arXiv:hep-th/0210022 v4 2 Dec 2005

Light-cone SU(2) Yang-Mills theory and conformal mechanics

V. Gerdt^a, A. Khvedelidze^{a, b, c}, and D. Mladenov^d

a Joint Institute for Nuclear Research, Dubna 141980, Russia.

b A. Razmadze Mathematical Institute, Tbilisi GE-0193, Georgia.

c University of Plymouth, Plymouth PL4 8AA, United Kingdom.

d DESY, Hamburg 22607, Germany.

Abstract

We examine the mechanical matrix model that can be derived from the SU(2) Yang-Mills light-cone field theory by restricting the gauge fields to depend on the light-cone time alone. We use Dirac’s generalized Hamiltonian approach. In contrast to its well-known instant-time counterpart the light-cone version of SU(2) Yang- Mills mechanics has in addition to the constraints, generating the SU(2) gauge transformations, the new first and second class constraints also. On account of all of these constraints a complete reduction in number of the degrees of freedom is performed. It is argued that the classical evolution of the unconstrained degrees of freedom is equivalent to a free one-dimensional particle dynamics. Considering the complex solutions to the second class constraints we show at this time that the unconstrained Hamiltonian system represents the well-known model of conformal mechanics with a “strength” of the inverse square interaction determined by the value of the gauge field spin.

1 Introduction

Nowadays the correspondence between gauge theories in various dimensions and integrable systems has become a subject of intensive study. After the pioneering work by Seiberg and Witten [1], demonstrating that N = 2 supersymmetric Yang-Mills theory in four dimensions is exactly solvable in the low-energy limit, considerable progress in the understanding of these relations has been marked. In scope of the correspondence to the underlying integrable systems several properties of the Seiberg-Witten theory have been investigated using the approach proposed in [2]. In particular, it was shown that the lowenergy effective action can be described in terms of different one-dimensional integrable many-body systems ranging from the classical Toda-chain model in the case of supersymmetric Yang-Mills theory without matter, to elliptic Calogero-Moser model when adjoint matter is added and to classical spin XXX chain for theory with fundamental matter included (for comprehensive reviews of these studies see e.g. [3–5]).

At the same time similar relationships have been observed also for non-supersymmetric gauge theories. It was recognized that the XXX Heisenberg spin chains are related to other physically interesting limits in QCD. Namely, an equivalence was found between the Hamiltonian describing the Regge asymptotic behavior of hadron-hadron scattering amplitudes in QCD and the Hamiltonian of the SL(2, C ) XXX Heisenberg magnet [6]. Furthermore it turns out that the logarithmic evolution of the composite operators in QCD on the light-cone is similar to the dynamics of SL(2, R) XXX Heisenberg spin chain [7]. Based on this hidden integrability of the effective theories of QCD a kind of stringy/brane picture was developed recently [8].

There is also a physically very important regime when finite-dimensional system arises in the context of gauge field theory. The long-wavelength approximation in the dynamics of gauge fields effectively leads to the so-called dimensional (1 + 0) reduction of the field theory and at first has been intensively studied for the non-supersymmetric Yang-Mills theory, both from physical as well as from a purely mathematical point of view (see e.g [9]- [19] and references therein). In the middle of 1980’s analogous supersymmetric mechanical models with more than four supersymmetries were constructed from the corresponding super Yang-Mills theory [20–22]. In particular, in [20] the maximally supersymmetric N = 16 gauge mechanics was considered. The recent renewed interest in the supersymmetric version of Yang-Mills mechanics is motivated by the observation that the Hamiltonian of D = 1 SU(n) super Yang-Mills theory in the large n limit describes the dynamics of D = 11 supermembrane [23] (for a review, see, e.g., [24] and references therein) and claims to the role of M-theory Hamiltonian [25]. This conjecture and the fact that the low-energy limit of the M-theory is described by eleven-dimensional supergravity pose the important question of existence of zero-energy normalizable eigenfunctions. Using a complete set of gauge invariant variables and generalization of the Born-Oppenheimer approximation the simplest case of SU(2) matrix theory has been investigated and an asymptotic form of the ground state was proposed [26]^1. Even the simplest of these dimensionally reduced models are still rather complicated and possesses non-trivial dynamics. It was found [9,10,29] that

1The case of the SU (n) group with arbitrary n ≥ 2 was considered in [27, 28].

the classical non-supersymmetric SU(2) Yang-Mills mechanics exhibits chaotic behavior when the dynamics takes place on a special invariant submanifold. It was proved that on this submanifold there is no analytical integral of motion except the energy integral, and thus the Yang-Mills mechanics represents a non-integrable system [30]. A similar investigation of the classical dynamics of bosonic membrane matrix model yielded again chaotic behavior. However, recently, in [31,32] the supersymmetric SU(2)×SO(2) matrix model was investigated in detail and it was demonstrated that there exists a chaos-order transition depending on the value of the angular momentum.

In the present paper we shall continue the study of models obtained from the SU(2) Yang-Mills field theory under the supposition of fields homogeneity. We consider the model of light-cone SU(2) Yang-Mills classical mechanics and address the problem of its complete Hamiltonian reduction and integrability. Analogously to the instant form of Yang-Mills mechanics, the light-cone version follows from the light-cone Yang-Mills field theory when the gauge fields depend on the light-cone time only. Both dynamical systems, obtained under such suppositions, contain a finite number of degrees of freedom and inherit in a specific form the gauge invariance of the original Yang-Mills theory. In a recent article we outlined such a difference of the light-cone version of Yang-Mills mechanics to its instant form counterpart even in the character of the local gauge invariance [33]. Now we present a result of the Hamiltonian reduction of the light-cone SU(2) Yang- Mills mechanics and demonstrate that after elimination of all ignorable coordinates the corresponding unconstrained Hamiltonian system represents a simple integrable system.

We start with the formulation of the SU(2) light-cone mechanics as a degenerate Lagrangian model for a matrix valued variable A, perform the standard Hamiltonian analysis proving that the presence of constraints force the classical dynamics to develop on the subspace of matrices with rank||A|| = 1 . Using the adapted coordinates frame we show that it is equivalent to the dynamics of a free particle in one dimension. We also study the complex solutions to the second class constraints and demonstrate that in this case the reduced system coincides with the well-known model of so-called conformal mechanics, introduced by V. de Alfaro, S. Fubini and G. Furlan [34].

After Dirac’s famous paper [35] on different forms of relativistic dynamics it has been recognized that the different choice of the time evolution parameter can drastically change the content and interpretation of the theory. The present study shows that the longwavelength approximation in instant and light-front formulation leads to the models that differ drastically even in sense of their classical integrability. The question whether models with the higher order gauge groups as well as after inclusion of an additional supersymmetry stay integrable is still open. It is also interesting to study the question of their correspondence to the known superconformal generalizations of conformal mechanics.^2 Here we note, that the quantum mechanical model with periodicity in light-cone time, obtained by the dimensional reduction of the light-cone version of N = 1 super SU(n)

2The N = 2 supersymmetric extension of conformal mechanics was generalized in [38, 39] to an SU (1, 1 | 1) invariant superconformal mechanics. Soon after, N = 4 extension of conformal mechanics with SU (1, 1 | 1) superconformal symmetry was elaborated [40, 41] and using the geometric method the superconformal mechanics was formulated in a manifestly invariant manner for an arbitrary even N [40].

Yang-Mills theory was studied in [37]. It was shown that this model is integrable in the sense that its partition function is a tau-function of the Toda hierarchy and only in the large n limit can be solved exactly.

The fact that a finite dimensional system obtained by dimensional reduction inherits the conformal symmetry of the original field theory is not quite unexpected. Onedimensional conformally invariant systems already appeared in black hole physics [42] and cosmology [43]. However, to our knowledge, their relation to the light-cone Yang- Mills theory has not been pointed out yet.

The organization of the rest of the paper is as follows. In Section 2 we start with the Lagrangian formulation of the light-cone model and give the standard analysis of Hamiltonian constraints including their separation into the first and second class constraints sets. Then in Section 3 the Hamiltonian reduction is performed. First the constraints generating the SU(2) gauge transformations are eliminated using the coordinates adapted to the gauge symmetry. Further to this the reduction due to the remaining first and second class constraints is carried out exploiting the new convenient set of coordinates. Section 4 gives our final conclusions and comments. The appendix is devoted to the derivation of the Lagrangian equations of motion of the unconstrained system starting from the Lagrangian equations of motion for the light-cone SU(2) Yang-Mills mechanics by elimination of all Lagrangian constraints.

2 Light-cone model and analysis of constraints

In this Section we give the formulation of the SU(2) light-cone Yang-Mills mechanics, calculate all constraints and separate them into the first and second class ones.

2.1 Model formulation

We start with the action of Yang-Mills field theory in four-dimensional Minkowski space M_4, endowed with a metric η and represented in the coordinate free form

I := 1 g^2 ∫ M_4 tr F ∧ ∗F , (1) where g is a coupling constant and the su(2) algebra valued curvature two-form

F := dA + A ∧ A (2)

is constructed from the connection one-form A. The connection and curvature, as Lie algebra valued quantities, are expressed in terms of the antihermitian su(2) algebra basis τ^a = σ^a/2i with the Pauli matrices σ^a , a = 1, 2, 3,

A = A^a τ^a , F = F^a τ^a . (3)

The metric η enters the action through the dual field strength tensor defined in accordance with the Hodge star operation ∗F_{μν} = 1 2 √ η ϵ_{μναβ} F^{αβ} . (4) To formulate the light-cone version of the theory let us introduce the basis vectors in the tangent space T_P (M_4)

e_± := 1 √ 2 (e_0 ± e_3) , e_⊥ := (e_k , k = 1, 2) . (5)

The first two vectors are tangent to the light-cone and the corresponding coordinates are referred usually as the light-cone coordinates x^μ = ( x^+, x^−, x^⊥ ) x^± := 1 √ 2 ( x^0 ± x^3 ) , x^⊥ := x^k , k = 1, 2 . (6)

The non-zero components of the metric η in the light-cone basis (e_+, e_−, e_k) are η_{+−} = η_{−+} = −η_{11} = −η_{22} = 1 . (7) The connection one-form in the light-cone basis is given as A = A_+ dx^+ + A_− dx^− + A_k dx^k . (8) By definition the Lagrangian of light-cone Yang-Mills mechanics follows from the corresponding Lagrangian of Yang-Mills theory if one supposes that the components of the connection one-form A in (8) depend on the light-cone “time variable” x^+ alone A_± = A_±(x^+) , A_k = A_k(x^+) . (9) Substitution this ansatz into the classical action (1) defines the Lagrangian of light-cone Yang-Mills mechanics L = 1 2g^2 ( F^a_{+−} F^a_{+−} + 2 F^a_{+k} F^a_{−k} − F^a_{12} F^a_{12} ) , (10)

where the light-cone components of the field-strength tensor are given by

F^a_{+−} = ∂A^a_− ∂x^+ + ϵ^{abc} A^b_+ A^c_− , (11)

F^a_{+k} = ∂A^a_k ∂x^+ + ϵ^{abc} A^b_+ A^c_k , (12) F^a_{−k} = ϵ^{abc} A^b_− A^c_k , (13) F^a_{ij} = ϵ^{abc} A^b_i A^c_j , i, j, k = 1, 2 . (14) Hence, the Yang-Mills light-cone mechanics is a finite dimensional system with configuration coordinates A_± , A_k whose evolution with respect to the time τ τ := x^+ (15) is determined by the Lagrangian (10).

2.2 Generalized Hamiltonian dynamics

Performing the Legendre transformation^3

π^+_a = ∂L ∂Ȧ^a_+ = 0 , (16)

π^−_a = ∂L ∂Ȧ^a_− = 1 g^2 ( Ȧa_− + ϵ^{abc} A^b_+ A^c_− ) , (17)

π^k_a = ∂L ∂Ȧ^a_k = 1 g^2 ϵ^{abc} A^b_− A^c_k , (18)

we obtain the canonical Hamiltonian

H_C = g^2 2 π^−_a π^−_a − ϵ^{abc} A^b_+ ( A^c_− π^−_a + A^c_k π^k_a ) + V (A_k) (19)

with a potential term

V (A_k) = 1 2g^2 [( A^b_1A^b_1 ) (A^c_2A^c_2) − ( A^b_1A^b_2 ) (A^c_1A^c_2) ] . (20)

The non-vanishing Poisson brackets between the fundamental canonical variables are

{A^a_± , π^±_b } = δ^a_b , (21) {A^a_k , π^l_b} = δ^l_kδ^a_b . (22)

The Hessian of the Lagrangian system (10) is degenerate, det ||^{∂2L}_{∂Ȧ∂Ȧ} || = 0, and as a result there are primary constraints

φ^{(1)}_a := π^+_a = 0 , (23) χ^a_k := g^2 π^a_k + ϵ^{abc} A^b_−A^c_k = 0 , (24)

satisfying the following Poisson brackets relations

{φ^{(1)}_a , φ^{(1)}_b } = 0 , (25) {φ^{(1)}_a , χ^b_k} = 0 , (26) {χ^a_i , χ^b_j } = −2 g^2ϵ^{abc} A^c_− η_{ij} . (27)

According to the Dirac prescription, the presence of primary constraints affects the dynamics of the degenerate system. Now the generic evolution is governed by the total Hamiltonian H_T = H_C + U_a(τ )φ^{(1)}_a + V^a_k (τ )χ^a_k , (28)

3To simplify the formulas we shall use overdot to denote derivative of a function with respect to lightcone time τ . Further, we shall treat in equal footing the up and down isotopic indexes denoted with a, b, c, d.

where U_a(τ ) and V^a_k (τ ) are unspecified functions of the light-cone time τ . Using this Hamiltonian the dynamical self-consistence of the primary constraints may be checked. From the requirement of conservation of the primary constraints φ^{(1)}a it follows

0 = φ̇^{(1)}_a = {π^+_a , H_T } = ϵ^{abc} ( A^b_−π^−_c + A^b_kπ^k_c ) . (29)

Therefore there are three secondary constraints φ^{(2)}a

φ^{(2)}_a := ϵ_{abc} ( A^b_−π^−_c + A^b_kπ^k_c ) = 0 , (30)

which obey the so(3, R) algebra

{φ^{(2)}_a , φ^{(2)}_b } = ϵ_{abc} φ^{(2)}_c . (31)

The same procedure for the primary constraints χ^a_k gives the following self-consistency conditions 0 = χ̇^a_k = {χ^a_k , H_C } − 2 g^2 ϵ^{abc} V^b_k A^c_− . (32)

The analysis of these equations depends on the properties of the matrix C_{ab} = ϵ^{abc} A^c_−. This matrix is degenerate with a rank varying from 0 to 2 depending on the point of the configuration space. If its rank is 2 then among the six primary constraints χ^a_k there are two first class constraints and a maximum of four Lagrange multipliers V^b_k can be determined from (32). When the rank of the matrix C_{ab} is minimal, the locus points are A^a_− = 0 and all six constraints χ^a_k are Abelian ones. For such an exceptional configuration the constrained system reduces to the dynamically trivial one. Hereinafter we shall consider the subspace of configuration space where rank||C|| = 2. For those configurations we are able to introduce the unit vector

N^a = A^a_− √ (A^1_−)^2 + (A^2_−)^2 + (A^3_−)^2

, (33)

which is a null vector of the matrix ‖ ϵ^{abc} A^c_− ‖, and to decompose the set of six primary constraints χ^a_k as

ψ_k := N^aχ^a_k , (34) χ^a_{k⊥} := χ^a_k − ( N^bχ^b_k ) N^a . (35)

In this decomposition the first two constraints ψ_k are functionally independent and satisfy the Abelian algebra {ψ_i , ψ_j } = 0 , (36)

while the constraints χ^a_{k⊥} are functionally dependent due to the conditions

N^a χ^a_{k⊥} = 0 . (37)

Choosing among them any four independent constraints we can determine four Lagrange multipliers V^k_{b⊥}.

The Poisson brackets of the constraints ψ_k and φ^{(2)}a with the total Hamiltonian vanish after projection on the constraint surface (CS) defined by equations ψ_k = 0 and φ^{(2)}a = 0

{ψ_k , H_T } |_{CS} = 0 , (38) {φ^{(2)}_a , H_T } |_{CS} = 0 (39)

and thus there are no ternary constraints.

Summarizing, we arrive at the set of constraints φ^{(1)}a , ψ_k, φ^{(2)}a , χ^b_{k⊥}. The Poisson brackets algebra of the first three is

{φ^{(1)}_a , φ^{(1)}_a } = 0 , (40) {ψ_i , ψ_j} = 0 , (41) {φ^{(2)}_a , φ^{(2)}_b } = ϵ_{abc} φ^{(2)}_c , (42) {φ^{(1)}_a , ψ_k} = {φ^{(1)}_a , φ^{(2)}_b } = {ψ_k , φ^{(2)}_a } = 0 . (43)

The constraints χ^b_{k⊥} satisfy the relations {χ^a_{i⊥} , χ^b_{j⊥}} = −2 g^2 ϵ^{abc} A^c_− η_{ij} , (44) and the Poisson brackets between these two sets of constraints are

{φ^{(2)}_a , χ^b_{k⊥}} = ϵ^{abc} χ^c_{k⊥} , (45) {φ^{(1)}_a , χ^b_{k⊥}} = {ψ_i , χ^b_{j⊥}} = 0 . (46)

From these relations we conclude that the model has 8 first-class constraints φ^{(1)}a , ψ_k, φ^{(2)}a and 4 second-class constraints χ^a_{k⊥}. Counting the degrees of freedom taking into account all these constraints, we obtain that instead of 24 constrained phase space degrees of freedom there are 24 − 2(5 + 3) − 4 = 4 unconstrained degrees of freedom, in contrast to the instant form of Yang-Mills mechanics where the number of the unconstrained canonical variables is 12.

3 Unconstrained version of light-cone mechanics

Now we shall perform a Hamiltonian reduction of the degrees of freedom starting with an elimination of the gauge degrees of freedom associated to the SU(2) constraints φ^{(2)}a . The purpose of the present part of the paper is to rewrite the theory in terms of special coordinates adapted to the action of this gauge symmetry.

3.1 Polar decomposition

Let us organize the configuration variables A^a_i and A^a_− in one 3 × 3 matrix A_{ab} whose entries of the first two columns are A^a_i and third column is composed by the elements A^a_−

A_{ab} := ‖A^a_1 , A^a_2 , A^a_−‖ , (47) and the momentum variables similarly

Π_{ab} := ‖π^{a1} , π^{a2} , π^{a−}‖. (48)

In order to find an explicit parametrization of the orbits with respect to the gauge symmetry action, it is convenient to use a polar decomposition [47] for the matrix A_{ab}

A = OS , (49)

where S is a positive definite 3 × 3 symmetric matrix, O(ϕ_1, ϕ_2, ϕ_3) = e^{ϕ1J3} e^{ϕ2J1} e^{ϕ3J3} is an orthogonal matrix parameterized by the three Euler angles (ϕ_1, ϕ_2, ϕ_3). The matrices (J_a)_{ij} = ϵ_{iaj} are the SO(3, R) generators in adjoint representation.

It is in order to make a few remarks on the change of variables in (49). It is well-known that the polar decomposition is valid for an arbitrary matrix. However, the orthogonal matrix in (49) is uniquely determined only for an invertible matrix A O = AS^{−1} , S = √ AA^T . (50)

The non-degenerate 3 × 3 matrices can be identified with an open set of the R^9 using the entries of the matrix A_{ab} as corresponding Cartesian coordinates and in this case the polar decomposition (49) is a uniquely invertible transformation from these Cartesian coordinates to a new set of coordinates, the entries of positive matrix S and the angles parameterized the orthogonal matrix O. For degenerate matrices a more sophisticated analysis is necessary. Here we note only that the set of n × n matrices with rank k is a manifold with dimension k(2n − k), but in contrast the no-degenerate case the manifold atlas now necessarily contains several charts. Hence, for degenerate matrices A the representation (49) has to be replaced by a more elaborated construction.

Now we shall limit ourselves to the subspace of non-degenerate matrices and hence one can treat the polar decomposition (49) as a uniquely invertible transformation from the configuration variables A_{ab} to a new set of Lagrangian variables: six coordinates S_{ij} and three coordinates ϕ_i. It is worth to note here that in virtue of the constraints (24) the determinant of the matrix A is related to the third component of the gauge field spin

2 det A − g^2ϵ_{3ik} A^a_k π^a_i = 0 . (51)

The polar decomposition (49) induces the point canonical transformation from the coordinates A_{ab} and Π_{ab} to new canonical pairs (S_{ab}, P_{ab}) and (ϕ_a, P_a) with the following non-vanishing Poisson brackets {S_{ab} , P_{cd}} = 1 2 (δ_{ac} δ_{bd} + δ_{ad} δ_{bc}) , (52)

{ϕ_a , P_b} = δ_{ab} . (53)

The expression of the old Π_{ab} as a function of the new coordinates is [48, 49]

Π = O (P − k_aJ_a) , (54) where k_a = γ^{−1}_{ab} ( η^L_b − ε_{bmn} (SP )_{mn} ) , (55) γ_{ik} = S_{ik} − δ_{ik} trS and η^L_a are three left-invariant vector fields on the SO(3, R) group

η^L_1 = sin ϕ_3 sin ϕ_2

P_1 + cos ϕ_3 P_2 − cot ϕ_2 sin ϕ_3 P_3 , (56)

η^L_2 = cos ϕ_3 sin ϕ_2

P_1 − sin ϕ_3 P_2 − cot ϕ_2 cos ϕ_3 P_3 , (57)

η^L_3 = P_3 . (58)

In terms of the new variables the constraints take the form

φ^{(2)}_a = O_{ab} η^L_b , (59) χ_{am} = O_{ab} (P_{bm} + ϵ_{bmc} k_c + ϵ_{bij} S_{i3} S_{jm}) . (60)

Thus one can pass to the equivalent set of constraints

η^L_a = 0 , (61) ~χ_{ai} = P_{ai} + ϵ_{aij} γ^{−1}_{jk} ϵ_{kmn}(SP )_{mn} + ϵ_{amn} S_{m3} S_{ni} = 0 (62)

with vanishing Poisson brackets {η^L_a , ~χ_{bi}} = 0 . (63) Using the polar decomposition (49) and (54) we separate the variables (S_{ab}, P_{ab}), invariant under gauge transformations generated by Gauss law constraints φ^{(2)}a , from the gauge variant ones (ϕ_a, P_a). Now in order to eliminate all gauge degrees of freedom related to this symmetry it is enough to project to the constraint shell described by condition of nullity of the Killing vector fields η^L_a . After projection the corresponding cyclic degrees of freedom, the angles ϕ_a, automatically disappear from the projected Hamiltonian.

3.2 Main-axes decomposition

In order to proceed further in resolution of the remaining constraints (62) we introduce the main-axes decomposition for the symmetric 3 × 3 matrix S

S = R^T (χ_1, χ_2, χ_3) q_1 0 0 0 q_2 0 0 0 q_3

R(χ_1, χ_2, χ_3) , (64)

with orthogonal matrix R(χ_1, χ_2, χ_3) = e^{χ1J3} e^{χ2J1} e^{χ3J3} , parameterized by three Euler angles (χ_1, χ_2, χ_3). The Jacobian of this transformation is ∂( S_{i<j} ) ∂(q_a, χ_b) ∼ 3∏ a≠b | q_a − q_b | . (65)

Therefore equation (64) can be used as definition of new configuration variables: three “diagonal” variables (q_1, q_2, q_3), eigenvalues of the matrix S, and three angular variables (χ_1, χ_2, χ_3), if and only if all eigenvalues of the matrix S are different, q_1 ≠ q_2 ≠ q_3 . The eigenvalues q_a parameterize the orbits of the adjoint action of SO(3, R) group in the space of 3 × 3 symmetric matrices and the configurations with q_1 < q_2 < q_3 represent the so-called principle orbit. Our consideration given below is correct for this type of orbits whereas the treatment of orbits with coinciding eigenvalues of the matrix S, the singular orbits [50], requires different and more elaborated treatment that is beyond the scope of the present paper.

The momenta p_a and p_{χa} , canonically conjugated to the diagonal q_a and angular variables χ_a, can be found using the canonical invariance of the symplectic one-form 3∑ a,b=1 P_{ab} dS_{ab} = 3∑ a=1 p_a dq_a + 3∑ a=1 p_{χa} dχ_a . (66)

The original momenta P_{ab}, expressed in terms of the new canonical variables, read P = R^T 3∑ a=1 (p_a α_a + P_a α_a) R . (67)

Here α_a and α_a denote the diagonal and off-diagonal basis elements of the space of symmetric matrices with orthogonality relations

tr (α_aα_b) = δ_{ab} , tr (α_aα_b) = 2δ_{ab} , tr (α_aα_b) = 0 (68) and P_a = − 1 2 ξ^R_a q_b − q_c (cyclic permutations a ≠ b ≠ c) . (69)

The ξ^R_a are three SO(3, R) right-invariant vector fields given in terms of the angles χ_a and their conjugated momenta p_{χa} via

ξ^R_a = M^{−1}_{ba} p_{χb} , (70)

where the matrix M is given by M_{ab} = − 1 2 tr ( J_a ∂R ∂χ_b R^T ) . (71)

The explicit form of the three SO(3, R) right-invariant Killing vector fields is

ξ^R_1 = − sin χ_1 cot χ_2 p_{χ1} + cos χ_1 p_{χ2} + sin χ_1 sin χ_2 p_{χ3} , (72)

ξ^R_2 = cos χ_1 cot χ_2 p_{χ1} + sin χ_1 p_{χ2} − cos χ_1 sin χ_2 p_{χ3} , (73)

ξ^R_3 = p_{χ1} . (74)

Using these formulas the constraints ~χ in (62) may be rewritten in terms of the main-axes variables as ~χ = 3∑ a=1 R^T [ π_a α_a − 1 2 ρ^−_a α_a + 1 2 ρ^+_a J_a ] R , (75)

where ρ^±_a = ξ^R_a q_b ± q_c ± 1 g^2 q_an_a(q_b ± q_c) , (76)

and n_a = R_{a3}.

Note that the constraint (51) on the determinant of the matrix A now takes the form

2 q_1 q_2 q_3 − g^2ξ^L_3 = 0 , (77)

where ξ^L_3 is the third left-invariant Killing vector field, ξ^L_a = R_{ab} ξ^R_b

ξ^L_1 = sin χ_3 sin χ_2 p_{χ1} + cos χ_3 p_{χ2} − cot χ_2 sin χ_3 p_{χ3} , (78)

ξ^L_2 = cos χ_3 sin χ_2 p_{χ1} − sin χ_3 p_{χ2} − cot χ_2 cos χ_3 p_{χ3} , (79)

ξ^L_3 = p_{χ3} . (80)

As was shown above the constraints χ^a_i represent the mixed system of first and second class constraints ψ_i and χ^a_{i ⊥}. To perform the reduction to the constraint shell it is useful at first to introduce the gauge fixing condition and eliminate the two first class constraints ψ_i. The expression (34) for the Abelian constraints ψ_i dictates the appropriate gauge fixing condition ψ_i := N^aA^a_i = 0 , (81) which is the canonical one in the sense that

{ψ_i, ψ_j } = δ_{ij} . (82)

The constraints ψ_i = 0 rewritten in terms of the main-axes variables may be identified with the nullity of the momenta

p_{χ1} = 0 , p_{χ2} = 0 , (83)

while the canonical gauge-fixing condition (81) fixes the corresponding angular variables χ_1 and χ_2 χ_1 = π 2 , χ_2 = π 2 . (84)

Introduction of the gauge fixing conditions (84) means that all constraints are now second class ones and therefore the reduction to unconstrained variables can now be achieved by the projection of canonical Hamiltonian onto the constraint shell with simultaneously replacement of the canonical Poisson brackets by the Dirac ones.

Projection of the canonical Hamiltonian (19) to the surface described by constraints (83) and (84) gives

H_{LC} := H_C (χ_1 = π 2 , p_{χ1} = 0 , χ_2 = π 2 , p_{χ2} = 0) = g^2 2 ( p^2_1 + q^2 q^2_3 g^4 ) . (85)

Furthermore, taking into account the constraint (77) the projected Hamiltonian (85) may be rewritten as H_{LC} | | | |_{2 q1 q2 q3−g2ξL3 =0} = g^2 2 ( p^2_1 + ( ξ^L_3 2q_1

)_2) . (86)

But it is not the end of the reduction procedure. Two further steps are required. First, it is necessary to examine all four second class constraints χ^a_{i ⊥} and to verify whether (86) is indeed the expression for the reduced Hamiltonian describing the dynamics of unconstrained variables. Second, it is necessary to calculate the fundamental Dirac brackets between unconstrained variables in order to determine the correct equation of motion.

It may be checked that the constraints χ^a_{i ⊥} lead to the conditions on the “diagonal” canonical pairs (q_i , p_i). Namely, the canonical momenta p_2 and p_3 are vanishing

p_2 = 0 , p_3 = 0 , (87)

while the corresponding coordinates q_2 and q_3 are subject to the constraint

q^2 + q^2_3 = 0 (88)

as well the constraint (77). The real solution of the equation (88) is the trivial one q_2 = q_3 = 0. For this solution according to the constraint (77) ξ^L_3 turns to be zero and thus the Hamiltonian (86) reduces further to a Hamiltonian of free one-dimensional particle motion.

Here it is in order to make an explanatory comment, because we arrived at certain contradiction to our initial assumptions. The reduced Hamiltonian system obtained here contains only two degrees of freedom, while according to the counting given at the end of the Section 2, we were expected to obtain a 4-dimensional unconstrained system. In order to explain this contradiction note that this counting was based on the assumption that the configuration space of the initial Lagrangian system is 12-dimensional or in another words the 3 × 3 matrix A in (47) is non-degenerate. However the constraint (88) states that det||A|| = det||S|| = 0 , and rigorously speaking our consideration shows only that the dynamics of the unconstrained system develops on the subspace with rank||A|| ≤ 2. Therefore it is necessary to consider the configuration space of the initial Lagrangian system consisting from the degenerate matrices with rank less than maximal and perform the whole analysis again.^4

4For example, the counting of the degrees of freedom is now as follows: the dimension of subspace of 3 × 3 matrices with rank k = 2 is 2 × (2 × 3 − 2) = 8. So, the configuration space of the initial system is not 12-dimensional, but 11-dimensional and thus the reduced Hamiltonian system contains only 22 − 2(5 + 3) − 4 = 2 degrees of freedom.

However instead of an explicit parametrization of the configuration space with rank||A|| = 2 and rank||A|| = 1 we use the following trick.^5 Let us consider the analytic continuation of the constraint (88) into a complex domain and explore its complex solution

q_2 = ± i q_3 . (89)

Expressing q_3 from equation (77)

q_3 = 1 ∓ i 2 √ g^2ξ^L_3 q_1

, (90)

we find that (q_1, p_1) and (χ_3, p_{χ3} ) remain real unconstrained variables whose Dirac brackets are the canonical ones

{q_1, p_1}_D = 1 , {χ_3, p_{χ2} }_D = 1 . (91)

Therefore the dynamics of the unconstrained pairs (q_1, p_1) and (χ_3, p_{χ3} ) is given by the standard Hamilton equations with the Hamiltonian (86). Remarking that the ξ^L_3 is conserved we conclude that (86) coincides with the Hamiltonian of conformal mechanics H = g^2 2 ( p^2_1 + κ^2 q^2_1 ) , (92)

with “coupling constant” κ^2 = ( ξ^L_3 /2

)_2 determined by the value of the gauge spin, while the gauge field coupling constant g controls the scale for the evolution parameter.

From equation (90) it follows that the quantity κ is the parameter which measures the deviation from the real classical trajectories. They all are laying in subspace with det||A|| = 0 and are described as the integral curves of the Hamiltonian (86) with vanishing coupling constant κ = 0 , and therefore indeed correspond to a free particle motion.

4 Concluding remarks

To conclude, we have considered the light-cone SU(2) Yang-Mills field theory supposing that the gauge potentials in the classical action are functions only of the light-cone time. As we have demonstrated this ansatz effectively reduces the field theory to a degenerate Lagrangian mechanical system whose unconstrained version significantly differs from the corresponding well-known instant time Yang-Mills mechanics. Comparing with the instant form dynamics, the light-cone version of Yang-Mills mechanics has a more complicated description considered as a constrained system. Applying the Dirac Hamiltonian method, we found that now the constraint content of the theory is richer: there is, apart from the expected constraints which are generators of the SU(2) gauge transformations, a

5As justification, in the appendix we give an alternative derivation directly from the Lagrangian equation of motion by solving the corresponding Lagrangian constraints.

new set of first and second class constraints. The presence of the new constraints leads to an essential decre of the number of the “true” degrees of freedom and finally to its integrability.

In the present paper we have studied the Hamiltonian reduction of the degenerate light-cone Yang-Mills mechanical system but have left open several related questions such as analysis of the symmetries, both gauge and rigid ones. The knowledge of symmetries allows to understand the roots of the classical integrability of the system and we plan to give the detailed presentation of these investigations elsewhere.

We end this section with a remark about the possible link between the classical integrability of the model obtained in long-wavelength approximation of light-cone theory and the properties of the corresponding vacuum. The nonintegrability and chaotic nature of the instant form Yang-Mills mechanics is usually treated as the manifestation of existence of the non-trivial structure of the physical vacuum of gauge theories (see e.g. [14]). On the other hand it is well-known that owing to purely kinematical reasons the physical light-cone vacuum of the theory coincides with the free Fock vacuum [51]. Therefore it seems that the integrability of the light-cone Yang-Mills mechanics opposite to its instant counterpart model is in accordance with the different vacuum structures in these two forms of dynamics.

Acknowledgments

Helpful discussions during the work on the paper with I.Ya. Aref’eva, B. Dimitrov, G. Gabadadze, E.A. Ivanov, A.S. Koshelev, A.N. Kvinikhidze, M.D. Mateev, P.B. Medvedev, A.I. Pashnev, V.P. Pavlov, V.A. Rubakov and O. Schroeder are acknowledged. A.K. would like to thank the Abdus Salam International Centre for Theoretical Physics (ICTP), Trieste, Italy for support and kind hospitality extended to him in 2002 at ICTP High Energy Section, where part of this study has been done.

This work was supported in part by the RFBR Grant No. 04-01-00784. Contribution of V.G. was also partially supported by the grant 2339.2003.2 from the Russian Ministry of Science and Education. A.K. acknowledges INTAS for providing financial support, Grant No. 00-00561.

A Appendix: The Euler-Lagrange Equations

The first variation of the Lagrangian (10) with respect to the variables A^a_+ , A^a_k and A^a_− gives the constraints, equations containing only first order derivatives, and the proper equations of motion. Among the constraints there are the Gauss Law equations (summation over k = 1, 2)

Ȧ_− × A_− + A_−(A_k · A_k ) − A_k(A_k · A_−) − A_+(A_− · A_−) + A_−(A_+ · A_−) = 0 , (93) as well as the additional constraints (no summation over i, k = 1, 2 and i ≠ k)

2Ȧ_k × A_− − Ȧ_− × A_k − A_k (A_i · A_i) + A_i(A_i · A_k) + 2A_k (A_+ · A_−) − A_−(A_+ · A_k ) − A_+(A_− · A_k ) = 0 . (94)

The true equations of motion, containing second order derivatives of the variables A_− are (summation over k = 1, 2)

Ä_− + Ȧ_+ × A_− + A_+ × Ȧ_− + A_+ × Ȧ_− − A_k × Ȧ_k + A_+ ((A_+ · A_−) − (A_k · A_k )) − A_−(A_+ · A_+) + A_k(A_+ · A_k ) = 0 . (95)

Here we have introduced the vector notation for the isotopic components of the vector potential A_± = (A^1_± , A^2_± , A^3_±) and A_k = (A^1_k , A^2_k , A^3_k). The standard definitions for dot and cross product of three dimensional isotopic vectors are used as well.

The aim of this Appendix is to show how to pass from this system of nonlinear Euler- Lagrange equations (93)-(95) to the one-dimensional equation of motion of a free particle for em real solutions and to conformal mechanics for the case of complex solution to the Lagrangian constraints.

To be close to the Hamiltonian consideration given in the main text let us introduce in the isotopic space a positively oriented orthonormal frame of unit vectors, (l , m , n ),

l · l = 1 , l = m × n , (96) m · m = 1 , m = n × l , (97) n · n = 1 , n = l × m , (98)

and start with the following ansatz for the gauge potential

A_− = x n , (99) A_k = S_{1k} l + S_{2k} m . (100)

Note that this ansatz corresponds to the polar decomposition (49) when the only nonvanishing element in the third row and the third column of the matrix S is S_{33} = x and moreover it is supposed in (100) that

S_{12} = S_{21} . (101)

By construction the ansatz is such that the potentials (99) and (100) obey four equations

l · A_− = 0 , m · A_− = 0 , n · A_k = 0 . (102) Note that these equations are equivalent to the two primary Abelian constraints (34) and to the two gauge-fixing conditions (81) imposed on the gauge potential in the main text.

Now we shall demonstrate that the system of equations (93)-(95) admits a separation into three subsets. The first one establish the connection between A_+ component of the gauge potential and the frame (l , m , n ), the second one consists of the equations for the variables S_{1k} and S_{2k} and the third one represents only one second order differential equation for the variable x with a parameter, whose value is the first integral of the equations for the variables S_{1k} and S_{2k}.

Let us start with the Gauss law constraints and try to resolve it against the variable A_+. But, because the vector A_− is the zero mode of these equations, only two components of A_+, transverse to A_−, can be fixed uniquely. Indeed, in our parametrization (99), (100), when the A_− direction coincides with the n direction, projection of the Gauss law equations by the transverse vectors (l and m) yields x [(l · h) − (l · A_+)] = 0 , (103) x [(m · h) − (m · A_+)] = 0 , (104) while its projection to the third n-component results in constraint on the variables S_{ik} S^2_{11} + S^2_{12} + S^2_{21} + S^2_{22} = 0 . (105) In (103) and (104) the helicity vector h = ṅ × n has been introduced. So, from (103) and (104), supposing x ≠ 0, it follows that A_+ = h + fn , (106) with unspecified function f.

With this A_+ one can rewrite the equation of motion (95) for the A_− component as (summation over k = 1, 2) n ẍ = A_k × Ȧ_k − A_k(h · A_k ) . (107) Using (94) the projection of the equation (107) onto the n direction looks as ẍ = 1 x^2

((A_1 · A_1)(A_2 · A_2) − (A_1 · A_2)(A_2 · A_1)) , (108) while its projections onto l and m direction give again the constraint (105).

Consider now the equations (95), projection to l and m directions results in equations (no summation i ≠ k)

ẋS_{2k} + 2xṠ_{2k} + 2x [(l · ṁ) − f] S_{1k} = S_{1k}(S^2_{1i} + S^2_{2i}) − S_{1i}(S_{1i}S_{1k} + S_{2i}S_{2k}) ,(109) −ẋS_{2k} − 2xṠ_{2k} + 2x [(l · ṁ) − f] S_{2k} = S_{2k}(S^2_{1i} + S^2_{2i}) − S_{2i}(S_{1i}S_{1k} + S_{2i}S_{2k}) ,(110) while projection onto the third direction n gives (n · ṁ)S_{1k} − (n · l̇)S_{2k} = (h · l̇)S_{1k} + (h · ṁ)S_{2k} . (111) The last two equations (111) are identically satisfied when the relations h · l̇ = n · ṁ , h · m = −n · l̇ (112) are taken into account. One can make the equations (109) and (110) independent of the frame (l , m , n) if the function f in the A_+ decomposition is chosen as

f = l · ṁ + ρ , (113)

where the function ρ is still unspecified.

With this identification the following system of differential equations for the unknown functions S_{11} , S_{12} , S_{21} , S_{22} arises

ẋS_{11} + 2xṠ_{11} − 2xρS_{21} = −S_{11}(S_{11}S_{22} − S_{12}S_{21}) , (114) ẋS_{12} + 2xṠ_{12} − 2xρS_{22} = S_{11}(S_{11}S_{22} − S_{12}S_{21}) , (115) ẋS_{21} + 2xṠ_{21} + 2xρS_{11} = −S_{22}(S_{11}S_{22} − S_{12}S_{21}) , (116) ẋS_{22} + 2xṠ_{22} + 2xρS_{12} = S_{21}(S_{11}S_{22} − S_{12}S_{21}) . (117) Introduction of the new functions S_{ij} √ x = Y_{ij} removes the derivatives of the function x Ẏ_{11} − ρY_{21} = Y^{12} 2x^2

(Y_{11}Y_{22} − Y_{12}Y_{21}) , (118)

Ẏ_{12} − ρY_{22} = − Y^{11} 2x^2

(Y_{11}Y_{22} − Y_{12}Y_{21}) , (119)

Ẏ_{21} + ρY_{11} = Y^{22} 2x^2

(Y_{11}Y_{22} − Y_{12}Y_{21}) , (120)

Ẏ_{22} + ρY_{12} = − Y^{21} 2x^2

(Y_{11}Y_{22} − Y_{12}Y_{21}) . (121)

Now one can specify the function ρ. Due to the symmetry condition (101), Y_{12} = Y_{21}, this leads to the relation ρ = 1 2x^2

(Y_{11}Y_{22} − Y_{12}Y_{21}) . (122) Moreover, because the system of equations (118)-(121) possesses the following first integral

Y_{11}Y_{22} − Y_{12}Y_{21} = μ , μ := constant , (123) one can express ρ solely in terms of the x variable ρ = μ 2x^2

. (124)

Therefore, finally the equations (118)-(121) reduce to a system of three differential equations Ẏ_{11} = μ x^2

Y_{12} , (125) Ẏ_{12} = μ 2x^2

(Y_{22} − Y_{11}) , Ẏ_{22} = − μ x^2

Y_{12} .

These equations should be solved together with the algebraic constraint (105) which states

Y^2_{11} + 2 Y^2_{12} + Y^2_{22} = 0 . (126) The last equation has only trivial real solutions

Y_{11} = Y_{12} = Y_{22} = 0 (127)

that lead to the free equation of motion for the x variable.

However, one can consider the analytic continuation of our variables Y in a complex domain. So, relaxing the reality conditions, we use the following parametrization for the complex Y -functions

Y_{12} = ν(i − 1) sin χ cos χ , Y_{11} = ν(cos^2 χ + i sin^2 χ) , (128) Y_{21} = ν(i − 1) sin χ cos χ , Y_{22} = ν(sin^2 χ + i cos^2 χ) . (129)

Here the parameter ν is expressed through the first integral constant ν^2 = −iμ.

Within the parametrization (128) and (129) all equations (125) are satisfied if the angular variable χ obeys the equation

χ̇ = μ 2x^2

. (130)

Now in order to insure the self consistency of the solution it may be checked that the right hand side of the equation (108) evaluated with Y given in (128) reduces to

ẍ = μ^2 x^3

. (131)

This completes the proof, since (131) is the equation of motion for an one-dimensional system with the Lagrange function

L_{CM} := 1 2 ( ẋ^2 − μ^2 x^2 ) . (132)

References

[1] N. Seiberg and E. Witten, Electro-magnetic duality, monopole condensation, and confinement in N = 2 supersymmetric Yang-Mills theory, Nucl. Phys. B426, 19-52 (1994), [arXiv: hep-th/9407087];

N. Seiberg and E. Witten, Monopoles, duality, and chiral symmetry breaking in N = 2 supersymmetric QCD, Nucl. Phys. B431, 484-550 (1994), [arXiv: hep-th/9410167].

[2] A. Gorsky, I. Krichever, A. Marshakov, A. Mironov, and A. Morozov, Integrability and Seiberg-Witten exact solution, Phys. Lett. B 355, 466-474 (1995), [arXiv: hep-th/9505035].

[3] A. Gorsky and A. Mironov, Integrable many-body sistems and gauge theories, [arXiv:

hep-th/0011197].

[4] A.V. Marshakov, Seiberg-Witten Theory and Integrable Systems (World Scientific, Singapore, 1999);

A.V. Marshakov, Integrability in supersymmetric gauge theories, Physics of Elementary Particles and Atomic Nuclei, 30, 1120-1210 (1999).

[5] E. D’Hoker and D.H. Phong, Lectures on supersymmetric Yang-Mills theory and integrable systems, [arXiv: hep-th/9912271].

[6] L.N. Lipatov, High-energy asymptotics of multicolor QCD and exactly solvable lattice models, JETP Lett. 59, 596 (1994), [Pisma Zh. Eksp. Teor. Fiz. 59, 571 (1994)], [arXiv:hep-th/9311037];

L.D. Faddeev and G.P. Korchemsky, High energy QCD as copletely integrable model, Phys. Lett. B 342, (1995) 311-322, [arXiv: hep-th/9404173];

G.P. Korchemsky, Bethe anzats for QCD pomeron, Nucl. Phys. B443, 255-301 (1995), [arXiv: hep-th/9501232].

[7] V.M. Brown, S.E. Derkachev, and A.N. Manashov, Integrability of three particle evolution equations in QCD, Phys. Rev. Lett. 81, 2020-2023 (1998), [arXiv: hep-th/9805225];

S.E. Derkachev, G.P. Korchemsky, and A.N. Manashov, Evolution equations for quark gluon distributions in multicolor QCD and open spin chains, Nucl. Phys. B566, 203- 251 (2000), [arXiv: hep-th/9909539].

[8] A. Gorsky, I.I. Kogan, and G. Korchemsky, High energy QCD: stringy picture from hidden integrability, JHEP 0205, 053 (2002), [arXiv: hep-th/0204183]; A. Gorsky, String/gauge correspondence; view from the high-energy side, [arXiv: hep-th/0209127].

[9] S.G. Matinyan, G.K. Savvidy, and N.G. Ter-Arutyunyan-Savvidy, Classical Yang- Mills mechanics. Nonlinear colour oscillations, Sov. Phys. JETP 53, 421-429 (1981).

[10] H.M. Asatryan and G.K. Savvidy, Configuration manifold of Yang-Mills classical mechanics, Phys. Lett. A 99, 290-292 (1983).

[11] M. Lüscher, Some analytic results cocerning the mass spectrum of Yang-Mills gauge theories on a torus, Nucl. Phys. B219, 233-261 (1983).

[12] M. Lüscher and G. Münster, Weak coupling expansion of the low lying energy values in the SU(2) gauge theory on a torus, Nucl. Phys. B232, 445 (1984).

[13] B. Simon, Some quantum operators with discrete spectrum but classically continuos spectrum, Annals Phys. 146, 209-220 (1983).

[14] S.G. Matinyan, Dynamical chaos of nonabelian gauge fields, Fiz. Elem. Chast. Atom.

Yadra 16, 522-550 (1985).

[15] M.A. Soloviev, On the geometry of classical mechanics with nonabelian gauge symmetry, Teor. Mat. Fyz. 73, 3-15 (1987).

[16] M.J. Gotay, Reduction of homogeneous Yang-Mills fields, J. Geom. Phys. 6, 349-365 (1989).

[17] B. Dahmen and B. Raabe, Unconstrained SU(2) and SU(3) Yang-Mills classical mechanics, Nucl. Phys. B384, 352-380 (1992).

[18] S.A. Gogilidze, A.M. Khvedelidze, D.M. Mladenov, and H.-P. Pavel, Hamiltonian reduction of SU(2) Dirac-Yang-Mills mechanics, Phys. Rev. D 57, 7488-7500 (1998).

[19] A.M. Khvedelidze and D.M. Mladenov, Euler-Calogero-Moser system from SU(2) Yang-Mills theory, Phys. Rev. D 62, 125016(1-9) (2000).

[20] M. Claudson and M.B. Halpern, Supersymmetric ground state wave functions, Nucl.

Phys. B250, 689-715 (1985).

[21] R. Flume, On quantum mechanics with extended supersymmetry and nonabelian gauge constraints, Annals Phys. 164, 189-220 (1985).

[22] M. Baake, M. Reinicke, and V. Rittenberg, Fierz identities for real Clifford algebras and the number of supercharges, J. Math. Phys. 26, 1070-1071 (1985).

[23] B. de Wit, J. Hoppe, and H. Nicolai On the quantum mechanics of supermembranes, Nucl. Phys. B305[FS 23], 545-581 (1988).

[24] B. de Wit, Supermembranes and super matrix models, in Quantum Aspects of Gauge Theories, Supersymmetry and Unification, edited by A. Ceresole, C. Kounnas, D. Lüst, and S. Theisen, Lecture Notes in Physics Vol. 525 (Springer Verlag, Berlin, 1999), pp. 97-137, [arXiv: hep-th/9902051].

[25] T. Banks, W. Fischler, S. Shenker, and L. Susskind, M theory as a matrix model: a cojecture, Phys. Rev. D 55, 5112-5128 (1997), [arXiv: hep-th/9610043].

[26] M.B. Halpern and C. Schwartz, Asymptotic search for ground states of SU(2) matrix theory, Int. J. Mod. Phys. A 13, 4367-4408 (1998), [arXiv: hep-th/9712133].

[27] A. Konechny, On asymptotic Hamiltonian for SU(N) matrix theory, JHEP A 10, 018 (1998), [arXiv: hep-th/9805046].

[28] D. Hasler and J. Hoppe, Asymptotic factorization of the ground state for SU(N) invariant supersymmetricc matrix models, [arXiv: hep-th/0206043].

[29] B.V. Medvedev, Dynamic stochasticity and quantization, Theor. Math. Phys. 60, 782-797 (1985), [Teor. Mat. Fiz. 60, 224-244 (1984)].

[30] B.V. Chirikov and D.L. Shepelyansky, Stochastic oscillation of classical Yang-Mills fields, JETP Lett. 34, 163-167 (1981);

E.S. Nikolaevsky and L.N. Shchur, Nonintegrability of the classical Yang-Mills fields, JETP Lett. 36 218-221 (1982).

[31] I. Ya. Aref’eva, P.B. Medvedev, O.A. Rytchkov, and I.V. Volovich, Chaos in M(atrix) theory, [arXiv: hep-th/9710032];

I. Ya. Aref’eva, A.S. Koshelev, and P.B. Medvedev, Chaos-order transition in matrix theory, Mod. Phys. Lett. A 13, 2481-2494 (1998), [arXiv: hep-th/9804021].

[32] I. Ya. Aref’eva, A.S. Koshelev, and P.B. Medvedev, On stable sector in supermembrane matrix model, Nucl. Phys. B579, 411-436 (2000), [arXiv: hep-th/9911149].

[33] V.P. Gerdt, A.M. Khvedelidze, and D.M. Mladenov, Analysis of constraints in light-cone version of SU(2) Yang-Mills mechanics, Proceedings of International Workshop Computer Algebra and its Application to Physics, Dubna, 2001, [arXiv: hep-th/0209107].

[34] V. de Alfaro, S. Fubini, and G. Furlan, Conformal invariance in quantum mechanics, Nuovo Cimento 34, 569-612 (1976).

[35] P.A.M. Dirac, Forms of relativistic dynamics, Rev. Mod. Phys. 21, 392-399 (1949).

[36] K. Sundermeyer, Constrained Dynamics, Lecture Notes in Physics Vol. 169 (Springer Verlag, Berlin, 1982).

[37] J. Hoppe, V. Kazakov, and I. Kostov, Dimensionally reduced SY M_4 as solvable matrix quantum mechanics, Nucl. Phys. B571, 479-509 (2000), [arXiv: hep-th/9907058].

[38] V.P. Akulov and A.I. Pashnev, Quantum superconformal model in (1, 2) space, Theor.

Math. Phys. 56, 862-866 (1983), [Teor. Mat. Fiz. 56, 344-349 (1983)].

[39] S. Fubini and E. Rabinovici, Superconformal quantum mechanics, Nucl. Phys. B254, 17-44 (1984).

[40] E. A. Ivanov, S. Krivonos, and V. Leviant, Geometric superfield approach to superconformal mechanics, J. Phys. A: Math. Gen. 22, 4201-4222 (1989).

[41] E.A. Ivanov, S.O. Krivonos, and A.I. Pashnev, Partial supersymmetry breaking in N = 4 supersymmetric quantum mechanics, Class. Quant. Grav. 8, 19-40 (1991).

[42] P. Claus, M. Derix, R. Kallosh, J. Kumar, P.K. Townsend, and A. Van Proeyen, Superconformal mechanics and black holes, Phys. Rev. Lett. 81, 4553-4556 (1998), [arXiv: hep-th/9804177];

G.W. Gibbons and P.K. Townsend, Black holes and Calogero models, Phys. Lett. B 454, 187-192 (1999), [arXiv: hep-th/9812034];

R. Britto-Pacumio, J. Michelson, A. Strominger, and A. Volovich, Lectures on superconformal quantum mechanics and multi-black hole moduli spaces, in Progress in string theory and M-theory 235-264, Cargese 1999, [arXiv: hep-th/9911066].

[43] B. Pioline and A. Waldron, Quantum cosmology and conformal invariance, Phys.

Rev. Lett.90,031302 (2003), [arXiv: hep-th/0209044].

[44] P.A.M. Dirac, Lectures on Quantum Mechanics, Belfer Graduate School of Science (Yeshiva University, New York, 1964).

[45] M. Henneaux and C. Teitelboim, Quantization of Gauge Systems,

(Princeton University Press, Princeton, NJ, 1992).

[46] A.V. Borisov and I.S. Mamaev, Poisson Structures and Lie Algebras in Hamiltonian Mechanics, Regular and Chaotic Dyanamics Vol. VII (University of Udmurtia, Izhevsk, 1999) (in Russian).

[47] D.R. Zelobenko, Compact Lie Groups and Their Representations (Translations of Mathematical Monographs, Vol. 40 AMS, 1978).

[48] A.M. Khvedelidze and D.M. Mladenov, Generalized Calogero-Moser-Sutherland models from geodesic motion on GL(n, R) group manifold, Phys. Lett. A 299, 522-530 (2002), [arXiv: nlin.SI/0103047].

[49] A.M. Khvedelidze and D.M. Mladenov, Classical mechanics on GL(n, R) group and Euler-Calogero-Sutherland model, Physics of Atomic Nuclei 65 (2002) 1045-1045, [arXiv: nlin.SI/0101033].

[50] L. O’Raifeartaigh, Group Structure of Gauge Theories (Cambridge University Press, Cambridge, 1986).

[51] S. Weinberg, Dynamics at infinite momentum, Phys. Rev. 150,1313-1318 (1966).