̂_2 θ X_2 = − x̂_1 θ ⇒ [x̂_1, x̂_2] = iθ. (2.13)

The corresponding equations of motion are identical to those of the standard hermitian matrix model given by :

S_0 = −β_0θ^2T r[X_1, X_2]^2 (2.14) i.e.

[X_j , [X_i, X_j ]] = 0 i, j = 1, 2. (2.15)

To find the direct connection between hermitian matrix model and Yang-Mills action, it is enough to develop the hermitian matrices as a background + fluctuations as follows :

X_1 = x̂_2 θ + a_1(x̂_1, x̂_2) X_2 = − x̂_1 θ + a_2(x̂_1, x̂_2) (2.16)

from which

[X_1, X_2] − i θ = −iF_{12} (2.17)

and the action becomes

S = −β_0θ^2T r([X_1, X_2] − i θ ) 2 = β_0θ^2T rF^2_{12}. (2.18)

3 Instantons in two dimensions

Let us recall the action for two-dimensional unitary matrix model

S = β_0 θ^2_0

T r[(U_1U_2 − e^{−iθ0} U_2U_1)(h.c.)] θ_0 = 2π N . (3.1)

The search for instantons of the noncommutative planes is driven by two criteria. The first is that an instanton is a solution of the equations of motion of S, and the second is that this solution must give a finite contribution to the action, also in the N → ∞ limit.

The classical equations of motion, obtained from a variation of the basic elements of the theory , U_1 and U_2, are:

[U_i, V − V^†] = 0 (3.2)

where V = e^{−iθ0} U_1U_2U^†_1 U^†_2 .

Between all the possible solutions to equation (3.2), we find that the instantons are characterized by the matrices of the form:

Ũ_1 = ( U^{(0)}_1 0 0 U^{(1)}_1 ) Ũ_2 = ( U^{(0)}_2 0 0 U^{(1)}_2 ) (3.3)

where U^{(0)}_1 and U^{(0)}_2 are two (N − k) × (N − k) unitary matrices satisfying

U^{(0)}_1 U^{(0)}_2 = e^{2iπN −k} U^{(0)}_2 U^{(0)}_1 (3.4)

and U^{(1)}_1 , U^{(1)}_2 are two k × k diagonal unitary matrices. Computing the action (3.1) on the solution (3.3) is not a difficult task:

S = β_0 θ^2_0 [2(1 − cos( 2π N − 2π N − k ))(N − k) + 2(1 − cos 2π N )k]. (3.5)

The first term is order O(^1_N ) and vanishes in the N → ∞ limit, while the second term is finite and gives as contribution:

S = β_0k. (3.6)

Such class of solution has a counterpart in the hermitian matrix model. Recall the action of the hermitian matrix model

S = − 1 2g^{′2} T r([X_1, X_2] − i θ )^2. (3.7)

It is not difficult to extract from (3.3) that in the N → ∞ limit :

lim_{θ0 →0} 1 θ_0

(Ũ_1Ũ_2 − e^{−iθ0}Ũ_2Ũ_1) = lim_{θ0 →0} ( 0 0 0^{1−e−iθ0}_{θ0} ) U^{(1)}_1 U^{(2)}_1 = iU^{(1)}_1 U^{(2)}_1 ( 0 0 0 P_0 ) (3.8)

this commutation relation is equivalent to a k × k projector P_0, apart from an irrelevant phase.

Since 1 θ_0

(Ũ_1Ũ_2 − e^{−iθ0}Ũ_2Ũ_1) = −θ([X_1, X_2] − i θ ) + O( √ θ^3_0) (3.9)

we derive, that on an instanton solution, the following relation holds:

[X_1, X_2] = i θ (1 − P_0). (3.10)

This condition will be the starting point of this article to characterize an instanton solution on a noncommutative plane. The instanton number is related to the rank k of the projector P_0, as it is clear from the evaluation of the solution (3.3) into the action :

S = − 2 g^{′2} ( i θ )^2T rP_0 = 1 2g^{′2}θ^2 k. (3.11)

Notice that, with a constant shift of the action (3.7) with respect to the usual hermitian matrix model, the evaluation of the action is null on the vacuum solution and finite on the instanton solution.

Notice also that both the action and the Chern class of F_{12} are linear in the instanton number, and that the Yang-Mills curvature F_{12} is a projector:

F_{12} = P_0. (3.12)

The two dimensional plane is made by two coordinates which are promoted to operators acting on a Hilbert space. The Hilbert space is equivalent to the usual one oscillator Hilbert space, where the coordinates x̂_1, x̂_2 are given in terms of oscillator rising and lowering operators:

a = √ 1 2θ (x̂_1 + ix̂_2) a = √ 1 2θ (x̂_1 − ix̂_2) a|n > = √ n|n − 1 > a|n >= √ n + 1|n + 1 > . (3.13)

Therefore the vacuum is characterized by the solution

X^1 + iX^2 = − i θ (x̂_1 + ix̂_2) = −i √ 2 θ a = −i √ 2 θ ∞∑ n=0 √ n + 1|n >< n + 1|

X^1 − iX^2 = i √ 2 θ a = i √ 2 θ ∞∑ n=0 √ n + 1|n + 1 >< n|. (3.14)

Instead, in the Hilbert space, the operator that defines the configuration of the kinstanton is given by :

X^1 + iX^2 = −i √ 2 θ A_k X^1 − iX^2 = i √ 2 θ A_k A_k = k−1∑ n_1 =0

c_{n1} |n_1 >< n_1| + ∞∑ n_1 =k √ n_1 + 1 − k|n_1 >< n_1 + 1|

A_k = k−1∑ n_1 =0

c_{n1} |n_1 >< n_1| + ∞∑ n_1 =k √ n_1 + 1 − k|n_1 + 1 >< n_1| (3.15)

where

[A_k, A_k] = 1 − P_0. (3.16)

Till now we have discussed the case of the gauge group U(1). It is possible to describe with the same method the instanton solution of U(2) gauge group, or in general the U(n) gauge group, by enlarging the Hilbert space one-oscillator to the base

|n; a > a = 0, 1 for U(2) or a = 0, 1, ..., n − 1 for U(n). (3.17)

Then a k-instanton solution of U(2) can be characterized by the complex lowering oscillator operator:

Ã_k = 1∑ a=0 ( k−1∑ n_1 =0 c_{n,a}|n_1; a >< n_1 : a| + ∞∑ n_1=k √ n_1 + 1 − k|n_1; a >< n_1; a|). (3.18)

Due to the duality relation between the U(2) gauge group and U(1) gauge group on the two-dimensional noncommutative plane [28]-[29], it is possible to establish an isomorphism between Hilbert spaces

|n_1 : a >= |2n_1 + a > . (3.19)

Therefore Ã_k, being a connection of U(2) gauge group, can be mapped to a U(1) connection, due to (3.19):

A^{dual}_k = 1∑ a=0 ( k−1∑ n_1=0

c_{2n1+a}|2n_1 + a >< 2n_1 + a| + ∞∑ n_1=k √ n_1 + 1 − k|2n_1 + a >< 2n_1 + 2 + a|)

= k−1∑ n_1 =0

(c_{2n1} |2n_1 >< 2n_1| + c_{2n1+1}|2n_1 + 1 >< 2n_1 + 1|)

+ ∞∑ n_1 =k √ n_1 + 1 − k(|2n_1 >< 2n_1 + 2| + |2n_1 + 1 >< 2n_1 + 3|). (3.20)

Passing from n_1 →^{n1}_2 we obtain

A^{dual}_k = 2k−1∑

n_1 =0

c_{n1} |n_1 >< n_1| + ∞∑ n1 2 =k √ n_1 2 − k + 1(|n_1 >< n_1 + 2|

+ |n_1 + 1 >< n_1 + 3|). (3.21)

While the second part is a gauge transformation of ∞∑ n_1 =2k √ n_1 − 2k + 1|n_1 >< n_1 + 1| (3.22)

and therefore equivalent to it, the first part produces into the action an U(1) instanton of type 2k.

In general, by the same reasoning, a U(n) k-instanton should be equivalent to a n · k instanton on U(1) on the two-dimensional plane.

4 Instantons on a four-dimensional noncommutative plane

The generalization of the two-dimensional hermitian matrix model (3.7) on a four-dimensional noncommutative plane is given by the equation

S = − 1 4g^2

T r([X_i, X_j ] − iΘ^{−1}_{ij} )^2 (4.1)

where it is necessary to require that the coordinate commutator matrix Θ_{ij} is invertible, i.e.

[x̂_i, x̂_j ] = iΘ_{ij} detΘ_{ij} ≠ 0. (4.2)

Instead of using the commutation relations (4.2) in full generality, we now show how to diagonalize (4.2) in a form which is basically solved by two types of independent raising and lowering oscillator operators.

Firstly we consider the commutation relations (4.2), rewritten in this form:

[x̂_1, x̂_2] = iθ̃_1cosϕ_1 [x̂_1, x̂_3] = iθ̃_1sinϕ_1cosϕ_2 [x̂_1, x̂_4] = iθ̃_1sinϕ_1sinϕ_2 [x̂_2, x̂_3] = iθ_{23} [x̂_2, x̂_4] = iθ_{24} [x̂_3, x̂_4] = iθ_{34}. (4.3)

Let us define a new set of orthogonal cartesian coordinates :

x^′_1 = x_1 x^′_2 = x_2cosϕ_1 + x_3sinϕ_1cosϕ_2 + x_4sinϕ_1sinϕ_2 x^′_3 = x_3sinϕ_2 − x_4cosϕ_2 x^′_4 = x_4sinϕ_2cosϕ_1 + x_3cosϕ_2cosϕ_1 − x_2sinϕ_1. (4.4)

Then the first part of the commutation relations (4.2) reduces to:

[x^′_1, x^′_2] = iθ̃_1 [x^′_1, x^′_3] = 0 [x^′_1, x^′_4] = 0. (4.5)

After the orthogonal transformation (4.4), the other commutation relations read

[x^′_2, x^′_3] = iθ̃_2sinδ_1sinδ_2 [x^′_2, x^′_4] = iθ̃_2sinδ_1cosδ_2 [x^′_3, x^′_4] = iθ̃_2cosδ_1. (4.6)

Now we apply another orthogonal transformation:

x^{′′}_1 = x^′_1 x^{′′}_2 = x^′_2 x^{′′}_3 = x^′_3sinδ_2 + x^′_4cosδ_2 x^{′′}_4 = x^′_4sinδ_2 − x^′_3cosδ_2 (4.7)

to reduce the commutation relations to the form:

[x^{′′}_2, x^{′′}_3] = iθ̃_2sinδ_1 [x^{′′}_2, x^{′′}_4] = 0 [x^{′′}_3, x^{′′}_4] = iθ̃_2cosδ_1. (4.8)

Finally, we apply a linear non-orthogonal transformation, which is invertible if Θ_{ij} is a non degenerate matrix, given by :

x̃_1 = x^{′′}_1 x̃_2 = x^{′′}_2 x̃_3 = cosδ_1x^{′′}_3 − sinδ_1x^{′′}_4 x̃_4 = x^{′′}_4 (4.9)

to find:

[x̂_1, x̂_2] = iθ_1 [x̂_1, x̂_3] = 0 [x̂_1, x̂_4] = 0 [x̂_2, x̂_3] = 0 [x̂_2, x̂_4] = 0 [x̂_3, x̂_4] = iθ̃_2cos^2δ_1 = iθ_2. (4.10)

This diagonal form of commutation relations will be used in the following part of the section to define a general class of four-dimensional instanton solutions.

To make contact with noncommutative Yang-Mills theory we decompose the matrices X_i as a sum of background plus fluctuations as follows:

X_1 = 1 θ_1 x̃_2 + A_1 X_2 = − 1 θ_1 x̃_1 + A_2

X_3 = 1 θ_2 x̃_4 + A_3 X_4 = − 1 θ_2 x̃_3 + A_4 (4.11)

and the action turns out to be

S = 1 4g^{′2} T rF^2_{ij} F_{ij} = ∂_iA_j − ∂_j A_i + i[A_i, A_j ]. (4.12)

The vacuum is again characterized by the solution

X^1 + iX^2 = − i θ_1

(x^1 + ix^2) = −i √ 2 θ_1 a_1 = −i √ 2 θ_1 ( ∞∑ n_1 ,n_2=0 √ n_1 + 1|n_1, n_2 >< n_1 + 1, n_2|)

X^3 + iX^4 = − i θ_2

(x^3 + ix^4) = −i √ 2 θ_2 a_2 = −i √ 2 θ_2 ( ∞∑ n_1 ,n_2=0 √ n_2 + 1|n_1, n_2 >< n_1, n_2 + 1|)

(4.13)

where

[a_1, a_1] = [a_2, a_2] = 1 [a_1, a_2] = [a_1, a_2] = 0. (4.14)

The definition, commonly accepted, of soliton is given by

U^†X^iU (4.15)

obtained by a quasi-unitary operator U that satisfies

UU^† = 1 U^†U = 1 − P_0 (4.16)

where P_0 is a finite projection operator.

A simple consequence of (4.16) is that, for an instanton solution we must study the following system of commutation rules

[X_i, X_j ] = iΘ^{−1}_{ij} (1 − P_0) (4.17)

and give the general and explicit solution of this system for a generic finite projection operator P_0.

The instanton solution we look for is therefore given by a deformation of the two raising and lowering operators a_i(i = 1, 2) defined through

X_1 + iX_2 = −i √ 2 θ_1

A_1

X_3 + iX_4 = −i √ 2 θ_2

A_2 (4.18)

and the postulated commutation relations for A_i are:

[A_1, A_1] = [A_2, A_2] = 1 − P_0 [A_1, A_2] = [A_1, A_2] = 0. (4.19) Notice that, due to the duality relation between the tensorial product of Hilbert spaces and the one-oscillator Hilbert space [28]-[29]

H × H → H (4.20) based on the fact that a couple of numbers can be made isomorphic to a number, for example

(n_1, n_2) →

(n_1 + n_2)(n_1 + n_2 + 1) 2 + n_2 (4.21) it is possible to relate the U(1) four-dimensional connection (A_1, A_2) to a couple of twodimensional connections of the U(1) theory in two dimensions.

Let us define two new quantum numbers :

n = n_1 + n_2 k = n_2 (4.22)

and introduce a short notation for the state :

|n_1, n_2 >= | n(n + 1) 2 + k >= |n; k > . (4.23) A basis of the two-dimensional Hilbert space is determined by the states

|n; k > 0 ≤ k ≤ n ∀n ∈ N. (4.24) In this paper however we will need to continue the notation (4.23) to states with k ≥ n, keeping in mind then the equivalence relation

|n; k >= |n + 1; k − n − 1 > . (4.25) In the two-dimensional basis, the generic finite projection operator P_0 can be represented in the following form, up to an isomorphism of the Hilbert space:

P_0 = |0 >< 0| + ... + |m − 1 >< m − 1| (4.26)

which represents a configuration with instanton number m.

In the two-dimensional basis (4.24) it is not difficult to derive the quasi-unitary operator U that produces the projection operator P_0:

UU^† = 1 U^†U = 1 − P_0 U = ∞∑ n=0 n∑ k=0 |n; k >< n; k + m|

U^† = ∞∑ n=0 n∑ k=0 |n; k + m >< n; k|. (4.27)

In order to define the instanton configuration, we need to compute

A^{(1)}_1 = U^†a_1U A^{(1)}_2 = U^†a_2U (4.28)

and it is necessary to represent the lowering oscillator operator a_1, a_2 in the new basis as follows:

a_1 = ∞∑ n=0 n∑ k=0 √ n + 1 − k|n; k >< n + 1; k|

a_2 = ∞∑ n=0 n∑ k=0 √ 1 + k|n; k >< n + 1; k + 1|. (4.29)

Computing the products (4.28) is then an easy task, and the result is :

A^{(1)}_1 = ∞∑ n=0 n∑ k=0 √ n + 1 − k|n; k + m >< n + 1; k + m|

A^{(1)}_2 = ∞∑ n=0 n∑ k=0 √ 1 + k|n; k + m >< n + 1; k + m + 1|. (4.30)

An obvious consequence of their definition is that they satisfy the commutation rules (4.19)

[A^{(1)}_1 , A^{(1)}_1 ] = [A^{(1)}_2 , A^{(1)}_2 ] = 1 − P_0 [A^{(1)}_1 , A^{(1)}_2 ] = [A^{(1)}_1 , A^{(1)}_2 ] = 0. (4.31)

For completeness we give the following formulas:

A^{(1)}_1 A^{(1)}_2 = A^{(1)}_2 A^{(1)}_1 = ∞∑ n=0 n∑ k=0 √ (n + 1 − k)(1 + k)|n; k + m >< n + 2; k + m + 1|

A^{(1)}_1 A^{(1)}_2 = A^{(1)}_2 A^{(1)}_1 = ∞∑ n=1 n∑ k=1 √ k(n + 1 − k)|n; k + m >< n; k + m − 1|

A^{(1)}_1 A^{(1)}_1 − A^{(1)}_1 A^{(1)}_1 = A^{(1)}_2 A^{(1)}_2 − A^{(1)}_2 A^{(1)}_2 = ∞∑ n=0 n∑ k=0 |n; k + m >< n; k + m| = 1 − P_0. (4.32)

The equations of motion are also satisfied, since

[X_j , [X_i, X_j ]] = 0 ⇒ [A^{(1)}_i , P_0] = 0 i = 1, 2 (4.33)

as one can immediately verify.

This is the basic solution. It is possible to add to the solution (4.30) an arbitrary configuration that, commuting with everything, doesn’t alter the commutation rules (4.19) and the equations of motion (4.33) :

A_1 = A^{(0)}_1 + A^{(1)}_1 A_2 = A^{(0)}_2 + A^{(1)}_2

A^{(0)}_1 = m−1∑ i=0 c^1_i |i >< i| A^{(0)}_2 = m−1∑ i=0 c^2_i |i >< i|. (4.34)

In order to derive the configuration A_1, A_2 in terms of the equivalent basis |n_1, n_2 >, we need to pull back the duality between two-dimensional and four-dimensional plane. The task is cumbersome in the general case, and we will perform it only in the simplest case, i.e. a configuration with instanton number m = 1.

In that case one decomposes, for example,

A^{(1)}_1 = ∞∑ n=1 n−1∑ k=0 √ n + 1 − k|n; k + 1 >< n + 1; k + 1| +

+ ∞∑ n=0 |n, n + 1 >< n + 1, n + 1|

→ A^{(1)}_1 = ∞∑ n_1=0 ∞∑ n_2=0 √ n_1 + 2|n_1, n_2 + 1 >< n_1 + 1, n_2 + 1| +

+ ∞∑ n_1 =n_2 =0

|n_1 + 1, 0 >< 0, n_2 + 1|. (4.35)

Analogously for the other connection

A^{(1)}_2 = ∞∑ n_1 =0 ∞∑ n_2 =0 √ n_2 + 1|n_1, n_2 + 1 >< n_1, n_2 + 2| +

+ ∞∑ n_1 =n_2 =0 √ 1 + n_2|n_1 + 1, 0 >< n_1 + 2, 0|, (4.36)

Then the quasi-unitary operator looks like:

U = ∞∑ n_1=0 ∞∑ n_2 =0

|n_1 + 1, n_2 >< n_1, n_2 + 1| + ∞∑ n_1 =n_2 =0

|0, n_2 >< n_1 + 1, 0|

U^† = ∞∑ n_1=0 ∞∑ n_2 =0

|n_1, n_2 + 1 >< n_1 + 1, n_2| + ∞∑ n_1 =n_2 =0

|n_1 + 1, 0 >< 0, n_2|

. (4.37)

One can check that the commutation rules (4.19) are again satisfied since

A^{(1)}_1 A^{(1)}_1 − A^{(1)}_1 A^{(1)}_1 = ∞∑ n_1 =0 ∞∑ n_2 =0

|n_1, n_2 + 1 >< n_1, n_2 + 1| + ∞∑ n_1 =0

|n_1 + 1, 0 >< n_1 + 1, 0|

= 1 − |0, 0 >< 0, 0| = 1 − P_0 = A^{(1)}_2 A^{(1)}_2 − A^{(1)}_2 A^{(1)}_2

A^{(1)}_1 A^{(1)}_2 = A^{(1)}_2 A^{(1)}_1 = ∞∑ n_1 =0 ∞∑ n_2 =0 √ (n_1 + 2)(n_2 + 1)|n_1, n_2 + 1 >< n_1 + 1, n_2 + 2| +

+ ∞∑ n_1 =n_2 =0 √ 1 + n_2|n_1 + 1, 0 >< 0, n_2 + 2|

A^{(1)}_1 A^{(1)}_2 = A^{(1)}_2 A^{(1)}_1 = ∞∑ n_1 =0 ∞∑ n_2 =0 √ (n_1 + 2)(n_2 + 1)|n_1, n_2 + 2 >< n_1 + 1, n_2 + 1| +

+ ∞∑ n_1 =n_2 =0 √ 1 + n_2|n_1 + 2, 0 >< 0, n_2 + 1|. (4.38)

Another possible generalization is extending our solution to d = 2n noncommutative planes. By diagonalizing the Θ_{ij} matrix as a sum of independent n-oscillators, it is not difficult to generalize our trick. For example let us consider the six-dimensional case. The basic coordinates commutation relations are:

[x̂_1, x̂_2] = iθ_1 [x̂_3, x̂_4] = iθ_2 [x̂_5, x̂_6] = iθ_3. (4.39)

Introducing three independent raising and lowering oscillator operators A_i, i = 1, 2, 3 through the relations :

X_1 + iX_2 = −i √ 2 θ_1

A_1

X_3 + iX_4 = −i √ 2 θ_2

A_2

X_5 + iX_6 = −i √ 2 θ_3

A_3 (4.40)

the six-dimensional instanton is defined through the commutation relations :

[A_1, A_1] = [A_2, A_2] = [A_3, A_3] = 1 − P_0 [A_1, A_2] = [A_1, A_2] = [A_1, A_3] = [A_1, A_3] = [A_2, A_3] = [A_2, A_3] = 0. (4.41)

By using again the duality between

H × H × H → H (4.42) based on the fact that three numbers can be made isomorphic to a number

(n_1, n_2, n_3) → n = f(n_1, n_2, n_3) (4.43) one generalizes the solution (4.30) to six dimensions.

5 Conclusion

In this paper we have found a general class of soliton solutions starting from the Matrix model approach instead of the twistor approach of Nekrasov and Schwarz. We believe that this intrinsic characterization of solitons within the matrix model is necessary to simplify the classification of instantons and to study quantum mechanics around this nonperturbative solutions. For example the contribution to the partition function of gauge theory from an instanton can be easily derived as an ordinary matrix integral of the fluctuations around the configuration.

We have started our study from the unitary matrix model, where the soliton solutions have been characterized as the only solutions of the matrix model which survive in the N → ∞ limit and give a finite contribution to the action.

As a byproduct of this investigation we have reduced a U(n) soliton in terms of a U(1) soliton in two dimensions, generalizing the well known Morita equivalence of the noncommutative torus to the noncommutative plane, but we believe that this can be done in every even dimensions.

Then the solitons within the unitary matrix model have been compared with the solitons defined in the hermitian matrix model, finding as characterization the following equation

[X_i, X_j ] = iΘ^{−1}_{ij} (1 − P_0). (5.1)

This equation has been analyzed in detail in d = 2n dimensions, and given the general solution, consistent with the equation of motion

[X_j , [X_i, X_j ]] = 0. (5.2)

The construction of the soliton solutions in d = 2n planes is based on representing the gauge connection as a sum of two parts, whose role is to build a projection operator in the commutation rules (5.1).

We believe that this systematic point of view will help in classifying all the possible instanton solutions, giving an accurate and simple scheme of the nonperturbative properties of the noncommutative gauge theory in d = 2n.

References

[1] A. Connes, ” Noncommutative geometry ”, Academic Press (1994). [2] N. Seiberg, E. Witten, ” String theory and noncommutative geometry ”, JHEP 9909 (1999) 032.

[3] S. Doplicher, K. Fredenhagen, J. E. Roberts, ” The quantum structure of space-time at the Planck scale and quantum fields ”, Comm. Math. Phys. 172 (1995) 187.

[4] D. Bahns, S. Doplicher, K. Fredenhagen, G. Piacitelli, ” On the unitarity problem in space-time noncommutative theories ”, Phys. Lett.B533 (2002) 178, hep-th/0201222.

[5] D. J. Gross, N. A. Nekrasov, ” Solitons in noncommutative gauge theory ”, JHEP 0103 (2001) 044, hep-th/0010090.

[6] D. J. Gross, N. A. Nekrasov, ” Monopoles and strings in noncommutative gauge theory ”, JHEP 0007 (2000) 034, hep-th/0005204.

[7] N. Nekrasov, A. Schwarz, ” Instantons on noncommutative R^4 and (2,0) superconformal six dimensional theory ”, Comm. Math. Phys. 198 (1998), 689.

[8] N. A. Nekrasov, ” Noncommutative instantons revisited ” , hep-th/0010017. [9] N. A. Nekrasov, ” Trieste lectures on solitons in noncommutative gauge theories ”, hep-th/0011095.

[10] A. Schwarz, ” Noncommutative instantons; a new approach ”, Comm. Math. Phys.

221 (2001) 433, hep-th/0102182.

[11] M. F. Atiyah, N. J. Hitchin, V. G. Drinfeld, Y. I. Manin, ” Construction of instantons ”, Phys. Lett. A 65 (1978) 185.

[12] A. Konechny, A. Schwarz, ” Introduction to M(atrix) theory and noncommutative geometry, PART II ”, Phys. Rept.360 (2002) 353,hep-th/0107251.

[13] A. Kapustin, A. Kutznetsov, D. Arlov, ” Noncommutative instantons and twistor transform ”, Comm. Math. Phys. 221 (2001) 385, hep-th/0002193.

[14] M. Hamanaka, ” ADHM/Nahm construction of localized solitons in noncommutatibe gauge theories ”, Phys. Rev. D65 (2002) 085022, hep-th/0109070.

[15] K. Furuuchi, ” Instantons on noncommutative R^4 and projection operators ”, Prog.

Theor. Phys. 103 (2000) 1043, hep-th/9912047.

[16] P. Krauss and M. Shigemori, ” Noncommutative instantons and the Seiberg-Witten map ”, JHEP 0206 (2002), 034, hep-th/0110035.

[17] O. Lechtenfeld, A. D. Popov, ” Noncommutative ’t Hooft instantons ”, JHEP 0203 (2002) 040, hep-th/0109209.

[18] H. Hashimoto, H. Ooguri, ” Seiberg-Witten transforms of noncommutative solitons ”, Phys. Rev. D64 (2001) 106005,hep-th/0105311.

[19] T. Krajewski, M. Schnabl, ” Exact solitons on noncommutative tori ” , JHEP 0108 (2001) 002, hep-th/0104090.

[20] J. A. Harvey, P. Kraus and F. Larsen, ” Exact noncommutative solitons ”, JHEP 0012 (2000) 024, hep-th/0010060.

[21] R. Gopakumar, S. Minwalla, A. Strominger, ” Noncommutative solitons ”, JHEP 0005 (2000) 020, hep-th/0003160.

[22] K. Hashimoto, ” Fluxons and exact BPS solitons in noncommutative gauge theory ”, JHEP 0012 (2000) 023, hep-th/0010251.

[23] G. Mandal, S. Rey, S.R. Wadia, ” Quantum aspects of GMS solutions of noncommutative field theory and large N limit of matrix models ”, Eur.Phys.J. C24 (2002) 495, hep-th/0111059

[24] J. A. Harvey, P. Kraus, F. Larsen, E. J. Martinec, ” D-branes and strings as noncommutative solitons ”, JHEP 0007 (2000) 042, hep-th/0005031.

[25] S. Terashima, ” Instantons in the U(1) Born-Infeld theory and noncommutative gauge theory ”, Phys. Lett. B477 (2000) 292, hep-th/9911245.

[26] P. Ho, ” Twisted bundle on noncommutative space and U(1) instanton ”, Lecture given at APCTP - KIAS Winter School on Strings and D Branes 2000, Seoul, Korea, 21-25 Feb 2000, hep-th/0003012.

[27] C. Chu, V. V. Khoze, G. Travaglini, ” Notes on noncommutative instantons ”, Nucl.

Phys.B621 (2002) 101, hep-th/0108007.

[28] E. Kiritsis, C. Sochichiu, ” Dualiy in noncommutative gauge theories as a nonperturbative Seiberg-Witten map ”, hep-th/0202065.

[29] C. Sochichiu, ” On the equivalence of noncommutative models in various dimensions ”, JHEP 0008 (2000) 048, hep-th/0007127.