arXiv:hep-th/0209210 v2 12 Nov 2002

HWM–02–30 EMPG–02–19 hep–th/0209210

September 2002

D-BRANES, TACHYONS AND K-HOMOLOGY^1

Richard J. Szabo

Department of Mathematics, Heriot-Watt University Riccarton, Edinburgh EH14 4AS, U.K.

R.J.Szabo@ma.hw.ac.uk

We present an overview of the ways in which D-brane charges are classified in terms of K-theory, emphasizing the natural physical interpretations of a homological classification within a topological setting.

1. Introduction

In this lecture we will discuss one of the most interesting recent developments in mathematical physics, the classification of D-brane charges in string theory using Ktheoretic methods [1]–[6]. Our presentation will be in the context of explaining how certain mathematical structures find very natural physical explanations in string theory. In particular, we will focus on two very important features in this subject. The first one is the natural appearence of a homological, as opposed to cohomological, framework in which to describe D-brane charge. This point has been elucidated recently in a variety of different contexts [7]–[11]. While the standard K-theory approach does give very natural insights into the physical basis of D-brane constructions, we shall see that K-homology arises in a far more physically transparent manner. The second point which we will emphasize is that the most basic, physical characteristics of D-branes immediately lead to a definition of their charges in terms of topological, rather than analytical, K-homology. This description thereby provides the correct geometric arena for understanding the physics of D-branes in string theory. For the most part this will be a review of many well-known results which have arisen over the last few years from studies of the relationships between K-theory and D-branes. We will, however, inject some new proposals concerning certain topological K-homology groups.

The organization of this paper is as follows. In the next section we will review the standard physical and geometric arguments leading to the K-theoretic classification of D-brane charges. In section 3 we will then start showing how these constructs can be very naturally reinterpreted in terms of analytic K-homology. In section 4 we present the arguments which imply that D-brane charges are properly classified in terms of topological K-homology. In section 5 we consider the effects of curved backgrounds in string theory

1Based on invited lecture given at the Workshop on Algebraic Geometry and Physics “K-Theory, Derived Categories and Strings”, University of Genoa, Genoa, Italy, June 18–21 2002.

and the arguments which imply that an appropriate twisted version of K-theory should classify D-branes in these instances. Here we also propose a new, physically motivated definition of twisted topological K-homology groups, which is also the most natural one from a mathematical perspective.

2. Brane Charges, Superconnections, and K-Theory

In this section we will review some of the standard relationships between K-theory and D-branes, emphasizing the geometrical structures involved. Here we will not give a very precise definition of strings and D-branes, but instead focus on the mathematical entities which describe them.

2.1. Brane-Antibrane Systems

A D-brane may be defined topologically as a relative map

(Σ , ∂Σ)^χ−→ (X , M) , (2.1)

where Σ is a Riemann surface with boundary called a string worldsheet. We shall work throughout with only “Type II superstrings”, which amounts to assuming that Σ is oriented. The Euclidean spacetime manifold X is ten-dimensional, oriented and spin, and we assume that M^ϕ→ X is a closed, oriented embedded submanifold. For the time-being we will assume that this embedding is topologically trivial, and hence that the D-brane worldvolume M carries a spin^c structure [2, 5]. These conditions will be relaxed in section 5. Among other things, associated with the D-brane is also a complex vector bundle ξ → M with connection ∇, called the Chan-Paton bundle. The rank of this bundle is the number of coincident D-branes which wrap the common worldvolume M.

A brane-antibrane system is defined as such a configuration whereby the Chan-Paton bundle carries a Z_2-grading

ξ = ξ^+ ⊖ ξ^− , (2.2)

where the ± labels indicate the branes and antibranes, all of which wrap the same worldvolume M. The physical requirement that such a system be invariant under processes involving identical brane-antibrane creation and annihilation is the mathematical statement of stable isomorphism of Chan-Paton bundles. Then, physical quantities which are invariant under deformations of ξ depend only on the K-theory class x = [ξ^+] − [ξ^−] ∈ K^∗(M). Since M is spin^c, one can use the Thom isomorphism and the ensuing Atiyah-Bott-Shapiro construction [2]–[5] to naturally map x into a class K^∗(M) → K^∗(X) in the K-theory of spacetime (or equivalently in the K-theory K^∗(N_X M) of the normal bundle to M in X). Throughout, when either M or X is only locally compact, we shall work in K-theory with compact support, which means physically that we measure D-brane charge with respect to that of the vacuum.

Because of the Z_2-grading, the natural geometric object to consider on this system of D-branes is not a connection but rather a superconnection on (2.2) [2, 12] A = ( ∇^+ T T ∇^− ) , (2.3) where ∇^± : ξ^± → ξ^± are connections on the branes and antibranes, while T : ξ^+ → ξ^− and T : ξ^− → ξ^+ are called tachyon fields. The brane-antibrane system, with its superconnection (2.3), is depicted schematically in fig. 1.

Figure 1: A brane-antibrane system wrapping a common worldvolume M. The tachyon field T is associated with open string modes which stretch between the branes and antibranes.

2.2. D-Brane Charges

Determining a formula for D-brane charge is the problem of finding the chiral gauge and gravitational anomalies induced on the brane worldvolume M from the restriction of spacetime spinors in K^{1/2}_X [1, 10, 13]. It amounts to computing the index of the generalized Dirac operator ( i ∇/^+ T T i ∇/^− ) (2.4)

associated to the superconnection (2.3), by “splitting” the corresponding ^A-class in two. Mathematically, this procedure consists of introducing a bilinear pairing on rational cohomology defined by H^∗(X, Q) ⊗ H^∗(X, Q) −→ Q , ⟨x, y⟩ = (x ∪ y)[X] , (2.5) and a homomorphism from K-theory to cohomology given by

G : K^∗(X) −→ H^∗(X, Q) , G(ξ) = ch(ξ) ^A^{1/2}(X) , (2.6)

where

ch(ξ) = STr e^{−A2/2π} ≡ Tr ( 11 0 0 −11 ) e^{−A2/2π} (2.7)

is the Chern character of the graded bundle ξ. Then the index theorem gives ⟨ G(ξ) , G(ξ^′) ⟩ = index(ξ ⊗ ξ^′) . (2.8)

Worldvolume integrals of the cohomology class

Q = ch(ϕ_! ξ) ^A^{1/2}(X) (2.9) then define the D-brane charge [10, 13, 14], where ϕ_! is the Gysin map on K-theory induced by the worldvolume embedding into X. Note that when the tachyon field is turned off, T = T = 0, the Chern character (2.7) is the difference ch(ξ) = ch(ξ^+) − ch(ξ^− ). The corresponding charge (2.9) is then the sum of the charges of the separated branes and antibranes.

In the following we shall also have the occasion to deal with systems of unstable Dbranes. They are obtained from brane-antibrane systems by taking the quotient of the Chan-Paton bundle (2.2) by the action of the left-moving, worldsheet fermion parity operator (−1)^{FL} , which amounts to eliminating the Z_2-grading and making the identifications

∇^+ = ∇^− , T = T (2.10)

in the superconnection (2.3). The charge formula is still given by (2.9), but now the supertrace defining the Chern character is modified to

Str e^{−A2/2π} ≡ Tr e^{−A2/2π} ( 0 11 11 0 ) . (2.11)

2.3. Tachyon Condensation

A physical feature of the K-theory classification of D-brane charge is that stable BPS D-branes may be constructed as solitonic decay products in the worldvolumes of braneantibrane systems [2]–[5]. For example, let us describe how to build k Dp-branes (for odd p < 9) from N = 2^{(9−p)/2} · k D9–D9 pairs. The worldvolume M is p + 1-dimensional, and for the Chan-Paton bundle (2.2) we take

ξ^± = Δ^± ⊗ ξ_k , (2.12)

where Δ^± are the irreducible, chiral spin bundles over the normal bundle N_X M of rank 2^{(9−p)/2}, and ξ_k is a trivial complex vector bundle of rank k. It is important to note that, when M is only spin^c, the usual spinor bundles σ^± do not in general exist globally and need to be twisted into globally defined vector bundles over M [2, 5, 10]. For this, let ℓ → M be a complex line bundle whose first Chern class c_1(ℓ) reduces modulo 2 to the second Stiefel-Whitney class w_2(N_X M). Then the square root ℓ^{1/2}, with ℓ^{1/2} ⊗ ℓ^{1/2} = ℓ, also cannot in general be constructed globally, because when there is two-torsion in H^2(M, Z) then there are different square roots of ℓ, and hence more than one spin^c structure for a given class c_1(ℓ). However, the twisted spinor bundles Δ^± = ℓ^{1/2} ⊗ σ^± do exist as vector bundles over M. This is just the precise meaning of the existence of a spin^c structure, and it implies the vanishing of global worldsheet anomalies in the case of a topologically trivial B-field background [15]. We will return to these issues in section 5.

We choose a coordinate chart on X in which the connections on the branes and antibranes decompose as

∇^± = p+1∑ m=1 11_Δ± ⊗ ∇_m dx^m + 10∑ i=p+2 11_Δ± ⊗ ∂ ∂x^i dx^i , (2.13)

where m = 1, . . . , p + 1 labels directions along the worldvolume M and i = p + 2, . . . , 10 labels coordinates in the normal bundle to M in X. For the tachyon profile we use the local representation

T_t = 1 √ t 10∑ i=p+2 [ x^i γ_i ⊗ 11_{k×k} − γ_i ⊗ Φ^i(x^m) ] , (2.14)

where t is a positive parameter labelling a family of tachyon fields. The first term in (2.14) situates the D-branes at the spacetime location x^i = 0, where γ_i generate the 9 − p-dimensional Clifford algebra in the Majorana-Weyl representation. It smears the brane charge over a region of size √ t and provides an off-shell interpolation in string theory. The fields Φ ∈ Γ(M, N_X M ⊗ End(ξ_k)) extend the maps M^ϕ→ X to sections of the normal bundle twisted by the endomorphism bundle End(ξ_k ). They represent the fluctuations of the relative positions of the k Dp-branes.

The Chern character (2.7) corresponding to (2.13) and (2.14) is independent of t ∈ R_+ [12]. Taking the “on-shell” limit t → 0 yields the symmetrized trace formula [10, 16]

ch(ξ) = Tr Sym exp − 1 2π (_{p+1} ∑ m,n=1 [∇_n , ∇_m] dx^n ∧ dx^m

+ p+1∑ m=1 [∇_m dx^m , ı_Φ] + [ı_Φ , ı_Φ] ) , (2.15)

where ı_Φ is internal multiplication with Φ regarded as a vector field in the transverse space. When substituted into the formula for D-brane charge, the ı_Φ terms in (2.15) yield the Myers terms [17] which lead to the “dielectric effect”. The simplest example of this process is a D0-brane blowing up into a spherical D2-brane, or in other words into a D0–D2 bound state.

3. Tachyon Fields and Analytic K-Homology

In this section we shall analyse the topology of the tachyon fields introduced in the previous section in some more detail, and show how they alone lead immediately to the relationship between K-theory and D-branes. After presenting some arguments supporting a homological classification of D-brane charge, we will then show that these same ingredients very naturally give an alternative description in terms of analytic K-homology.

3.1. Tachyons are Fredholm Operators

Let ξ → M be a complex Chan-Paton vector bundle over an unstable D-brane worldvolume, with structure group U(N). The tachyon field T is adjoint-valued, so it is a map T : X → u(N) into the Lie algebra of U(N). The Lie algebra is a contractible space, so T carries no topology. A map on X → u(N) cannot represent an element of K^∗(X), because it does not carry any topological information at all. The solution to this problem [4, 18] is to set N = ∞ and use infinitely many unstable D-branes. We then interpret the structure group U(∞) as the group U(H) of unitary operators on the separable Chan-Paton Hilbert space H = L^2(M, ξ) on which the open string zero modes act. Whether or not this makes sense physically, it can always be done mathematically. From a physical standpoint we may assume that we start with an infinite set of unstable D-branes and reduce it by tachyon condensation to a finite set representing a configuration of finite total energy.

Requiring that the system have finite energy and that the induced D-brane charge be finite is tantamount to assuming that 0 is not an accumulation point of the spectrum of the self-adjoint operator T . In other words, T̃ = T/ √ 11 + T^2 ∈ B(H) is a bounded linear operator on H such that T̃^2 − 11 ∈ K(H) [19], where K(H) is the elementary C^∗-algebra of compact operators on H. These conditions simply mean that the tachyon field is now a map

T : X −→ F(H) (3.1)

into the space F(H) of Fredholm operators on the Chan-Paton Hilbert space.

Carrying up this argument to brane-antibrane systems, the homotopy classes of maps (3.1) yield an epimorphism [ X , F(H) ] −→ K^∗(X) −→ 0 (3.2)

which is given by taking the index bundle whose fiber over a point x ∈ X is^2

Index(T )_x = ker T (x) ⊖ coker T (x) . (3.3)

Then [Index(T )] is the K-theory class of the D-brane Chan-Paton space. Note that in this case the Fredholm operator T can without loss of generality be taken to be a partial isometry [9], i.e. T T T = T , which is the basis of the representation of D-branes as noncommutative solitons in string field theory [20].

3.2. Tachyons are Classifying Maps

A somewhat more direct argument comes from minimizing the tachyon potential V (T ). The equations

dT = 0 , V^′(T ) = 0 (3.4)

are solved by T = ∑ n λ_n P_n , (3.5)

where P_n are orthogonal projection operators on H and V^′(λ_n) = 0. The basic shape of the tachyon potential is such that there are two stationary points [20]. A global minimum V (0) = 0 occurs at λ = 0 representing the closed string vacuum, and an extremum appears at λ = t_∗ with V (t_∗) giving the tension of the D-brane in the perturbative open string vacuum. Thus the only non-trivial solution is T = t_∗ P_n, where P_n is a projection operator of rank n.

2More precisely, there is an isomorphism [X, F(H)] → K^0(X). The analogous result for unstable D-branes yields an isomorphism [X, F^{skew}(H)] → K^{−1}(X), where F^{skew}(H) is the space of skew-adjoint Fredholm operators on H (or, more precisely, its component consisting of operators which are not essentially positive or negative). The analog of (3.3) for this latter map may be found in [4].

It follows that slowly-varying tachyonic field configurations on X are given by maps T : X −→ BU(n) (3.6) into the space BU(n) of rank n projectors on the Chan-Paton Hilbert space. But BU(n) is also the classifying space for complex vector bundles of rank n, so that

Vect_n(X) ∼= [ X , BU(n) ] . (3.7)

Thus homotopy classes of tachyons are directly related to K-theory.

3.3. D-Brane Charge Lives in K-Homology

When the charges of D-branes are defined by the behaviour of Ramond-Ramond fields, which are differential forms on X, K-theory is the appropriate contravariant cohomology theory to use [6]. A continuous map φ : X → X^′ induces a pull-back on K-theory, φ^∗ : K^∗(X^′) → K^∗(X). However, D-branes also represent supergravity solutions which are cycles in X corresponding to the worldvolumes of D-branes. They should therefore be properly classified by a homology theory [7]. K-homology carries information of both cycles in X and of gauge bundles over them, and it is naturally implied by Poincaré duality for spin^c manifolds M. As we shall discuss, D-brane charge is most naturally regarded as an element of K-homology, rather than K-theory, because:

• D-branes a priori carry stable vector bundles, rather than virtual bundles.

• K-homology transforms charges covariantly under maps φ : X → X^′ of the spacetime, i.e. if ϕ : M → X is a D-brane, then its push-forward M → φ_∗(M) ⊂ X^′ gives rise to a map φ_∗ : K_∗(X) → K_∗(X^′) on K-homology. This makes contact with the covariant, operational definition of D-branes as submanifolds M of the spacetime X.

• D-brane charge in the brane-antibrane constructions is determined in a very precise way from the K-theory group of the worldvolume normal bundle.

K-homology is the natural dual classification tool to K-theory. The index map provides a natural bilinear pairing

K^∗(X) × K_∗(X)^{index}−→ Z. (3.8)

Furthermore, the K-theory lift of the Poincaré duality relation H_∗(X, Z) ∼= H^{10−∗}(X, Z) yields

K_∗(X) ∼= K^{10−∗}(X) . (3.9)

The relationship (3.9) has a very natural physical interpretation. Its right-hand side represents the construction of D-branes from non-BPS D9-brane configurations, which classifies D-brane charge defined by Ramond-Ramond fields on X. The left-hand side of (3.9) represents the construction of D-branes from non-BPS D-instantons [21] and classifies the D-brane worldvolume embedded into the spacetime manifold X.

3.4. Tachyonic Configurations Live in Analytic K-Homology

Motivated by the arguments of the previous subsection, let us now turn the analysis of the beginning of this section around somewhat to show that tachyon fields naturally lead to the relationship between D-branes and K-homology. For simplicity and ease of notation, we will assume that the D-brane worldvolume M is of odd dimension and focus on the tachyon field T = T of a system of unstable branes. The corresponding result for brane-antibrane systems and M of even dimension is easily obtained by grading all of the structures which follow. The basic observation is that the tachyon field T (or more precisely its bounded extension T̃ ), along with the worldvolume embedding extension ϕ → Φ on the Chan-Paton Hilbert space H, can be assembled into a “Fredholm module” (H, Φ, T ) which is specified by the following pieces of data [19]:

• H is the separable Chan-Paton Hilbert space.

• Φ : C(M) → B(H) is a ∗-homomorphism. Here we have used Gel’fand duality to replace the manifold M by the C^∗-algebra C(M) of continuous complex-valued functions on M. This map is responsible for the representation of D-branes in terms of non-BPS D-instantons.

• T ∈ B(H) is a self-adjoint operator obeying the finite energy conditions T^2 − 11 ∈ K(H) and [T, Φ] ∈ K(H).

Then the analytic K-homology K_∗(M) = K^∗(C(M)) is the group of equivalence classes of Fredholm modules with respect to the equivalence relation ∼ generated by the following three relations:

• Gauge Symmetry : For any unitary operator U ∈ B(H, H^′),

(H , Φ , T ) ∼ (H^′ , U Φ U^{−1} , U T U^{−1}) . (3.10)

• Annihilation of Virtual Non − BPS D − Instantons by Tachyon Condensation :

Define a degenerate Fredholm module (H^′, Φ^′, T^′)_{deg} as one with a trivial tachyonic field configuration, i.e. T^{′2} − 11 = [T^′, Φ^′] = 0. Then for any degenerate Fredholm module,

(H , Φ , T ) ⊕ (H^′ , Φ^′ , T^′)_{deg} ∼ (H , Φ , T ) (3.11)

for all Fredholm modules (H, Φ, T ).

• Continuous Deformations of Tachyons : Any two Fredholm modules (H, Φ, T ) and (H^′, Φ^′, T^′) are equivalent if there is an operator homotopy H ∼ H^′, Φ ∼ Φ^′, and there exists a norm continuous path connecting T and T^′. This condition may be regarded as the statement of D-brane charge conservation in physical processes.

We further require that each equivalence class be unaffected by continuous deformations of H and Φ.

4. D-Branes and Topological K-Homology

In the previous section we arrived at the conclusion that D-brane charge, generated through tachyon condensation on non-BPS brane systems, is most naturally described within the framework of Fredholm modules and analytic K-homology. However, this approach, like other functional analytic approaches to K-homology [7]–[11], obscure the inherent geometry of D-branes. In this section we will accomplish two things. First, we will show that D-branes can be described directly in the language of Fredholm modules, without the need of resorting to their description in terms of tachyon fields on non-BPS configurations. Second, this formulation will immediately lead us into a more geometrical framework for analysing D-brane charges and their properties, which will turn out to be the natural physical arena.

4.1. D-Branes are Fredholm Modules

We will begin by demonstrating that every D-brane provides a Fredholm module over the algebra C(X) of functions on spacetime. Let ϕ : M → X be a closed, odd dimensional spin^c submanifold of the spacetime X, representing the brane worldvolume (Again the result for even dimensional M is easily obtained by introducing appropriate Z_2-gradings). M is equipped with a complex Chan-Paton vector bundle ξ → M with connection ∇, and it inherits a metric from X. From the spinor representation of the spin^c group, we can define a (twisted) spinor bundle Δ → M and the associated separable Hilbert space

H = L^2(M, Δ ⊗ ξ) (4.1)

of square-integrable spinors on M with values in ξ. Let D/_ξ be the usual twisted Dirac operator on Γ(M, Δ⊗ξ) with respect to the chosen connection on the bundle Δ⊗ξ. Then D/_ξ is an unbounded self-adjoint operator on the Hilbert space (4.1). Let us now define a representation Φ : C(X) → B(H) as pointwise multiplication on (4.1) by the function Φ(f) = f ∘ ϕ , ∀f ∈ C(X) . (4.2) This construction produces an (unbounded) Fredholm module (H, Φ, D/_ξ).

The Fredholm module just built defines an element of K-homology K_∗(X) which is independent of the choice of connection on Δ ⊗ ξ. Moreover, it can be shown that all classes in K_∗(X) can be obtained from this construction by using an appropriate D-brane (M, ϕ, ξ) [22]. By putting a suitable equivalence relation on the set of all such triples (M, ϕ, ξ), the classes in K_∗(X) are in a bijective correspondence with the corresponding equivalence classes [(M, ϕ, ξ)]. It is precisely this correspondence that now leads us into the geometrical formulation of D-brane charge.

4.2. D-Brane Charge Lives in Topological K-Homology

The fact, discussed in the previous section, that the natural setting in which D-brane charges emerge should be topological motivates the development of a geometric approach to K-homology. For this, consider the free abelian group generated by certain triples

k(X) = Span_Z (M , ϕ , x) | | | | | | M closed, spin^c ϕ : M −→ X x ∈ K^∗(M)

, (4.3)

where in each triple (M, ϕ, x) it is understood that the manifold M is equipped with a fixed spin^c structure on its tangent bundle T M. Each triple in k(X) will be refered to as a homology K-cycle, because they each naturally give rise to a K-homology class in X. The reason for this is very simple. Since M is spin^c, we can “cheat” by exploiting the fact that M satisfies Poincaré duality in K-theory. Thus the class x ∈ K^∗(M) has a Poincaré dual in the K-homology K_∗(M) of M, which under the push-forward ϕ_∗ : K_∗(M) → K_∗(X) can be mapped to a class in the K-homology of spacetime X. Thus there is a natural homomorphism k(X) → K_∗(X).

This is the geometric description of K-homology, which we shall refer to as topological K-homology to distinguish it from its functional analytic counterpart. It is clear then that any collection of D-branes with worldvolume ϕ : M → X and Chan-Paton bundle ξ naturally defines an element of the topological K-homology (M, ϕ, [ξ]) ∈ K_∗(X) of spacetime. The two main, natural physical properties of this description are [22]:

• Gauge Symmetry Enhancement for Coincident D − Branes : The disjoint union of two coincident D-brane triples gives ( M , ϕ , [ξ] ) ∐ ( M , ϕ , [ξ^′] ) ∼= ( M , ϕ , [ξ ⊕ ξ^′] ) . (4.4)

• D − Brane Charges : The Chern character in K-homology may be defined as the rational homology class ch(M, ϕ, x) = ϕ_∗ ( ch(x) ∪ ^A(M) ∩ [M] ) . (4.5)

The map k(X) → K_∗(X) is surjective, and its kernel is generated by two relations called “bordism” and “vector bundle modification”. These two equivalence relations required to quotient k(X) have very natural interpretations in stable D-brane physics [9, 11]. The bordism relation is straightforward to describe. It is depicted in fig. 2 and is essentially the requirement of D-brane charge conservation. Namely, two triples are equivalent,

(M , ϕ , x) ∼ (M^′ , ϕ^′ , x^′) , (4.6)

if there is a K-cycle (W, φ, y) which interpolates between the triples in the sense that ( ∂W , φ | | |_{∂W} , y | | |_{∂W} ) ∼= (M , ϕ , x) ∐ (−M^′ , ϕ^′ , x^′) . (4.7)

Here W is a spin^c manifold with boundary, y = [ξ] with ξ → W a complex vector bundle, φ : W → X is continuous, and −M^′ denotes the submanifold M^′ with the reversed spin^c structure. This relation represents “continuous” deformations of the D-brane worldvolume together with the Chan-Paton gauge bundle over it. The other relation is somewhat more involved and is described in the next subsection. It describes a well-known descent relation in D-brane physics which is due to the non-abelian nature of gauge bundles over multiple D-brane configurations.

Figure 2: D-brane charge conservation in topological K-homology is represented through bordism.

4.3. Vector Bundle Modification is the Dielectric Effect

Vector bundle modification is the relation that identifies the triples (M , ϕ , x) ∼ ( M̂ , ϕ ∘ ρ , [ξ̂] ⊗ ρ^∗(x) ) , (4.8)

where M̂^ρ→ M is a sphere bundle over M whose fiber S_p = ρ^{−1}(p), p ∈ M is a sphere of even dimension 2n, and ξ̂ → M̂ is a vector bundle over M̂ such that for all p ∈ M, [ξ̂]|_{Sp} is the generator of the reduced K-theory group K̃^∗(S_p) = Z. As we will now demonstrate, the relation (4.8) identifies a spherical D-brane, carrying a non-trivial gauge bundle, with a lower dimensional D-brane. It therefore represents the K-homology manifestation of the dielectric effect [9, 11, 17] that we mentioned in section 2.

Let ξ → M be a spin^c vector bundle of rank 2n, and define

M̂ = B (ξ)_+ ⋃ S(ξ) B (ξ)_− , (4.9)

where B (ξ)_± are two copies of the unit ball bundle of ξ whose boundary ∂B (ξ) = S(ξ) is the unit sphere bundle of ξ. The copies are glued together using the identity map on S(ξ), so that (4.9) is a sphere bundle over the original D-brane worldvolume M, with fiber of dimension 2n, which is also a spin^c manifold. The bundles B (ξ)_± are interpreted as the worldvolumes of D(2n+m)-branes and D(2n + m)-branes, where m = dim(M)−1. When glued together, M̂ becomes the worldvolume of a spherical D(2n + m)-brane wrapped on a 2n-dimensional sphere.

Since ξ has even rank, we can introduce the pull-backs Δ^±(ξ) of the associated chiral spinor bundles to ξ using the bundle projection ξ → M. We interpret Δ^±(ξ) as the Chan-Paton vector bundles on the D(2n + m)-branes and D(2n + m)-branes. The graded Chan-Paton bundle on this brane-antibrane system is therefore given by

ξ̂ = Δ^+(ξ) | | |_{B (ξ)+} ⋃ T |_{S(ξ)} Δ^−(ξ) | | |_{B (ξ)−} , (4.10)

where the gluing is done using the transition function T on S(ξ) defined by T (p, v) = 2n∑ l=1 v^l γ_l (4.11) with v a unit vector in the 2n-dimensional vector space which is the fiber of S(ξ) at p ∈ M, and γ_l are positive chirality SO(2n) gamma-matrices. We interpret (4.11) as the tachyon field created by open strings stretched between the D(2n+m)-branes and the D(2n + m)- branes. After tachyon condensation, the tachyonic configuration (4.11) thereby induces Dm-brane charge. It follows that the configuration (M̂ , ϕ ∘ ρ, [ξ̂] ⊗ ρ^∗(x)) should then be physically identified with the Dm-branes characterized by the K-cycle (M, ϕ, x).

5. B-Fields and Twisted K-Homology

All of our analysis thus far has been implicitly done in flat space. We now consider the generalizations of the previous results to curved string backgrounds. By the string equations of motion, this is tantamount to making a certain supergravity field, called the “B-field”, non-trivial. We will begin with a purely mathematical explanation of what a B-field is, and then show that its presence implies that D-brane charge should take values in a certain twisted version of K-theory. The development of twisted K-theory is currently at the very heart of recent activity in this field [2, 9],[23]–[28]. The main result of this section will be a new proposal [29], which we present here without proof, for twisted topological K-homology groups. With this proposal the physical characteristics of twisted K-theory groups become transparent, and it provides the basis for the geometrical characterization of D-branes in curved backgrounds.

5.1. B-Fields

A B-field may be defined geometrically as a gerbe with 1-connection [23]. Let us first define precisely what we mean by a gerbe [30] in a form that will be most useful in the following. Recall that integer cohomology groups form a hierarchy that may be used to topologically classify geometrical structures over the spacetime manifold X. For instance, H^1(X, Z) classifies functions on X → S^1, while H^2(X, Z) provides characteristic classes for complex line bundles over X. Gerbes yield geometric realizations for the degree three cohomology classes of H^3(X, Z).

For any group G, let G_X denote the corresponding constant sheaf over X of locally constant G-valued functions. Then the sheaf cohomology H^1(G_X ) ∼= H^1(X, G) ∼= [X, BG] classifies principal G-bundles over X. Let us look at some examples of this characterization which will be particularly important for the analysis which follows. Consider the exact sequence

0 −→ Z −→ C^{exp}−→ C^× −→ 0 . (5.1)

Since C_X is a soft sheaf over X, the corresponding long exact sequence in sheaf cohomology yields an isomorphism

H^∗(C^×_X )^∼−→ H^{∗+1}(Z_X ) ∼= H^{∗+1}(X, Z) . (5.2)

In particular, H^2(X, Z) ∼= H^1(C^×_X ) ∼= [X, BU(1)], as expected.

Next, if H is a separable Hilbert space, then there is an exact sequence 0 −→ U(1) −→ U(H) −→ P U(H) −→ 0 . (5.3)

By Kuiper’s theorem [31], the unitary group U(H) is contractible, and so it yields soft sheaves with no cohomology. Thus again we generate an isomorphism

H^1 ( P U(H)_X )_∼ −→ H^2(C^×_X ) ∼= H^3(X, Z) (5.4)

where we have in addition used (5.2). It follows that the third integer cohomology group

H^3(X, Z) ∼= [ X , BP U(H) ] (5.5)

classifies principal P U(H)-bundles over the spacetime X. For a given such bundle, the corresponding isomorphism class in H^3(X, Z) is known as the Dixmier-Douady class and it represents the gerbe theoretic analog of the first Chern class for line bundles.

As our final example, consider 0 −→ U(1) −→ Spin^c(n) −→ SO(n) −→ 0 . (5.6) Then the obstruction to lifting any principal SO(n)-bundle SO(n) → ξ → X to a spin^cbundle over X is a gerbe

[ξ] ∈ H^1 ( SO(n)_X ) −→ W_3(ξ) ∈ H^2(C^×_X ) ∼= H^3(X, Z) . (5.7)

The obstruction to a spin^c structure on the manifold X is the third Stiefel-Whitney class W_3(ξ) ∈ H^3(X, Z), which coincides with the Dixmier-Douady invariant of the bundlelifting gerbe.

Let us now introduce the notion of connections on gerbes. For this, we will use a local formulation in terms of bundle gerbes, which provide a concrete description of a gerbe H^2(C^×_X ) in the language of Čech-de Rham cohomology. Consider a good cover of the manifold X by open sets U_α with overlaps U_{αβ} = U_α ∩ U_β (fig. 3). Instead of defining transition functions on each overlap U_{αβ}, we introduce complex line bundles ℓ_{αβ} → U_{αβ} which satisfy the conditions

ℓ_{αβ} ⊗ ℓ_{βγ} = ℓ_{αγ} (5.8)

on triple overlaps U_α ∩ U_β ∩ U_γ . We define a 0-connection to be a connection ∇_{αβ} on each line bundle ℓ_{αβ} → U_{αβ}. A 1-connection is then defined to be a 2-form B_α on each U_α such that

B_α − B_β = (∇_{αβ})^2 (5.9)

on U_{αβ}. The connection must satisfy the local U(1) cocyle conditions

∇_{αβ} + ∇_{βγ} + ∇_{γα} = − i d ln(ζ_{αβγ}) (5.10)

on triple overlaps, where ζ_{αβγ} are U(1)-valued 0-forms obeying

ζ_{αβγ} ζ^{−1}_{βγλ} ζ_{αγλ} ζ^{−1}_{αβλ} = 1 (5.11)

on quadruple overlaps. The de Rham representative H = dB of the curvature of the B-field then gives rise to an integer cohomology class [H] ∈ H^3(X, Z) which coincides

Figure 3: A good covering of spacetime X by open sets U_α.

with the Dixmier-Douady class of the bundle gerbe (Of course [H] vanishes in de Rham cohomology H^3_{DR}(X)). Combining this with the description above in terms of P U(H)- bundles, we may alternatively view the B-field as a connection ∇ : A → A on the algebra A = C(X) ⊗ K(H), with Aut(K(H)) = P U(H) the group of projective unitary automorphisms of the Hilbert space H. The 0-connections in this setting are derivations on the endomorphism bundle of the given principal P U(H)-bundle.

5.2. D-Branes in B-Fields

To understand the effect of a non-trivial B-field background on the geometry of Dbranes, we will describe the Freed-Witten anomaly [15] which arises due to a sign ambiguity in the open string worldsheet functional integral. The result of integrating over worldsheet fermions in Γ(Σ, K^{1/2}_Σ ⊗ χ^∗(T X)) produces a determinant of the corresponding Dirac operator D/ which defines a section of the Pfaffian line bundle Pfaff. The pertinent terms are given in the product

Pfaff(D/ ) · Hol_Σ(B) · Hol_{∂Σ}(∇) . (5.12)

When ∂Σ ≠ ∅, the gerbe holonomy is not invariant under gauge transformations (5.9) and must be regarded as a section of a complex line bundle L_B with connection over the free loop space LM of the D-brane worldvolume M. The holonomy of the Chan-Paton gauge connection ∇ produces a trivialization of the twisted Pfaffian line bundle Pfaff ⊗ L_B over LM. In order for the functional integral to be globally well-defined, we must therefore require that the bundle Pfaff ⊗ L_B|_{LM} be topologically trivial.

To understand what this means, let us consider a family of open string worldsheets Σ_t, 0 ≤ t ≤ 1 ending on M, with Σ_0 = Σ_1 = Σ. Then, as t varies, the family ∂Σ_t sweeps out a 2-cycle C_2 ⊂ M. The holonomy of the fermion determinants around a circle S^1 is the sign factor [15] exp ( i π ⟨ w_2(M) , [C_2] ⟩) , (5.13)

where w_2(M) ∈ H^2(M, Z_2) is the second Stiefel-Whitney class which may be related to the third Stiefel-Whitney class introduced in the previous subsection as follows. Consider the exact sequence

0 −→ Z^{×2}−→ Z^r−→ Z_2 −→ 0 , (5.14) where the map r is reduction modulo 2. This induces a long exact sequence in cohomology

· · · −→ H^2(M, Z)^{r∗}−→ H^2(M, Z_2)^β−→ H^3(M, Z) −→ · · · , (5.15)

where the map β is called the Bockstein homomorphism. Then the image of the second Stiefel-Whitney class under the Bockstein map yields the desired class, W_3(M) = β(w_2(M)) ∈ H^3(M, Z). Note that since the spacetime X is oriented and spin, we further have W_3(M) = W_3(N_X M) [2].

A flat B-field has torsion characteristic class [H] which may be computed from the Bockstein map β : H^2(X, R/Z) → H^3(X, Z) [15]. The holonomy of this class around an S^1 yields the first Chern class of the line bundle L_B on the loop space LX. We therefore have ∮ ∂Σ ϕ^∗ ( [H] ) = c_1(L_B ) (5.16)

over LM. On the other hand, the Chern class of the Pfaffian line bundle over LM may be computed as

c_1(Pfaff) = β ∮ ∂Σ w_2(M) = ∮ ∂Σ W_3(M) . (5.17)

It follows that Pfaff ⊗ L_B is trivial over LM if ϕ^∗ ( [H] ) = W_3(M) . (5.18)

The main consequence of this condition is that the D-brane worldvolume ϕ : M → X is not necessarily a spin^c manifold anymore. In particular, it no longer obeys Poincaré duality. Note that in light of the discussion of the previous subsection, the requirement (5.18) is also very natural from a purely mathematical standpoint, as both sides of this equation represent gerbes over M. The loss of the spin^c structure requires a modification of the K-theory groups used to classify the D-brane charges.

Because of the condition (5.18), D-brane charge should now live in an appropriate twisted version of K-theory. Just as ordinary cohomology can be twisted by real line bundles (i.e. elements of H^2(X, Z_2)), so too can K-theory be twisted by gerbes (i.e. elements of H^3(X, Z)). The appropriate receptacle for D-brane charge is then the K-theory of spacetime X twisted by the characteristic class [H] ∈ H^3(X, Z) of the B-field [2]. A precise definition of this group has been given in [24] based on algebraic K-theory [19]. Instead of using the C^∗-algebra C(X) of functions on spacetime, one uses the ring of sections Γ(X, E_{[H]}), where E_{[H]} → X is the unique locally trivial P U(H)-bundle with Dixmier-Douady invariant [H]. Thus the twisted K-theory groups are defined as

K^∗ ( X , [H] ) = K_∗ ( Γ(X, E_{[H]}) ) . (5.19)

This group coincides with the K-theory of bundle gerbes obtained through the standard Grothendieck construction [27]. When [H] = 0, the infinite rank bundle E_{[H]=0} = X × K(H) is trivial and Γ(X, E_{[H]=0}) = C(X) ⊗ K(H). Then, by Morita equivalence, the

K-theory group (5.19) reduces to the usual one K^∗(X, [H] = 0) = K_∗(C(X) ⊗ K(H)) ∼= K^∗(X). When [H] ≠ 0 is a torsion class, the definition (5.19) reproduces the standard definition in terms of the K-theory of Azumaya algebras [2, 23] which leads to the standard brane constructions described in section 2.3. The situations in which [H] is a not a torsion class require, as in section 3.1, an infinite number of unstable D-branes in processes involving tachyon condensation [18].

5.3. D-Brane Charge Lives in Twisted K-Homology

The proposal (5.19) for the twisted K-theory groups fits in well with our current understanding of D-branes in curved spaces. However, it does not demonstrate very well the physical significance of the groups K^∗(X, [H]). A big quest at present in this field is therefore to provide a clear physical foundation to support the general claim that K^∗(X, [H]) is the correct D-brane charge group to use in the presence of topologically nontrivial B-field backgrounds. This problem has been addressed within different contexts in [26].

Following what we did in the previous sections, we can alternatively seek a clearer geometric picture of twisted K-theory. At the functional analytic level, this is relatively straightforward to do using twisted Fredholm modules [25]. The definition follows the same pattern as before, except that now the algebra C(X) is replaced with Γ(X, E_{[H]}) and one requires a ∗-homomorphism

Φ_{[H]} : Γ(X, E_{[H]}) −→ B(H) . (5.20)

The corresponding equivalence classes generate the analytic K-homology K_∗(X, [H]) of X twisted by the characteristic class [H] of the B-field.

At the geometric level, we propose to interpret K_∗(X, [H]) as the group spanned by certain triples [29]

k ( X , [H] ) = Span_Z (M , ϕ , x) | | | | | | | |

M closed, oriented ϕ : M −→ X ϕ^∗ ( [H] ) = W_3(M)

x ∈ K^∗(M)

. (5.21)

Note that this definition differs from (4.3) in the weakening of the spin^c condition, appropriate to a topologically trivial background, to an orientability requirement (w_1(M) = 0) and the incorporation of the anomaly cancellation constraint (5.18). It is clear that any Dbrane in a topologically non-trivial B-field defines an element of the abelian group (5.21), and also of the twisted K-homology as defined above. The definition (5.21) is then the working proposal for twisted topological K-homology. The key point which should make this the correct definition is as follows. The idea is based on the fact that a vector bundle is orientable with respect to complex K-theory if and only if it has a spin^c structure. This implies that the degree three Stiefel-Whitney class W_3 acts as an “orientation gerbe” for K-theory, so that for any space, K-theory twisted by W_3 should give a version of Poincaré duality appropriate to this setting. Then the K-theory class x ∈ K^∗(M) has a dual in K_∗(M, W_3(M)). The condition (5.18) then ensures that this will push-forward to a class in the twisted K-homology K_∗(X, [H]) of spacetime X. The proof that this is really the case should follow a method analogous to that in the previous section,^3 and at the same time this will presumably shed light on some physical properties of D-branes on curved manifolds. In particular, using the recent construction [27] of the Chern character ch_{[H]} in twisted K-theory, one should now be able to rigorously derive a twisted version of the D-brane charge formula (2.9).

Acknowledgments

The author is grateful to R. Minasian, P. Seidel, P. Turner, A. Wassermann and S. Willerton for interesting discussions and remarks, and to K. Hori and P. Turner for helpful comments on the manuscript. This work was supported in part by an Advanced Fellowship from the Particle Physics and Astronomy Research Council (U.K.).

References

[1] R. Minasian and G. Moore, J. High Energy Phys. 9711 (1997) 002 [hep-th/9710230].

[2] E. Witten, J. High Energy Phys. 9812 (1998) 019 [hep-th/9810188].

[3] P. Hořava, Adv. Theor. Math. Phys. 2 (1998) 1373 [hep-th/9812135].

[4] K. Hori, Adv. Theor. Math. Phys. 3 (1999) 281 [hep-th/9902102].

[5] K. Olsen and R.J. Szabo, Adv. Theor. Math. Phys. 3 (1999) 889 [hep-th/9907140].

[6] G. Moore and E. Witten, J. High Energy Phys. 0005 (2000) 032 [hep-th/9912279];

D.S. Freed and M.J. Hopkins, J. High Energy Phys. 0005 (2000) 044 [hep-th/0002027].

[7] V. Periwal, J. High Energy Phys. 0007 (2000) 041 [hep-th/0006223].

[8] Y. Matsuo, Phys. Lett. B499 (2001) 223 [hep-th/0009002].

[9] J.A. Harvey and G. Moore, J. Math. Phys. 42 (2001) 2765 [hep-th/0009030].

[10] R.J. Szabo, J. Geom. Phys. 43 (2002) 241 [hep-th/0108043].

[11] T. Asakawa, S. Sugimoto and S. Terashima, J. High Energy Phys. 0203 (2002) 034 [hep-th/0108085].

[12] D. Quillen, Topology 24 (1985) 89.

[13] P. Kraus and F. Larsen, Phys. Rev. D63 (2001) [hep-th/0012198]; J.H. Schwarz and E. Witten, J. High Energy Phys. 0103 (2001) 032 [hep-th/0103099].

[14] C. Kennedy and A. Wilkins, Phys. Lett. B464 (1999) 206 [hep-th/9905195];

T. Takayanagi, S. Terashima and T. Uesugi, J. High Energy Phys. 0103 (2001) 019 [hep-th/0012210]; M. Alishahiha, H. Ita and Y. Oz, Phys. Lett. B503 (2001) 181 [hep-th/0012222].

3There is a slight caveat though. Setting [H] = 0 does not quite reduce (5.21) to its untwisted version (4.3), because in the latter case we also require each worldvolume M to carry a specific, fixed choice of spin^c-structure. Presumably this problem can be solved by placing appropriate quotient conditions on (5.21).

[15] D.S. Freed and E. Witten, Asian J. Math. 3 (1999) 819 [hep-th/9907189]. [16] E.T. Akhmedov, A.A. Gerasimov and S.L. Shatashvili, J. High Energy Phys. 0107 (2001) 040 [hep-th/0105228].

[17] R.C. Myers, J. High Energy Phys. 9912 (1999) 022 [hep-th/9910053]; S.F. Hassan and R. Minasian, [hep-th/0008149].

[18] E. Witten, Int. J. Mod. Phys. A16 (2001) 693 [hep-th/0007175]. [19] N.E. Wegge-Olsen, K-Theory and C^∗-Algebras (Oxford University Press, 1993);

J. Rosenberg, Algebraic K-Theory and its Applications (Springer-Verlag, 1994). [20] J.A. Harvey, P. Kraus, F. Larsen and E.J. Martinec, J. High Energy Phys. 0007 (2000) 042 [hep-th/0005031].

[21] S. Terashima, J. High Energy Phys. 0105 (2001) 059 [hep-th/0101087]. [22] P. Baum and R.G. Douglas, Contemp. Math. 10 (1982) 1; M. Jakob, Manuscripta Math. 96 (1998) 67.

[23] A. Kapustin, Adv. Theor. Math. Phys. 4 (2000) 127 [hep-th/9909089]. [24] P. Bouwknegt and V. Mathai, J. High Energy Phys. 0003 (2000) 007 [hep-th/0002023].

[25] V. Mathai and I.M. Singer, [hep-th/0012046].

[26] S. Fredenhagen and V. Schomerus, J. High Energy Phys. 0104 (2001) 007 [hep-th/0012164]; J.M. Maldacena, G. Moore and N. Seiberg, J. High Energy Phys. 0111 (2001) 062 [hep-th/0108100]; J.M. Isidro, J. Geom. Phys. 42 (2002) 325 [hep-th/0111151].

[27] P. Bouwknegt, A.L. Carey, V. Mathai, M.K. Murray and D. Stevenson, Commun.

Math. Phys. 228 (2002) 17 [hep-th/0106194].

[28] D.S. Freed, Turkish J. Math. 25 (2001) 159 [math.RT/0101038]; [math.AT/0206237];

D.S. Freed, M.J. Hopkins and C. Teleman, [math.AT/0206257]. [29] R.J. Szabo, P.R. Turner and S. Willerton, unpublished.

[30] J.-L. Brylinski, Loop Spaces, Characteristic Classes and Geometric Quantization (Birkhäuser, Boston, 1993).

[31] N.H. Kuiper, Topology 3 (1965) 19.