arXiv:hep-th/0209240 v4 17 Dec 2002

EPHOU-02-006
hep-th/0209240
September 2002

A New Noncommutative Product on the Fuzzy Two-Sphere Corresponding to the Unitary Representation of SU(2) and the Seiberg-Witten Map

K. Hayasaka^∗, R. Nakayama^† and Y. Takaya^‡

Division of Physics, Graduate School of Science, Hokkaido University, Sapporo 060-0810, Japan

Abstract

We obtain a new explicit expression for the noncommutative (star) product on the fuzzy two-sphere which yields a unitary representation. This is done by constructing a star product, ⋆λ , for an arbitrary representation of SU(2) which depends on a continuous parameter λ and searching for the values of λ which give unitary representations. We will find two series of values: λ = λ^{(A)}_j = 1/(2j) and λ = λ^{(B)}_j = −1/(2j +2), where j is the spin of the representation of SU(2). At λ = λ^{(A)}_j the new star product ⋆λ has poles. To avoid the singularity the functions on the sphere must be spherical harmonics of order ℓ ≤ 2j and then ⋆λ reduces to the star product ⋆ obtained by Pres̆najder[10]. The star product at λ = λ^{(B)}_j , to be denoted by •, is new. In this case the functions on the fuzzy sphere do not need to be spherical harmonics of order ℓ ≤ 2j. The star product ⋆λ has no singularity for negative values of λ and we can move from one representation λ = λ^{(B)}_j to another λ = λ^{(B)}_{j′} smoothly on the negative λ line. Because in this case there is no cutoff on the order of spherical harmonics, the degrees of freedom of the gauge fields on the fuzzy sphere coincide with those on the commutative sphere. Therefore, although the field theory on the fuzzy sphere is a system with finite degrees of freedom, we can expect the existence of the Seiberg-Witten map between the noncommutative and commutative descriptions of the gauge theory on the sphere. We will derive the first few terms of the Seiberg-Witten map for the U(1) gauge theory on the fuzzy sphere by using power expansion around the commutative point λ = 0.

∗hayasaka@particle.sci.hokudai.ac.jp † nakayama@particle.sci.hokudai.ac.jp ‡ yuki@particle.sci.hokudai.ac.jp

1 Introduction

The fuzzy sphere is a 2d surface on which the coordinates are represented by operators x̂^a (a = 1, 2, 3) that satisfy a condition

(x̂^a)^2 = R^21 (1)

as well as a commutation relation

[x̂^a, x̂^b] = 2iλ ϵ_{abc} x̂^c, (2)

where λ is a constant parameter, 1 an identity operator and R the radius of the sphere.[1] Because (2) is the su(2) algebra, for a unitary representation j (2j = 0, 1, 2, . . .), x̂^a is represented by a hermitian (2j + 1) × (2j + 1) matrix. The (2j + 1)^2 components of this matrix can be decomposed into 2j + 1 irreducible representations of SU (2) with angular momentum ℓ = 0, 1, . . ., 2j. These representations are called spherical harmonics on the fuzzy sphere Ŷ_{ℓm} and are (2j + 1) × (2j + 1) matrices. Therefore the algebra of the spherical harmonics on the fuzzy sphere is noncommutative. Furthermore in representation j the product of Ŷ_{ℓm} and Ŷ_ℓ′_m′ (ℓ, ℓ^′ = 0, 1, . . ., 2j) are expanded in a linear combination of Ŷ_ℓ′′_m′′ with ℓ^{′′} = 0, 1, . . ., min(ℓ + ℓ^′, 2j). Ŷ_{ℓm}Ŷ_{ℓ′m′} = ∑ ℓ^{′′}m^{′′} ,(ℓ^{′′}≤min(ℓ+ℓ^′,2j)) C^{ℓ′′m′′} ℓm,ℓ^′m^′ Ŷℓ^{′′}m^{′′} (3) Therefore in contrast to the ordinary spherical harmonics Y_{ℓm} there is a truncation of the angular momentum.

Field theories on a fuzzy sphere have been studied by many people. [1][2][3][4][5][6] In [5] a gauge theory was constructed in the context of a spherical D2-brane in SU (2) WZW model. The dynamical degrees of freedom are finite-size matrices. In the case of a flat space and infinite matrices the algebra of matrices can be realized by that of functions. The multiplication rule of the matrices are realized in the algebra of functions by the Moyal product.[7] For finite matrices on the fuzzy sphere the corresponding noncommutative (star) product was considered in [2][8][9][10][12][14][15][16]. In [10] an explicit formula for the star product on fuzzy sphere was constructed using the coherent state method[11]. f ⋆ g = f g + 2j∑ m=1 (2j − m)! m!(2j)! J^{a1b1} J^{a2b2} · · · J^{ambm} ∂_{a1} · · · ∂_{am} f ∂_{b1} · · · ∂_{bm} g. (4) Here J^{ab} = x^2δ^{ab} − x^ax^b + ixϵ_{abc}x^c and x ≡ √ (x^a)^2. The summation stops at m = 2j and f, g must be polynomials, i.e. spherical harmonics Y_{ℓm} of order ℓ ≤ 2j. Extension to the fuzzy complex projective space CP^{N−1} was performed in [17]. There is also a star product in the integral form. In [12] by performing the stereographic projection of the sphere on to the plane and using generalized coherent states on the complex plane[13] another star product in the integral form was constructed. In [18] this product was also derived from the matrix model of [5].

In this paper we will derive the following expression for the star product on the fuzzy sphere.(sec.2) f ⋆_λ g = f g + ∞∑ m=1 C_m(λ) J^{a1 b1} J^{a2 b2} · · · J^{ambm} ∂_{a1} · · · ∂_{am} f ∂_{b1} · · · ∂_{bm} g. (5) Here C_m(λ) =^{λm}

m!(1−λ)(1−2λ)···(1−(m−1)λ) . Note that the summation extends to m = ∞.

This product corresponds to an arbitrary representation of SU (2) including non-unitary ones. λ is a parameter introduced in (2) and this product gives the realization of (2). We will show the associativity of this product (5). For application to the field theories on the fuzzy two-sphere the values of λ must be selected by the condition of unitary representation. We will show that there exist two values of λ for a single unitary representation j of SU (2), λ^{(A)}_j = 1/(2j) and λ^{(B)}_j = −1/(2j + 2).(sec.3) For λ = λ^{(A)}_j the product (5) reduces to (4). The coefficient C_m(λ^{(A)}_j ) = (2j − m)!/m!(2j)! is singular for m ≥ 2j + 1. To truncate the summation the functions on the fuzzy sphere must be polynomials of order 2j, i.e. f(x) = ∑_{2j} ℓ=0 ∑_ℓ m=−ℓ aℓmx ℓY_{ℓm}. The algebra of the spherical harmonics Y_{ℓm} (ℓ ≤ 2j) with the noncommutative product (4) coincides with that of the spherical harmonics on the fuzzy sphere Ŷ_{ℓm}.

The product (5) for λ = λ^{(B)}_j , which we will denote by •, is new and has interesting properties. The coefficient C_m(λ^{(B)}_j ) = (−1)^m(2j + 1)!/m!(2j + 1 + m)! is not singular and there is no restriction on the angular momentum of the functions, i.e. f(x) = ∑_∞ ℓ=0 ∑_ℓ m=−ℓ aℓmx ℓY_{ℓm}. Furthermore, contrary to the case of the product (4) the spherical harmonics Y_{ℓm} with the product • do not realize the algebra of Ŷ_{ℓm} explicitly! Especially, a product of polynomials of orders ℓ and ℓ^′ yields a polynomial of order ℓ + ℓ^′. It turns out, however, that the integral of the star product of Y_{ℓm}, Y^∗_ℓ′_m′ corresponds to the trace of the product of Ŷ_{ℓm}, Ŷ^†_ℓ′_m′ and the integral vanishes for ℓ ≠ ℓ^′ or ℓ = ℓ^′ > 2j. Therefore just the combination of the star product and the integration gives a realization of the fuzzy sphere algebra.

For noncommutative theories in the flat space, the Seiberg-Witten map [19] between noncommutative and commutative descriptions has been investigated.[21][22] The Seiberg- Witten map is a transformation from the gauge fields in the commutative description to those in the noncommutative description in such a way that two field configurations in the gauge equivalence class in one description are mapped on to the two field configurations in the gauge equivalence class in the other description. A crucial problem in the study of the Seiberg- Witten map for theories on the fuzzy sphere is that while the angular momentum of the gauge fields in the noncommutative description is at most ℓ = 2j, that in the commutative description is arbitrary. Therefore it is difficult to establish a map from the commutative gauge fields to the noncommutative gauge fields. Furthermore the order of the polynomials will change when we move from λ = λ^{(A)}_j to λ = 0 along the positive λ line. However, if we use the star product with λ = λ^{(B)}_j , then the order of spherical harmonics on the fuzzy sphere are not restricted and we can consider a map to commutative gauge fields, although the theory in the noncommutative description has only finite degrees of freedom. The star product (5) has poles on the positive λ line and interpolation between λ = λ^{(A)}_j and λ = 0 along the positive λ line is not possible. On the contrary there is no singularity on the negative line and the interpolation from λ = 0 to λ = λ^{(B)}_j will make sense. In this sense the second series of unitary representations λ^{(B)}_j seems preferable for the study of the Seiberg-Witten map. In sec.4 we will derive the first two nontrivial orders O(λ^n) (n = 1, 2) of the Seiberg-Witten map by using power expansion around λ = 0. We will give a brief summary in sec.5.

2 Star Product for Arbitrary Representations

In [10] the star product (4) on the fuzzy two-sphere was obtained. This product corresponds to the spin j representation of SU (2). The star product (5) can be formally derived by rewriting the factorials in (4) by gamma functions and replacing 2j inside the gamma functions by 1/λ.^1 However, additionally, the upper limit of summation, 2j, must be replaced by ∞. Therefore the associativity of (5) is not a priori guaranteed. We will examine this problem in this section. This product corresponds to arbitrary representations of SU (2), including non-unitary ones. In the next section we will select the values of λ for unitary representations and find a new star product •.

Instead of beginning with (5) we will assume the following form for the star product ⋆_λ. f(x) ⋆_λ g(x) = f(x)g(x) + λJ^{ab}∂_af(x) ∂_bg(x) + ∞∑ n=2 λ^n n∑ m=2 χ^{(n)}_{m,m}J^{a1b1} J^{a2b2} · · · J^{am bm} ∂_{a1} · · · ∂_{am} f ∂_{b1} · · · ∂_{bm} g, (6) where χ^{(n)}_{m,m} (2 ≤ m ≤ n) is a constant and will be determined by the requirement of the associativity. Here λ was introduced in (2) and works as an expansion parameter. We can

1 Replacement of N = 2j by 1/ϵ = 1/λ and power expansion of (4) around ϵ = 0 was suggested in [10]. It was, however, concluded that only the product (4) gives a unitary representation. The upper limit of summation was not specified explicitly and there was no proof of the associativity for an arbitrary value of λ.

easily show that this product realizes the algebra (2). J^{ab} is a function defined by J^{ab}(x) = x^2δ_{ab} − x^ax^b + ixϵ_{abc}x^c, (7) where ϵ_{abc} is a completely anti-symmetric unit tensor (ϵ_{123} = +1), and is a projector (J^{ab}J^{bc} = 2x^2J^{ac}).

First of all we note the following identities of J^{ab}. 1. x^a J^{ab} = x^b J^{ab} = 0 (8) 2. J^{ab} J^{ac} = J^{ba} J^{ca} = 0 (9) 3. J^{ab} ∂_aJ^{cd} = J^{ca} ∂_aJ^{db} (10) 4. J^{ba} J^{dc} ∂_a∂_cJ^{fe} = −J^{bf} J^{de} − J^{be} J^{df} (11) 5. J^{a1b1} J^{a2b2} · · · J^{anbn} ∂_{b1} ∂_{b2} · · · ∂_{bn} J^{cd} = 0 (n ≥ 3) (12)

Identities 1,..5 follow directly from the definition (7).

Identities 1,2 guarantee that x is a constant with respect to the ⋆_λ product: i.e. for any functions f(x) of x and g(x^a) we obtain

f(x) ⋆_λ g(x^a) = g(x^a) ⋆_λ f(x) = f(x) g(x^a). (13)

For example J^{ab}∂_af(x)∂_bg = J^{ab} x^a x f^′(x)∂_bg = 0, (14) J^{ab}J^{cd}∂_a∂_cf(x)∂_b∂_dg = J^{ab}J^{cd}{δ_{ac}f^′(x)/x + (x^ax^c/x) (f^′(x)/x)^′}∂_b∂_dg = 0, (15) where f^′(x) ≡ df(x)/dx. This is a necessary condition because ⋆_λ is the product on the sphere.

Let us check the associativity of (6). To the 1st order both (f ⋆_λ g) ⋆_λ h and f ⋆_λ (g ⋆_λ h) are given by

f g h + λ J^{ab} (∂_af ∂_bg h + ∂_af g ∂_bh + f ∂_ag ∂_bh) + O(λ^2) (16) and ⋆_λ is associative to this order. To the next order one can show that the difference (f ⋆_λ g) ⋆_λ h − f ⋆_λ (g ⋆_λ h) is given by

λ^2 (J^{ab} ∂_aJ^{cd} − J^{ca} ∂_aJ^{db}) ∂_cf ∂_dg ∂_bh +λ^2 (1 − 2χ^{(2)}_{2,2})J^{ac}J^{bd}(∂_a∂_bf∂_cg∂_dh − ∂_af∂_bg∂_c∂_dh). (17)

The 1st term vanishes due to identity 3 and the other term vanishes if the condition

2χ^{(2)}_{2,2} − 1 = 0 (18)

is satisfied.

To the next order we can show by using identity 4 that the associativity imposes the conditions 3χ^{(3)}_{3,3} − χ^{(2)}_{2,2} = 0, 2χ^{(3)}_{2,2} − 2χ^{(2)}_{2,2} = 0. (19) Therefore we have χ^{(2)}_{2,2} = 1 2 , χ^{(3)}_{3,3} = 1 6 , χ^{(3)}_{2,2} = 1 2 . (20) We can work out a similar analysis to higher orders. Study of a few more higher orders shows that the condition of the associativity leads to the recursion relation m χ^{(n)}_{m,m} − m(m − 1) χ^{(n−1)}_{m,m} − χ^{(n−1)}_{m−1,m−1} = 0, χ^{(n)}_{n,n} = 1 n! . (21)

Here identities 1-5 must be used. The solution to (21) is not difficult to obtain. χ^{(n)}_{m,m} = 1 m! ∑ {P } (m − 1)^{P1} (m − 2)^{P2} · · · 2^{Pm−2} 1^{Pm−1} , (22)

where P_i is the partition of n − m into m − 1 nonnegative integers. First few examples of χ can be explicitly written as

χ^{(n)}_{2,2} = 1 2 , χ^{(n)}_{3,3} = 1 6 (2^{n−2} − 1), χ^{(n)}_{4,4} = 1 48 (3^{n−2} − 2^{n−1} + 1). (23)

Now the summation over n in (6) can be performed. For C_m(λ) ≡ ∞∑ n=m λ^n χ^{(n)}_{m,m} (24)

we immediately obtain

C_2(λ) = λ^2 2!(1 − λ)

, C_3(λ) = λ^3 3!(1 − λ)(1 − 2λ)

, C_4(λ) = λ^4 4!(1 − λ)(1 − 2λ)(1 − 3λ) (25) and generally, we get a formula

C_m(λ) = λ^m m!(1 − λ)(1 − 2λ) · · · (1 − (m − 1)λ)

. (26)

We also define C_1(λ) ≡ λ.

In summary we get the associative product ⋆_λ on the fuzzy two-sphere for arbitrary representation including non-unitary ones. f ⋆_λ g = f g + ∞∑ m=1 C_m(λ) J^{a1 b1} J^{a2 b2} · · · J^{ambm} ∂_{a1} · · · ∂_{am} f ∂_{b1} · · · ∂_{bm} g. (27) The coefficient C_m(λ) has poles at λ = 1, 1/2, . . ., 1/(m − 1) and we must restrict the functional space when we set λ to these values.

It is possible to show that with the integration on the sphere this star product satisfies the typical property of the trace of matrices. ∫ dΩ f ⋆_λ g = ∫ dΩ g ⋆_λ f (28)

where dΩ is the standard measure on the unit sphere. In the polar coordinate system it is given by dΩ = sin θdθdφ. Therefore ∫ dΩ plays the role of the trace.

3 Unitary representation of the Fuzzy Sphere Algebra and New Product •

For application to field theory on the fuzzy two-sphere we must pick up unitary representations. We will determine the allowed values of λ. From the product (27) we can derive the fuzzy sphere algebra.

[x^a, x^b]_{⋆λ} ≡ x^a ⋆_λ x^b − x^b ⋆_λ x^a = 2iλxϵ_{abc} x^c (29)

The normalized variable y^a ≡ x^a/(2λx) satisfies the standard su(2) algebra

[y^a, y^b]_{⋆λ} = iϵ_{abc} y^c (30)

and for unitary representations Casimir operator y^a ⋆ y^a must take discrete values j(j + 1), (2j = 0, 1, 2, 3, . . .). By using (27) we get

R^2 = x^a ⋆_λ x^a = (x^a)^2 + λ(x^2δ_{aa} − (x^a)^2) = (1 + 2λ)x^2 (31)

and then we obtain y^a ⋆_λ y^a = (1 + 2λ)/(2λ)^2 = j(j + 1). (32) This equation has two series of solutions. (A) λ = λ^{(A)}_j = 1 2j (2j = 1, 2, . . .), (33)

(B) λ = λ^{(B)}_j = − 1 2j + 2

(2j = 1, 2, . . .) (34)

Let us first consider the case (A). The coefficient is given by C_m ( 1 2j ) = (2j − m)! m!(2j)!

(35)

When m ≥ 2j, this coefficient is infinite. Therefore the functions f(x), g(x) must be polynomials of order at most 2j. This restriction corresponds to the size (2j + 1) × (2j + 1) of the matrices in the spin j representation. The summation must now be restricted to 0 ≤ m ≤ 2j. The product (27) with this coefficient agrees with the product (4) obtained in [10]. If we do not restrict the order of f(x), g(x), the product (4) does not satisfy the associativity. The product reduces to the commutative one in the j → ∞ limit, where the matrix size becomes infinite.

Let us turn to the case (B). The coefficient C_m ( − 1 2j + 2 ) = (−1)^m 1 m! (2j + 1)!

(2j + 1 + m)!

(36)

does not diverge for any m and there is no restriction on the functions f, g on the fuzzy sphere. We will denote the corresponding product by •. f • g = f g + ∞∑ m=1 (−1)^m 1 m! (2j + 1)!

(2j + 1 + m)! J^{a1b1} J^{a2b2} · · · J^{am bm} ∂_{a1} · · · ∂_{am} f ∂_{b1} · · · ∂_{bm} g. (37) This also reduces to the ordinary commutative product for j → ∞.

Let us investigate the case j = 1/2 in detail. For the product (4) with λ = λ^{(A)}_{1/2}, functions must be a linear combination of 1 and x^a and we get the multiplication rule x^a ⋆ x^b = x^2δ_{ab} + ixϵ_{abc}x^c, 1 ⋆ x^a = x^a ⋆ 1 = x^a. (38)

This is the algebra of the Pauli matrices σ_a and the 2 by 2 unit matrix I_2. x^ax^b does not appear on the RHS of x^a ⋆ x^b and the angular momentum is truncated. For the product (37) we get

x^a • x^b = 4 3 (x^ax^b − 1 3 x^2δ_{ab}) + 1 9 x^2δ_{ab} − i 3 xϵ_{abc}x^c, x^a • x^b • x^c = 20 9 x^ax^bx^c + · · · − i 27 x^3ϵ_{abc}. (39)

Therefore the algebra of (Pauli) matrices is not realized. When we integrate these products over the sphere, however, we obtain ∫ dΩ x^a • x^b = 4π 9 x^2δ_{ab}, ∫ dΩ x^a • x^b • x^c = − 4πi 27 x^3ϵ_{abc}. (40)

These correspond to T rσ_aσ_b, T rσ_aσ_bσ_c. Therefore the combination of the star product and the integration realizes the matrix multiplication rule.

We also note that for the ℓ = 2 spherical harmonics, f(x) = α_{ab}x^ax^b, g(x) = β_{ab}x^ax^b (α_{ab} and β_{ab} are symmetric, traceless constant tensors), we obtain ∫ dΩ(α_{ab}x^ax^b) ⋆_λ (β_{cd}x^cx^d) = 8π 15 (1 + 2λ)(1 + 3λ) 1 − λ x^4α_{ab}β_{ab}. (41)

For j ≥ 1 and −1/4 ≤ λ < 0 this does not vanish. However, when j = 1/2 and λ = −1/3, this integral vanishes. As this example shows the space of functions is actually finite dimensional.

In the case (B) the angular momentum is not cut off at some finite value and the relation of the algebra of functions to that of Ŷ_{ℓm} is not clear. Only after integration the relation of the algebra of functions to that of matrices is manifest. However, this product does realize the fuzzy sphere algebra. It is known that a star product is not unique. Given a star product ⋆ and a differential operator D̂, a new product defined by f~⋆g ≡ D̂^{−1} ( (D̂f) ⋆ (D̂g) ) (42)

gives another star product. Clearly, the relation between ⋆ and • is not of this type. We need more understanding of the relation between ⋆ and •.

4 Seiberg-Witten Map on the Fuzzy Sphere

In this section we will construct the Seiberg-Witten map[19] for the gauge theory on the two-sphere by using perturbation theory in λ up to order O(λ^2). After expansion we will set λ = λ^{(B)}_j . So we will use • for the star product in what follows. We will consider only the U (1) gauge theory for simplicity.

On the fuzzy sphere the gauge transformation is defined [5] by

δÂ_a = −iL_aΛ̂ − i[Â_a, Λ̂]_•. (43)

Here L_a is the angular momentum operator L_a = −iϵ_{abc}x^b∂_c and satisfies the relation [L_a, L_b] = iϵ_{abc}L_c. The strength of the gauge field is defined [5] by

F̂_{ab} = −iL_aÂ_b + iL_bÂ_a − i[Â_a, Â_b]_• − ϵ_{abc}Â_c (44)

and transforms under (43) by the formula δF̂_{ab} = i[F̂_{ab}, Λ̂]_•.

In commutative gauge theory the gauge field A_a transforms as δA_a = −iL_aΛ and a field strength F_{ab} = −iL_aA_b + iL_bA_a − ϵ_{abc}A_c (45) is invariant.

We will use the cohomological approach to the Seiberg-Witten map.[20][21] We introduce the ghost field C and Ĉ. In the commutative description the BRST transformation is defined by sC = iC^2 = 0, sA_a = −iL_aC, (46) where s is the BRST operator. Analogously, in the noncommutative description we have sĈ = iĈ • Ĉ, sÂ_a = −iL_aĈ + i[Ĉ, Â_a]_•. (47) We will expand Ĉ and Â_a in formal power series in λ whose coefficients are local polynomials in C and A_a.

Ĉ = C + λC^{(1)} + λ^2C^{(2)} + · · · , Â_a = A_a + λA^{(2)}_a + λ^2A^{(3)}_a + · · · (48) The fields Ĉ, Â_a reduce to C, A_a at λ = 0. We will substitute the expansion (48) into (47) and obtain eqs for C^{(i)}, A^{(i)}. We get sC^{(1)} = −iϵ^{abc}xx^c∂_aC∂_bC, sA^{(2)}_a = −iL_aC^{(1)} − 2ϵ_{bcd}xx^d∂_bC∂_cA_a, sC^{(2)} = −2ϵ_{abc}xx^c∂_aC∂_bC^{(1)} − ϵ_{abc}xx^c(x^2δ_{de} − x^dx^e)∂_a∂_dC∂_b∂_eC, sA^{(3)}_a = −iL_aC^{(2)} − 2ϵ_{bcd}xx^d(∂_bC∂_cA^{(2)}_a + ∂_bC^{(1)}∂_cA_a)

+2x(x^2δ_{bc} − x^bx^c)ϵ_{def} x^f ∂_b∂_dA_a∂_c∂_eC. (49) The solution to the 1st eq of (49) is given by C^{(1)} = i x ϵ^{abc}x^aA_bL_cC. (50) Similarly A^{(2)}_a , C^{(2)}, A^{(3)}_a can be obtained. Only the results are presented here.

C^{(2)} = − i x^2 ϵ_{abc}x^bx^dA_cA_dL_aC − i x^2 ϵ_{abc}ϵ_{def} x^bx^dA_cF_{ae}L_f C − 1 x^2 ϵ_{abc}ϵ_{def} x^bx^dA_cA_eL_f L_aC + i x L_aA_dϵ_{abc}x^bL_cL_dC + i x A_aϵ_{abc}x^bL_cC, A^{(2)}_a = 1 x ϵ_{bcd}x^cA_d(iL_bA_a + F_{ab}), A^{(3)}_a = L_a ( 1 x^2 x^cA_c(x^dA_dL_bA_b + iA_bF_{bd}x^d) + 1 x x^cA_cL_bA_b − 1 x ϵ_{bcd}F_{be}x^cL_dA_e )

−3F_{ab}F_{bc}A_c + A_cA_dL_cL_dA_a − A_cA_c(L_bL_bA_a − iL_bF_{ab}) −2iF_{ab}A_bL_cA_c + 2iF_{ab}A_cL_cA_b − iA_bL_bF_{ac}A_c − iL_bA_aF_{bc}A_c + i x ϵ_{bcd}x^bL_cL_eA_aL_eA_d − 1 x L_eF_{ab}ϵ_{bcd}x^cL_dA_e (51)

In this way one can compute the Seiberg-Witten map for the gauge theory on the two-sphere order by order in perturbation theory in powers of λ ( = λ^{(B)}_j ).

5 Summary

In this paper the star product ⋆_λ for the field theories on the fuzzy sphere corresponding to an arbitrary representation of SU (2) including non-unitary representation is constructed and the associativity of this product is proved. By imposing the condition of unitary representation we obtained a new noncommutative product • for λ = λ^{(B)}_j . This new product has a novel feature that the product of spherical harmonics with the product • does not realize the multiplication rule of the matrices, i.e. spherical harmonics on the fuzzy sphere but after integration over the sphere the result agrees with the trace of the product of the corresponding matrices. The functions on the sphere are not restricted to be spherical harmonics of order 2j (j is the spin of the representation) but the integration eliminates spherical harmonics of order larger than 2j.

The product ⋆_λ has singularities on the positive λ line, while there is no singularity for negative λ. Therefore if we want to move from one unitary representation j to another j^′ passing through non-unitary representations, especially if we consider the Seiberg-Witten map, the negative value λ = λ^{(B)}_j seems suitable. Along this move the gauge fields can be spherical harmonics of any order. We derived the first few terms of the Seiberg-Witten map by power expansions around λ = 0. To derive an exact form of the map without the power expansions like that derived in the flat case [22] a further investigation is necessary. An investigation such as that of the correspondence of the Dirac-Born-Infeld actions in the noncommutative and commutative descriptions will be reported elsewhere.

Acknowledgments

The work of R. N. is supported in part by Grant-in-Aid (No.13135201) from the Ministry of Education, Science, Sports and Culture of Japan (Priority Area of Research (B)(2)).

Note Added

(1) We can prove the following formula for the inner product of ordinary spherical harmonics. ∫ dΩ (Y_{ℓm})^∗ ⋆_λ Y_ℓ′_m′ = ℓ∏ k=1 ( 1 + (k + 1)λ 1 − (k − 1)λ ) δ_{ℓℓ}′ δ_{mm}′ (52)

Especially, for λ = λ^{(B)}_j we obtain ∫ dΩ (Y_{ℓm})^∗ • Y_ℓ′_m′ = ℓ∏ k=1 ( 2j − k + 1 2j + k + 1 ) δ_{ℓℓ}′ δ_{mm}′ . (53) The inner product is positive definite for ℓ = 0, 1, . . ., 2j and the norm vanishes for ℓ > 2j. This shows that our new star product • with λ = λ^{(B)}_j defines a unitary representation. This also completes the observation made around eq (41) concerning the finite dimensionality of the functional space. The proof of eq(52) will be presented elsewhere.

(2) Generally, the solution to (49) is not unique and has ambiguity of s-exact terms. We also found a simpler solution. C^{(2)} = −2ϵ_{abc}ϵ_{def} x^cx^f x^2 A_aL_bA_dL_eC −2iϵ_{abc} x^cx^d x^2 A_aA_dL_bC − iϵ_{abc} x^c x L_dA_aL_dL_bC, A^{(3)}_a = 2ϵ_{bcd}ϵ_{efg} x^dx^g x^2 A_b (−L_cA_eL_f A_a + F_{ce}F_{fa} − iA_eL_cF_{fa}) +2ϵ_{bcd} x^dx^e x^2 A_bA_e(F_{ca} − iL_cA_a) + ϵ_{bcd} x^d x L_eA_bL_e(F_{ca} − iL_cA_a) (54)

C^{(1)} and A^{(2)}_a are the same as in (50), (51).

References

[1] J. Madore, Class. and Quant. Geom. 9 (1992) 69; An Introduction to Noncommutative Differential Geometry and its Applications, Cambridge University Press, Cambridge, 1995.

[2] J. Madore, S.Schraml, P. Schupp and J. Wess, Gauge Theory on Noncommutative Spaces, hep-th/0001203.

[3] U. Carow-Watamura and S. Watamura, Noncommutative geometry and gauge theory on fuzzy sphere, Commun. Math. Phys. 212 (2000) 395, hep-th/9801195; U. Carow- Watamura and S. Watamura, Differential Calculus on fuzzy sphere and scalar field, Int. J. Mod. Phys. A13 (1998) 3235.

[4] H. Grosse, C. Klimc̆k and P. Pres̆najder, Towards Finite Quantum Field Theory in Noncommutative Geometry, Int. J. Theor. Phys. 35 (1996) 231, hep-th/9505175;H. Grosse, C. Klimc̆k and P. Pres̆najder, Topologically Non-trivial Field Configurations in Noncommutative Geometry, Commun. Math. Phys. 178 (1996) 507, hep-th/9510083.

[5] A.Y. Alekseev, A. Recknagel and V. Schomerus, Non-commutative World-volume Geometries: Branes on SU(2) and Fuzzy Spheres, JHEP 9909 (1999) 023, hep-th/9908040; A.Y. Alekseev, A. Recknagel and V. Schomerus, Brane Dynamics in Background Fluxes and Non-commutative Geometry, JHEP 0005 (2999) 010, hep-th/0003187.

[6] H. Aoki, S. Iso and K. Nagao, Chiral Anomaly on Fuzzy 2-Sphere, hep-th/0209137;

H. Aoki, S. Iso and K. Nagao, Ginsparg-Wilson Relation, Topological Invariants and Finite Noncommutative Geometry, hep-th/0209223.

[7] For review on the noncommutative gauge theory, see for example

M. R. Douglas and N. A. Nekrasov, Noncommutative Field Theory, hep-th/0106048.

[8] F. A. Brezin, Commun. Math. Phys. 40 153 (1975).

[9] M. Bordermann, M. Brischle, C. Emmrich and S. Waldmann, Phase space reduction for star-products: an explicit construction for CP^n, Lett. Math. Phys. 36 (1996) 357.

[10] P. Pres̆nejder, The Origin of Chiral Anomaly and the Noncommutative Geometry, hepth/9912050.

[11] H. Grosse and P. Pres̆nejder, Lett. Math. Phys. 28 (1993) 239.

[12] G. Alexanian, A. Pinzul and A. Stern, Generalized Coherent State Approach to Star Products, hep-th/0010187.

[13] V. I. Man’ko, G. Marmo, E. C. G. Sudarshan and F. Zaccaria, Physica Scripta 55 (1997) 528.

[14] J. Hoppe, Quantum Theory of A Massles Relativistic Surface and A Two-Dimensional Bound State Problem, MIT Ph.D. Thesis, 1982; B. de Witt, J. Hoppe and H. Nicolai, On The Quantum Mechanics of Supermembranes, Nucl. Phys. B305 (1988) 545; J. Hoppe, Diffeomorphism Groups, Quantization And SU(∞), Int. J. Mod. Phys. A4 (1989) 5235.

[15] I. Kishimoto, Fuzzy Sphere and Hyperbolic Space from Deformation Quantization, hepth/0103018.

[16] A. B. Hammou, M. Lagraa and M. M. Sheikh-Jabbari, Coherent State Induced Star- Product on R^3_λ and the Fuzzy Sphere, hep-th/0110291.

[17] A. P. Balachandran, B. P. Dolan, J. Lee, X. Martin and D. O’Conner, Fuzzy Complex Projective Spaces and their Star-Products, hep-th/0107099.

[18] S. Iso, Y. Kimura, K. Tanaka and K. Wakatsuki, Non-commutative Gauge Theory on Fuzzy Sphere from Matrix Model, Nucl. Phys. B604 (2001) 121, hep-th/0101102.

[19] N. Seiberg and E. Witten, String Theory and Noncommutative Geometry, JHEP 9909 (1999) 032, hep-th/9908142.

[20] B. Jurc̆o, L. Möller, S. Schraml, P. Schupp and J. Wess, Construction of non-Abelian gauge theories on noncommutative spaces, hep-th/0104153.

[21] D. Brace, B. L. Cerchiai, A. F. Pasqua, U. Varadarajan and B. Zumino, A Cohomological Approach to the Non-Abelian Seiberg-Witten Map, JHEP 0106 (2001) 047, hep-th/0105192; B. L. Cerchiai, A. F. Pasqua and B. Zumino, The Seiberg-Witten Map for Noncommutative Gauge Theories, hep-th/0206231; M. Picariello, A. Quadri and S. P. Sorella, Cern-Simons in the Seiberg-Witten map for non-commutative Abelian gauge theoriesin 4D, hep-th/0110101.

[22] M. R. Garousi, Noncommutative world-volume interactions on D-brane and Dirac-Born- Infeld action, Nucl. Phys. B579 (2000) 209, hep-th/9909214; T. Mehen and M. Wise, Generalized ⋆-products, Wilson lines and the solution of the Seiberg-Witten equations, JHEP 0012 (2000) 008; H. Liu, ⋆-Trek II: ⋆_n operations, open Wilson lines and the Seiberg-Witten map, Nucl. Phys. B614 (2001) 305, hep-th/0011125; Y. Okawa and

H. Ooguri, An exact solution to Seiberg-Witten equations of noncommutative gauge theory, Phys. Rev. D64 (2001) 046009, hep-th/0104036.