arXiv:hep-th/0210197 v1 21 Oct 2002

Global Charges of Stationary Non-Abelian Black Holes

Burkhard Kleihaus Department of Mathematical Physics, University College, Dublin, Belfield, Dublin 4, Ireland

Jutta Kunz Fachbereich Physik, Universität Oldenburg, D-26111 Oldenburg, Germany

Francisco Navarro-Lérida Dept. de Física Teórica II, Ciencias Físicas, Universidad Complutense de Madrid, E-28040 Madrid, Spain (Dated: October 22, 2002)

We consider stationary axially symmetric black holes in SU(2) Einstein-Yang-Mills-dilaton theory. We present a mass formula for these stationary non-Abelian black holes, which also holds for Abelian black holes. The presence of the dilaton field allows for rotating black holes, which possess non-trivial electric and magnetic gauge fields, but don’t carry a non-Abelian charge.

PACS numbers: 04.20.Jb, 04.40.Nr

Introduction Black holes in Einstein-Maxwell (EM) theory are uniquely characterized by their global charges: their mass M , their angular momentum J, their electric charge Q, and their magnetic charge P [1, 2]. For EM black holes remarkable relations between their horizon properties and their global charges hold [2], such as the Smarr formula [3],

M = 2T S + 2ΩJ + Ψ_{el}Q + Ψ_{mag}P , (1)

where T represents the temperature of the black holes and S their entropy, Ω denotes their horizon angular velocity, and Ψ_{el} and Ψ_{mag} represent their horizon electrostatic and magnetic potential, respectively.

When non-Abelian fields are coupled to gravity, black hole solutions are no longer uniquely characterized by these global charges [4, 5]. Thus the EM “no-hair” theorem does not readily generalize to theories with non- Abelian gauge fields coupled to gravity, and neither does the mass formula, Eq. (1) [6, 7].

SU(2) Einstein-Yang-Mills (EYM) theory, for instance, possesses sequences of static spherically and axially symmetric hairy black hole solutions, which carry non- Abelian magnetic fields but no non-Abelian charge [4, 8]; it further possesses sequences of rotating EYM black holes, which carry non-Abelian electric and magnetic fields, but only a non-Abelian electric charge [9, 10].

In many unified theories, including Kaluza-Klein theory and string theory, a scalar dilaton field arises naturally. When a dilaton field is coupled to EM theory, this has profound consequences for the black hole solutions [11, 12, 13]. Although uncharged Einstein-Maxwell-dilaton (EMD) black holes simply correspond to the EM black holes, charged EMD black hole solutions possess qualitatively new features. Charged static EMD black hole solutions, for instance, exist for arbitrarily small horizon size [11], and the surface gravity of ‘extremal’ solutions depends in an essential way on the dilaton coupling constant γ. Extremal charged rotating EMD black holes, known exactly only for Kaluza-Klein (KK) theory with γ = √ 3 [12, 13], can possess non-zero angular momentum, while their event horizon has zero angular velocity [13].

The known EMD black hole solutions are still uniquely characterized by their mass, their angular momentum, and their electric and magnetic charge; and the mass formula Eq. (1) holds for the KK black hole solutions as well [13].

Here we consider stationary black hole solutions of SU(2) Einstein-Yang-Mills-dilaton (EYMD) theory, and present a mass formula for these black holes. After showing, that EMD black holes satisfy the mass formula

M = 2T S + 2ΩJ + D γ + 2Ψ_{el}Q , (2)

where the dilaton charge D enters instead of the magnetic charge P , we argue that this mass formula holds for all non-perturbatively known black hole solutions of SU(2) EYMD theory [8, 14, 17]. The mass formula Eq. (2) generalizes the mass formula obtained previously for static purely magnetic non-Abelian black holes [8], M = 2T S + D/γ. We then note that, while similar in many respects to the rotating EYM black holes [10], the EYMD black holes possess new features. In particular, we show that beyond a certain dilaton coupling strength γ, the presence of the dilaton allows for a new type of black hole: a rotating black hole which carries both electric and magnetic non- Abelian gauge fields but no non-Abelian charge.

Abelian mass formula Let us first consider the mass formula for EMD black hole solutions of the action S = ∫ ( R 16π + L_M ) √ −gd^4x (3)

with matter Lagrangian 4πL_M = − 1 2 ∂_μϕ∂^μϕ − 1 4 e^{2γϕ}F_{μν}F^{μν} . (4) We start from the general expression for the mass of black holes [15]

M = 2T S + 2ΩJ_H − 1 4π ∫ Σ R^0 √ −gdxdθdφ , (5) and express R^0 with help of the Einstein equations and the dilaton equation of motion,

R^0 = − 1 γ 1 √ −g ∂_μ (√ −g∂^μϕ ) + 2e^{2γϕ}F_{0α}F^{0α} . (6)

Evaluating the integral involving the dilaton d’Alembertian we obtain the dilaton term, D/γ, in the mass formula [8].

We then replace the horizon angular momentum J_H by the global angular momentum J [15],

J = J_H + 1 4π ∫ Σ e^{2γϕ}F_{φα}F^{0α} √ −gdxdθdφ , (7) and obtain M − 2T S − 2ΩJ − D γ = (8) − 1 2π ∫ Σ e^{2γϕ} (F_{0α} + ΩF_{φα}) F^{0α} √ −gdxdθdφ . To evaluate the remaining integral, we make the replacements F_{α0} = ∂_αA_0 and F_{αφ} = ∂_αA_φ, and employ the gauge field equations of motion. The mass formula Eq. (2) then holds, provided

2Ψ_{el}Q = 1 2π ∫ Σ ∂_α [ (A_0 + ΩA_φ)e^{2γϕ}F^{0α} √ −g ] dxdθdφ . (9) To show Eq. (9) we choose a gauge, where the gauge potential vanishes at infinity, and note that the electrostatic potential Ψ_{el}

Ψ_{el} = χ^μA_μ = A_0 + ΩA_φ , (10)

defined with Killing vector χ = ξ + Ωη (ξ = ∂_t, η = ∂_φ) is constant at the horizon. Thus we obtain

2Ψ_{el}Q = −Ψ_{el} 1 2π ∫ H e^{2γϕ}(^∗F_{θφ})dθdφ , (11) which holds because the conserved charge Q̃ [16],

Q̃ = − 1 4π ∫ H e^{2γϕ}(^∗F_{θφ})dθdφ , (12) does not depend on the choice of 2-sphere, i.e., Q̃(x_H) = Q̃(∞) = Q̃, and Q̃ = Q for ϕ(∞) = 0. When the Smarr formula holds [13], Eq. (2) implies D/γ = Ψ_{mag}P −Ψ_{el}Q.

Non-Abelian black holes We now turn to the non- Abelian black holes of the SU(2) EYMD action with matter Lagrangian 4πL_M = − 1 2 ∂_μϕ∂^μϕ − 1 2 e^{2γϕ}Tr(F_{μν} F^{μν}) , (13) field strength tensor F_{μν} = ∂_μA_ν − ∂_ν A_μ + i [A_μ, A_ν ] and gauge field A_μ = 1/2τ^aA^a_μ.

For the metric we choose the stationary axially symmetric Lewis-Papapetrou metric in isotropic coordinates,

ds^2 = −fdt^2+ m f ( dx^2 + x^2dθ^2 ) + l f x^2 sin^2 θ ( dφ − ω x dt )_2 . (14) For the gauge field we employ the ansatz [10], A_μdx^μ = Ψdt+A_φ(dφ− ω x dt)+ ( H_1 x dx + (1 − H_2)dθ ) τ_φ 2 , (15)

A_φ = − sin θ [ H_3 τ_x 2 + (1 − H_4) τ_θ 2 ] , Ψ = B_1 τ_x 2 +B_2 τ_θ 2 , (16) where the symbols τ_x, τ_θ and τ_φ denote the dot products of the Cartesian vector of Pauli matrices with the spherical spatial unit vectors. With respect to the residual gauge degree of freedom [8] we choose the gauge condition x∂_xH_1−∂_θH_2 = 0 [10]. All functions depend only on x and θ. The above ansatz satisfies the Ricci circularity and Frobenius conditions [15].

The event horizon of stationary black holes resides at a surface of constant radial coordinate x = x_H, and is characterized by the condition f(x_H) = 0. At the horizon we impose the boundary conditions [10, 17] f = m = l = 0, ω = ω_H = Ωx_H, ∂_xϕ = 0, H_1 = 0, ∂_xH_2 = ∂_xH_3 = ∂_xH_4 = 0, B_1 − Ω cos θ = 0, B_2 + Ω sin θ = 0, where Ω is the horizon angular velocity.

The boundary conditions at infinity, f = m = l = 1, ω = 0, ϕ = 0, H_1 = H_3 = 0, H_2 = H_4 = ±1, B_1 = B_2 = 0, ensure, that black holes are asymptotically flat and magnetically neutral. Axial symmetry and regularity impose the boundary conditions on the symmetry axis (θ = 0), ∂_θf = ∂_θl = ∂_θm = ∂_θω = 0, ∂_θϕ = 0, H_1 = H_3 = B_2 = 0, ∂_θH_2 = ∂_θH_4 = ∂_θB_1 = 0, and agree with the boundary conditions on the θ = π/2-axis, except for B_1 = 0, ∂_θB_2 = 0.

To show the mass formula Eq. (2) for the non-Abelian black holes, we need to consider the asymptotic expansion for the metric, the gauge field and the dilaton functions [10, 17]. The mass M , the angular momentum J = aM , the non-Abelian electric charge Q (where |Q| is the gauge invariant non-Abelian electric charge of Ref. [7]), and the dilaton charge D are obtained from the asymptotic expansion via f → 1 − 2M x , ω → 2J x^2

, (17)

(cos θB_1 + sin θB_2) → Q x , ϕ → − D x . (18)

We further need the horizon area A and the horizon temperature T = κ_{sg}/2π with surface gravity κ_{sg} [15],

κ^2_{sg} = −1/4(∇_μχ_ν )(∇^μχ^ν) . (19)

To derive the mass formula for the non-Abelian black holes we first follow the arguments employed in the Abelian case. With the replacements F_{α0} = D_αA_0 and F_{αφ} = D_α(A_φ − u) [18], (where u = τ_z/2, and D_α = ∂_α + i[A_α, · ],) the mass formula holds, provided (see Eq. (9)),

2Ψ_{el}Q = (20) 1 4π ∫ Σ Tr [ D_α(A_0 + Ω(A_φ − u))e^{2γϕ}F^{0α} √ −g ] dxdθdφ , Since the trace of a commutator vanishes, we replace the gauge covariant derivative by the partial derivative, and again make use of the fact that the electrostatic potential is constant at the horizon, χ^μA_μ = Ψ_H = Ωu, thus Ψ_{el} = Ω [17]. Hence the integral vanishes at the horizon, and we are left with the integral at infinity. Evaluating this integral with help of the asymptotic expansion [17] then yields the desired result. Thus the mass formula Eq. (2) holds for the non-Abelian black holes as well [17].

Numerical results We solve the set of eleven coupled non-linear elliptic partial differential equations numerically, subject to the above boundary conditions, employing compactified dimensionless coordinates, x̄ = 1 − (x_H/x) [10].

Starting with a static spherically symmetric SU(2) EYMD black hole with horizon radius x_H, corresponding to ω_H = 0, we choose a small but finite value for ω_H. The resulting rotating black hole then has non-trivial functions ω, H_1, H_3, B_1, B_2. By varying ω_H, while keeping the horizon parameter x_H and the dilaton coupling constant γ fixed, we obtain a set of rotating hairy black holes, analogous in many respects to the EYM black holes [10].

In Fig. 1 we display the specific angular momentum a = J/M , the non-Abelian electric charge Q, and the relative dilaton charge D/γ for black holes with horizon parameter x_H = 0.1 and dilaton coupling constant γ = 1 as functions of the mass M . As expected [10], these global charges are close to the corresponding global charges of the embedded Abelian solutions [19] with Q = 0 and P = 1.

In Fig. 2 we exhibit the global charges as functions of the dilaton coupling constant γ. With increasing γ the mass M and the relative dilaton charge D/γ decrease monotonically, the specific angular momentum a and the non-Abelian electric charge Q pass extrema [17]. Interestingly, the non-Abelian electric charge Q can change sign in the presence of the dilaton field.

Thus we observe the surprising feature that the non- Abelian charge Q of rotating EYMD black holes can vanish. Cuts through the parameter space of solutions with vanishing Q are exhibited in Fig. 3. Solutions with Q = 0 exist only above γ_{min} ≈ 1.15. These Q = 0 EYMD black holes represent the first black hole solutions, which carry non-trivial non-Abelian electric and magnetic fields and no non-Abelian charge [20]. As a consequence, these special solutions do not exhibit the generic asymptotic noninteger power fall-off of the stationary non-Abelian gauge field solutions [10, 17].

FIG. 1: The specific angular momentum a, the non-Abelian electric charge Q, and the relative dilaton charge D/γ are shown for the EYMD black hole solutions (xH = 0.1, γ = 1) as functions of the mass M. Also shown are the corresponding properties of the embedded Abelian solutions with Q = 0 and P = 1 (dotted).

FIG. 2: The global charges (see Fig. 1) are shown as functions of the dilaton coupling constant γ (xH = 0.1, ωH = 0.02).

Let us now turn to the horizon properties of the EYMD black holes. In Fig. 4 we show the area parameter x_Δ = √ A/4π, the temperature T , the deformation of the horizon (as quantified by the ratio of equatorial and polar circumferences) L_e/L_p, and the Gaussian curvature at the poles K. As for EM black holes [3], the Gaussian curvature of the horizon can become negative and the topology of the horizon is that of a 2-sphere.

The numerically constructed stationary axially symmetric EYMD black holes satisfy the mass formula, Eq. (2), with an accuracy of 10^{−3}. So do the numerically constructed EMD black holes. EYM black holes are included in the limit γ → 0, since D/γ remains finite. Further details of the rotating non-Abelian black

FIG. 3: Cuts through the parameter space of Q = 0 black hole solutions (γ = 1.5, √ 3, 2).

hole solutions will be given elsewhere [17].

Outlook The mass formula holds for the nonperturbatively known SU(2) EYMD black hole solutions. However, there may be further black hole solutions in SU(2) EYMD theory, with different boundary conditions and symmetries. For such black holes, the mass formula will have to be reconsidered.

Contrary to expectation, black holes in SU(2) EYMD theory are not uniquely characterized by their mass M , their angular momentum J, their non-Abelian electric charge Q, and their dilaton charge D [17]. Thus a new uniqueness conjecture for non-Abelian black holes will have to include an additional charge [21].

Acknowledgment FNL has been supported in part by a FPI Predoctoral Scholarship from Ministerio de Educación (Spain) and by DGICYT Project PB98-0772.

FIG. 4: Same as Fig. 1 for the area parameter xΔ, the temperature T , the deformation of the horizon Le/Lp, and the Gaussian curvature at the poles K.

[1] W. Israel, Commun. Math. Phys. 8 (1968) 245; D. C.

Robinson, Phys. Rev. Lett. 34 (1975) 905; P. Mazur, J. Phys. A15 (1982) 3173.

[2] M. Heusler, Black Hole Uniqueness Theorems, (Cambrigde University Press, 1996).

[3] L. Smarr, Phys. Rev. Lett. 30 (1973) 71; L. Smarr, Phys.

Rev. D7 (1973) 289.

[4] M. S. Volkov and D. V. Galt’sov, Sov. J. Nucl. Phys. 51 (1990) 747; P. Bizon, Phys. Rev. Lett. 64 (1990) 2844; H. P. Künzle and A. K. M. Masoud-ul-Alam, J. Math. Phys. 31 (1990) 928.

[5] M. S. Volkov and D. V. Gal’tsov, Phys. Rept. 319 (1999) 1. [6] D. Sudarsky and R. Wald, Phys. Rev. D47 (1993) R5209. [7] A. Corichi, U. Nucamendi, and D. Sudarsky, Phys. Rev.

D62 (2000) 044046; B. Kleihaus, J. Kunz, A. Sood, and M. Wirschins, Phys. Rev. D65 (2002) 061502.

[8] B. Kleihaus and J. Kunz, Phys. Rev. Lett. 79 (1997) 1595; B. Kleihaus and J. Kunz, Phys. Rev. D57 (1998) 6138.

[9] M. S. Volkov and N. Straumann, Phys. Rev. Lett. 79 (1997) 1428; O. Brodbeck, M. Heusler, N. Straumann and M. S. Volkov, Phys. Rev. Lett. 79 (1997) 4310.

[10] B. Kleihaus and J. Kunz, Phys. Rev. Lett. 86 (2001) 3704; B. Kleihaus, J. Kunz, and F. Navarro-Lérida, grqc/0207042, Phys. Rev. D in press.

[11] G. W. Gibbons and K. Maeda, Nucl. Phys. B298 (1988) 741; D. Garfinkle, G. T. Horowitz and A. Strominger,

Phys. Rev. D43 (1991) 3140.

[12] G. W. Gibbons and K. Maeda, Ann. Phys. (N.Y.) 167 (1986) 201; V. Frolov, A.Zelnikov, and U. Bleyer, Ann. Phys. (Leipzig) 44 (1987) 371.

[13] D. Rasheed, Nucl.Phys. B454 (1995) 379. [14] E. E. Donets and D. V. Gal’tsov, Phys. Lett. B302 (1993) 411; G. Lavrelashvili and D. Maison, Nucl. Phys. B410 (1993) 407; B. Kleihaus, J. Kunz, and A. Sood, Phys. Rev. D54 (1996) 5070.

[15] R. M. Wald, General Relativity (University of Chicago Press, Chicago, 1984) [16] A. Ashtekar and A. Corichi, Class. Quantum Grav. 17 (2000) 1317.

[17] B. Kleihaus, J. Kunz, and F. Navarro-Lérida, in preparation.

[18] J. J. van der Bij and E. Radu, Int. J. Mod. Phys. A17 (2002) 1477.

[19] The boundary conditions for the Abelian solutions agree with those for the non-Abelian solutions except for H2(∞) = H4(∞) = 0.

[20] Perturbative studies [9] suggested that EYM theory possesses rotating black hole solutions with non-Abelian electric and magnetic fields and no non-Abelian charge, satisfying a different set of boundary conditions. Such solutions, however, could not be obtained numerically [10, 18].

[21] A. Ashtekar, private communication.