arXiv:hep-th/0210252 v1 26 Oct 2002

Holographic Thermodynamic on the Brane in Topological Reissner-Nordström de Sitter Space

1,2,3 M.R. Setare ∗,1,3R. Mansouri †

1 Department of Physics, Sharif University of Technology, Tehran, Iran 2 Department of Science, Physics group, Kurdistan University, Sanandeg, Iran 3Institute for Theoretical Physics and Mathematics, Tehran, Iran

October 29, 2002

Abstract

We consider the brane universe in the bulk background of the topological Reissner- Nordström de Sitter black holes. We show that the thermodynamic quantities (including entropy) of the dual CFT take usual special forms expressed in terms of Hubble parameter and its time derivative at the moment , when the brane crosses the black hole horizon or the cosmological horizon. We obtain the generalized Cardy-Verlinde formula for the CFT with an charge and cosmological constant, for any values of the curvature parameter k in the Friedmann equations.

∗E-mail: rezakord@yahoo.com †E-mail:mansouri@sharif.edu

1 Introduction

The holographic duality which connects n + 1-dimensional gravity in Anti-de Sitter (AdS) background with n-dimensional conformal field theory (CFT) has been discussed vigorously for some years[1]. But it seems that we live in a universe with a positive cosmological constant which will look like de Sitter space–time in the far future. Therefore, we should try to understand quantum gravity or string theory in de Sitter space preferably in a holographic way.. Of course, physics in de Sitter space is interesting even without its connection to the real world; de Sitter entropy and temperature have always been mysterious aspects of quantum gravity[2].

While string theory successfully has addressed the problem of entropy for black holes, dS entropy remains a mystery. One reason is that the finite entropy seems to suggest that the Hilbert space of quantum gravity for asymptotically de Sitter space is finite dimensional, [3, 4]. Another, related, reason is that the horizon and entropy in de Sitter space have an obvious observer dependence. For a black hole in flat space (or even in AdS) we can take the point of view of an outside observer who can assign a unique entropy to the black hole. The problem of what an observer venturing inside the black hole experiences, is much more tricky and has not been given a satisfactory answer within string theory. While the idea of black hole complementarity provides useful clues, [5], rigorous calculations are still limited to the perspective of the outside observer. In de Sitter space there is no way to escape the problem of the observer dependent entropy. This contributes to the difficulty of de Sitter space.

Recently much attention has been paid for the duality between de Sitter (dS) gravity and CFT by the analogy of the AdS/CFT correspondence[6, 7, 8, 9] (for a very good review see also [10]) , because the isometry of n + 1-dimensional de Sitter space, SO(n + 1, 1), exactly agrees with the conformal symmetry of n-dimensional Euclidean space. Thus it might be natural to expect the correspondence between n + 1-dimensional gravity in de Sitter space and n-dimensional Euclidean CFT (the dS/CFT correspondence). Moreover the holographic principle between the radiation dominated Friedmann-Robertson-Walker (FRW) universe in n-dimensions and same dimensional CFT with a dual n+1-dimensional AdS description was studied in [11]. Especially, we can see the correspondence between black hole entropy and the entropy of the CFT which is derived by making the appropriate identifications for FRW equation with the Cardy-Verlinde formula. In this paper we consider the brane universe in the bulk background of the topological Reissner-Nordström de Sitter (TRNdS) black holes. We show that the thermodynamic quantities (including entropy) of the dual CFT take usual special forms expressed in terms of Hubble parameter and its time derivative at the moment , when the brane crosses the black hole horizon or the cosmological horizon. We obtain the generalized Cardy-Verlinde formula for the CFT with an charge and cosmological constant , for any values of the curvature parameter k in the Friedmann equations.

2 FRW equations in the background of TRNdS Black Holes

The topological Reissner-Nordström dS black hole solution in (n + 2)-dimensions has the following form

ds^2 = −f(r)dt^2 + f(r)^{−1}dr^2 + r^2γ_{ij} dx^idx^j , f(r) = k − ω_nM r^{n−1} + nω^2_nQ^2 8(n − 1)r^{2n−2} − r^2 l^2

, (1)

where ω_n = 16πG nVol(Σ) , ϕ = − n 4(n − 1) ω_nQ r^{n−1} , (2)

where Q is the electric/magnetic charge of Maxwell field, M is assumed to be a positive constant , l is the curvature radius of de Sitter space, γ_{ij} dx^idx^j denotes the line element of an n-dimensional hypersurface Σ_k with the constant curvature n(n − 1)k and its volume V (Σ_k ). Σ_k is given by spherical (k = 1), flat (k = 0), hyperbolic (k = −1), ϕ is the elctrostatic potential related to the charge Q. When k = 1, the metric Eq.(1) is just the Reissner-Nordström-de Sitter solution. For general M and Q, the equation f(r) = 0 may have four real roots. Three of them are real, the largest on is the cosmological horizon r_c, the smallest is the inner (Cauchy) horizon of black hole, the middle one is the outer horizon r_+ of the black hole. And the fourth is negative and has no physical meaning. The case M = Q = 0 reduces to the de Sitter space with a cosmological horizon r_c = l. When k = 0 or k = −1, there is only one positive real root of f(r), and this locates the position of cosmological horizon r_c.

In the case of k = 0, γ_{ij} dx^idx^j is an n−dimensional Ricci flat hypersurface, when M = Q = 0 the solution Eq.(1) goes to pure de Sitter space

ds^2 = r^2 l^2 dt^2 − l^2 r^2 dr^2 + r^2dx^2_n (3)

in which r becomes a timelike coordinate.

When Q = 0, and M → −M the metric Eq.(1)is the TdS (Topological de Sitter) solution [12, 13], which have a cosmological horizon and a naked singularity. For the purpose of getting the Friedmann-Robertson-Walker(FRW) metric, we impose the following condition[11], 1 f(r) ( dr dτ )_2 − f(r) ( dt dτ )_2

= −1, (4)

which leads to a timelike brane. Substituting Eq.(4) into the TRNdS solution Eq.(1), one has the induced brane metric which takes FRW form

ds^2 = −dτ^2 + r^2(τ )γ_{ij} dx^idx^j , (5)

the equation of motion of the brane is given by[14] K_{ij} = σ n h_{ij} , (6) where K_{ij} is the extrinsic curvature, and h_{ij} is the induced metric on the brane, σ is the brane tension. The extrinsic curvature, K_{ij} , of the brane can be calculated and expressed in term of function r(τ ) and t(τ ). Thus one rewrites the equations of motion (6) as dt dτ = σr f(r) , (7)

Using Eqs.(4,7), we can drive FRW equation with H =^ṙ ,

H^2 = − f(r) r^2

+ σ^2 = ω_nM r^{n+1} − nw^2_nQ^2 8(n − 1)r^{2n} − k r^2 + 1 l^2

+ σ^2, (8)

where, H is the Hubble parameter. Here we cannot make any fine-tuning to obtain a flat brane. We have thus an effectively de Sitter brane. Making use of the fact that the metric for the boundary CFT can be determined only up to a conformal factor, we rescale the boundary metric for the CFT to be of the following form ds^2_{CF T} = lim_{r→∞} [ l^2 r^2 ds^2_{n+2} ] = −dt^2 + l^2γ_{ij} dx^idx^j . (9)

Then the thermodynamic relations between the boundary CFT and the bulk TRNdS are given by E_{CF T} = M l r , Φ_{CF T} = ϕ l r , T_{CF T} = T_{T RN dS} l r , S_{CF T} = S_{T RN dS} (10) where black hole horizon Hawking temperature T^b_{T RN dS} and entropy S^b_{T RN dS} are given by T^b_{T RN dS} = f^′(r_+) 4π = 1 4πr_+ ( (n − 1) − (n + 1) r^2_+ l^2 − nω^2_nQ^2 8r^{2n−2}_+ ) , S^b_{T RN dS} = r^n_+Vol(Σ) 4G , (11)

where r = r_+ is black hole horizon and v_+ = r^n_+V ol(Σ) is area of it in (n+2)−dimensional asymptotically dS space. The Hawking temperature T^c_{T RN dS} and entropy S^c_{T RN dS} associated with the cosmological horizon are T^c_{T RN dS} = −f^′(r_c) 4π = 1 4πr_c ( −(n − 1)k + (n + 1) r^2_c l^2 + nω^2_nQ^2 8r^{2n−2}_c ) , S^c_{T RN dS} = r^n_c Vol(Σ) 4G , (12)

where V_c = r^n_c V ol(Σ) is area of the cosmological horizon.In terms of the energy density ρ_{CF T} = E_{CF T} /V , the pressure p_{CF T} = ρ_{CF T} /n, the charge density ρ_{QCF T} = Q/V and the electrostatic potential Φ_{CF T} = ϕ^l_r of the CFT within the volume V = r^nVol(Σ), the first Friedmann equation take the following form

H^2 = 16πG n(n − 1) ( ρ_{CF T} − 1 2 Φρ_{QCF T} ) − k r^2 + 2Λ_{n+1} n(n + 1)

, (13) with the positive cosmological constant Λ_{n+1} =^{n(n+1)}_2 (1/ℓ^2 + σ^2), and G =^{(n−1)Gn+2}_l . Taking the τ −derivative of Eq.(8), we obtain the second Friedmann equation

Ḣ = −n + 1 2 ω_nM r^{n+1} + n^2w^2_nQ^2 8(n − 1)r^{2n} + k r^2

. (14)

Similar to the first Friedmann equation we can rewrite the second equation as following Ḣ = − 8πG n − 1 (ρ_{CF T} + p_{CF T} − Φ_{CF T} ρ_{QCF T} ) + k r^2

, (15)

So, the cosmological evolution is determined by the energy density ρ_{CF T} and the pressure p_{CF T} , electric potential energy and cosmological constant. The Friedmann equations (13,15) can be respectively put into the following forms resembling thermodynamic formulas of the CFT,

S_H = 2π n r √ E_{BH} [2(E_{CF T} + E_Λ −^1_2 Φ_{CF T} Q) − kE_{BH} ], (16) kE_{BH} = n(E_{CF T} + pV − Φ_{CF T} Q − T_H S_H ), (17) in terms of the Hubble entropy S_H and the Bekenstein-Hawking energy E_{BH} the cosmological energy E_Λ and the Hubble temperature T_H , where S_H ≡ (n−1) HV 4G , E_Λ ≡ Λ(n − 1)V 8πG(n + 1) E_{BH} ≡ n(n−1) V 8πGr^2 , T_H ≡ − Ḣ 2πH . (18)

Now we study thermodynamics of the CFT at the moment when the brane crosses the black hole horizon r = r_+ in the case k = 1, and crosses the cosmological horizon r = r_c for the cases k = 0 and k = −1 defined as the largest root of f(r) = 0, k − ω_nM r^{n−1} + nω^2_nQ^2 8(n − 1)r^{2n−2} − r^2 l^2

= 0. (19)

From Eqs.(8,19), after setting σ =^1_l , we have

H^2 = 1 l^2 at r = r_{+,c}. (20)

The total entropy S_{CF T} of the CFT remains constant, but the entropy density, s ≡ S_{CF T} V = r^n_{+,c}V ol(Σ) 4G_{n+2} r^nV ol(Σ)

= (n − 1) r^n_{+,c} 4Glr^n , (21)

varies with time. Using Eq. (20), we see that s at r = r_{+,c} can be expressed in terms of H as following s = (n − 1) H 4G at r = r_{+,c}, (22)

then we have S = S_H at r = r_{+,c} (23)

Using the formula H^2 = σ^2 − f(r)/r^2 that follows from Eq. (8), we see that the CFT temperature T_{CF T} = f^′(r_+)l/(4πr_+), at the moment when the brane crosses the black hole horizon, can be expressed in terms of H and Ḣ in the following way T_{CF T} = − Ḣ 2πH at r = r_+. (24)

In the cases k = 0 and k = −1, at the moment when the brane crosses the cosmological horizon ,the CFT temperature T_{CF T} = −f^′(r_c)l/(4πr_c) can be expressed as the following T_{CF T} = Ḣ 2πH at r = r_c. (25)

Using Eqs.(17,23,24)in the case k = 1 we can write

E_C = E_{BH} at r = r_+ (26)

where E_C is the Casimir energy defined as E_C ≡ n(E_{CF T} + p_{CF T} V − Φ_{CF T} Q − T S). (27) If we redefine the Hubble temperature as T_H ≡^Ḣ_{2πH} for the cases k = 0 and k = −1, then we can write E_C = kE_{BH} at r = r_{+,c} (28)

Therefore, for the case of topological Reissner-Nordström de Sitter black holes, thermodynamic quantities of the CFT can be expressed in terms of the Hubble parameter and its time derivative, when the brane crosses the black hole horizon in the case k = 1 and crosses the cosmological horizon in the cases k = 0, k = −1 . We can rewrite Eq.(16) in term of the Casimir energy E_C , by using Eqs.(23,28) S = 2πr n √ | E_C k |(2(E_{CF T} + E_Λ − 1/2ϕ_{CF T} Q) − E_C ), (29)

this is the generalized Cardy-Verlinde formula for the CFT with cosmological constant Λ and charge Q. Therefore the generalized Cardy-Verlinde Eq.(29) for boundary CFT, coincides with the cosmological Cardy formula Eq.(16) when the brane crosses the black hole horizon r = r_+ or cosmological horizon r = r_c.

3 Conclusion

One of the striking results for the dynamic dS/CFT correspondence is that the Cardy- Verlinde’s formula on the CFT-side coincides with the Friedmann equation in cosmology when the brane crosses the horizon r = r_+ of the topological Reissner-Nordström black hole. This means that the Friedmann equation knows the thermodynamics of the CFT. In this paper we have considered the brane universe in the bulk background of the topological Reissner-Nordström de Sitter black holes. We have shown that in TRNdS space in contrast with TRNAdS space we cannot make any fine-tuning to obtain a flat brane. We have thus an effectively de Sitter brane. We have shown that thermodynamic quantities of the CFT can be expressed in terms of the Hubble parameter and its time derivative, when the brane crosses the black hole horizon or cosmological horizon respectively for the case k = 1 and the cases k = 0, k = −1. We obtain the generalized Cardy-Verlinde formula for the CFT with an charge and cosmological constant , for any values of the curvature parameter k in the Friedmann equations.

References

[1] J.M. Maldacena, Adv.Theor.Math.Phys. 2 (1998) 231, hep-th/9711200; E. Witten, Adv.Theor.Math.Phys. 2 (1998) 253, hep-th/9802150; S. Gubser, I. Klebanov and A. Polyakov, Phys.Lett. B428 (1998) 105, hep-th/9802109; O. Aharony, S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Phys.Repts. 323 (2000) 183, hep-th/9905111. Further references are contained therein.

[2] G. W. Gibbons and S. W. Hawking, Phys. Rev. D15 (1977) 2738.

[3] T. Banks, “Cosmological breaking of supersymmetry or little Lambda goes back to the future. II,” arXiv:hep-th/0007146.

[4] E. Witten, “Quantum gravity in de Sitter space,” arXiv:hep-th/0106109.

[5] L. Susskind, L. Thorlacius and J. Uglum, “The Stretched horizon and black hole complementarity,” Phys. Rev. D 48 (1993) 3743 [arXiv:hep-th/9306069]; L. Susskind, “String theory and the principles of black hole complementarity,” Phys. Rev. Lett. 71 (1993) 2367 [arXiv:hep-th/9307168].

[6] A. Strominger, hep-th/0106113; hep-th/0110087; For review, see M. Spradlin, A.

Strominger, A. Volovich, hep-th/0110007.

[7] C.M. Hull, JHEP 9807(1998) 021, hep-th/9806146; P.O. Mazur, E. Mottola, hepth/0106151; S. Nojiri, S.D. Odintsov, Phys.Lett.B519 (2001)145, hep-th/0106191; hep-th/0107134; hep-th/0110064; E. Silverstein, hep-th/0106209; D. Klemm, hepth/0106247; A. Chamblin, N. D. Lambert, hep-th/0107031; J. Bros, H. Epstein, U. Moschella, hep-th/0107091; E. Halyo, hep-th/0107169; A. J. Tolley, N. Turok, hep-th/0108119; T. Shiromizu, D. Ida, T. Torii, hep-th/0109057; C.M. Hull, hepth/0109213; S. Cacciatori, D. Klemm, hep-th/0110031; B. McInnes, hep-th/0110062; V. Balasubramanian, J. de Boer and D. Minic, hep-th/0110108; Y.S. Myung, hepth/0110123; Ulf. H. Danielsson, hep-th/0110265.James P. Gregory, Antonio Padilla, Class.Quant.Grav. 19 (2002) 4071-4083.

[8] R.-G. Cai, Y. S. Myung and Y.-Z. Zhang, hep-th/0110234.

[9] M. R. Setare, hep-th/0210187, to be appear in Int.J.Mod Phys.A(2002).

[10] S. Nojiri, S. Odintsov and S. Ogushi, hep-th/0205187.

[11] E. Verlinde, hep-th/0008140.

[12] R. G. Cai, Phys. Lett. B525, (2002),231.

[13] A.J.M. Medved, Class.Quant.Grav. 19 (2002) 2883-2896

[14] I. Savonije and E. Verlinde, “CFT and entropy on the brane,” hep-th/0102042.