arXiv:hep-th/0210253 v1 26 Oct 2002

Noncommutativity Parameter As a Field on the String Worldsheet

Davoud Kamani

Institute for Studies in Theoretical Physics and Mathematics (IPM) P.O.Box: 19395-5531, Tehran, Iran e-mail: kamani@theory.ipm.ac.ir

Abstract

We consider the noncommutativity parameter of the space-time as a bosonic worldsheet field. By finding a fermionic super-partner for it, we can find star products between the boson-boson, boson-fermion and fermion-fermion fields of superstring worldsheet and also between superfields of the worldsheet superspace. We find a two dimensional action for the noncommutativity parameter and its fermionic partner. We discuss the symmetries of this action.

PACS: 11.25.-w Keywords: String theory; Noncommutativity; Supersymmetry.

1 Introduction

The study of open strings in the presence of background fields enables us to explain the noncommutativity on the D-brane worldvolume [1, 2]. In the most of these attempts the noncommutativity parameter is constant i.e., it is independent of the spacetime coordinates. It is given in terms of a constant background NS⊗NS B-field and a constant closed string metric g_{μν} [1]. The noncommutativity parameter also can be non-constant [3, 4, 5]. One can achieve to this, by introducing a nontrivial B-field [4] or more general, a curved background metric g_{μν} with nontrivial B-field [5].

The fact that the noncommutativity parameter is not constant implies that, indirectly this parameter depends on the coordinates of the string worldsheet. We consider the noncommutativity parameter Θ^{μν} as a bosonic field of the string worldsheet. Worldsheet supersymmetry enables us to find a fermionic super-partner for it. We call this fermionic field ω^{μν} . We study supersymmetry of the Θω-system. That is, we find the supersymmetry transformations of the fields Θ^{μν} and ω^{μν} . We show that the algebra of these transformations is closed.

Imposing the worldsheet supersymmetry to the noncommutativity relation of the spacetime, creates star products between the boson-boson, boson-fermion and fermion-fermion fields. By these products we can find the noncommutativity of the superfields associated to the worldsheet superspace. Therefore, this noncommutativity is compatible with supersymmetry. Furthermore, we shall show that star product of two superfields is a superfield. In other words, noncommutativity parameter of the superfield coordinates is a superfield.

Some transformation properties of the components of the supersymmetrized local noncommutativity parameter will be discussed. By quantizing the system, the algebra of the supercurrent is studied. In addition to the supersymmetry, the action of the Θω-system also is symmetric under the reparametrization of the worldsheet coordinates, the Weyl scaling of the worldsheet metric, the transformations that are induced by Poincaré transformations and another linear transformation of Θ^{μν} and ω^{μν} . We study the two later symmetries in detail.

This paper is organized as follows. In section 2, supersymmetry of the noncommutativity parameter and its fermionic partner is discussed. In section 3, we find star products between the worldsheet bosons and fermions and also between superfields of worldsheet superspace. In section 4, the action of these new fields, the quantization of these fields, the supercurrent and its algebra will be obtained. In section 5, we study the induced Poincaré symmetry and another symmetry of this system.

2 Supersymmetry transformations of Θ^{μν} and ω^{μν}

We know that for a noncommutative space with the coordinates {X^μ} and the noncommutativity parameter Θ^{μν} there is X^μ ∗ X^ν = X^μX^ν + i 2 Θ^{μν} , (1) which leads to the commutator [X^μ , X^ν ]_∗ = iΘ^{μν} . (2) Note that in string theory, the equation (1) is definition of the star product between two worldsheet bosons X^μ and X^ν . It is not definition of the parameter Θ^{μν} . Later we shall find an appropriate action for Θ^{μν} .

Now consider superstring theory with worldsheet supersymmetry. It has the action S = − 1 4πα^′ ∫ d^2σ(∂_aX^μ∂^aX_μ − iψ̄^μρ^a∂_aψ_μ) , (3)

where ψ^μ = ψ^μ_− ψ^μ_+ is a Majorana spinor of worldsheet. The equations of motion extracted from this action are ∂_+ψ^μ_− = ∂_−ψ^μ_+ = ∂_+∂_−X^μ = 0 , (4) where ∂_± =^1_2 (∂_τ ± ∂_σ). Under the worldsheet supersymmetry transformations, this action is invariant. These transformations are δX^μ = ϵ̄ψ^μ , δψ^μ = −iρ^a∂_aX^μϵ , (5) where ϵ is a constant anti-commuting infinitesimal Majorana spinor. According to the equations of motion (4), supersymmetry means that ∂_±X^μ appears like ψ^μ_± and vice-versa.

From the equation (1) and the supersymmetry transformations (5), we have i 2 δΘ^{μν} = ϵ̄(ψ^μ ∗ X^ν + X^μ ∗ ψ^ν − ψ^μX^ν − X^μψ^ν ) . (6) This transformation can be written as δΘ^{μν} = ϵ̄ω^{μν} , (7) where ω^{μν} is defined as i 2 ω^{μν} = ψ^μ ∗ X^ν + X^μ ∗ ψ^ν − ψ^μX^ν − X^μψ^ν , (8)

or in the commutator form, it is

iω^{μν} = [ψ^μ , X^ν ]_∗ − [ψ^ν , X^μ]_∗ . (9)

Also the equations (5) and (8) give the supersymmetry transformation of ω^{μν} i.e., i 2 δω^{μν} = −iρ^aϵ(∂_aX^μ ∗ X^ν + X^μ ∗ ∂_aX^ν − ∂_aX^μX^ν − X^μ∂_aX^ν ) . (10)

By using the equation (1) this transformation takes the simple form δω^{μν} = −iρ^a∂_aΘ^{μν} ϵ . (11) Note that the transformations of the equations (2) and (9) also lead to the results (7) and (11), respectively. Now we have a new Majorana spinor ω^{μν} = ω^{μν}_− ω^{μν}_+ which is antisymmetric under the exchange of the indices μ and ν.

The transformations (7) and (11) form a closed algebra, that is for two successive transformations δ_ϵ and δ_ϵ′ we obtain

[δ_ϵ , δ_ϵ′ ]Θ^{μν} = 2iϵ̄ρ^aϵ^′∂_aΘ^{μν} , [δ_ϵ , δ_ϵ′ ]ω^{μν} = 2iϵ̄ρ^aϵ^′∂_aω^{μν} . (12)

Note that closeness of algebra means that the commutator of two supersymmetry transformations gives a spatial translation. This can be seen from the above equations.

3 Star product between various fields

Now we find star product between the worldsheet fields and between superfields. Making derivative of the equation (1) with respect to the light-cone coordinates σ^±, leads to the equation i 2 ∂_±Θ^{μν} = ∂_±X^μ ∗ X^ν + X^μ ∗ ∂_±X^ν − ∂_±X^μX^ν − X^μ∂_±X^ν . (13)

According to the supersymmetry this equation gives i 2 Ω^{μν} = ψ^μ ∗ X^ν + X^μ ∗ ψ^ν − ψ^μX^ν − X^μψ^ν , (14) where we introduced the spinor Ω^{μν} as super-partner of Θ^{μν} . The equations (8) and (14) give the equality Ω^{μν} = ω^{μν} . Therefore, the equations (7), (8) and (11) imply Θ^{μν} and ω^{μν} are super-partner of each other. Again note that the equation (8) is definition of star product between the worldsheet bosons {X^μ} and the worldsheet fermions {ψ^μ}. It is not definition of the spinor ω^{μν} . We shall give an appropriate action for ω^{μν} .

From the equation (13) we obtain

∂_+X^μ ∗ ∂_−X^ν + ∂_−X^μ ∗ ∂_+X^ν = ∂_+X^μ∂_−X^ν + ∂_−X^μ∂_+X^ν + i 2 ∂_+∂_−Θ^{μν} , (15)

Using the supersymmetry, leads to the equation

ψ^μ_+ ∗ ψ^ν_− + ψ^μ_− ∗ ψ^ν_+ = ψ^μ_+ψ^ν_− + ψ^μ_−ψ^ν_+ + i 2 ∂_+∂_−Θ^{μν} . (16)

This shows the star product between the components of the spinor fields of the string worldsheet. This product, similar to the equation (8), naturally is defined by two terms that contain star product. The equation (16) also can be obtained from the equation (8).

According to the equations (1), (8) and (16) we can find star product and noncommutativity parameter for a space with worldsheet superfields as its coordinates. A superfield in general has the form

Y^μ = X^μ + θ̄ψ^μ + 1 2 θ̄θB^μ , (17)

where the Grassmann coordinates θ^1 and θ^2 form a two dimensional Majorana spinor θ = θ^1 θ^2

. Under the supersymmetry, this field transforms as δY^μ = ϵ̄Q(Y^μ), where the

generator Q =^∂_{∂θ̄} + iρ^aθ∂_a represents supersymmetry on the superspace. The commutator of two superfields with star product is

[Y^μ , Y^ν ]_∗ = iΦ^{μν} ≡ i(Θ^{μν} + θ̄ω^{μν} + 1 2 θ̄θΓ^{μν} ) , (18)

where the matrix Γ^{μν} is

Γ^{μν} = i(ψ̄^μ ∗ ψ^ν − ψ̄^ν ∗ ψ^μ) . (19)

The antisymmetric tensor Φ^{μν} shows the noncommutativity parameter of the space {Y^μ}. This parameter depends on the superspace coordinates σ, τ, θ^1 and θ^2. The various components of Φ^{μν} i.e., Θ^{μν} , ω^{μν} and Γ^{μν} show the noncommutativity of X − X, X − ψ and ψ − ψ subspaces.

We know that usual product of two superfields Y^μ and Y^ν is a superfield i.e., δ(Y^μY^ν ) = ϵ̄Q(Y^μY^ν ). This also holds by star product i.e., Y^μ ∗ Y^ν is a superfield. Now we show this. The star product is Y^μ ∗ Y^ν = Y^μY^ν + i 2 Λ^{μν} , (20) where Λ^{μν} is Λ^{μν} = Θ^{μν} + θ̄ω^{μν} + 1 2 θ̄θλ^{μν} , λ^{μν} = 2i(ψ̄^μ ∗ ψ^ν − ψ̄^μψ^ν ) . (21) Since Y^μY^ν is a superfield, it is sufficient to show that Λ^{μν} also is a superfield. Using the equations (1) and (8) for Θ^{μν} and ω^{μν} and also applying the geometrical transformations δθ = ϵ and δσ^a = iϵ̄ρ^aθ, lead to the equation δΛ^{μν} = ϵ̄Q(Λ^{μν} ) , (22) that is, Λ^{μν} is a superfield and therefore, Y^μ ∗ Y^ν is superfield, δ(Y^μ ∗ Y^ν ) = ϵ̄Q(Y^μ ∗ Y^ν ) . (23) In the same way, it is easy to show that the noncommutativity parameter Φ^{μν} also is superfield.

The superfield Λ^{μν} gives the following supersymmetry transformations δΘ^{μν} = ϵ̄ω^{μν} , δω^{μν} = −iρ^aϵ∂_aΘ^{μν} + ϵλ^{μν} , δλ^{μν} = −iϵ̄ρ^a∂_aω^{μν} . (24) For compatibility with the equations (7) and (11), λ^{μν} and δλ^{μν} should vanish i.e., ψ̄^μ ∗ ψ^ν = ψ̄^μψ^ν , (25)

ρ^a∂_aω^{μν} = 0 . (26) Since Θ^{μν} is super-partner of ω^{μν} , the equation (26) implies ∂^a∂_aΘ^{μν} = 0 . (27) The equations (16), (25) and (27) tell us that star product between components of the worldsheet fermions {ψ^μ} is usual product that is, ψ^μ_A ∗ ψ^ν_B = ψ^μ_Aψ^ν_B, where A, B ∈ {+, −}.

4 Action of the fields Θ^{μν} and ω^{μν}

According to the supersymmetry transformations (7) and (11) and the equations (26) and (27) we can write the following action for Θ^{μν} and ω^{μν} ,

S^′ = − 1 4πα^′ ∫ d^2σ(∂_aΘ^{μν} ∂^aΘ_{μν} − iω̄^{μν} ρ^a∂_aω_{μν} ) . (28)

The equations (26) and (27) are equations of motion that can be extracted from this action. The fields Θ^{μν} (σ, τ ) and ω^{μν} (σ, τ ) are massless bosons and fermions that live in the worldsheet of superstring.

Under the supersymmetry transformations (7) and (11) this action is invariant. The supercurrent associated to this symmetry is

J_a = 1 2 ρ^bρ_aω^{μν} ∂_bΘ_{μν} . (29)

This is a conserved current i.e., ∂^aJ_a = 0. The light-cone components of this current are

J_+ = ω^{μν}_+ ∂_+Θ_{μν} , J_− = ω^{μν}_− ∂_−Θ_{μν} . (30)

Now we verify the quantization of the Θω-system. Quantization of the fermionic degrees of freedom is achieved by imposing the canonical anti-commutation relations. The canonical momenta conjugate to ω^{μν}_± are

Π^{μν}_± (σ, τ ) = − i 4πα^′ ω^{μν}_± . (31)

Using the equal τ anti-commutators, we obtain {ω^{μν}_A (σ, τ ) , ω^{ρλ}_B (σ^′, τ )} = π 2 (η^{μρ}η^{νλ} − η^{μλ}η^{νρ})δ(σ − σ^′)δ_{AB}. (32) Both sides under the exchanges μ ↔ ν or ρ ↔ λ change their signs. Also both sides under the exchanges μ ↔ ρ , ν ↔ λ , σ ↔ σ^′ and A ↔ B are invariant. The canonical momentum conjugate to Θ^{μν} is

Π^{μν} (σ, τ ) = 1 2πα^′ ∂_τ Θ^{μν} . (33)

Quantization of the bosonic degrees of freedom can be obtained by canonical commutation relations

[∂_±Θ^{μν} (σ, τ ) , ∂_±Θ^{ρλ}(σ^′, τ )] = ± iπ 4 (η^{μρ}η^{νλ} − η^{μλ}η^{νρ})δ^′(σ − σ^′) , (34)

[∂_+Θ^{μν} (σ, τ ) , ∂_−Θ^{ρλ}(σ^′, τ )] = 0 . (35) Under the exchanges μ ↔ ρ , ν ↔ λ and σ ↔ σ^′ these equations are invariant.

According to the equations (32), (34) and (35) the algebra that the supercurrent (30) generates, is {J_+(σ) , J_+(σ^′)} = πδ(σ − σ^′)T_{++}(σ) , {J_−(σ) , J_−(σ^′)} = πδ(σ − σ^′)T_{−−}(σ) , {J_+(σ) , J_−(σ^′)} = 0 , (36) where T_{++} and T_{−−} are the non-zero light-cone components of the energy momentum tensor, extracted from the action (28), T_{++} = ∂_+Θ^{μν} ∂_+Θ_{μν} + i 2 ω^{μν}_+ ∂_+ω_{+μν} , T_{−−} = ∂_−Θ^{μν} ∂_−Θ_{μν} + i 2 ω^{μν}_− ∂_−ω_{−μν} . (37) The algebra (36) is similar to the algebra of the supercurrent associated with the supersymmetry transformations (5).

5 Other symmetries

The superstring action (3) under the Poincaré transformations is invariant. These transformations are δX^μ = a^μ_ν X^ν + b^μ , δψ^μ = a^μ_ν ψ^ν , (38) where a_{μν} is a constant antisymmetric matrix and b^μ is a constant vector that shows translation.

Application of the transformations (38) in the equations (1) and (8) induces the following transformations to the fields Θ^{μν} and ω^{μν} , δΘ^{μν} = (a^μ_ρδ^ν_λ − a^ν_ρδ^μ_λ)Θ^{ρλ} , (39)

δω^{μν} = (a^μ_ρδ^ν_λ − a^ν_ρδ^μ_λ)ω^{ρλ} . (40) Since the translation b^μ is independent of the spacetime coordinates {X^μ}, it does not appear to these transformations. Note that application of the transformations (38) in the equations (2) and (9) also gives the results (39) and (40).

The action (28) under the transformations (39) and (40) is invariant. This invariance leads to the current J^{μνρλ}_a = 1 π (Θ^{μν} ∂_aΘ^{ρλ} − Θ^{ρλ}∂_aΘ^{μν} + iω̄^{μν} ρ_aω^{ρλ}) . (41) Under the exchange of the indices, this current satisfies the following identities J^{μνρλ}_a = −J^{νμρλ}_a = −J^{μνλρ}_a = −J^{ρλμν}_a . (42) According to the equations of motion, this is a conserved current i.e., ∂^aJ^{μνρλ}_a = 0 . (43) Since the transformation (39) only rotates Θ^{μν} but does not translate it, there is no current for translation.

The action (28) also is symmetric under the following linear transformations δΘ^{μν} = A^{μν}_{ρλ}Θ^{ρλ} + b^{μν} , δω^{μν} = A^{μν}_{ρλ}ω^{ρλ} , (44) where b^{μν} and A^{μν}_{ρλ} satisfy the following identities A^{μν}_{ρλ} = −A^{νμ}_{ρλ} = −A^{μν}_{λρ} = −A^{μν}_{ρλ} , b^{μν} = −b^{νμ} . (45) The currents associated to the transformations (44), are the current (41) and the current P^{μν}_a = 1 π ∂_aΘ^{μν} . (46) This current is a result of the translation of Θ^{μν} . Also it is a conserved current i.e., ∂^aP^{μν}_a = 0 . (47) In addition to the supersymmetry, the induced Poincaré symmetry and the symmetry under the transformations (44), the action (28) similar to the action (3), also is symmetric under the reparametrization of the parameters σ and τ and the Weyl scaling of the worldsheet metric.

6 Conclusions

We considered the noncommutativity parameter as a bosonic field of the string worldsheet. By applying the worldsheet supersymmetry, a super-partner was associated to it. We found the supersymmetry transformations of these new fields. Therefore, in a natural way we obtained star products between the boson-boson, boson-fermion and fermion-fermion fields. According to these products the noncommutativity parameter of the superfields (functions on the worldsheet superspace) was obtained. We saw that star product of two superfields (like usual product of them) is a superfield. Therefore, the noncommutativity parameter of these superfields transforms as a superfield.

From the equations of motion and the supersymmetry transformations of this system, we obtained action of the system. By quantizing the system, we obtained the algebra of the supercurrent. For this action we extracted the induced Poincaré symmetry and the current associated to it. This four indices current satisfies some identities. We showed that invariance under the transformations (44), leads to the above four indices current and a conserved current for the translation of the noncommutativity parameter. Also this action under the reparametrization of the worldsheet coordinates, the Weyl scaling of the worldsheet metric is invariant.

References

[1] N. Seiberg and E. Witten, JHEP 9909(1999)032, hep-th/9908142.

[2] A. Connes, M.R. Douglas and A. Schwarz, JHEP 9802(1998)003, hep-th/9711162;

M.R. Douglas and C. Hull, JHEP 9802(1998)008, hep-th/9711165; F. Ardalan, H. Arfaei and M.M. Sheikh-Jabbari, JHEP 9902(1999)016, hep-th/9810072; Nucl. Phys. B576(2000)578, hep-th/9906161; A. Fayyazuddin and M. Zabzine, Phys. Rev. D62(2000)046004, hep-th/9911018; P.M. Ho and Y.T. Yeh, Phys. Rev. Lett. 85(2000)5523, hep-th/0005159; Y.E. Cheung and M. Krog, Nucl. Phys. B528(1998)185, hep-th/9803031; D. Bigatti and L. Susskind, Phys. Rev. D62(2000)066004, hepth/9908056; A. Schwarz, Nucl. Phys. B534(1998)720, hep-th/9805034; C.S. Chu and P.M. Ho, Nucl. Phys. B550(1999)151, hep-th/9812219; Nucl. Phys. B568(2000)447, hep-th/9906192; V. Schomerus, JHEP 9906(1999)030, hep-th/9903205; N. Ishibashi, “A Relation between Commutative and Noncommutative Descriptions of D − branes”, hep-th/9909176; D. Kamani, Mod. Phys. Lett. A17 (2002)237, hepth/0107184; Europhys. Lett. 57(2002)672, hep-th/0112153.

[3] B. Ydri, Phys. Rev. D63(2001)025004, hep-th/0003232; J. Modre, “An Introduction to Noncommutative Differential Geometry and its Physical Application”, Second Edition, London Math. Soc. Lecture Series No. 257, 2000 Cambridge; P. Kosinski, J. Lukierski and P. Maslanka, hep-th/0012056.

[4] P.M. Ho and Y.T. Yeh, Phys. Rev. Lett. 85(2000)5523, hep-th/0005159; P.M. Ho and S.P. Miao, Phys. Rev. D64(2001)126002, hep-th/0105191; J.C. Lee, Mod. Phys. Lett. A17(2002)779, hep-th/0107014.

[5] C.S. Chu, P.M. Ho and Y.C. Kao, Phys. Rev. D60(1999)126003, hep-th/9904133.