arXiv:hep-th/0211178 v3 2 Mar 2003

FIAN/TD/02-05 hep-th/0211178

Supersymmetric D3 brane and N = 4 SYM actions

in plane wave backgrounds

R.R. Metsaev^∗

Department of Theoretical Physics, P.N. Lebedev Physical Institute, Leninsky prospect 53, Moscow 119991, Russia

Abstract

The explicit (all-order in fermions) form of the kappa-symmetric D3 brane probe action was previously found in the two maximally supersymmetric type IIB vacua: flat space and AdS_5 × S^5. Here we present the form of the action in the third maximally supersymmetric type IIB background: gravitational plane wave supported by constant null 5-form strength. We study D3 brane action in both covariant and light cone kappa symmetry gauges. Like the fundamental string action, the D3 brane action takes a simple form once written in the light cone kappa-symmetry gauge. We also consider the N = 4 SYM theory in 4d plane wave background. Since some (super)symmetries of plane wave SYM action are friendly to (super)symmetries of the type IIB superstring in plane wave Ramond-Ramond background we suggest this SYM model may be useful in the context of AdS/CFT duality. We develop the Hamiltonian light cone gauge formulation for this theory.

∗E-mail: metsaev@lpi.ru 1

1 Introduction

Recently, new maximally supersymmetric solution of IIB supergravity with Ramond- Ramond flux was found [1]. It turns out that the light cone gauge Green-Schwarz superstring action on this background is quadratic in both bosonic and fermionic superstring 2d fields, and therefore, this model can be explicitly quantized [2]. On the other hand, in [3] it was proposed that this superstring in plane wave background corresponds to a certain (large R-charge) sector of the N = 4 SYM theory. Given that the plane wave superstring model can be quantized explicitly [2, 4] one can study the duality correspondence between string states and gauge theory operators at the string-mode level [3]. This new duality [3] (which can be understood also from the point of view of semiclassical approximation to the original AdS/CFT setting [5, 6], see for review [7]) turned out to be very fruitful. It renewed interest in various aspects of string/gauge theory correspondence and triggered many investigations both on the gauge theory and string theory sides. On the string theory side many new interesting more general solutions to IIA and IIB supergravities were found and corresponding world-sheet superstring actions were constructed [8]. Remarkably simple structure of plane wave background admits also to construct string superfield theory [9, 10, 11] in plane wave background hence giving first example of string field theory on curved background^1. On the gauge theory side various matrix models techniques were developed and applied to the study of new duality [20, 21, 22].

According to the idea of string/gauge theory duality each state of string theory can be associated to some operator of gauge theory [23]. For the case of the type IIB superstring on AdS_5 × S^5 Ramond-Ramond background the dual theory should be N = 4 supersymmetric Yang-Mill theory (SYM) “living” at the boundary of AdS_5 [24]. This boundary can be taken to be flat Minkowski space time or any space-time which is obtainable from the Minkowski space-time by a conformal transformation. All such theories have the same global conformal supersymmetries generated by the psu(2, 2|4) superalgebra which on the string theory side is realized as the algebra of super-isometries of the AdS+RR background. Thus in the case of the AdS string we have the same superalgebra in the bulk and at the boundary.

Now let us turn to the plane-wave version (or “limit”) of the superstring - gauge theory duality. Here we still deal with (a sector of) the N = 4 SYM, (as it is this theory that we want to study), i.e. on the gauge theory side we have again psu(2, 2|4) as defining superconformal algebra. In contrast to the original AdS string case, however, this superalgebra no longer coincides with the algebra of global symmetries of the plane wave background, i.e. the plane wave superstring and the N = 4 SYM have different algebras of global symmetries.^2 One may argue that this is not surprising since we should restrict our attention only to a particular sector of (large R-charge) states of SYM theory on which a smaller symmetry may be acting.

1Surprisingly the plane wave superstring field theory can be successfully used for a study of new string/gauge theory duality [12]. Discussion of Penrose limit and plane wave duality for AdS_5 × T^{1,1} and various orbifolds like AdS_5 × S^5/Z_N may be found in [13],[14]. Non-supersymmetric 0B theories and theories with N = 1, 2 supersymmetries were studied [15] and [16]. Plane wave duality for ads_3 × s^3 and for various gauge theories in six dimensions were investigated in [17],[18]. Study of strings in RR plane wave background at finite temperature is given in [19].

2Indeed, the symmetry superalgebra of plane wave superstring is obtainable from psu(2, 2|4) superalgebra via a contraction procedure [25]. Interesting discussion of this contraction procedure at the level of oscillator construction may be found in [26].

Still, it is reasonable, and this is what we are going to do in this paper, to look for a subset of symmetries in the plane wave superstring and SYM theories which can be matched. Here by matching the symmetries we simply mean a coincidence of commutation relations of the symmetry generators on the string theory side and the appropriate generators on the SYM side. It seems very likely that in order to increase the number of matching symmetries as much as possible we should consider the SYM theory not in flat but in a 4d plane wave background. Another attractive feature of plane wave SYM is a discrete spectrum of the light cone energy operator. As is well known spectrum of the light cone energy operator of plane wave superstring is also discrete [4]. Therefore is it natural to expect that it is the plane wave SYM theory that is most appropriate for establishing a precise correspondence with plane wave superstring^3. This is our motivation for the study of N = 4 SYM theory in plane wave background.

Another closely related theme of this paper is the structure of D3 brane action in plane wave Ramond-Ramond background. Our interest in the form of the D3 brane action is due to the following reasons. First, as is well known, the action for a D3 brane probe in plane wave background respects the same symmetries as the plane wave superstring, and after imposing appropriate kappa symmetry gauge and static gauges to be discussed below the quadratic part of the D3 brane action describes the abelian N = 4 SYM multiplet propagating in 4d plane wave background. In this quadratic approximation some of the original symmetries of the 10d plane wave become broken. In other words, the study of the D3 brane action suggests a natural way how to formulate the plane wave SYM theory.

The second reason for our interest in D3 brane action is related to the desire to apply the supercoset method developed in [28, 29] (see also [30]) to the study of the D3 brane dynamics. The low-energy action of a probe D-brane in a curved type II supergravity background is given by a superspace generalization of the sum of the Born- Infeld action and a Wess-Zumino type term (similar in form to the curved superspace version of the Green-Schwarz string action [31]). While the formal expression for such an action in a generic on-shell type II supergravity background is known [32, 33, 34], its explicit component form is hard to determine (explicit solution of superspace constraints is not known in general). Resorting to expansion in powers of fermions it is cumbersome to go much far beyond terms quadratic in the fermions (see [35, 36]). There are, however, a few exceptional cases where there is a lot of symmetry allowing one to explicitly determine the full structure of the supervielbeins and field strengths, and thus the form of the Dbrane actions to all orders in the fermions. The two previously studied cases are the maximally supersymmetric flat space [33] and the AdS_5 × S^5 background [29]. Here we shall find the explicit form of the D3 brane action^4 in the third maximally supersymmetric type IIB background - the symmetric gravitational wave supported by the constant null 5-form strength [1]. Note that alternative way to derive plane wave D3 brane action is to consider AdS supersymmetric D3 brane action [29] in the Penrose limit. Discussion of this approach for the bosonic part of various Dp brane actions may be found in [37]. We do not use this approach for the study of supersymmetric D3 brane action because it

34d plane wave background can be obtained via Penrose limit from the space-time R × S^3 which is used for a study of AdS holography. Therefore one can expect that the 4d plane wave background is most appropriate for the study holographical issues of the new duality. Various discussions of plane wave holography may be found in [27].

4We shall consider primarily the D3 brane action though similar actions can be found for all other Dp branes of type IIB theory.

does not make explicit use of the basic (super)symmetries of the problem.

As in the case of the D3 brane in AdS_5 × S^5 [29], we shall find the explicit form of the D3 brane action using the supercoset approach [28]. It was already used in [2] in order to find the complete form of the fundamental GS string in the plane wave background.^5 We shall then see that like the fundamental string action [2], the D3 brane action takes quite simple form when written in the light cone kappa symmetry gauge.^6 We shall first determine the form of the action for a generic embedding of a D3 brane in the plane wave background (i.e. we shall not make a particular choice of a static gauge). Then we will be able to see explicitly in principle which D3 brane orientations preserve some parts of supersymmetry (following, e.g., the general approach of [45] and the analysis [46] of the BPS brane states in the AdS_5 × S^5 case). A related discussion of supersymmetry of particular Dp brane probe orientations in plane wave background appeared in [47, 48].^7

In Section 2 we find supersymmetric and κ invariant action of D3 brane in plane wave Ramond-Ramond background. Most of this section follows closely the same strategy as was used in the AdS_5 × S^5 case in [29].

In Section 3 we study covariant κ symmetry gauge and static gauge fixed D3 brane action. We discuss broken and unbroken symmetries of such brane action.

In Section 4 we discuss light cone kappa symmetry gauge fixed D3 brane action. In Section 5 we study psu(2, 2|4) superalgebra in various bases. We introduce notion of plane wave basis of this superalgebra and discuss interrelation of this basis with the conventional Lorentz basis.

In Section 6 we discuss the covariant and gauge invariant formulation of N = 4 SYM in plane wave background. We study realization of 32 plane wave supersymmetries of the psu(2, 2|4) superalgebra in the covariant formulation of SYM theory.

In Section 7 we study the Hamiltonian light cone gauge formulation of plane wave SYM. We demonstrate that in contrast to covariant and gauge invariant formulation the 3-point and 4-point light cone gauge vertices of plane wave SYM theory takes exactly the same form as the ones of SYM in flat Minkowski space-time.

Section 8 is devoted to a study of realization of global symmetries of psu(2, 2|4) superalgebra on the physical fields. We find field theoretical realization of Noether (super)charges as generators of the psu(2, 2|4) superalgebra.

In Section 9 we discuss transformation rules of physical fields in the framework of light cone formulation.

Section 10 summarizes our conclusions and suggests directions for future research. Our notation and conventions are explained in Appendices A and B. Appendix C

5The supercoset construction turned out to be very effective and fruitful and was used to construct AdS(3) and AdS(2) superstring actions [38], [39], D1 and D5 brane actions in various super AdS+RR backgrounds [40], and various AdS supermembrane actions [41]-[43]. Dual D3 AdS brane action in the framework of supercoset construction were discussed in [44].

6Our expression for the D3 brane action in the fermionic light cone gauge may be of interest also in the flat-space limit, as it has simpler structure than the corresponding covariant kappa symmetry gauge action in [33].

7Microscopic open-string approaches to construction of supersymmetric Dp branes in the plane wave background were developed in [49] (see also [50] for the corresponding discussion of branes in 11d case). Study of Dp brane interactions in the framework of microscopic approach may be found in [51]. Derivation of conformal operators which are dual to open strings states ending on D5 branes may be found in [52]. Interesting discussion of realization of Dp brane dynamics in plane wave background is given in [53].

contains some basic relations for Cartan 1-forms on the coset superspace. Appendix D contains some additional details about transformation rules of physical fields of plane wave SYM and generalization to plane wave massless higher spin fields.

2 General form of D3 brane action

The D3 brane action depends on the coset superspace coordinates X = (x^ν , Θ) and vector field strength F_{ab} = ∂_aA_b − ∂_bA_a. As in [32, 33, 34], it is given by the sum of the BI and WZ terms S = ∫ d^4σL , L = L_{BI} + L_{WZ} , (2.1)

where (we set the 3-brane tension to be 1)

L_{BI} = − √ −det(G_{ab} + F_{ab}) , (2.2)

L_{WZ} = d^{−1}H_5 . (2.3)

The induced world-volume metric G_{ab} is (a, b = 0, 1, 2, 9)

G_{ab} = L^μ_a L^μ_b , L^μ(X(σ)) = dσ^aL^μ_a , (2.4)

where L^μ are Cartan 1-forms (see Appendix C for definition of Cartan 1-forms). The supersymmetric extension F =^1_2 F_{ab}dσ^a ∧ dσ^b of the world-volume gauge field strength 2-form dA is found to be^8

F = dA + 2i

∫_1 0 dt L^μ_t ∧ Θγ̄^μτ_3L_t , (2.5)

where L^μ_t (x, Θ) ≡ L^μ(x, tΘ), L^α_t (x, Θ) ≡ L^α(x, tΘ) (we suppressed the spinor indices α in (2.5)). The Θ-dependent correction term in (2.5) given by the integral over the auxiliary parameter t is exactly the same 2-form as in the string action [2] (see also [28, 29]^9). This representation corresponds to the specific choice of coset representative made above. Note that while F is not expressible in terms of Cartan forms only, its exterior derivative is

dF = iL ∧ ^L ∧ τ_3L , ^L_{αβ} ≡ L^μγ^μ_{αβ} . (2.6)

This important formula can be proved my making use of the Maurer-Cartan equations (C.4) – (C.5) and equations (C.13)–(C.16) from Appendix C. As a result, dF is manifestly invariant under supersymmetry, and then so is F, provided one defines appropriately the transformation of A to cancel the exact variation of the second (string WZ) term in (2.5) (cf. [32, 33]).^{10}

As in flat space [32, 33], the super-invariance of S_{WZ} follows from supersymmetry of the closed 5-form H_5. We shall determine the supersymmetric H_5 from the requirement of

8For fermionic coordinates we assume the convention for hermitian conjugation and permutations rules (θ_1θ_2)^† = θ^†_2θ^†_1, θ_1θ_2 = −θ_2θ_1, while for fermionic Cartan 1-form we adopt (L_1 ∧ L_2)^† = −L^†_2 ∧ L^†_1, L_1 ∧ L_2 = L_2 ∧ L_1. For bosonic Cartan 1-forms we adopt the convention B_1 ∧ B_2 = −B_2 ∧ B_1.

9Discussion of alternative representation for WZ part of GS action may be found in [54]. Various alternative covariant formulations of plane wave superstring action are given in [55].

10Note that this is the same transformation that is needed to make the superstring action [2] defined on a disc and coupled to A at the boundary invariant under supersymmetry.

κ-symmetry of the full action S which fixes this 5-form uniquely. The κ-transformations are defined by (see (C.9)) ^δ_κx^μ = 0 , ^δ_κΘ = K , (2.7) where the transformation parameter satisfies the constraint ΓK = K , Γ^2 = 1 . (2.8) Here Γ is given by Γ = ϵ^{a1...a4} √ −det(G_{ab} + F_{ab}) ( 1 4! γ_{a1 ...a4} τ_2 + 1 4 γ_{a1 a2} F_{a3a4} τ_1 + 1 8 F_{a1a2} F_{a3a4} τ_2 ) , (2.9)

and we use the notation γ_{a1...an} ≡ ^L_{[a1} . . . ^L_{an]} , ^L_a ≡ L^μ_a γ^μ . (2.10) The corresponding variation of the metric G_{ab} is δ_κG_{ab} = −2i ^δ_κΘ( ^L_aL_b + ^L_bL_a) , (2.11) while the variation of F is given by δ_κF = 2i ^δ_κΘ ^L ∧ τ_3L , i.e. δ_κF_{ab} = 2i ^δ_κΘ( ^L_aτ_3L_b − ^L_bτ_3L_a) . (2.12) Then the D3 brane action S in (3.1) is κ-invariant provided the 5-form H_5 is given by H_5 = iL ∧ (1 6 ^L ∧ ^L ∧ ^Lτ_2 + F ∧ ^Lτ_1 ) ∧ L + f 6 ( ϵ^{i1...i4} L^+ ∧ L^{i1} ∧ . . . ∧ L^{i4} + ϵ^{i′1...i′4} L^+ ∧ L^{i′1} ∧ . . . ∧ L^{i′4} ) . (2.13) It is possible to check using Maurer-Cartan equations (see Appendix C) and well-known Fierz identity^{11} L ∧ γ̄^{μνρ}τ_2L ∧ L ∧ γ̄^ρL = 2L ∧ γ̄^{[μ}τ_1L ∧ L ∧ γ̄^{ν]}τ_3L (2.14) that H_5 is closed, i.e. the equation (2.3) is consistent and thus determines L_{WZ}.

The important fact is that H_5 is expressed in terms of the Cartan 1-forms and superinvariant F only. This implies that H_5 is invariant under space-time supersymmetry. Then from (2.3) we conclude that δ_{susy} (d^{−1}H_5) is exact, so that the WZ term (2.3), like the BI term (2.2), is supersymmetry-invariant.

To put the fermionic part of the WZ term in the action in a more explicit form let us make a rescaling Θ → tΘ and define H_{5t} ≡ H_5|_{Θ→tΘ} , F_t ≡ F|_{Θ→tΘ} . (2.15) Since L(x, tt^′Θ) = L_t(x, t^′Θ) = L_{tt}′ (x, Θ) one can show that (cf. (2.5),(2.6)) F_t = dA + 2i ∫_t 0 dt^′ Θ ^L_t′ ∧ τ_3L_t′ , ∂_tF_t = 2iΘ ^L_t ∧ τ_3L_t . (2.16)

11Throughout this paper symmetrization and anti-symmetrization rules are defined with normalization (ab) =^1_2 (ab + ba), [ab] =^1_2 (ab − ba).

Then using the defining equations for the Cartan 1-forms (C.13)-(C.16) one finds from (2.13) the following differential equation

∂_tH_{5t} = d [ 2i( 1 6 Θ ^L_t ∧ ^L_t ∧ ^L_t ∧ τ_2L_t + Θ ^L_t ∧ F_t ∧ τ_1L_t) ] , (2.17)

which determines the Θ-dependence of H_5. With the initial condition

(H_{5t})_{t=0} = H_5|_{Θ=0} = H^{(bose)}_5 = f 6 e^+ ∧ (ϵ^{i1...i4} e^{i1} ∧ . . . ∧ e^{i4} + ϵ^{i′1...i′4} e^{i′1} ∧ . . . ∧ e^{i′4} ) , (2.18) where e^μ are (pull-backs of) the vielbein forms of plane wave background. The explicit form of the Θ-independent part L^{(bose)}_{WZ} = d^{−1}H^{(bose)}_5 depends on a particular choice of coordinates on plane wave background. Thus the L_{WZ} term in (2.3) can be written as

L_{WZ} = 2i

∫_1 0 dt ( 1 6 Θ ^L_t ∧ ^L_t ∧ ^L_t ∧ τ_2L_t + Θ ^L_t ∧ F_t ∧ τ_1L_t ) + L^{(bose)}_{WZ} . (2.19)

Using (2.16) and expansion of Cartan 1-forms in terms of Θ (see Appendix C and [2]) one can then find the expansion of L_{WZ} in powers of Θ.

The only non-trivial background fields in plane wave vacuum are the space-time metric and the self-dual RR 5-form. The bosonic parts of the last two terms in H_5 (2.13) represent, indeed, the standard bosonic couplings of the D3 brane to the 5-form background. The action we have obtained contains also the fermionic terms required to make this coupling supersymmetric and κ-invariant.

We started with the BI action expressed in terms of the Cartan 1-forms and the 2-form in (2.5) [2] as implied by the structure of the plane wave space or the basic symmetry superalgebra. We then fixed the form of H_5 from the requirement of κ-symmetry of the full action. As in the AdS_5 × S^5 case [29], the fact that we have reproduced the bosonic part of the self-dual 5-form is in agreement with the result of [32, 34] that the D3 brane action is κ-symmetric only in a background which is a solution of type IIB supergravity.

Let us briefly discuss global plane wave supersymmetries and κ symmetries of D3 brane action. The supersymmetry transformations of (super)coordinates brane fields x^ν , Θ, A = A_adσ^a can be presented as Taylor series expansion in fermionic field Θ which terminates at terms Θ^{32} in general. The leading terms of this expansion we will need below are fixed to be

δ_{susy} x^ν = ie^ν_μ (δ_{susy} Θ)γ̄^μΘ + O(Θ^3) , (2.20)

δ_{susy} Θ = ϵ(x) + O(Θ^2) , (2.21)

δ_{susy} A = ie^μ(δ_{susy} Θ)γ̄^μτ_3Θ + O(Θ^3) , (2.22)

where the Killing spinor ϵ(x) is given by

ϵ(x) = Uϵ_0 , U = exp(− f 2 x^I Πγ^+γ̄^I τ_2) exp(− f 2 x^+Πγ^+γ̄^−τ_2) . (2.23)

The supersymmetry transformations for (super)coordinates x^ν and Θ (2.20),(2.21) are fixed via standard coset construction. The supersymmetry transformations for brane world-volume field A (2.22) is chosen then so that the generalized field strength F (2.5) be invariant with respect to supersymmetry transformations

δ_{susy} F = 0 . (2.24)

The κ transformations given in (2.7) can be expressed in terms of conventional variation of super(coordinates) δ_κx^ν and δ_κΘ by using formulas (C.9) and the expressions for Cartan 1-forms given in (C.17)

δ_κx^ν = −ie^ν_μ(δ_κΘ)γ̄^μΘ + O(Θ^3) , (2.25)

δ_κΘ = K + O(Θ^2) , (2.26)

δ_κA = −ie^μ(δ_κΘ)γ̄^μτ_3Θ + O(Θ^3) . (2.27)

Here the kappa-transformation of world-volume field A is chosen so that the kappatransformation of generalized field strength F (2.5) takes the form given in (2.12).

3 Gauge fixed D3 brane action

D3 brane action can be simplified by fixing local fermionic kappa and world-volume diffeomorphism symmetries. Various possibilities to fix these symmetries can be divided into two classes - covariant and noncovariant gauges. In this Section we find the form of the D3 brane action in the plane wave background with R-R 5-form flux in the covariant gauge. Our discussion of the covariant gauge fixing closely repeats the same steps as in ref.[33], where the case of flat space-time was treated.

In flat space the D3 brane gauge fixing procedure consists of the two stages: (I) fermionic covariant gauge choice, i.e., fixing the κ-symmetry by θ^1 = 0 (II) bosonic covariant gauge choice, i.e., fixing the world-volume diffeomorphism symmetry by x^a(σ) = σ^{a12}.

3.1 κ symmetry covariant gauge fixed action

Our fermionic κ-symmetry covariant gauge is the same as in flat D3 brane θ^1 = 0. One usually imposes the κ-symmetry covariant gauge by starting with the explicit representation for the D3 brane Lagrangian in terms of θ^′s. However it is convenient to first impose the covariant gauge at the level of the Cartan forms L^μ, L^α and then to use them in (2.1). In what follows we adopt this strategy.^{13}

By applying argument similar to the ones in [33] we impose the following covariant kappa symmetry gauge

θ^1 = 0, θ^2 = λ , i.e. Θ = ( 0 λ ) (3.1)

Because the D3 brane action (2.1) is expressible in terms of Cartan 1-forms we should simply to evaluate the Cartan 1-forms in this gauge. This can be done straightforwardly by using representation for the Cartan 1-forms given in Appendix C (see (C.17)-(C.19)) and plugging there the expression for Θ given in (3.1). This leads to the following Cartan 1-forms L = sinhm m DΘ , L^μ = e^μ − 2iΘ γ̄^μ coshm − 1 m^2

DΘ , (3.2)

12Discussions of alternative covariant bosonic gauge choices may be found in [56]. 13This strategy was first successfully used in [57],[30] while deriving κ-symmetry fixed action for long superstring in AdS_5 × S^5 and for κ-symmetry fixed light cone AdS superstring in [4]. Application of this method to plane wave superstring may be found in [2].

where covariant derivative is simplified as compared with (C.18) and is given by

DΘ = f 2 e^μΠγ^+γ̄^μλ D^L λ , D^L ≡ d + 1 4 ω^{μν} γ^{μν} , (3.3)

while the matrix m is

m^2 = ( 0 −if(Πγ^+γ̄^μλ)^α(λγ̄^μ)_β if(γ^+γ̄^μλ)^α(λγ̄^μΠ)_β 0 ) . (3.4)

In contrast to the matrix M (C.19) which enters definition of general Cartan 1-form the gauge fixed matrix m turns out to be off-diagonal. This considerably simplify structure of gauge fixed action. In order to enter definition of action we evaluate gauge fixed 2-form F which is given by F = F_{t=1}

F_t = dA − 2i ∫_t 0 dt^′ λ ^L_t′ ∧ L^2_t′ , (3.5) where L^2 is the second component of L (see (3.2),(C.2)). The expressions above given define BI part the action (2.2). Gauge fixed WZ part of the action can be obtained from (2.19) L_{WZ} = 2i

∫_1 0 dt ( − 1 6 λ ^L_t ∧ ^L_t ∧ ^L_tL^1_t + λ ^L_t ∧ F_t ∧ L^1_t ) + L^{(bose)}_{WZ} . (3.6)

Above given expression provides possibility to find expansion of D3 brane action in terms of fermionic field. Note however that though the gauge fixed action is much more simpler than the covariant one there is no natural way to integrate out parameter t in expressions for F_t and L_{W Z} to bring action to completely explicit form^{14}. Total Lagrangian can presented as Taylor series in field strength F_{ab} and the fermionic field λ

L = L_0 + L_2 + L_3 + L_4 + O(F^3λ^2, F λ^4, λ^6) , (3.7)

where

L_0 = − √ g + L^{(bose)}_{W Z} , (3.8)

L_2 = √ g ( − 1 4 F^{ab}F_{ab} + ie^{μa}λγ̄^μD^L_a λ ) − if 12 ϵ^{abcd}e^μ_a e^ν_b e^ρ_c e^σ_d (λγ̄^{μνρ}Πγ^+γ̄^σ λ) , (3.9)

L_3 = i √ gF^{ab}e^μ_a λγ̄^μD^L_b λ + if 4 ϵ^{abcd}F_{ab}e^μ_c e^ν_d(λγ̄^μΠγ^+γ̄^ν λ) , (3.10)

L_4 = √ g ( 1 8 F^{ab}F_{bc}F^{cd}F_{da} − 1 32 (F^{ab}F_{ab})^2

− iF^{ac}F^b_ce^μ_a λγ̄^μD^L_b λ + i 4 F^{bc}F_{bc}e^{μa}λγ̄^μD^L_a λ + 1 2 λγ̄^μD^{L a}λλγ̄^μ D^L_aλ + 1 2 (e^{μa}λγ̄^μD^L_aλ)^2 − e^μ_a e^ν_b λγ̄^μD^L_b λλγ̄^ν D^L_a λ )

+ fϵ^{abcd}e^μ_a e^ν_b ( 1 8 e^σ_c λγ̄^ρD^L_d λ − 1 72 e^ρ_c λγ̄^σD^L_d λ ) (λγ̄^{μνρ} Πγ^+γ̄^σλ) + f 4 ϵ^{abcd}e^μ_a e^ν_b e^ρ_c λγ̄^ρD^L_d λ(λγ̄^μΠγ^+γ̄^ν λ) + √ g f^2 24 λγ̄^{+μν} λλγ̄^{+μν} λ . (3.11) 14This minor problem can be by passed in light cone gauge.

In these formulas g_{ab} is a bosonic body of the induced world-volume metric G_{ab} (2.4)

g_{ab} = e^μ_a e^μ_b , e^μ = dσ^ae^μ_a , g ≡ −det g_{ab} . (3.12)

The above given representation for D3 brane action is valid for arbitrary coordinate on plane wave background. The explicit form of the bosonic body of WZ part of the action, L^{(bose)}_{WZ} , depends on a particular choice of coordinates on plane wave background. We chose the coordinate frame in which vielbeins e^μ take the form

e^+ = dx^+ , e^I = dx^I , e^− = dx^− − f^2 2 x^I x^I dx^+ , (3.13)

For this particular choice of coordinates we get the following representation for L^{(bose)}_{WZ} L^{(bose)}_{W Z} = − f 6 ϵ^{abcd}∂_ax^+(ϵ^{ijkl}x^i∂_bx^j ∂_cx^k∂_dx^l + ϵ^{i′j′ k′l′} x^{i′} ∂_bx^{j′} ∂_cx^{k′} ∂_dx^{l′} ) , (3.14) while the induced metric tensor takes the form

g_{ab} ≡ 2∂_{(a}x^+∂_{b)}x^− − f^2x^I x^I ∂_ax^+∂_bx^+ + ∂_ax^I ∂_bx^I . (3.15)

In what follows we assume this particular choice of the coordinates. We normalize the Levi-Civita symbols to be ϵ^{0129} = ϵ^{1234} = ϵ^{5678} = 1. Note that as f → 0 the expansion for L shown in (3.8)-(3.11) reduces to the one in the flat space time (see [33],[58]).

3.2 Static gauge fixed D3 brane action and its symmetries

Our static gauge being the same as in flat space leads to the action of self-interacting abelian N = 4 SYM in 4d plane wave background. In this section we study realization of bosonic symmetries of static gauge fixed brane action. We demonstrate that only isometry symmetries of 4d plane wave background plus R-symmetries SO(2) × SO^′(4) are realized linearly while the remaining bosonic symmetries are realized non-linearly. In this respect the situation is similar to the one in flat space. Because number of isometry symmetries in 4d plane wave background is equal to seven we note that number of linearly realized space-time symmetries is equal to number of linearly realized R-symmetries^{15}.

Making field redefinitions and introducing conventional notation for six scalar fields

x^m (σ) → −x^m (σ) , ϕ^M (σ) ≡ −x^M (σ) , m = 0, 1, 2, 9 ; M = 3, . . . , 8 , (3.16)

we impose the standard static gauge

x^m (σ) = δ^m_a σ^a ≡ σ^m , a = 0, 1, 2, 9 , (3.17)

where δ^m_a = 1(0) for m = a(m =/ a). Introducing light cone coordinates on D3 brane

15This is not the case in flat space. After imposing the static gauge in the D3 brane action the Poincaré symmetries of ten-dimensional Minkowski space-time reduces to the 10 linearly realized Poincaré symmetries of 4d Minkowski space, 15 linearly realized R-symmetries of SO(6) plus certain non-linearly realized symmetries. Thus in the flat space the number of linearly realized space-time symmetries is not equal to the number of linearly realized R-symmetries.

σ^± = 1 √ 2 (σ^9 ± σ^0) , σ^î , î = 1, 2 , (3.18)

and inserting the static gauge into (3.15) we get the gauge fixed induced metric^{16}

g_{m n} = g^{(pw)}_{m n} − f^2ϕ^M ϕ^M δ^+_mδ^+_n + ∂_mϕ^M ∂_nϕ^M , (3.19)

where g^{(pw)}_{m n} is a metric tensor of 4d plane wave background

g^{(pw)}_{m n} dσ^m dσ^n = 2dσ^+dσ^− − f^2σ^îσ^îdσ^+dσ^+ + dσ^îdσ^î . (3.20)

Taking into account the formula (3.19) we see that if we will treat g^{(pw)} as background field and make Taylor series expansion with respect to remaining terms, f^2ϕ^2 and (∂ϕ)^2, then the static gauge fixed D3 brane action will be manifestly invariant with respect to isometry symmetries of 4d plane wave background. It is natural to expect then that these isometry symmetries are realized linearly. To demonstrate this point explicitly we consider transformations of brane fields with respect to original plane wave symmetries in ten dimensions. This is to say we start with global plane wave transformations supplemented with local diffeomorphism transformation

δx^μ = ξ^{Gμ} + ϵ^a∂_ax^μ , (3.21)

where ξ^{Gμ} is Killing vector corresponding to plane wave global transformation generated by element of algebra denoted by G. Representation of the Killing vectors in term of differential operators G = ξ^{Gν} ∂_xν is given in (B.10)-(B.13). From the requirement that the transformation (3.21) maintains the static gauge (3.17), δx^m = 0, we fix parameter of compensating transformation ϵ^m = −ξ^{Gm} . (3.22)

Plugging this into (3.21) we get transformation rules of six scalar fields

δ_Gx^M = ξ^{G M} − ξ^{G m}∂_mx^M . (3.23)

Making use of concrete representation for Killing vectors plane wave background (B.10)- (B.13) we get the following transformations with respect to transverse translations and Lorentz boosts

δ_{(a}I_P I_)x^M = cos fx^+a^M − (cos fx^+a^î∂_î + f sin fx^+(a^I x^I )∂^+)x^M , (3.24)

δ_{(b}I_J +I_)x^M = sin fx^+ f b^M − ( sin fx^+ f b^î∂_î − cos fx^+(b^I x^I )∂^+)x^M , (3.25)

where a^I and b^I are parameters of the appropriate transformations. Plugging the static gauge (3.17) into transformation rules (3.24),(3.25) we see that the transformations generated by P^î and J^{+î}

16After choice of static gauge the indices m , n are used for target space vectors while indices a, b are used for tangent space vectors. These vectors are related as A^m = e^m_a A^a, where e^m_a is inverse to the basis of one forms e^a = e^a_mdx^m , e^m_a e^b_m = δ^b_a. The basis of e^a is specified to be e^+ = dx^+, e^î = dx^î, e^− = dx^− − (f^2/2)σ^îσ^îdx^+.

δ_P^_i ϕ^M = (cos fσ^+∂_î + f sin fσ^+σ^î∂^+)ϕ^M , (3.26)

δ_{J +}^_i ϕ^M = ( sin fσ^+ f ∂_î − cos fσ^+σ^î∂^+)ϕ^M , (3.27)

are realized linearly and coincide with transformation of isometry algebra of 4d plane wave background. It is easy to check that transformations generated by translations in light cone directions P^± and SO(2) × SO(2) × SO^′(4) rotations generated by J^{12}, J^{34}, J^{ı′j′} which are obtainable from (3.21), are also realized linearly. The generators P^±, P^î, J^{+î} and J^{12} form algebra of isometry symmetries of 4d plane wave space-time while the generators J^{34}, J^{i′j′} are responsible for R-symmetries, which are SO(2)×SO^′(4) rotations.

The transformations of remaining six translations P^N and six Lorentz boosts J^{+N} take the form

δ_aN_P N ϕ^M = cos fσ^+a^M − f sin fσ^+a^N ϕ^N ∂^+ϕ^M , (3.28)

δ_bN_J +N ϕ^M = sin fσ^+ f b^M + cos fσ^+b^N ϕ^N ∂^+ϕ^M , (3.29)

and these transformations are obviously broken and realized non-linearly.

Broken and unbroken (super)symmetries of kappa symmetry and static gauge fixed D3 brane action are collected in Table 1.

TABLE 1: Broken and unbroken (super)symmetries of kappa symmetry and static gauge fixed D3 brane action

Generators of Generators of Generators of plane wave unbroken broken superalgebra symmetries symmetries

P^+, P^− P^+, P^−

P^I , I = 1, . . . 8 P^î, î = 1, 2 P^M , M = 3, . . . , 8

J^{+I} , I = 1, . . . , 8 J^{+î}, î = 1, 2 J^{+M} , M = 3, . . . , 8

J^{ij} , i, j = 1, . . . , 4 J^{12}, J^{34} J^{13}, J^{14}, J^{23}, J^{24} J^{i′j′} , i^′, j^′ = 5, . . . , 8 J^{i′j′} , i^′, j^′ = 5, . . . , 8 Q^1_α, Q^2_α, α = 1, . . . , 16 Q^1ζ_0 + Q^2 Q^1ζ_0 − Q^2

It is instructive to find commutation relations of generators of unbroken symmetries. These commutation relations can be obtained from the ones of the plane wave superalgebra given in (B.1)-(B.8). Bosonic generators form symmetries of 4d plane wave space-time and R-symmetries. All that is required is to find (anti)commutators involving unbroken supercharge Q = 1 √ 2 (Q^1ζ_0 + Q^2) , ζ_0 ≡ γ^{−+12} . (3.30)

Commutation relations of bosonic generators with this supercharge take the form

[J^{ij}, Q^±_α ] = 1 2 Q^±_β (γ^{ij} )^β_α , [J^{i′j′} , Q^±_α ] = 1 2 Q^±_β (γ^{i′j′} )^β_α , [J^{+î}, Q^−_α ] = 1 2 Q^+_β (γ^{+î})^β_α ,

[P^a, Q_α] = − f 2 Q_β (γ^{+34}γ̄^a)^β_α , (3.31)

where we have to keep just the so(2) ⊕ so(2) part of J^{ij} given by J^{12}, J^{34}. The anticommutator of supercharges corresponding to unbroken supersymmetries is given by

{Q_α, Q_β } = −2iγ^a_{αβ} P^a + 2ifγ̄^{+−34î}_{αβ} J^{+î}

+ 2if(γ̄^+Π)_{αβ}J^{12} − 2ifγ^+_{αβ} J^{34} − ifγ̄^{+34i′j′}_{αβ} J^{i′j′} . (3.32)

These (anti)commutation relations tell us that generators of unbroken symmetries form some subsuperalgebra of the original plane wave superalgebra. We demonstrated that the unbroken bosonic symmetries are realized linearly. As to the unbroken supersymmetries it is not obvious that they can also be realized linearly by appropriate choice of parametrization of fermionic fields. For the case of static gauge fixed D9 brane in flat space-time it is known that these supersymmetries are realized non-linearly [59, 60]. Because D3 brane has the same amount of unbroken supersymmetries it seems highly likely that the D3 brane unbroken supersymmetries are also realized non-linearly.

3.3 D3 brane friendly form of abelian N = 4 SYM in plane wave background

Now we study the D3 brane action in quadratic approximation in fields. Looking at the part of D3 brane action given by L_0 and L_2 (see (3.8),(3.9)) one can expect appearance of some mass like terms for fermionic and bosonic scalar fields. Therefore in quadratic approximation in fields the D3 brane action reduces to the standard action of free abelian N = 4 SYM in plane wave background plus some mass like terms for both the fermionic and bosonic scalar fields. It is instructive to understand structure of these mass-like terms. This is what we are doing in this section.

In static gauge this part of D3 brane action is obtainable from L_0, L_2 given in (3.8), (3.9). Introducing the notation ψ ≡ √ 2λ , Z ≡ 1 √ 2 (ϕ^3 + iϕ^4) , Z̄ ≡ 1 √ 2 (ϕ^3 − iϕ^4) , (3.33)

we get the following Lagrangian for abelian spin one field A_m ≡ δ^a_m A_a, four real-valued scalars ϕ^{i′} , one complex-valued scalar Z, and the sixteen component real-valued one-half spin fermionic field ψ L = L_{st} + ΔL , (3.34)

where L_{st} stands for the standard Lagrangian of abelian N = 4 SYM theory in 4d plane wave background L_{st} = − 1 4 F^{m n}F_{m n} − 1 2 g^{m n}∂_mϕ^{i′} ∂_nϕ^{i′} − g^{m n}∂_mZ̄∂_nZ − i 2 ψγ̄^mD^L_mψ , (3.35)

D^L_m = ∂_m − f^2 2 σ^îγ^{+î}δ^+_m , γ^m = e^m_a γ^a , (3.36)

while ΔL describes unusual mass-like terms

ΔL = −2if(Z̄∂^+Z − Z∂^+Z̄) − i 2 fψγ̄^{+34}ψ . (3.37)

Note that L_{st} is obtainable from the kinetic part of D3 brane action (2.2) while the masslike terms ΔL are coming from WZ part of brane action (2.3). Thus modulo unusual mass-like terms for the complex-valued scalar fields Z and fermionic field ψ we get the Lagrangian for abelian N = 4 SYM theory in 4d plane wave background. It turns out that these unusual mass-like terms depend on field redefinitions. Indeed making use of the field redefinition

Z → e^{i(w+2)fσ+} Z , ψ → e^{− w+22 fγ34σ+} ψ , (3.38)

where w is a constant parameter we get the Lagrangian (3.34) with the following mass terms ΔL = iwf(Z̄∂^+Z − Z∂^+Z̄) + iwf 4 ψγ̄^{+34}ψ , ∂^+ ≡ ∂/∂σ^− . (3.39)

Thus we see that mass-like terms depend on the parameter of fields redefinition w. A scheme in which ΔL takes the form given in (3.39) we shall refer to as w-scheme.

The Lagrangian given in (3.35),(3.37) was derived directly from the Lagrangian of the D3 brane and it corresponds to w = −2 scheme. Therefore this scheme we shall refer to as D3 brane friendly scheme. Another scheme, which we shall refer to as conventional scheme, does not involve unusual mass-like terms. This conventional scheme is achieved by setting w = 0. From the transformation given in (3.38) it is clear that Hamiltonian of abelian plane wave SYM in arbitrary w scheme is given by

P^−_w = P^− + f(w + 2)J^{34} , (3.40)

where P^− is the Hamiltonian of plane wave SYM taken to be in D3 friendly w = −2 scheme (see (3.35),(3.37)). Peculiar properties of various schemes, D3 brane friendly and conventional ones, can be understood by study of supersymmetry. Let us discuss therefore supersymmetry transformations of abelian plane wave SYM.

Because the 4d plane wave metric is conformally flat the abelian N = 4 plane wave SYM is invariant with respect to 30 bosonic and 32 supersymmetries. Only fourteen bosonic and sixteen supersymmetry transformations of plane wave abelian SYM can be derived from unbroken symmetries of D3 brane action. The fourteen unbroken D3 brane symmetries which are visible in plane wave SYM are shown in Table 1^{17}. According this Table the sixteen supersymmetries of abelian SYM related with unbroken symmetries of D3 brane are generated by supercharge Q (3.30). Taking into account representation for the plane wave SYM Hamiltonian P^−_w (3.40) and the commutators (3.31) we get the following commutators between w-scheme Hamiltonian P^−_w and kinematical and dynamical supercharges

[P^−_w , Q^+_α ] = w 2 fQ^+_β (γ^{34})^β_α , [P^−_w , Q^−_α ] =

2 + w 2 fQ^−_β (γ^{34})^β_α , (3.41)

17Remaining D3 brane 16 bosonic and 16 super symmetries being broken already in static gauge fixed D3 brane action become to be contracted when we restrict D3 brane action to the action of abelian SYM.

where kinematical, Q^+, and dynamical, Q^−, supercharges are defined in standard way

Q^+ = 1 2 γ̄^−γ^+Q , Q^− = 1 2 γ̄^+γ^−Q . (3.42)

From the commutators given (3.41) we see that in D3 brane friendly scheme, w = −2, the Hamiltonian of plane wave SYM is commuting with dynamical charges and does not commute with kinematical supercharges. Because supermultiplet of SYM theory is built out with the help of kinematical supercharges this implies that lowest energy values for fields of SYM, A_m , Z and ψ, are different^{18}. On the other hand in conventional scheme, w = 0, the Hamiltonian is commuting with kinematical supercharge and does not commute with dynamical supercharge. This implies that in conventional scheme all fields of SYM have the same lowest energy values.

To finish discussion of plane wave SYM we write down an explicit form of sixteen supersymmetry transformations of abelian SYM which are obtainable from the unbroken supersymmetries of D3 brane^{19}

δA_m = ie^a_mψγ̄^aϵ̂ , δϕ^M = iψγ̄^Mϵ̂ , (3.43) δψ = ( 1 2 γ^{m n}F_{m n} − γ^M γ̄^m∂_mϕ^M )ϵ̂ − fϕ^{i′} γ^{i′}γ̄^{+34}ϵ̂

− f(w + 1)(Zγ^{Z̄} + Z̄γ^Z )γ̄^{+34}ϵ̂ , γ^Z ≡ 1 √ 2 (γ^3 + iγ^4) , γ^{Z̄} = (γ^Z )^∗ , (3.44)

where parameter of transformation ϵ̂, which is the Killing spinor, satisfies the equation

D^Lϵ̂ = f 2 (e^aγ^aγ̄^{+34} + we^+γ^{34})ϵ̂ , D^L = dσ^m D^L_m . (3.45)

Explicit solution to this equation is fixed to be

ϵ̂ = exp( w + 2 2 fγ^{34}x^+) exp(− f 2 x^îγ^{+34}γ̄^î) exp(− f 2 x^+γ^{+34}γ̄^−)ϵ_0 , (3.46)

where ϵ_0 is a sixteen component real-valued constant fermionic parameter. The w-scheme Lagrangian which is invariant with respect to the transformations (3.43), (3.44) is given by (3.34),(3.39).

3.4 Supersymmetries of gauge fixed brane action

In this section we investigate realization of supersymmetries of kappa gauge and static gauge fixed D3 brane action. We would like to learn which supersymmetries are unbroken and which ones become broken. To investigate this problem we study supersymmetry transformations of brane fields. In general all original supersymmetry transformations of brane fermionic fields (see (2.21)) look like Goldstone type, i.e. they shift the fermionic field by constant parameter. It turns out however that it is possible to construct some combination of original brane transformations which do not shift the fermionic field by

18Alternative way to achieve this conclusion is simply to solve equations of motions. 19Note that the supersymmetry transformations obtainable from D3 brane correspond to w = −2 scheme. Transformations rules (3.43),(3.44) can be derived then by going from this w = −2 scheme to the arbitrary scheme via transformations (3.38).

constant parameter and these transformations correspond to unbroken symmetries. All the remaining transformations are Goldstone type and they are associated with broken symmetries.

The plane wave supersymmetries of covariant kappa symmetry gauge and static gauge fixed brane action can be found following standard procedure [33]. Introducing notation Ξ for brane fields (x^ν , Θ, A_a) we start with supersymmetry transformations supplemented by local κ-symmetry transformations

δΞ = δ_{susy} Ξ + δ_κΞ . (3.47)

The parameter of κ transformations is fixed by the requirement that the complete transformation (3.47) maintains the κ-symmetry gauge (3.1)

δ_{susy} θ^1 + δ_κθ^1 = 0 . (3.48)

Representing the parameters of κ-transformation (2.7), supersymmetry transformation ϵ(x) (2.23) and the matrix Γ (2.9) as

K^α = κ^{1α} κ^{2α} , ϵ = ϵ^{1α} ϵ^{2α} , Γ = 0 ζ ζ̃ 0

, (3.49)

where ζ, ζ̃ = ϵ^{a1...a4} √ −det(G_{ab} + F_{ab}) ( ± 1 4! γ_{a1...a4} + 1 4 γ_{a1 a2} F_{a3a4} ± 1 8 F_{a1a2} F_{a3a4} ) , (3.50)

we find that the relations (2.8) imply

ζζ̃ = ζ̃ζ = 1 , κ^1 = ζκ^2 , κ^2 = ζ̃κ^1 . (3.51)

Taking into account supersymmetry and κ transformations for Θ (2.21),(2.26) we get from (3.48) solution to κ^1: κ^1 = −ϵ^1. In view of (3.51) we conclude that both the local κ parameters, κ^1 and κ^2, are expressible in terms of global parameter of supersymmetry transformations κ^1 = −ϵ^1 , κ^2 = −ζ̃ϵ^1 . (3.52) Plugging solution to κ parameters into (3.47) and taking into account transformations (2.20)-(2.22),(2.25)-(2.27) and notation (3.1) we get the following supersymmetry transformations of brane fields

δA = −ie^μ(ϵ^2 + ζ̃ϵ^1)γ̄^μλ , (3.53) δx^ν = ie^ν_μ(ϵ^2 + ζ̃ϵ^1)γ̄^μλ , (3.54)

δλ = ϵ^2 − ζ̃ϵ^1 . (3.55)

From the transformation rule given in (3.55) it is clear that the brane fermionic field transforms like Goldstone field in general. Note however that this does not imply that all supersymmetries are broken. It turns out that sixteen supersymmetries are still to be unbroken. Let us demonstrate this point explicitly. Representing the constant parameter ϵ_0 (2.23)

ϵ_0 = ϵ^1_0 ϵ^2_0

, (3.56)

we get from (2.23) the following representation for the components of the Killing spinor ϵ(x) ϵ^1(x) = 1 2 (γ^−γ̄^+ + γ^+γ̄^− cos fx^+)ϵ^1_0 − 1 2 Πγ^+(fx^Iγ̄^I + γ̄^− sin fx^+)ϵ^2_0 , (3.57)

ϵ^2(x) = 1 2 (γ^−γ̄^+ + γ^+γ̄^− cos fx^+)ϵ^2_0 + 1 2 Πγ^+(fx^Iγ̄^I + γ̄^− sin fx^+)ϵ^1_0 . (3.58)

Now we restrict the 32 supersymmetries associated with parameters ϵ^1_0, ϵ^2_0 to the 16 supersymmetries by imposing the constraint on the parameters of transformations

ϵ^1_{0r} = 1 2 ζ_0η_0 , ϵ^2_{0r} = 1 2 η_0 , ζ_0 ≡ γ^{−+12} , (3.59)

where η_0 is a real-valued sixteen component constant spinor and suffix ‘r’ is used to indicate the fact we restrict 32 parameters ϵ^1_0, ϵ^2_0 (3.57),(3.58) to 16 independent parameters η_0 . Now if we plug these ϵ^1_{0r}, ϵ^2_{0r} in expressions for ϵ^1(x), ϵ^2(x) (3.57),(3.58) and insert such restricted values of ϵ^1(x), ϵ^2(x) on r.h.s of (3.55) then we learn that linear field independent term proportional to η_0 cancels out. This means that 16 supersymmetries associated with parameter η_0 are unbroken. Evaluating

ϵ^1_{0r}Q^1 + ϵ^2_{0r}Q^2 = 1 2 η_0(Q^1ζ_0 + Q^2) (3.60)

we conclude that sixteen supersymmetries generated by the supercharges Q^1ζ_0 + Q^2 are unbroken while the remaining supersymmetries sixteen generated by the supercharges Q^1ζ_0 − Q^2 are broken and realized non-linearly.

3.5 Supersymmetries of static gauge fixed D3 brane action via supercurrents

In this section we investigate realization of D3 brane supersymmetries by exploring formalism of supercurrent. Concerning the broken and unbroken supersymmetries we arrive at the same conclusions of previous section, i.e. a study of this section is supplementary to the one above given. We evaluate the supercurrents and divide them into two class. The supercurrents which do not involve terms linear in fermionic fields are responsible for unbroken supersymmetries. Remaining supercurrents involve terms linear in fermionic fields and these supercurrents are responsible for broken supersymmetries (Goldstone type supersymmetries). In order to investigate these issues it is sufficient to restrict an attention to the terms up to the second order in the fermionic field Θ. The corresponding part of gauge invariant D3 brane Lagrangian is given by (see (2.1))

L^{(2)} = L_1 + L_2 + L_3 + L_4 , (3.61)

L_1 = − √ g + i √ gΘγ̂^aD_aΘ , (3.62)

L_2 = √ g(− 1 4 F^{ab}F_{ab} − iF^{ab}Θγ̂_aτ_3D_bΘ) , (3.63)

L_3 = i 6 ϵ^{abcd}Θγ̂_{abc}τ_2D_dΘ + L^{(bose)}_{W Z} , (3.64) L_4 = i 2 ϵ^{abcd}F_{ab}Θγ̂_cτ_1D_dΘ , γ̂^a_{αβ} ≡ γ^μ_{αβ} e^a_μ , (3.65)

where the L^{(bose)}_{W Z} is given in (3.14) and the covariant Killing spinor derivative D = dσ^aD_a is given in (C.18). The remaining notation is given in (3.12),(3.13). Supersymmetry transformations given in (2.20)-(2.22) lead to a conserved current^{20} Q^a, ∂_aQ^a = 0,

Q^a = V (√ g(γ̂^a + F^{ab}γ̂_bτ_3) − 1 6 ϵ^{abcd}γ̂_{bcd}τ_2 − 1 2 ϵ^{abcd}F_{bc}γ̂_dτ_1 ) Θ , (3.66)

where the matrix V = V_α^β is given by

V = exp( f 2 τ_2x^+γ̄^−Πγ^+) exp( f 2 τ_2x^Iγ̄^I Πγ^+) . (3.67)

Note that V_α^β ≡ U^β_α (see (2.23)). Now we should impose both the bosonic static gauge and fermionic covariant kappa symmetry gauge. To this end we represent the supercurrent Q^a (3.66) as follows

Q^a = Q^{1a} Q^{2a} , Q^a = V Q̃^a , (3.68)

and evaluate the supercurrents Q̃^a taken to be in covariant kappa symmetry gauge (3.1)

Q̃^{1a} = −1 6 ϵ^{abcd}γ̂_{bcd}λ − 1 2 ϵ^{abcd}γ̂_bF_{cd}λ , Q̃^{2a} = γ̂^aλ − F^{ab}γ̂_bλ . (3.69) Plugging these expressions into (3.68) and by acting with matrix V we find the following components of supercurrent Q^a:

Q^{1a} = 1 2 (γ^+γ^− + γ^−γ^+ cos fx^+)(− 1 6 ϵ^{abcd}γ̂_{bcd} − 1 2 ϵ^{abcd}γ̂_bF_{cd})λ + 1 2 (fγ^I x^I + γ^− sin fx^+)Πγ^+(γ̂^a − F^{ab}γ̂_b)λ , (3.70)

Q^{2a} = 1 2 (γ^+γ^− + γ^−γ^+ cos fx^+)(γ̂^a − F^{ab}γ̂_b)λ + 1 2 (fγ^I x^I + γ^− sin fx^+)Πγ^+( 1 6 ϵ^{abcd}γ̂_{bcd} + 1 2 ϵ^{abcd}γ̂_bF_{cd})λ . (3.71) These supercurrents Q^{1a} and Q^{2a} taken to be in static gauge involve unwanted terms which are linear in fermionic field and do not depend on the remaining fields. These are terms that generate Goldstone transformation. Motivated by desire to cancel these

20The current (3.66) can be found by using standard Noether method based on localization of the parameters of associated global transformation ϵ_0 (2.23). Replacing ϵ_0 by function of world-volume coordinates σ^a the variation of Lagrangian by module of total derivatives is found to be δL = −2i(∂_aϵ_0)Q^a.

unwanted terms we look for the linear combination of the supercurrents Q^{1a} and Q^{2a} which cancels out unwanted terms. As expected from analysis of previous Section such a combination does exist and is given by Q^{1a}ζ_0 + Q^{2a}. Making use of field redefinitions (3.16) this desired combination of supercurrents takes the form^{21}

−(Q^{1m}ζ_0 + Q^{2m}) = 1 2 exp( f 2 σ^+γ^−γ^{+34}) exp( f 2 σ^îγ^îγ^{+34})F_{μν} γ^{μν} γ^m λ + fϕ^M γ^M γ^{+34}γ^m λ . (3.72) To transform this supercurrent into conventional w = 0 scheme which is friendly to N = 4 SYM theory to be studied below we use the transformation (3.38) with w = 0 (see also (3.33)) and we get finally

−(Q^{1m} ζ_0 + Q^{2m}) = exp(− f 2 σ^+γ^{+34}γ^−) exp(− f 2 σ^îγ^{+34}γ^î)( 1 2 F_{μν} γ^{μν} − fϕ^M γ^{+34}γ^M )γ^mλ . (3.73)

4 D3 brane action in the kappa symmetry light cone gauge

Fixing fermionic kappa symmetry by using light cone gauge simplifies considerably the structure of D3 brane action. In order to discuss light cone gauge fixed action we find it convenient to represent covariant action it terms of complex spinors. Complex frame fermionic coordinates θ^α, θ̄^α = (θ^α)^† and Cartan 1-forms L^α, L̄^α = (L^α)^† are related with 2-vector notation Θ and L used in previous sections θ = 1 √ 2 (θ^1 + iθ^2) , L = 1 √ 2 (L^1 + iL^2) , (4.1)

where the components θ^1, θ^2 and L^1, L^2 are related with Θ and L as in (C.2). In this notation the 2-form field F takes the form^{22}

F = F_{t=1} , F_t = dA + (2i ∫_t 0 dt^′ θ ^L_t′ ∧ L_t′ + h.c.) , (4.2) while the defining H_5 form can be cast into the form

H_5 = 1 3 L̄ ∧ ^L ∧ ^L ∧ ^L ∧ L + F ∧ (L ∧ ^L ∧ L − L̄ ∧ ^L ∧ L̄) + f 6 ( ϵ^{i1...i4} L^+ ∧ L^{i1} ∧ . . . ∧ L^{i4} + ϵ^{i′1...i′4} L^+ ∧ L^{i′1} ∧ . . . ∧ L^{i′4} ) , (4.3)

which leads to the following WZ part of the Lagrangian L_{W Z} = d^{−1}H_5

L_{WZ} =

∫_1 0 dt ( 1 3 θ̄ ^L_t ∧ ^L_t ∧ ^L_t ∧ L_t + 2F_t ∧ θ ^L_t ∧ L_t + h.c. ) + L^{(bose)}_{WZ} . (4.4)

Fermionic kappa symmetry light cone gauge is defined as

γ̄^+θ = γ̄^+θ̄ = 0 . (4.5)

21Here we introduce Q^m = δ^m_a Q^a and collect A^m and ϕ^M into 10d vector A^μ . Details of 10d notation we use may be found in Sect. 6.

22Complex notation counterpart of relation (2.16) is dF = iL ∧ ^L ∧ L + h.c.

In this gauge the Cartan 1-forms can easily be evaluated (by transforming result of Appendix C into complex form or by using Ref. [2]) and they are given by

L^+ = e^+ , L^I = e^I , L^− = e^− − i(θ̄γ̄^−dθ + θγ̄^−dθ̄) − 2fe^+θ̄γ̄^−Πθ , (4.6)

L = dθ − ife^+Πθ , (4.7) where we use coordinates of plane wave background in which vielbeins e^μ take the form given in (3.13). By using these kappa symmetry gauge fixed Cartan 1-form we find immediately from (2.4) (4.2) the corresponding G_{ab} and F_{ab} terms

G_{ab} = g_{ab} − 2i∂_{(a}x^+(θ̄γ̄^−∂_{b)}θ + θγ̄^−∂_{b)}θ̄) − 4fθ̄γ̄^−Πθ∂_ax^+∂_bx^+ , (4.8) F_{ab} = F_{ab} + 2i∂_{[a}x^+(θγ̄^−∂_{b]}θ + θ̄γ̄∂_{b]}θ̄) , F_{ab} = ∂_aA_b − ∂_bA_a , (4.9)

where the bosonic body g_{ab} is given by (3.15). As compared to covariant gauge the light cone gauge fixed Cartan 1-forms, the metric G_{ab}, and 2-form F do not involve terms higher than second order in the fermionic coordinates θ and due to this we are able to write down explicit representations for both the kinetic and WZ parts of gauge fixed D3 brane Lagrangian. Plugging these expressions into the Lagrangian (and making a redefinition x^μ → −x^μ) we get (after simple integration over t in L_{W Z} ) the corresponding BI and WZ parts

L_{BI} = − √ − det(g_{ab} + F_{ab} + M_{ab}) , (4.10) L_{WZ} = −ϵ^{abcd}∂_ax^+ ( ∂_bx^I ∂_cx^J θ̄γ^{−IJ} ∂_dθ + 1 2 F_{bc}(θγ̄^−∂_dθ − θ̄γ̄^−∂_dθ̄) )

+ f 6 ϵ^{abcd}∂_ax^+(ϵ^{ijkl}x^i∂_bx^j ∂_cx^k∂_dx^l + ϵ^{i′j′k′l′} x^{i′} ∂_bx^{j′} ∂_cx^{k′} ∂_dx^{l′} ) , (4.11) where the matrix M_{ab} describes the θ-dependent part of the BI Lagrangian

M_{ab} ≡ 2i∂_bx^+(θ̄γ̄^−∂_aθ + θγ̄^−∂_aθ̄) − 4fθ̄γ̄^−Πθ∂_ax^+∂_bx^+ . (4.12)

First terms in expansion of L are (modulo cosmological term) 1 √ g L_{BI} = − 1 4 F_{ab}F^{ab} −i(g^{ab} −F^{ab})∂_ax^+(θ̄γ̄^−∂_bθ+θγ̄^−∂_bθ̄)+2fg^{ab}∂_ax^+∂_bx^+θ̄γ̄^−Πθ , (4.13)

where g is defined as in (3.12).

Light cone gauge fixing the world-volume diffeomorphism symmetries can be made by following standard procedure (see for instance [61]). This subject is beyond scope of this paper.

5 psu(2, 2|4) superalgebra in various bases

Now we turn to a study of plane wave SYM theory. Since our approach is based essentially on realization of supersymmetries generated by psu(2, 2|4) superalgebra we start with discussion of (anti)commutation relations of this superalgebra in various bases.

psu(2, 2|4) superalgebra is more familiar in so(3, 1) ⊕ su(4) ≃ sl(2, C) ⊕ su(4) or so(4, 1) ⊕ so(5) basis. The former basis is convenient in study of N = 4, 4d superconformal symmetry of SYM theory while the latter basis introduced in [28] is preferable for discussion of the covariant GS action in AdS_5 × S^5 Ramond-Ramond background [28]^{23}. Note that all these bases respect Lorentz symmetries generated by so(3, 1) algebra. The Lorentz symmetries however are broken in plane wave background and therefore these bases are not convenient for discussion of the 4d plane wave N = 4 SYM. It turns out that more suitable and convenient basis for study plane wave SYM is the one in which a proper plane wave generator of time translation P^− and dilatation generator D are realized as diagonal elements of psu(2, 2|4) superalgebra. This basis will be referred to as plane wave basis.

5.1 psu(2, 2|4) superalgebra in Lorentz basis

Since we use extensively interrelations between Lorentz and plane wave bases let us start with discussion of psu(2, 2|4) superalgebra in Lorentz basis. As is well known bosonic part of psu(2, 2|4) superalgebra is the algebra of conformal transformations so(4, 2) plus the algebra of R-symmetries so(6). The so(4, 2) algebra being realized in flat space-time consists of translation generators P^m, dilatation generator D, generators of so(3, 1) rotations J^{mn}, generators of so(6) rotations J^{M N} and conformal boosts generators K^m. The fermionic part of psu(2, 2|4) superalgebra consists of sixteen generators of Poincaré supertranslations Q_α and sixteen generators of superconformal translations S^{α24}. Commutators between bosonic generators of superalgebra are given by^{25}

[D, P^m] = −P^m , [D, K^m] = K^m , [P^m, K^n] = η^{mn}D − J^{mn} , (5.1)

[P^m, J^{nn′} ] = η^{mn}P^{n′} − η^{mn′} P^n , [K^m, J^{nn′} ] = η^{mn}K^{n′} − η^{mn′} K^n , (5.2)

[J^{mn}, J^{m′n′} ] = δ^{nm′} J^{mn′} + 3 terms , [J^{M N} , J^{M ′N ′} ] = δ^{N M ′} J^{M N ′} + 3 terms . (5.3)

Commutators between bosonic generators and the fermionic ones are

[S, P^m] = −γ^mQ , [Q, K^m] = 1 2 γ̄^mS , (5.4)

[D, Q] = − 1 2 Q , [Q, J^{mn}] = 1 2 γ̄^{mn}Q , [Q, J^{M N} ] = 1 2 γ̄^{M N} Q , (5.5)

[D, S] = 1 2 S , [S, J^{mn}] = 1 2 γ^{mn}S , [S, J^{M N} ] = 1 2 γ^{M N} S . (5.6)

Anticommutators are fixed to be

{Q, Q} = −2iγ̄^mP^m , {S, S} = −4iγ^mK^m , (5.7)

{S^α, Q_β} = −2iδ^α_β D − i(γ^{mn})^α_β J^{mn} + i(γ^{M N} )^α_βJ^{M N} . (5.8)

23Study of covariant AdS_5 ×S^5 Green-Schwarz superstring action in su(2, 2)⊕su(4) and sl(2, C)×su(4) bases may be found in [62] and [63] respectively.

24Here and below we use bold face notation for generators of psu(2, 24) superalgebra taken in Lorentz notation. This notation should not be confused with the one for 2-vectors we used in previous Sections.

25m, n, m^′, n^′ = 0, 1, 2, 9; M, N, M^′, N^′ = 3, . . ., 8. In light cone frame m, n, m^′, n^′ = +, −, 1, 2 and the only non-vanishing components of flat metric tensor η^{mn} are given by η^{+−} = 1, η^{îĵ} = δ^{îĵ} .

All bosonic generators G = (P^m, K^m, D, J^{mn}, J^{M N} ) are taken to be anti-hermitian G^† = −G, while fermionic generators are considered to be hermitian

Q^†_α = Q_α , S^{α†} = S^α . (5.9)

In flat space the symmetries generated by translations P^m, and Lorentz rotations J^{mn} are realized as isometry symmetries of Minkowski space time while D and K^m are responsible for proper conformal transformations.

5.2 psu(2, 2|4) superalgebra in plane wave basis

First of all let us following [64] to discuss a manifest representation for generators of conformal symmetries of 4d plane wave geometry. This representation will be used throughout this paper. Since for plane wave background the Weyl tensor vanishes, the conformal algebra in question is isomorphic to the so(4, 2) algebra. Below we establish the isomorphism explicitly, i.e., we map generators of so(4, 2) taken to be in the plane wave basis to generators of so(4, 2) taken to be in the Lorentz basis. Note that because Lorentz symmetries are broken in plane wave background the symmetries of so(4, 2) algebra are realized in a different way in plane wave space-time as compared to ones in the Minkowski space-time. In plane wave background only seven generators of the so(4, 2) algebra are realized as isometry symmetries while the remaining eight generators of the so(4, 2) algebra are realized as proper conformal symmetries. This is to be compared with Minkowski space where the 10 generators of so(4, 2) algebra, four translations P^m and six Lorentz boosts J^{mn}, are realized as isometry symmetries while the remaining 5 generators of the so(4, 2) algebra, dilatation D and conformal boosts K^m, are realized as proper conformal transformations.

Our study is based on usage of concrete parametrization of 4d plane wave background in which the line element takes the form

ds^2 = 2dx^+dx^− − f^2x^îx^îdx^+dx^+ + dx^îdx^î , î = 1, 2. (5.10)

We start with discussion of the algebra of isometry symmetries which is subalgebra of conformal algebra. The algebra of isometry symmetries leaves the line element (5.10) to be form-invariant and is generated by translations P^+, P^−, P^î, by Lorentz boosts J^{+î} and by so(2) rotations J^{îĵ} = ϵ^{îĵ} J^{12}, i.e. the dimension of this algebra is equal to seven. These generators satisfy the well known commutation relations

[P^−, P^î] = −f^2J^{+î} , [P^î, J^{+ĵ} ] = −δ^{îĵ} P^+ , [P^−, J^{+î}] = P^î , (5.11)

[P^î, J^{ĵk̂}] = δ^{îĵ} P^{k̂} − δ^{îk̂} P^ĵ , [J^{+î}, J^{ĵk̂}] = δ^{îĵ} J^{+k̂} − δ^{îk̂}J^{+ĵ} . (5.12)

Sometimes in what follows instead of generators P^î, J^{+î} we prefer to use complex frame generators T^î, T̄^î defined by

T^î = P^î − ifJ^{+î} , T̄^î = P^î + ifJ^{+î} , (5.13)

which are related by hermitian conjugation rule T̄^î = −T^{î†}. Thus the isometry symmetry algebra is representable by the following seven generators

P^−, P^+, T^î, T̄^î, J^{12} , isometry generators . (5.14)

To find concrete representation for these generators we solve the equations for the Killing vectors of isometry transformations

D_mξ_n + D_nξ_m = 0 . (5.15)

Well known representation for these Killing vectors in terms of differential operators G = ξ^m∂_m is given by

P^± = ∂^± , T^î = e^{−ifx+} (∂^î + ifx^î∂^+) , J^{îĵ} = x^î∂^ĵ − x^ĵ ∂^î . (5.16)

Because these seven generators form the isometry algebra the remaining eight generators of the conformal algebra so(4, 2) are responsible for proper conformal transformations, i.e. they scale the line element (5.10). To find these proper conformal generators we are solving the equations for conformal Killing vectors in 4d plane wave background (5.10)

D_mξ_n + D_nξ_m = 1 2 g_{m n}D_k ξ^k . (5.17)

Solution to these equations can be described by eight Killing vectors denoted by

D, C, C̄, C^î, C̄^î, K^−, proper conformal generators , (5.18)

where the complex-valued generators C^î, C̄^î, C, C̄ are related by hermitian conjugation rule C̄^î = −C^{î†}, C̄ = −C^†. Representation of these proper conformal generators in terms of differential operators G = ξ^m∂_m is fixed to be [64]

D = 2x^−∂^+ + x∂ , (5.19)

C = e^{−2ifx+} (∂^− − ifx∂ + f^2x^2∂^+) , (5.20)

C^î = e^{−ifx+} ( x^−∂^î − x^î∂^− + if(− 1 2 x^2∂^î + x^î(x^−∂^+ + x∂)) − f^2 2 x^2x^î∂^+ ) , (5.21)

K^− = − 1 2 x^2∂^− + x^−(x^−∂^+ + x∂) − f^2 4 (x^2)^2∂^+ . (5.22)

Here and below we use the conventions

x^2 ≡ x^îx^î , x∂ ≡ x^î∂^î , ∂^2 ≡ ∂^î∂^î . (5.23)

Note that generators P^+, J^{îĵ} (5.16), D (5.19) and K^− (5.22) do not depend on evolution parameter x^+, i.e. they are commuting with plane wave time translation generator P^− (5.15). It is easy to see also that generators T^î, C (5.20) and C^î (5.21) are eigenvectors of P^− = ∂^−. Straightforward inspection of generators (5.15),(5.19)-(5.22) demonstrates that all these generators are also eigenvectors of D and transform in scalar or vector representations of J^{12}.

As mentioned before the isometry generators (5.15) and proper conformal generators (5.18) form plane wave basis of the so(4, 2) algebra. Their commutation relations are given in (5.37)-(5.42). It is instructive to relate generators (5.15)-(5.18) with generators of so(4, 2) algebra taken in Lorentz basis P^m, K^m, D, J^{mn} which satisfy well known recognizable commutation relations (5.1)-(5.3). This can be done in a rather straightforward way by comparing commutation relations of generators in Lorentz basis (5.1)-(5.3) with the commutation relations in plane wave basis (5.37)-(5.42). Doing this we find an interrelation between generators of the conformal algebra in Lorentz basis and the ones in plane wave basis

P^− = P^− + f^2K^+ , P^+ = P^+ , J^{12} = J^{12} , (5.24)

T^î = P^î − ifJ^{+î} , T̄^î = P^î + ifJ^{+î} , (5.25) D = D − J^{+−} , (5.26) C = P^− − f^2K^+ − if(D + J^{+−}) , C̄ = P^− − f^2K^+ + if(D + J^{+−}) , (5.27)

C^î = J^{−î} + ifK^î , C̄^î = J^{−î} − ifK^î , (5.28) K^− = K^− . (5.29)

Note that the relations given in (5.25) and definition of T^î (5.13) imply matching the transverse translations P^î and +î Lorentz boosts J^{+î}:

P^î = P^î , J^{+î} = J^{+î}. (5.30)

As for R-symmetries so(6), these symmetries are obviously unbroken and therefore one has the simple correspondence J^{M N} = J^{M N} . (5.31) Now let us turn to supercharges. What is required is to find the interrelation of supercharges in plane wave and Lorentz bases. As in bosonic case the supercharges in plane wave basis should, by definition, be eigenvectors of plane wave time translation generator P^− and plane wave dilatation generator D. Because we have already established interrelation of two bases in bosonic body of superalgebra the most straightforward way to establish of interrelation of supercharges in two bases is to find linear combinations of Lorentz basis supercharges Q, S so that this combinations be eigenvectors of plane wave time translation generator P^− and plane wave dilatation generator D. Because the interrelation between bosonic generators is known we can establish similar interrelation between supercharges in a rather straightforward way. Doing this we found that plane wave basis supercharges can be collected into two sorts of supercharges which we denote by Ω and S^−. This is to say that the requirement these supercharges be eigenvectors of generators P^− and D fixes the following representation for sixteen component complexvalued supercharge Ω and sixteen component real-valued supercharge S^−

Ω = Q − if 2 γ̄^+S^+ , S^− = S^− . (5.32)

Here and below we use decomposition of S^α into plus and minus parts

S = S^+ + S^− , S^+ = 1 2 γ^−γ̄^+S , S^− = 1 2 γ^+γ̄^−S , (5.33)

while for Q_α similar decomposition takes the form

Q = Q^+ + Q^− , Q^+ = 1 2 γ̄^−γ^+Q , Q^− = 1 2 γ̄^+γ^−Q . (5.34)

The supercharges Ω and S^− satisfy the algebraic constraints. Decomposing the supercharge Ω as in (5.34) Ω = Ω^+ + Ω^− , (5.35) we have the constraints Ω^{+†} = Ω^+ , γ̄^+S^− = 0 . (5.36) These constraints are derivable from hermitian properties for generators Q, S given in (5.9) and definitions given in (5.33). The first constraint in (5.36) tells us that though the supercharge Ω is complex-valued its Ω^+ part is real-valued. This implies that the supercharge Ω has 24 real-valued components. The second constraint in (5.36) tells us that there are only 8 real-valued components of S^−. Thus the total number of real-valued supercharges is equal to 32 as it should be.

Now we can write down commutation relations of the psu(2, 2|4) superalgebra in plane wave basis. Because in this basis all generators are eigenvectors of P^− and D it is convenient to introduce a notion of q(P^−) and q(D) charges. Given generator G its q_G(P^−) and q_G(D) charges are defined by commutators

[P^−, G] = −ifq_G(P^−)G , [D, G] = q_G(D)G . (5.37)

These charges for generators of the psu(2, 2|4) superalgebra are given in Table 2.

TABLE 2: q(P^−) and q(D) charges of generators of psu(2, 2|4) superalgebra

Generators P^+ T^î T̄^î K^− C^î C̄^î C C̄ Ω^− Ω̄^− Ω^+ S^− q - charges q_G(P^−) charge 0 1 −1 0 1 −1 2 −2 1 −1 0 0

q_G(D) charge −2 −1 −1 2 1 1 0 0 0 0 −1 1

Note that the q-charges of the generators J^{îĵ} and J^{M N} are equal to zero. Remaining (anti)commutators can be collected in several groups.

Commutators between elements of isometry algebra are

[T̄^î, T^ĵ ] = 2ifδ^{îĵ} P^+ , [T^î, J^{ĵk̂}] = δ^{îĵ} T^{k̂} − δ^{îk̂} T^ĵ . (5.38)

Commutators between proper conformal generators are given by

[C̄^î, C^ĵ] = 2iδ^{îĵ} K^− , [C̄, C] = −4ifP^− , [C̄^i, C] = −2ifC^i . (5.39)

Commutators between generators of isometry algebra and proper conformal generators take the form

[P^+, K^−] = D , [P^+, C^î] = T^î , [T^î, K^−] = C^î , (5.40)

[T^î, C^ĵ ] = −δ^{îĵ} C , [T^î, C̄] = 2ifT̄^î , (5.41)

[C̄^î, T^ĵ ] = δ^{îĵ} (P^− + ifD) + 2ifJ^{îĵ} . (5.42)

Commutators between isometry algebra and supercharges are

[T^î, Ω̄^−] = ifγ̄^{+î}Ω^+ , [T^î, S^−] = γ^îΩ^− , [P^+, S^−] = γ^+Ω^+ , (5.43)

[Ω^±, J^{îĵ} ] = 1 2 γ̄^{îĵ} Ω^± , [S^−, J^{îĵ} ] = 1 2 γ^{îĵ} S^− . Commutators between proper conformal generators and supercharges are

[K^−, Ω^+] = − 1 2 γ̄^−S^− , [C^î, Ω^+] = − 1 2 γ̄^{−i}Ω^− , [C^î, Ω̄^−] = −ifγ̄^îS^− , (5.44)

[C, Ω̄^−] = 2if Ω^− . (5.45) In view of relations (5.31) commutators of so(6) algebra and commutators between generators of the so(6) and supercharges in plane wave basis take the same form as in the Lorentz basis (see last commutators in (5.3), (5.5),(5.6)).

Anticommutators between supercharges are

{Ω^+, Ω^+} = −2iγ̄^−P^+ , {Ω^−, Ω^−} = −2iγ̄^+C , {S^−, S^−} = −4iγ^+K^− , (5.46)

{Ω̄^−, Ω^−} = −2iγ̄^+P^− + fγ̄^{+îĵ} J^{îĵ} − fγ̄^{+M N} J^{M N} , (5.47)

{Ω^−, Ω^+} = −iγ̄^+γ^−γ̄^îT^î , {Ω^−, S^−} = 2iγ̄^{+î}C^î , (5.48)

{S^−, Ω^+} = −iγ^+γ̄^−D − i 2 γ^+γ̄^−γ^{îĵ} J^{îĵ} + i 2 γ^+γ̄^−γ^{M N} J^{M N} . (5.49)

Modulo (anti)commutators obtainable from the ones above-given by applying hermitian conjugation, the remaining (anti)commutators are equal to zero.

Now let us match the symmetries generated by the psu(2, 2|4) superalgebra and the ones generated by superalgebra of plane wave superstring (see Appendix B). Because these superalgebras do not coincide we can match only some subset of generators of these superalgebras. Let G_{str} be generators of plane wave superstring superalgebra with (anti)commutators given in Appendix B. Making use of Lorentz basis of the psu(2, 2|4) superalgebra we find the following interrelations of the generators of the psu(2, 2|4) and plane wave superstring superalgebra

P^−_{str} + 2fJ^{34}_{str} = P^− + f^2K^+ , P^î_{str} = P^î , P^+_{str} = P^+ , (5.50)

J^{+î}_{str} = J^{+î} , J^{12}_{str} = J^{12} , J^{34}_{str} = J^{34} , J^{i′j′}_{str} = J^{i′j′} , (5.51) 1 √ 2 (Q^1_{str}γ^{−+12} + Q^2_{str}) = Q − f 2 γ^{+34}S^+ . (5.52)

Thus one can match explicitly 14 bosonic and 16 super symmetries of plane wave SYM and corresponding 14 bosonic and 16 super- symmetries of plane wave superstring theory^{26}.

26Interesting discussion of realization of conformal and Heisenberg algebras in plane wave CFT correspondence may be found in [65].

6 N=4 SYM in plane wave background

Our goal is to develop light cone formulation of N = 4 super YM theory in 4d plane wave background. The most convenient way to do this is to start with covariant and gauge invariant formulation. As compared to flat space the covariant formulation of plane wave SYM becomes to be more complicated as in this case we deal with theory in curved background^{27}. Light cone gauge formulation leads to dramatic simplification. A remarkable fact we demonstrate below is that the 3-point and 4-point interaction vertices of light cone gauge action of plane wave SYM take the same form as the ones in the flat space. The only difference of plane wave SYM as compared to the one in flat space is an appearance of mass-like terms in the quadratic part of the action.

Following our strategy we start with covariant and gauge invariant action of SYM theory defined on the 4d plane wave background with line element given in (5.10) To simplify our presentation of the 4d SYM theory we use the standard trick of 10d notation. We use 10d space-time which is direct product of 4d plane wave background (5.10) and flat R^6 Euclidean space. In this 10d space-time we introduce the 10d target space vector A_μ, μ = 0, 1, . . . , 9. This vector is splitted into 4d plane wave target space vector A_m, m = 0, 1, 2, 9, and SO(6) vector A_M = ϕ^M , M = 3, . . . , 8. The fermionic partner of A_μ is a sixteen component spinor field ψ^α which in the 32 component notation corresponds to positive chirality Majorana-Weyl spinor. Both the A_μ and ψ are transforming in adjoint representation of certain gauge group. They can be decomposed into generators of Lie algebra and are assumed to be anti-hermitian

A_μ = A_μ^at_a , ψ = ψ^at_a , A_μ^† = −A_μ , ψ^† = −ψ . (6.1)

The Lagrangian of SYM in plane wave background is given by^{28}

L = T́r − 1 4 F^{μ ν}F_{μ ν} − i 2 ψγ^μD_μψ , (6.2)

where the gauge and Lorentz covariant derivative D_μ and the field strength F_{μ ν} are defined to be

D_μψ = D^L_μψ + [A_μ, ψ] , D^L_m = ∂_m − f^2 2 x^îγ^{+î}δ^+_m , D^L_M = ∂_M , (6.3)

F_{μ ν} = ∂_μA_ν − ∂_νA_μ + [A_μ, A_ν] . (6.4)

In (6.2) and below the T́r denotes minus trace

T́rY ≡ −TrY . (6.5)

27Discussion of SYM theory in various curved backgrounds may be found in [66]. Plane wave SYM does not fall in the cases considered in [66]. Detailed study of the Hamiltonian formulation of SYM in R × S^3 background may be found in [67]. Relevance of a curved background for SYM was discussed (in the original AdS/CFT context) in [68].

28Note that because Richi scalar of 4d plane wave metric (5.10) is equal to zero the action (6.2) is indeed describes conformal scalar fields. The target space γ^ν -matrices are defined in terms of tangent space ones as γ^ν = e^ν γ^ν , where e^ν is inverse to the basis of one forms e^μ = e^μ_ν dx^ν , e^ν e^μ_ν = δ^μ_ν . The basis of e^μ is specified in (6.7). Notation γ^+, γ^−, γ^I is used only for tangent space γ-matrices defined in (A.3).

All fields are assumed to be independent of six coordinates x^M

∂^M A^μ = 0 , ∂^M ψ = 0 . (6.6)

10d target space indices are contracted by metric tensor g_{μ ν}, A_μ = g_{μ ν}A^ν , which describes 4d plane wave space-time (5.10) × flat R^6 Euclidean space. 10d tangent space vectors A^μ, μ = 0, 1, . . . , 9, are defined in terms the target space ones as A^μ = e^μA^μ where basis of one-forms e^μ = e^μdx^μ is specified to be

e^+ = dx^+ , e^− = dx^− − f^2 2 x^îx^îdx^+ , e^I = dx^I , I = 1, . . . , 8, (6.7)

so that we have

g_{μ ν} = ( g_{m n} 0 0 δ_{M N} ) , g_{μ ν} = e^μe_{ν μ} , g_{m n} = e^me_{n m} , (6.8)

μ = (m, M); μ = (m, M); m, n = 0, 1, 2, 9; m, n = 0, 1, 2, 9; M, N = 3, . . . , 8^{29}.

The Lagrangian (6.2) is invariant with respect to the local gauge transformations and the global psu(2, 2|4) superalgebra transformations. All these transformations are realized on the space of covariant fields A_μ, ψ. Below we will be interested in transformations of physical fields under action of psu(2, 2|4) superalgebra. These transformations can be derived in a most straightforward way by starting with transformations of the covariant fields A_μ, ψ. To fix our notation let us briefly discuss the latter transformations.

(i) Local gauge transformations take the standard well known form

δA_μ = ∂_μα + [A_μ, α] , δψ = [ψ, α] . (6.9)

(ii) Global so(4, 2) conformal transformations. The transformations of fields under action of the so(4, 2) algebra are given by the relations

δ^{cov}A^m = ξ^n∂_nA^m − A^n∂_nξ^m + 1 2 √ g (∂_n √ gξ^n)A^m , (6.10)

δ^{cov}ϕ^M = ξ^n∂_nϕ^M + 1 4 √ g (∂_n √ gξ^n)ϕ^M , (6.11)

δ^{cov}ψ = (ξ^mD^L_m + 1 4 γ^{m n}∂_mξ_n + 3 8 √ g (∂_n √ gξ^n))ψ , (6.12)

where ξ^m are Killing vectors of the so(4, 2) algebra transformations. In plane wave basis these vectors are given by relations (5.16), (5.19)-(5.22).

(iii) Global R-symmetries generated by so(6) algebra take the standard form. (iv) Global plane wave supersymmetry transformations of the psu(2, 2|4) superalgebra.

In order to find these transformations it is convenient to start with transformation of fields under action of supercharges taken to be in the Lorentz basis, i.e. basis of Q and S supercharges. Transformation of fields in such a basis are well known and are given by δ^{cov} A^μ = iψγ̄^μϵ_Q , δ^{cov} ψ = 1 2 F^{μν} γ^{μν} ϵ_Q − 2ϕ^M γ^M ϵ_S , (6.13)

29In light cone frame μ, ν = +, −, 1, . . ., 8; μ, ν = +, −, 1, . . . , 8; m, n = +, −, 1, 2; m, n = +, −, 1, 2.

where ϵ_Q and ϵ_S are appropriate real-valued sixteen component Killing spinors which are still to fixed. These Killing spinors can be found from the general formula

ϵ_Q^αQ_α + ϵ_{S α}S^α = g_x(ϵ_{0Q} Q + ϵ_{0S} S)g^{−1}_x , (6.14)

where bosonic coset representative g_x is defined by the relation

g_x = exp(x^îP^î + x^−P^+) exp(x^+P^−) , (6.15)

and ϵ_{0Q} and ϵ_{0S} are constant sixteen component fermionic parameters. Note that the Killing spinors above defined satisfy the equations

D^L_mϵ_Q = γ_mϵ_S , D^L_mϵ_S = − f^2 2 δ^+_mγ̄^+ϵ_Q , (6.16)

which should be supplemented by initial conditions

ϵ_Q |_xm_{=0} = ϵ_{0Q} , ϵ_S |_xm_{=0} = ϵ_{0S} . (6.17)

Explicit representation for Killing spinors can be derived then either from these equations or from formula (6.14)^{30}

ϵ_Q = 1 2 (γ^+γ̄^− + γ^−γ̄^+ cos fx^+)ϵ_{0Q} + (x^−γ̄^+ + x^îγ̄^î)ϵ_S + γ̄^− sin fx^+ f ϵ_{0S} , (6.18)

ϵ_S = 1 2 (γ̄^−γ^+ + γ̄^+γ^− cos fx^+)ϵ_{0S} − f 2 γ̄^+ sin fx^+ϵ_{0Q} . (6.19)

Making use equations for Killing spinors (6.16) one can make sure that the action (6.2) is indeed invariant with respect to transformations given in (6.13). Thus there are 32 Killing spinors which are responsible for 32 super(conformal) symmetries.

By using interrelation between the Lorentz basis supercharges Q, S and plane wave basis supercharges Ω, S^− (5.32) we can bring Lorentz basis supersymmetry transformations (6.13) to the plane wave basis supersymmetry transformations

δ^{cov}_Ω A^μ = iψγ̄^μϵ_Ω , δ^{cov}_{S−} A^μ = iψγ̄^μ(x^−γ^+ + x^îγ^î)ϵ_{0S−} , (6.20) δ^{cov}_Ω ψ = 1 2 F^{μν} γ^{μν} ϵ_Ω + ifϕ^M γ^M γ̄^+ϵ_Ω , (6.21) δ^{cov}_{S−} ψ = 1 2 F^{μν} γ^{μν} (x^−γ^+ + x^îγ^î)ϵ_{0S−} − 2ϕ^M γ^M ϵ_{0S−} , (6.22)

where the plane wave basis Killing spinors ϵ_Ω corresponding to the supercharge Ω is given by ϵ_Ω = exp(− if 2 x^îγ^îγ̄^+) exp(− if 2 x^+γ^−γ̄^+)ϵ_{0Ω} . (6.23)

The constant sixteen component spinors (ϵ_{0Ω} )^α, which is complex-valued, and (ϵ_{0S−} )_α, which real-valued, subject to the constraints implemented by the ones for the supercharges Ω, S^− (5.36) (ϵ^−_{0Ω} )^† = ϵ^−_{0Ω} , γ^−ϵ_{0S−} = 0 . (6.24)

30The formula (6.14) can be used by exploiting the relations (5.24),(5.30) and commutation relations given in (5.4)-(5.8).

7 Hamiltonian light cone gauge dynamics of plane wave SYM

Following the standard procedure we impose light cone gauge

A_− = 0 , (7.1) and plug this gauge into the covariant Lagrangian (6.2). Because such gauge fixed Lagrangian describes non-propagating field A_+ we find that the equation of motions for A_+ leads to the constraint

∂^+A^− = −∂^I A^I − 1 ∂^+

[A^I , ∂^+A^I ] + i ∂^+

(ψ^⊕γ̄^+ψ^⊕) , (7.2)

which allows us to express non-physical field^{31} A_+ = A^− in terms of physical bosonic field A^I = (A^î, A^M = ϕ^M ) and physical fermionic field ψ^⊕, where

ψ = ψ^⊕ + ψ^⊖ , ψ^⊕ = 1 2 γ^−γ̄^+ψ , ψ^⊖ = 1 2 γ^+γ̄^−ψ . (7.3)

Fermionic field ψ^⊖ also turns out to be non-propagating and therefore we find that equation of motion for ψ^⊖ leads to the constraint which allows us to express the ψ^⊖ in terms of physical field ψ^⊕

ψ^⊖ = − 1 2∂^+ γ^+γ̄^I D^I ψ^⊕ , D^I ψ^⊕ ≡ ∂^I ψ^⊕ + [A^I , ψ^⊕] . (7.4)

Plugging solution for A^− and ψ^⊖ into Lagrangian (6.2) we get light cone gauge Lagrangian which can be presented as follows

L = L_2 + L_3 + L_4 , (7.5) where L_2 describes quadratic part of Lagrangian while L_3 and L_4 describe 3-point and 4-point interaction vertices respectively. The quadratic part L_2 is given by

L_2 = T́r 1 2 A^I □A^I − i 4 ψ^⊕ γ̄^+ ∂^+

□ψ^⊕ , (7.6)

where the covariant D’Alembertian operator in 4d plane wave background (5.10) defined by standard relation □ =^1√_g ∂_m √ gg^{m n} ∂_n is given by

□ = 2∂^+∂^− + ∂^î∂^î + f^2x^îx^î∂^+∂^+ . (7.7) The 3-point and 4-point interaction vertices are given by

L_3 = T́r − [A^I , A^J ]∂^I A^J − ∂^J A^J 1 ∂^+

[A^I , ∂^+A^I ] (7.8)

+ i∂^I A^I 1 ∂^+

(ψ^⊕γ̄^+ψ^⊕) + i 4 [A^I , ψ^⊕] γ̄^+γ^Iγ̄^J ∂^+

∂^J ψ^⊕ + i 4 ∂^J ψ^⊕ γ̄^+γ^J γ̄^I ∂^+

[A^I , ψ^⊕] ,

31Note that after imposing light cone gauge (7.1) the relations between covariant and contr-variant vectors are simplified A_− = A^+ = 0, A_+ = g_{+n}A^n = A^−.

L_4 = T́r − 1 4 [A^I , A^J ]^2 − 1 2 ( 1 ∂^+

[A^J , ∂^+A^J ])^2 + i ∂^+

(ψ^⊕γ̄^+ψ^⊕) 1 ∂^+

[A^I , ∂^+A^I ] + i 4 [A^I , ψ^⊕] γ̄^+γ^Iγ̄^J ∂^+

[A^J , ψ^⊕] + 1 2 ( 1 ∂^+

(ψ^⊕γ̄^+ψ^⊕))^2 . (7.9)

From these expressions it is easily seen that dimensionfull constant f does not appear in the interaction vertices L_3 and L_4. In other words, the light cone gauge vertices of SYM in plane wave background take the same form as the ones in flat Minkowski space. This implies that many interesting investigations carried out previously in the literature for the case of light cone gauge SYM theory in flat space can be extended in relatively straightforward way to the case of SYM theory in plane wave background. All that is required is to take into account the new modified kinetic term L_2 (7.6). Note that this extension is not straightforward because there are subtleties related to the mass-like terms proportional in the covariant D’Alembertian operator (see f^2-term in (7.7)). These mass terms lead to discretization of the spectrum of the energy operator and this should be taken into account upon quantization.

Light-cone gauge action of plane wave SYM theory S = ∫ dx^+d^3x(L_2 + L_3 + L_4) , d^3x ≡ dx^−dx^1dx^2 , (7.10)

can be brought into the Hamiltonian form S = ∫ dx^+d^3x T́r(−∂^+A^I ∂^−A^I − i 2 ψ^⊕γ̄^+∂^−ψ^⊕) + ∫ dx^+P^− , (7.11)

with the Hamiltonian H = −P^−

P^− = ∫ d^3x P^− , (7.12)

where the Hamiltonian density P^− is given by

P^− = T́r ( − 1 2 ∂_îA^J ∂_îA^J − f^2 2 x^2(∂^+A^I )^2 − i 4 ψ^⊕ γ̄^+ ∂^+

(∂^2 + f^2x^2∂^{+2})ψ^⊕ ) + L_3 + L_4 . (7.13)

Applying standard methods to the action (7.10) we find the well known canonical Poisson- Dirac brackets

[A^I (x)^a, A^J (x^′)^{a′} ] |_{P.D. equal x}+ = − 1 2∂^+ δ(x^− − x^{−′})δ^{(2)}(x − x^′)δ^{IJ} Í^{a a′} , (7.14) {ψ^{⊕α}(x)^a, ψ^{⊕β} (x^′)^{a′} } |_{P.D. equal x}+ = − i 2 (γ^−)^{αβ} δ(x^− − x^{−′})δ^{(2)}(x − x^′)Í^{a a′} , (7.15)

where Í^{a a′} is a minus projector operator which we insert to respect the Lie algebra indices of the physical fields A^I and ψ^⊕. All that is required this operator should satisfy the relation

Í^{a c} T́r(t_ct_b) = δ^a_b . (7.16)

Equation of motions for the physical fields A^I and ψ^⊕ takes then the standard Hamiltonian form

∂^−A^I = [A^I , P^−]_{P.D.} , ∂^−ψ^⊕ = [ψ^⊕, P^−]_{P.D.} . (7.17)

Here and below brackets [.., ..]_{P.D.} stand for Poisson-Dirac brackets evaluated for equal values of evolution parameter x^+. In (7.17) and below the suffix ‘equal x^+’ is implicit.

8 Global symmetries of N = 4 SYM in plane wave background

In this section we discuss field theoretical realization of global supersymmetries of N = 4 SYM theory in plane wave background which are generated by psu(2, 2|4) superalgebra. To do that we use the framework of Noether charges. The Noether charges play an important role in analysis of the symmetries of dynamical systems. The choice of the light cone gauge spoils manifest global symmetries, and in order to demonstrate that these global invariances are still present, one needs to find the Noether charges that generate them.

8.1 Bosonic Noether charges as generators of the psu(2, 2|4) superalgebra

We start our discussion with bosonic Noether charges. These charges can be found following the standard procedure. Let T^{m n} be symmetric, conserved, and traceless energymomentum tensor

D_mT^{m n} = 0 , T^m_m = 0 , T^{m n} = T^{n m} . (8.1)

For each Killing vector ξ^{Gm} satisfying the equations (5.15) (or (5.17)) we can construct conserved current G^m:

G^m = T^m_nξ^{Gn} , ∂_m( √ gG^m) = 0 . (8.2)

Making use of equations for Killing vectors (5.15),(5.17) and relations for energy - momentum tensor given in (8.1) one can make sure that the currents (8.2) satisfy the conservation law. Note that we use the coordinates given by (5.10) in which √ g = 1 and therefore the conservation law takes simplified form ∂_mG^m = 0. Appropriate bosonic charges G take then the standard form G = ∫ d^3x T^+_nξ^{Gn} , (8.3)

where the measure d^3x is defined in (7.10). The energy momentum tensor for N = 4, 4d SYM (6.2) satisfying the requirements (8.1) is well known and is given by

T^{μ ν} = T́r ( F^{μ ρ} F^ν_ρ + i 4 ψ(γ^μ D^ν + γ^ν D^μ)ψ ) + ΔT^{μ ν} + g^{μ ν} L , (8.4)

where ‘improving’ contribution given by

ΔT^{m n} = 1 6 (g^{m n}D_k D^k − D^mD^n + R^{m n})T́r ϕ^2 , ΔT^{M m} = ΔT^{M N} = 0 , (8.5)

is to respect traceless condition (8.1). While writing the expression for T^{μ ν} (8.4) we take into account that Richi curvature scalar in plane wave background (5.10) is equal to zero R = 0. Note that the only non-zero component of Richi tensor is R^{−−} = 2f^2.

To evaluate the charges (8.3) we have to determine expressions for T^+_−, T^+_I , T^+_+. To this end we plug light cone gauge (7.1) and solution for non-physical fields (7.2), (7.4) into expressions for energy-momentum tensor (8.4) and find^{32}

T^+_− = P^+ − 1 6 ∂^+∂^+T́r ϕ^2 , (8.6)

T^+_I = P^I − 1 2 ∂^J M^{JI} − 1 2 ∂^+(M^{−I} − R^{−I} ) − 1 6 δ^I_î ∂^î∂^+T́r ϕ^2 , (8.7)

T^+_+ = P^− + 1 2 ∂^I (M^{−I} + R^{−I} ) + 1 6 (□ − ∂^+∂^−)T́r ϕ^2 , (8.8)

where D’Alembertian operator □ is defined by (7.7) and we introduce momentum densities

P^+ ≡ T́r ∂^+A^J ∂^+A^J + i 2 ψ^⊕γ^+∂^+ψ^⊕ , (8.9)

P^I ≡ T́r ∂^+A^J ∂^I A^J + i 2 ψ^⊕γ^+∂^I ψ^⊕ , (8.10)

P^− = T́r ( − 1 2 ∂^I A^J ∂^I A^J − f^2 2 x^2(∂^+A^I )^2 − i 4 ψ^⊕ γ^+ ∂^+

(∂^2_I + f^2x^2∂^{+2})ψ^⊕ ) + L_3 + L_4 , (8.11)

and spin densities^{33}

M^{IJ} ≡ T́r ∂^+A^I A^J − ∂^+A^J A^I + i 4 ψ^⊕γ^{+IJ} ψ^⊕ , (8.12)

M^{−I} ≡ T́r − A^I ∂^J A^J + A^J ∂^J A^I + i 4 ψ^⊕γ^+γ^I γ^J ∂^J ∂^+ ψ^⊕ −A^I 1 ∂^+

([A^J , ∂^+A^J ] − iψ^⊕γ^+ψ^⊕) . (8.13)

The expressions for 3-point and 4-point vertices L_3, L_3 which enter definition of Hamiltonian density P^− (8.11),(7.13) are given in (7.8),(7.9). The density R^{−I} which appears in (8.7),(8.8) is given by R^{−I} ≡ T́r A^I 1 ∂^+

([A^J , ∂^+A^J ] − iψ^⊕γ^+ψ^⊕) − i 4 ψ^⊕ γ^+γ^I γ^J

∂^+

[A^J , ψ^⊕] . (8.14)

32In formulas (8.6)-(8.14) we keep dependence on six coordinates x^M . To get expressions corresponding to 4d SYM one needs to apply rules (6.6).

33The matrix M^{IJ} should not be confused with the one given given in (C.17),(C.19).

In contrast to the momentum and spin densities (8.9)-(8.13) the density R^{−I} does not contribute to charges.

Making use of general formula for charges (8.3), explicit representation for components of energy-momentum tensor (8.6)-(8.8), and for Killing vectors (5.16), (5.19)-(5.22) we can get explicit representation for charges in a rather straightforward way. For instance field theoretical representation for kinematical generators of isometry transformations, i.e. P^+, T^î, and J^{îĵ} is given by

P^+ = ∫ d^3x P^+ , (8.15)

T^î = ∫ d^3x e^{−ifx+} (P^î + ifx^îP^+) , (8.16)

J^{îĵ} = ∫ d^3x(x^îP^ĵ − x^ĵ P^î + M^{îĵ} ) . (8.17)

From these expressions it is easily seen that expressions for generators P^+, J^{îĵ} coincide with the ones in flat Minkowski space-time. Field theoretical representation for generators of R-symmetries so(6) is given by

J^{M N} = ∫ d^3x T́r ∂^+ϕ^M ϕ^N − ∂^+ϕ^N ϕ^M + i 4 ψ^⊕γ^{+M N} ψ^⊕ . (8.18)

This expression for J^{M N} obviously coincides with the one in flat space-time.

Field theoretical representation for generators of conformal transformations, i.e. D, C, C^î and K^−, is given by D = ∫ d^3x (2x^−P^+ + x^îP^î) , (8.19) C = ∫ d^3x e^{−2ifx+} (P^− − ifx^îP^î + f^2x^2P^+) , (8.20)

C^î = ∫ d^3x e^{−ifx+} ( x^−P^î − x^îP^− + if(− 1 2 x^2P^î + x^î(x^−P^+ + x^ĵ P^ĵ )) (8.21) − f^2 2 x^2x^îP^+ + M^{−î} + ifM^{îĵ} x^ĵ ) ,

K^− = ∫ d^3x ( − 1 2 x^2P^− + x^−(x^−P^+ + x^îP^î) − f^2 4 (x^2)^2P^+ + M^{−î}x^î − T́r ϕ^2 ) . (8.22)

Taking into account expressions for momentum densities (8.9),(8.10) it is easy to see that dilatation generator D (8.19) is quadratic in fields, i.e. the D is a kinematical generator. The remaining proper conformal generators C, C^î, and K^− are realized non-linearly, i.e. they can be considered as dynamical generators.

With the definition of charges given in (8.15)-(8.22) and commutation relations for fields given in (7.14),(7.15) the transformation rules of the physical fields A^I = (A^î, A^M = ϕ^M ) and ψ^⊕ under action the conformal algebra so(4, 2) and so(6) algebra are given by

δ_GA^I = [A^I , G]_{P.D.} , δ_Gψ^⊕ = [ψ^⊕, G]_{P.D.} . (8.23) Discussion of some details of these transformations may be found in Appendix D.

8.2 Noether supercharges as generators of the superalgebra psu(2, 2|4)

In this section we describe field theoretical realization of supercharges of N = 4 plane wave SYM theory. We start our discussion with description of supercurrents. As before it is convenient to start with study of supercurrents taken to be in Lorentz basis. Because in the Lorentz basis we deal with the supercharges Q, S we introduce corresponding supercurrents denoted by Q^m and S^m. These supercurrents can be found by using standard procedure and explicit expression for them can be fixed by using the formula

ϵ_{0Q} Q^m + ϵ_{0S} S^m = T́r 1 2 ϵ_Q γ^{μν} F^{μν} γ^m ψ + 2ϵ_S ϕ^M γ^M γ^m ψ , (8.24)

where ϵ_{0Q} and ϵ_{0S} are constant spinor while ϵ_Q and ϵ_S are the Killing spinor in 4d plane wave background. These Killing spinors satisfy the defining equations (6.16) and explicit solution to these equations is given in (6.18),(6.19). Making use of defining equations for Killing spinors (6.16) and equations of motion for fields of SYM one can check that super-currents (8.24) are indeed conserved

∂_m( √ g Q^m) = 0 , ∂_m( √ g S^m) = 0 . (8.25) Explicit expressions for supercurrents Q^m and S^m in terms of covariant fields can be obtained by plugging solution to Killing spinors into (8.24)

Q^m = T́r 1 4 ( γ^−γ^+ + γ^+γ^− cos fx^+ − fγ^{+î}x^î sin fx^+ ) F^{μν} γ^{μν} γ^m ψ − f sin fx^+γ^+ϕ^M γ^M γ^m ψ , (8.26)

S^m = T́r 1 4 (γ^+γ^− + γ^−γ^+ cos fx^+)(x^−γ^+ + x^îγ^î)F^{μν} γ^{μν} γ^m ψ + γ^− sin fx^+ 2f F^{μν} γ^{μν} γ^mψ + (γ^+γ^− + γ^−γ^+ cos fx^+)ϕ^M γ^M γ^m ψ . (8.27)

The expressions for supercharges Q and S can be found then from m = + components of the supercurrents (8.26),(8.27) Q = ∫ d^3x Q^m |_{m=+} , S = ∫ d^3x S^m |_{m=+} . (8.28)

Taking into account the interrelation of Lorentz basis supercharges and the ones of plane wave basis (5.32) we find plane wave Noether supercharge Ω = ∫ d^3x T́r 1 2 exp(− if 2 x^+γ^+γ^−) exp(− if 2 x^îγ^+γ^î)F^{μν} γ^{μν} γ^+ψ . (8.29)

Dividing the supercharge Ω into Ω^+ and Ω^− parts and working out an expression for the remaining supercharge S^− gives the following representation for the plane wave basis Noether supercharges in terms of the covariant fields

Ω^+ = ∫ d^3x T́r 1 4 γ^−γ^+F_{μν} γ^{μν} γ^+ψ , (8.30)

Ω^− = ∫ d^3x T́r 1 4 e^{−ifx+} (γ^+γ^− − ifγ^{+î}x^î)F_{μν} γ^{μν} γ^+ψ , (8.31)

S^− = ∫ d^3x T́r 1 4 γ^+γ^−(x^−γ^+ + x^îγ^î)F_{μν} γ^{μν} γ^+ψ + 2ϕ^M γ^M γ^+ψ . (8.32)

In light cone frame these expressions take the form

Ω^+ = ∫ d^3x T́r (−2F^{+I} γ^I ψ^⊕) , (8.33)

Ω^− = ∫ d^3x T́r e^{−ifx+} ( −F^{+−} + 1 2 γ^{IJ} F^{IJ} + ifx^îγ^îγ^J F^{+J} ) γ^+ψ^⊕ , (8.34)

S^− = ∫ d^3x T́r ( 2x^−γ^I F^{+I} + x^îγ^î(−F^{+−} + 1 2 γ^{IJ} F^{IJ} ) + 2γ^M ϕ^M ) γ^+ψ^⊕ . (8.35)

Note that while writing these expressions we have not used light cone gauge.

Light cone gauge representation for above-given supercharges in terms of physical fields is obtainable then by using light cone gauge fixed field strengths. Such field strengths can be obtained by plugging light cone gauge (7.1) and solution to constraints (7.2) into covariant field strengths given in (6.4). Doing this we get the following light cone gauge fixed field strengths

F^{+I} = ∂^+A^I , F^{IJ} = ∂^I A^J − ∂^J A^I + [A^I , A^J ] , (8.36)

F^{+−} = −∂^I A^I − 1 ∂^+

[A^I , ∂^+A^I ] + i ∂^+

(ψ^⊕γ̄^+ψ^⊕) . (8.37)

Making use of these formulas we get the following useful relation to be inserted into expression for supercharges Ω^−, S^−

−F^{+−} + 1 2 γ^{IJ} F^{IJ} = ( ∂^I A^J + 1 ∂^+

[A^I , ∂^+A^J ] ) γ^I γ^J − i ∂^+

(ψ^⊕γ̄^+ψ^⊕) . (8.38)

In Section 7 we demonstrated that the light cone gauge vertices of SYM in plane wave background take the same form as the ones in flat Minkowski space-time. Now it can easily be checked that on the surface of initial data x^+ = 0 all bosonic and fermionic Noether charges of plane wave SYM coincide with the ones of flat Minkowski space-time. It is clear that underlying reason for these coincides is related with conformal invariance of these SYM theories.

9 Transformations of physical fields under action of psu(2, 2|4) superalgebra

Because the expressions for Noether charges are given entirely in terms of physical field A^î, A^M = ϕ^M and ψ^⊕ transformations of these fields under action of psu(2, 2|4) superalgebra could be found in principle by using formulas (8.23) and Poisson-Dirac brackets for physical fields (7.14), (7.15). Here we discuss simpler method of deriving field transformations generated by psu(2, 2|4) algebra. Let us start our discussion with transformations generated by the bosonic symmetries which are so(4, 2) ⊕ so(6). Because realization of Rsymmetries of so(6) takes the standard form we proceed to discussion of transformations generated by the conformal so(4, 2) algebra.

In order to find global transformations of physical fields we start with corresponding global transformations of covariant fields supplemented with local gauge transformations

δ_GA^μ = δ^{cov}A^μ + D^μ α^G , δ_Gψ = δ^{cov}ψ + [ψ, α^G] , (9.1)

where global transformations of the covariant fields A^μ = (A^m, ϕ^M ) and ψ are given in (6.10)-(6.12). As usual the parameter of gauge transformation α^G corresponding to global transformation generated by Noether charge G is fixed by the requirement that the transformation (9.1) maintains the light cone gauge

δ_GA^+ = 0 . (9.2)

From this equation we can get solution to parameters of compensating gauge transformations. It turns out that parameters of compensating gauge transformations for the isometry transformations generated by P^+, T^î, J^{îĵ} and three proper conformal transformations generated by D and C are equal to zero

α^{P +} = 0 , α^{T î} = 0 , α^{Jîĵ} = 0 , α^D = 0 , α^C = 0 , (9.3)

while the parameters corresponding to C^î and K^− are given by α^{Cî} = −e^{−ifx+} 1 ∂^+ A^î , α^{K−} = − 1 ∂^+ x^îA^î . (9.4)

Plugging the solutions parameters into (9.1) we can get desired transformations for physical fields. The transformations corresponding to isometry generators P^+, T^î, J^{îĵ} are given in (D.5)-(D.8) while the transformations corresponding to proper conformal generators D, C, C^î, K^− are listed below.

Proper conformal transformation of the physical spin 1 field A^î:

δ_DA^î = (ξ^D ∂ + 1)A^î , (9.5)

δ_C A^î = (ξ^C ∂ − ife^{−2ifx+} )A^î , (9.6)

δ_C^_j A^î = (ξ^{Cĵ} ∂ + ifx^j e^{−ifx+} )A^î − e^{−ifx+} δ^{îĵ} A^−

+ife^{−ifx+} (x^{k̂}A^{k̂}δ^{îĵ} − x^îA^ĵ) − e^{−ifx+} D^î 1 ∂^+

A^ĵ , (9.7)

δ_K− A^î = (ξ^{K−} ∂ + x^−)A^î − x^îA^− − D^î 1 ∂^+

(x^ĵA^ĵ ) . (9.8)

Proper conformal transformation of the scalar fields A^M = ϕ^M :

δ_Dϕ^M = (ξ^D ∂ + 1)ϕ^M , (9.9)

δ_C ϕ^M = (ξ^C ∂ − ife^{−2ifx+} )ϕ^M , (9.10)

δ_C^_i ϕ^M = (ξ^{Ci} ∂ + ife^{−ifx+} x^î)ϕ^M − e^{−ifx+} [ϕ^M , 1 ∂^+

A^î] , (9.11)

δ_K− ϕ^M = (ξ^{K−} ∂ + x^−)ϕ^M − [ϕ^M , 1 ∂^+ x^îA^î] . (9.12)

Proper conformal transformation of the physical spin 1/2 field ψ^⊕:

δ_Dψ^⊕ = (ξ^D ∂ + 2)ψ^⊕ , (9.13)

δ_C ψ^⊕ = (ξ^C ∂ − ife^{−2ifx+} )ψ^⊕ , (9.14)

δ_C^_i ψ^⊕ = ( ξ^{Cî} ∂ + e^{−ifx+} ( 3i 2 fx^î + i 2 fγ^{îĵ} x^ĵ ) ) ψ^⊕ + 1 2 e^{−ifx+} γ^{−î}ψ^⊖ + [ψ^⊕, α^{Cî} ] , (9.15)

δ_K− ψ^⊕ = (ξ^{K−} ∂ + 2x^−)ψ^⊕ + 1 2 γ^{−î}x^îψ^⊖ + [ψ^⊕, α^{K−} ] . (9.16)

Solutions to the non-physical fields A^−, ψ^⊖ to be inserted in these expressions are given by (7.2), (7.4), while the expressions for Killing vectors in terms of differential operators ξ^G∂ ≡ ξ^{Gm}∂_m are given in (5.19)-(5.22). Replacing in above given transformations rules the time derivatives of physical fields by the commutator with Hamiltonian (7.17) we get famous off-shell light cone realization of global symmetries.

9.1 Supersymmetry transformations of physical fields

Supersymmetry transformations of physical fields can be fixed by using the same procedure as in previous section. As before we start with general transformation rules (9.1) where the supersymmetry transformations of covariant fields on r.h.s. are given by (6.20)- (6.22). Before to proceed to transformations of physical fields let us cast the transformations rules of covariant fields into more convenient form. In light cone formalism it is convenient to divide explicitly the supersymmetry transformations into the ones generated by supercharges Ω^+ and Ω^−. This can be made in a straightforward way by using formulas for Ω transformations given in (6.20)-(6.22). In transparent form supersymmetry transformations in basis formed by supercharges Ω^±, S^− take then the form

δ^{cov}_{Ω+} A^μ = iψγ̄^μϵ_{0Q+} , (9.17)

δ^{cov}_{Ω−} A^μ = ie^{−ifx+} ψγ̄^μ(1 + if 2 x^îγ^{+î})ϵ_{0Ω−} , (9.18)

δ^{cov}_{S−} A^μ = iψγ̄^μ(x^−γ^+ + x^îγ^î)ϵ_{0S−} , (9.19)

δ^{cov}_{Ω+} ψ = 1 2 F^{μν} γ^{μν} ϵ_{0Ω+} , (9.20) δ^{cov}_{Ω−} ψ = 1 2 e^{−ifx+} F^{μν} γ^{μν} (1 + if 2 x^îγ^{+î})ϵ_{0Ω−} + ife^{−ifx+} ϕ^M γ^M γ̄^+ϵ_{0Ω−} , (9.21) δ^{cov}_{S−} ψ = 1 2 F^{μν} γ^{μν} (x^−γ^+ + x^îγ^î)ϵ_{0S−} − 2ϕ^M γ^M ϵ_{0S−} , (9.22)

where the constant parameters of transformations satisfy the constraints

γ̄^+ϵ_{0Ω+} = 0 , γ̄^−ϵ_{0Ω−} = 0 , γ^−ϵ_{0S−} = 0 . (9.23)

Now we plug these transformations rules on r.h.s. of (9.1) and from the requirement (9.2) we find solution to the parameters of compensating gauge transformations

α^{Ω+} = 0 , α^{Ω−} = − i ∂^+ e^{−ifx+} ψ^⊕γ̄^+ϵ_{0Ω−} , α^{S−} = − i ∂^+ ψ^⊕γ̄^{+î}x^îϵ_{0S−} . (9.24)

Plugging these compensating parameters into (9.1) we get the desired supersymmetry transformations of the physical fields A^I = (A^î, A^M = ϕ^M ) and ψ^⊕:

δ_{Ω+} A^I = iψ^⊕γ̄^I ϵ_{0Q+} , (9.25)

δ_{Ω−} A^I = ie^{−ifx+} (ψ^⊖γ̄^I + if 2 x^ĵ ψ^⊕γ̄^I γ^{+ĵ} )ϵ_{0Ω−} + D^I α^{Ω−} , (9.26)

δ_{S−} A^I = i(x^−ψ^⊕γ̄^I γ^+ + x^ĵ ψ^⊖γ̄^I γ^ĵ )ϵ_{0S−} + D^I α^{S−} , (9.27)

δ_{Ω+} ψ^⊕ = γ^{−I} F^{+I} ϵ_{0Ω+} , (9.28)

δ_{Ω−} ψ^⊕ = e^{−ifx+} (F^{+−} + 1 2 γ^{IJ} F^{IJ} − ifF^{+J} γ^J γ̄^îx^î)ϵ_{0Ω−} + [ψ^⊕, α^{Ω−} ] , (9.29)

δ_{S−} ψ^⊕ = ( (F^{+−} + 1 2 γ^{IJ} F^{IJ} )x^{k̂}γ^{k̂} − 2x^−F^{+J} γ^J − 2γ^M ϕ^M ) ϵ_{0S−} + [ψ^⊕, α^{S−} ] . (9.30)

The expressions for the non-physical field ψ^⊖ and gauge fixed field strengths to be inserted in these formulas may be found in (7.4),(8.36),(8.37).

10 Conclusions

To summarize, we have found the supersymmetric action for a D3 brane probe propagating in plane wave Ramond-Ramond background. The action is given by (2.1)–(2.5) with the closed 5-form defining the WZ term given in (2.13). This action is world-volume reparametrisation invariant and κ-invariant. Its advantage is that it is manifestly invariant under the symmetries of plane wave vacuum: 30 bosonic isometries and 32 supersymmetries. It does not have a particularly simple form when written in terms of the coordinates (x, θ), even using the closed expressions for the Cartan 1-forms in terms of θ (see Appendix C). The action can be put in a more explicit form by imposing various kappa symmetry gauges. For instance to establish a connection to the abelian N = 4 SYM theory as discussed in the Introduction we

(i) fix the κ-symmetry gauge in a way that simplifies the fermionic part of the action. (ii) fix the static gauge so that the D3 probe is oriented parallel to the D3 source. After fixing the local symmetry gauges only the bosonic seven isometry symmetries of 4d plane wave background, the seven R-symmetries SO(2) × SO^′(4), and 16 supersymmetries of the original symmetries remain unbroken, while the remaining 16 bosonic and 16 supersymmetries are broken and realized non-linearly. Interesting fact is that the number of unbroken space-time symmetries (seven isometry symmetries of 4d plane wave background) is equal to the number of unbroken R-symmetries (seven symmetries of SO(2) × SO^′(4)). Note also that the number of broken bosonic symmetries is equal to the number of broken supersymmetries.

We developed the Hamiltonian light cone gauge formulation of plane wave SYM and demonstrated that in contrast to covariant and gauge invariant formulation the 3-point and 4-point light cone gauge vertices of plane wave SYM theory takes exactly the same form as the ones of SYM in flat Minkowski space-time.

The results presented here should have a number of interesting applications and generalizations, some of which are:

1. In Refs. [20, 69] various improvements of the original BMN operators [3] were suggested. We expect that study based on analysis of conformal properties of plane wave SYM which we performed in this papers together with ideas and approaches of Refs. [70, 71] should allow us to derive BMN operators from first principles and fix their precise form.

2. In this paper we develop light cone gauge formulation of plane wave SYM using field component formulation. As in flat space [72] the plane wave SYM could also be reformulated in terms of unconstrained light cone superfield. It would be interesting then to apply such superfield formulation to the study of BMN conjecture [3] along the line of Ref. [22].

3. The plane wave background (5.10) can be obtained from the R × S^3 space-time via the Penrose limit. Indeed consider the line element of R × S^3

ds^2 = −dt^2 + R^2(cos^2 θdψ^2 + dψ^2 + sin^2 θdφ^2) , (10.1)

where R is a radius of S^3. Introducing the coordinates x^±, x^î t = √ 2 fRx^+ − x^− 2 √ 2 fR , ψ = √ 2 fx^+ + x^− 2 √ 2 fR^2 , θ = |x| R , (10.2)

|x| = (x^îx^î)^{1/2}, and taking the Penrose limit R → ∞ we get the line element of plane wave background (5.10). Making use of relations

∂_t = −iH = −i Δ R , ∂_x+ = −iH_{l.c.} = −iE_{l.c.} , ∂_x− = ip^+ , ∂_ψ = iJ , (10.3)

we find then the relations between light cone energy E_{l.c.} and momentum p^+ of (states) operators of plane wave SYM and conformal dimension Δ and angular momentum J of (states)operators of SYM in R × S^3 space-time E_{l.c.} = √ 2 f(Δ − J) , p^+ =

Δ + J 2 √ 2 fR^2

. (10.4)

Taking into account these relations and interrelations of Δ and J with plane wave superstring energy and momentum p^+ found in [3] it seems highly likely that new duality [3] can be re-formulated as interrelations between light cone energies and p^+ momenta of (states) operators of 4d plane wave SYM and (states) operators of 10d plane wave superstring theory

E_{l.c.}(pw SYM) ∼ E_{l.c.}(pw string) , p^+(pw SYM) ∼ p^+(pw string) . (10.5)

It is desirable to understand these interrelations better.

Acknowledgments

At the initial states of this work we were fortunate to collaborate with A.A. Tseytlin, and we are grateful for his help. Conversations with E.A. Ivanov are happily acknowledged. Author would like to express his gratitude to Prof. A. Sagnotti for the hospitality at the University Tor Vergata where some part of this work was done. This work was supported by the INTAS project 00-00254, by the MURST-COFIN contract 2001-025492, by the RFBR Grant 02-02-16944 and RFBR Grant 01-02-30024 for Leading Scientific Schools.

Appendix A Notation and conventions

We use the following conventions for the indices:

μ, ν, ρ = 0, 1, . . . , 9 so(9, 1) vector indices (tangent space indices) μ, ν, ρ = 0, 1, . . . , 9 Sects. 2-4: coordinate indices of 10d plane wave background μ, ν, ρ = 0, 1, . . . , 9 Sects.5-9: coordinate indices of 4d plane wave×R^6 background I, J, K, L = 1, . . . , 8 so(8) vector indices (tangent space indices)

M, N, = 3, . . . , 8 so(6) vector indices (tangent space indices) i, j, k, l = 1, . . . , 4 so(4) vector indices (tangent space indices) i^′, j^′, k^′, l^′ = 5, . . . , 8 so^′(4) vector indices (tangent space indices)

î, ĵ, k̂, = 1, 2 so(2) vector indices (tangent space indices) a, b = 0, 1, 2, 9 4-d D3 brane world-volume coordinate indices m, n = 0, 1, 2, 9 4d plane wave space-time coordinate indices m, n = 0, 1, 2, 9 so(3, 1) tangent space indices α, β, γ = 1, . . . , 16 so(9, 1) spinor indices in chiral representation I, J = 1, 2 labels of the two real MW spinors We suppress the flat space metric tensor η_{μν} = (−, +, . . . , +) in scalar products, i.e. X^μY^μ ≡ η_{μν} X^μY^ν . We decompose x^μ into the light cone and transverse coordinates: x^μ = (x^+, x^−, x^I ), x^I = (x^i, x^{i′} ), where x^± ≡^{1√}_2 (x^9 ± x^0). The scalar products of tangent space vectors are decomposed as X^μY^μ = X^+Y^− + X^−Y^+ + X^I Y^I , X^I Y^I = X^iY^i + X^{i′} Y^{i′} . (A.1) We use the chiral representation for the 32 × 32 Dirac matrices Γ^μ in terms of the 16 × 16 matrices γ^μ Γ^μ = ( 0 γ^μ γ̄^μ 0 ) , (A.2)

γ^μγ̄^ν + γ^νγ̄^μ = 2η^{μν} , γ^μ = (γ^μ)^{αβ} , γ̄^μ = γ^μ_{αβ} , (A.3) γ^μ = (1, γ^I , γ^9) , γ̄^μ = (−1, γ^I , γ^9) , α, β = 1, . . . 16 . (A.4) We adopt the Majorana representation for Γ-matrices, C = Γ^0, which implies that all γ^μ matrices are real and symmetric, γ^μ_{αβ} = γ^μ_{βα}, (γ^μ_{αβ} )^∗ = γ^μ_{αβ}. As in [2] γ^{μ1...μk} are the antisymmetrized products of k gamma matrices, e.g., (γ^{μν} )^α_β ≡^1_2 (γ^μγ̄^ν )^α_β − (μ ↔ ν), (γ̄^{μν} )_α^β ≡^1_2 (γ̄^μγ^ν )_α^β − (μ ↔ ν), (γ^{μνρ})^{αβ} ≡^1_6 (γ^μγ̄^ν γ^ρ)^{αβ} ± 5 terms. Note that (γ^{μνρ})^{αβ} are antisymmetric in α, β while (γ^{μ1 ...μ5} )^{αβ} is symmetric. We assume the normalization

Γ_{11} ≡ Γ^0 . . . Γ^9 = ( I_{16} 0 0 −I_{16} ) , γ^0γ̄^1 . . . γ^8γ̄^9 = I_{16} . (A.5)

We use the following definitions Π^α_β ≡ (γ^1γ̄^2γ^3γ̄^4)^α_β , (Π^′)^α_β ≡ (γ^5γ̄^6γ^7γ̄^8)^α_β. Because of the relation γ^0γ̄^9 = γ^{+−} the normalization condition (A.5) takes the form γ^{+−}ΠΠ^′ = 1.

The 32-component positive chirality spinor θ and the negative chirality spinor Q are decomposed in terms of the 16-component spinors as θ = ( θ^α 0 ) , Q = ( 0 Q_α ) . (A.6)

The complex Weyl spinor θ is related to the two real Majorana-Weyl spinors θ^1 and θ^2 by θ = 1 √ 2 (θ^1 + iθ^2) , θ̄ = 1 √ 2 (θ^1 − iθ^2) . (A.7)

The short-hand notation like θ̄γ̄^μθ and γ̄^μθ stand for θ̄^αγ^μ_{αβ} θ^β and γ^μ_{αβ}θ^β respectively.

Appendix B Plane wave Ramond-Ramond superalgebra

Plane wave Ramond-Ramond superalgebra contains ten translation generators P^μ (in light cone frame P^+, P^−, P^I , I = 1, . . . 8), eight Lorentz boosts J^{+I} , six generators of SO(4) rotations, J^{ij} , i, j = 1, . . . , 4, six generators of SO^′(4) rotations, J^{i′j′} , i^′, j^′ = 5, . . . , 8 and two sixteen component real-valued spinor Q^I_α, I = 1, 2, α = 1, . . . , 16. In the 32 spinor component notation the Q^I_α correspond to two negative chirality Majorana-Weyl spinors (see (A.6)). Commutation relations between the even generators are given by^{34}

[P^−, P^I ] = −f^2J^{+I} , (B.1)

[P^I , J^{+J} ] = −δ^{IJ} P^+ , [P^−, J^{+I} ] = P^I , (B.2) [P^i, J^{jk}] = δ^{ij}P^k − δ^{ik}P^j , [P^{i′} , J^{j′k′} ] = δ^{i′j′} P^{k′} − δ^{i′k′} P^{j′} , (B.3) [J^{+i}, J^{jk}] = δ^{ij} J^{+k} − δ^{ik}J^{+j} , [J^{+i′} , J^{j′k′} ] = δ^{i′j′} J^{+k′} − δ^{i′k′} J^{+j′} , (B.4)

[J^{ij}, J^{kl}] = δ^{jk}J^{il} + 3 terms , [J^{i′j′} , J^{k′l′} ] = δ^{j′k′} J^{i′l′} + 3 terms , (B.5)

where f is a dimensionful parameter.

Commutation relations between the even and odd parts are

[J^{ij}, Q^I_α] = 1 2 Q^I_β(γ^{ij} )^β_α , [J^{i′j′} , Q^I_α] = 1 2 Q^I_β (γ^{i′j′} )^β_α , (B.6)

[J^{+I} , Q^I_α] = 1 2 Q^I_β (γ^{+I} )^β_α , [P^μ, Q^I_α] = − f 2 τ^{IJ}_2 Q^J_β (Πγ^+γ̄^μ)^β_α , (B.7)

The anticommutator takes the form

{Q^I_α, Q^J_β } = −2iδ^{IJ} γ^μ_{αβ} P^μ − 2ifτ^{IJ}_2 ( (γ̄^iΠ)_{αβ}J^{+i} + (γ̄^{i′} Π^′)_{αβ} J^{+i′} )

+ ifτ^{IJ}_2 ( (γ̄^+γ^{ij} Π)_{αβ}J^{ij} + (γ̄^+γ^{i′j′} Π^′)_{αβ} J^{i′j′} ) , (B.8)

34This algebra was found in [1] as an algebra of isometry symmetries of plane wave Ramond-Ramond solution of IIB supergravity. Derivation of this superalgebra from the super-AdS_5 × S^5 algebra by the Inonu-Wigner contractions may be found in [25]. Discussion of the corresponding plane wave solution of 11d supergravity is given in [73, 74]. Plane wave supermembrane and matrix theories were investigated in [75] and [76] (see also [77] for some related studies).

where τ_2 is defined in (C.3). All the other commutators and anticommutators vanish. The bosonic generators are assumed to be anti-hermitian while the fermionic generators are hermitian, (Q^I_α)^† = Q^I_α. The generators of the full transformation group G of the plane wave RR superspace are P^μ, Q^I_α, J^{ij}, J^{i′j′} , J^{+I} . The generators of the stability subgroup H are J^{ij}, J^{i′j′} , J^{+I} . The plane wave RR superspace is defined then as coset superspace G/H. The specific choice of the representative of supercoset which we use frequently in this paper is given by G(x, θ) = e^{x+P −} e^{x−P + +xI P I} e^{θαI QIα} . (B.9) Representation of the bosonic generators of plane wave superalgebra in terms of Killing vectors acting on the superspace (x^+, x^−, x^I , θ^{αI} ) defined by (B.9) takes the form

P^± = ∂^± , (B.10)

P^I = cos fx^+∂^I + f sin fx^+x^I ∂^+ − f 2 sin fx^+∂_θαI (γ^{+I} )^α_β θ^{βI} , (B.11)

J^{+I} = sin fx^+ f ∂^I − cos fx^+x^I ∂^+ + 1 2 cos fx^+∂_θαI (γ^{+I} )^α_βθ^{βI} , (B.12)

J^{IJ} = x^I ∂^J − x^J ∂^I + 1 2 ∂_θαI (γ^{IJ} )^α_β θ^{βI} , (B.13)

where just the so(4) ⊕ so^′(4) part of J^{IJ} which is given by J^{ij} , J^{i′j′} enters the plane wave superalgebra. Complete expressions for fermionic generators Q^I_α are complicated and not illuminating. Leading terms of their expansion in fermionic coordinates are given by

ϵ_0Q = ϵ^{αI} (x)∂_θαI − ie^ν ϵ(x)γ^ν Θ∂_xν + O(Θ^2∂_Θ, Θ^3) , (B.14)

where the Killing spinor ϵ(x) is defined by relation (2.23). In light cone gauge only the terms shown explicitly in (B.14) gives non-zero contribution to supercharge Q^I_α. In above expressions the fermionic partial derivatives are defined to be ∂_θαI = ∂/∂θ^{αI} and we use the following conventions for bosonic partial derivatives

∂^+ ≡ ∂_− = ∂ ∂x^− , ∂^− ≡ ∂_+ = ∂ ∂x^+ , ∂^I ≡ ∂_I = ∂ ∂x^I . (B.15)

Appendix C Basic relations for Cartan forms on coset superspace

The left-invariant Cartan 1-forms L^{...} = dX^A L^{...}_A , X^A = (x^ν , θ^{αI} ) are defined by

G^{−1}dG = L^μP^μ + 1 2 L^{μν} J^{μν} + L^{αI} Q^I_α , (C.1)

where G = G(x, θ) is a coset representative plane wave supergroup. L^μ are the 10-beins, L^{αI} , (L^{αI} )^† = L^{αI} , are the two spinor 16-beins and L^{μν} (L^{+μ} = 0, L^{ij′} = 0) are the Cartan connections. The two 16 component Cartan 1-forms L^{Iα} and fermionic coordinates θ^{Iα} are combined into 2-vectors

L^α = ( L^{1α} L^{2α} ) , Θ^α = ( θ^{1α} θ^{2α} ) . (C.2)

Throughout this paper we use 2 × 2 matrices τ_1, τ_2, τ_3 defined to be τ_1 = ( 0 1 1 0 ) , τ_2 = ( 0 1 −1 0 ) τ_3 = ( 1 0 0 −1 ) . (C.3)

Complex notation fermionic Cartan 1-forms L^α, L̄^α are defined as in (A.7). The Cartan 1-forms satisfy the Maurer-Cartan equations implied by the basic symmetry superalgebra dL^μ = −L^{μν} ∧ L^ν − iLγ̄^μ ∧ L , (C.4) dL = − 1 4 L^{μν} γ^{μν} ∧ L − f 2 L^μΠγ^+γ̄^μτ_2 ∧ L . (C.5) We note that we use the following sign conventions under permutations of Cartan 1-forms:

L^μ ∧ L^ν = −L^ν ∧ L^μ , L^μ ∧ L^α = −L^α ∧ L^μ , L^α ∧ L^β = L^β ∧ L^α . (C.6) It is often (while analysis of kappa-invariance and etc) useful to use the following expressions for the variations of Cartan 1-forms which are also implied by the structure of the basic symmetry superalgebra δL^μ = d ^δx^μ + L^ν ^δx^{νμ} + L^{μν} ^δx^ν + 2iLγ̄^μ^δΘ , (C.7) δL = d^δΘ + f 2 L^μΠγ^+γ̄^μτ_2^δΘ + 1 4 L^{μν} γ^{μν} ^δΘ − f 2 ^δx^μΠγ^+γ̄^μτ_2L − 1 4 ^δx^{μν} γ^{μν} L . (C.8) where ^δx^μ ≡ δX^A L^μ_A , ^δx^{μν} ≡ δX^A L^{μν}_A , ^δΘ^α ≡ δX^A L^α_A . (C.9) A specific choice of G(x, θ) which we use in this paper is G = g(x)e^{θαI QIα} , (C.10) where g(x) is a bosonic body of coset representative of, i.e. x = (x^μ) provides a certain parametrization of plane wave background which may be kept arbitrary.^{35} Let us make the rescaling θ → tθ and introduce

L^μ_t (x, Θ) ≡ L^μ(x, tΘ) , L^{μν}_t (x, tΘ) ≡ L^{μν} (x, tΘ) , L_t(x, Θ) ≡ L(x, tΘ) , (C.11) with the initial condition L^μ_{t=0} = e^μ , L^{μν}_{t=0} = ω^{μν} , L_{t=0} = 0 , (C.12) where e^μ, ω^{μν} , ω^{+μ} = 0, ω^{ij′} =0, are the vielbeins and the Lorentz connections for plane wave RR background. Then the defining equations for the Cartan 1-forms are ∂_tL_t = dΘ + 1 4 L^{μν}_t γ^{μν} Θ + f 2 L^μ_t Πγ^+γ̄^μτ_2Θ , (C.13)

∂_tL^μ_t = −2iΘγ̄^μL_t , (C.14) ∂_tL^{−i}_t = −2ifΘγ̄^iΠτ_2L_t , ∂_tL^{−i′}_t = −2ifΘγ̄^{i′} Π^′τ_2L_t , (C.15) ∂_tL^{ij}_t = 2ifΘγ̄^+γ^{ij} Πτ_2L_t , ∂_tL^{i′j′}_t = 2ifΘγ̄^+γ^{i′j′} Π^′τ_2L_t . (C.16)

35The use of a concrete parametrization for θ is needed, however, to find the representation for the 2-form F which enters the BI action (see below). As in the flat space case [33], F cannot be expressed in terms of the Cartan forms only.

While the relations (C.1)–(C.8) are valid in an arbitrary parametrization of the coset superspace, the relations (C.13)–(C.16) apply only in the parametrization of (C.10). The equations (C.13)–(C.16) can be solved in a rather straightforward way L = sinhM M DΘ , L^μ = e^μ − 2iΘ γ̄^μ coshM − 1 M^2

DΘ , (C.17)

where covariant differential DΘ and matrix M are defined to be

DΘ = ( d + 1 4 ω^{μν} γ^{μν} + f 2 e^μΠγ^+γ̄^μτ_2 ) Θ , (C.18)

(M^2)^{IJ α}_β = −if ( (Πγ^+γ̄^μτ_2θ)^{αI} (θγ̄^μ)^J_β + (γ^{+i}θ)^{αI} (θτ_2γ̄^iΠ)^J_β + (γ^{+i′} θ)^{αI} (θτ_2γ̄^{i′} Π^′)^J_β )

+ if 2 ( (γ^{ij} θ^I )^α(θτ_2γ̄^+γ^{ij} Π)^J_β + (γ^{i′j′} θ^I )^α(θτ_2γ̄^+γ^{i′j′} Π^′)^J_β ) , (C.19)

Note that in many formal calculations it is more convenient to use directly the defining equations (C.13)–(C.16) rather then the explicit solution above given (in complex parametrization this solution was given in [2]).

Appendix D Action of conformal algebra symmetries on physical fields

In this Appendix we give more details about field theoretical realization of the conformal algebra generators and transformations rules of the SYM physical fields and extend these results to the case of plane wave massless arbitrary spin fields. Let us start our discussion with generators of isometry symmetries which are P^+, T^î, J^{îĵ} . Plugging momentum and spin densities (8.9)-(8.13) into expressions (8.15)-(8.17) we get the following explicit representation for generators

P^+ = ∫ d^3x T́r ∂^+A^I r_0(P^+)A^I + i 2 ψ^⊕γ^+r_0(P^+)ψ^⊕ , (D.1)

T^î = ∫ d^3x T́r ∂^+A^I r_0(T^î)A^I + i 2 ψ^⊕γ^+r_0(T^î)ψ^⊕ , (D.2)

J^{îĵ} = ∫ d^3x T́r ∂^+A^Lr_0(J^{îĵ} )A^L + i 2 ψ^⊕γ^+r_0(J^{îĵ} )ψ^⊕

+ ∂^+A^îA^ĵ − ∂^+A^ĵ A^î + i 4 ψ^⊕γ^{+îĵ} ψ^⊕ , (D.3)

where we use the following conventions for differential operators acting on the physical fields A^I , ψ^⊕

r_0(P^+) = ∂^+ , r_0(T^î) = e^{−ifx+} (∂^î + ifx^î∂^+) , r_0(J^{îĵ} ) = x^î∂^ĵ − x^ĵ∂^î . (D.4)

Making use of commutation relations (7.14),(7.15) we get the following transformations of fields under action of isometry symmetries generated by P^+ and T^î

[A^I , P^+] = r_0(P^+)A^I , [ψ^⊕, P^+] = r_0(P^+)ψ^⊕ , (D.5)

[A^I , T^î] = r_0(T^î)A^I , [ψ^⊕, T^î] = r_0(T^î)ψ^⊕ . (D.6)

Action of isometry so(2) rotations generated by J^{îĵ} takes the form

[A^{k̂}, J^{îĵ} ] = r_0(J^{îĵ} )A^{k̂} + δ^{k̂î}A^ĵ − δ^{k̂ĵ} A^î , [ϕ^M , J^{îĵ} ] = r_0(J^{îĵ} )ϕ^M , (D.7)

[ψ^⊕, J^{îĵ} ] = (x^î∂^ĵ − x^ĵ ∂^î + 1 2 γ^{îĵ} )ψ^⊕ . (D.8)

Now we turn to discussion of the proper conformal generators and the transformations rules of the physical fields. Complete expressions for the generators and the transformations are given in (8.19)-(8.22) and (9.5)-(9.16). Because we are going to consider an arbitrary spin field we restrict ourselves to the linear transformations, i.e. to the ones generated by parts of the generators which are quadratic in fields. Introducing notation G_{(2)} for parts of generators which are quadratic in physical fields and plugging momentum and spin densities (8.9)-(8.13) into expressions (8.19)-(8.22) we get the following explicit representation for generators

D_{(2)} = ∫ d^3x T́r ∂^+A^I r_0(D)A^I + i 2 ψ^⊕γ^+r_0(D)ψ^⊕ , D_{(2)} = D , (D.9)

C_{(2)} = ∫ d^3x T́r ∂^+A^I r_0(C)A^I + i 2 ψ^⊕γ^+r_0(C)ψ^⊕ , (D.10)

C^î_{(2)} = ∫ d^3x T́r ( ∂^+A^I r_0(C^î)A^I + i 2 ψ^⊕γ^+r_0(C^î)ψ^⊕ ) + e^{−ifx+} (M^{−î}_{(2)} + ifM^{îĵ} x^ĵ ) , (D.11)

K^−_{(2)} = ∫ d^3x T́r ( ∂^+A^I (r_0(K^−) − 1 2∂^+

)A^I + i 2 ψ^⊕γ^+r_0(K^−)ψ^⊕ − ϕ^2 ) + M^{−î}_{(2)}x^î , (D.12)

where we use the following notation for differential operators acting on the physical fields

r_0(D) = 2x^−∂^+ + x∂ , (D.13)

r_0(C) = e^{−2ifx+} (− 1 2∂^+

∂^2 − ifx∂ + f^2 2 x^2∂^+) , (D.14)

r_0(C^î) = e^{−ifx+} ( x^−∂^î + 1 2∂^+ x^î∂^2 + if(− 1 2 x^2∂^î + x^î(x^−∂^+ + x∂)) ) , (D.15)

r_0(K^−) = 1 4∂^+ x^2∂^2 + x^−(x^−∂^+ + x∂) . (D.16)

These differential operators are obtainable from the ones given in (5.19)-(5.22) my making the following substitution there ∂^− → − 1 2∂^+

∂^2 − f^2 2 x^2∂^+ . (D.17)

This substitution reflects simply the fact that we are using equations of motion in expressions for generators. Making use of the commutation relations (7.14),(7.15) gives the following transformation rules under action of plane wave dilatation operator

[A^I , D] = (r_0(D) + 1)A^I , [ψ^⊕, D] = (r_0(D) + 2)ψ^⊕ . (D.18)

Appearance of the unusual factor 2 in transformation of fermionic field under action plane wave dilatation generator D (D.18) can be understood from the relation (5.26).

Now we consider action of the remaining conformal transformations generated by C, C^î, and K^−. We find that the transformations rules of the physical fields A^I , ψ^⊕ under action of the generator C_{(2)} take the same form:

[A^I , C_{(2)}] = (r_0(C) − ife^{−2ifx+} )A^I , [ψ^⊕, C_{(2)}] = (r_0(C) − ife^{−2ifx+} )ψ^⊕ . (D.19)

As to the transformations generated by C^î_{(2)}, and K^−_{(2)} they take different form

[A^î, C^ĵ_{(2)}] = (r_0(C^ĵ) + ifx^ĵ e^{−ifx+} )A^î + e^{−ifx+} ( ∂^{k̂} ∂^+

+ ifx^{k̂})(δ^{îĵ} A^{k̂} − δ^{îk̂}A^ĵ ) , (D.20)

[ϕ^M , C^î_{(2)}] = (r_0(C^î) + ifx^îe^{−ifx+} )ϕ^M , (D.21)

[ψ^⊕, C^î_{(2)}] = ( r_0(C^î) + ( ∂^î 2∂^+ + 3i 2 fx^î)e^{−ifx+} + 1 2 e^{−ifx+} ( ∂^{k̂} ∂^+

+ ifx^{k̂})γ^{îk̂} ) ψ^⊕ , (D.22)

[A^î, K^−_{(2)}] = (r_0(K^−) + x^− − 1 ∂^+

)A^î + x^ĵ ∂^{k̂} ∂^+

(δ^{îĵ} A^{k̂} − δ^{îk̂}A^ĵ ) , (D.23)

[ϕ^M , K^−_{(2)}] = (r_0(K^−) + x^−)ϕ^M , (D.24)

[ψ^⊕, K^−_{(2)}] = ( r_0(K^−) + 2x^− + 1 2∂^+ x∂ + 1 2 γ^{îĵ} x^î ∂^ĵ ∂^+ ) ψ^⊕ . (D.25)

These transformations can be cast however into a unifying form. To this end we introduce a new fermionic field ψ^⊕ = (∂^+)^{1/2}ψ̃^⊕ and get the following transformations

[ψ̃^⊕, C^î_{(2)}] = ( r_0(C^î) + ifx^îe^{−ifx+} + 1 2 e^{−ifx+} ( ∂^{k̂} ∂^+

+ ifx^{k̂})γ^{îk̂} ) ψ̃^⊕ , (D.26)

[ψ̃^⊕, K^−_{(2)}] = ( r_0(K^−) + x^− − 1 4∂^+ + 1 2 γ^{îĵ} x^î ∂^ĵ ∂^+ ) ψ̃^⊕ , (D.27)

which together with the transformations given in (D.18),(D.20),(D.21),(D.23),(D.24) can be generalized to arbitrary spin s plane wave massless field Ξ_s in a straightforward way [Ξ_s, D] = (r_0(D) + 1)Ξ_s , (D.28)

[Ξ_s, C^î_{(2)}] = (r_0(C^î) + ifx^îe^{−ifx+} )Ξ_s + e^{−ifx+} ( ∂^{k̂} ∂^+

+ ifx^{k̂})[Ξ_s, M^{îk̂}] , (D.29)

[Ξ_s, K^−_{(2)}] = (r_0(K^−) + x^− − s^2 ∂^+

)Ξ_s + x^î ∂^ĵ ∂^+ [ Ξ_s, M^{îĵ} ] . (D.30)

The transformations rules for the physical fields of SYM theory ϕ^M , A^î, ψ̃^⊕ are obtainable from these transformation by respective setting s = 0, s = 1, s = 1/2. The bracket [Ξ_s, M^{ij} ] denotes transformation of spin s field Ξ_s under action of spin part of generator of so(2) algebra J^{îĵ} . For instance for spin s = 0 scalar field [ϕ, M^{îĵ} ] = 0, while for spin s = 1/2 fermionic field [ψ̃^⊕, M^{îĵ} ] =^1_2 γ^{îĵ}ψ̃^⊕. Light cone gauge transformations rules of the spin s field Ξ_s under action of the generators P^+, T^î, C_{(2)} takes the same form as for the fields of SYM theory (see (D.5),(D.6),(D.19)). Light cone gauge equations motion for the field Ξ_s also take a simplified form □ Ξ_s = 0 (with □ given in (7.7)) .

References

[1] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, JHEP 0201, 047 (2002) [hep-th/0110242]; Class. Quant. Grav. 19, L87 (2002); hep-th/0201081.

[2] R. R. Metsaev, Nucl. Phys. B 625, 70 (2002) [hep-th/0112044]. [3] D.Berenstein, J.M.Maldacena, H.Nastase, JHEP0204, 013(2002) hep-th/0202021 [4] R. R. Metsaev and A. A. Tseytlin, Phys. Rev. D 65, 126004 (2002) [hep-th/0202109]. [5] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Nucl. Phys. B 636, 99 (2002) [hep-th/0204051].

[6] S. Frolov and A. A. Tseytlin, JHEP 0206, 007 (2002) [hep-th/0204226]. [7] A. A. Tseytlin, hep-th/0209116.

[8] M. Cvetic, H. Lu and C. N. Pope, hep-th/0203082; Nucl. Phys. B 644, 65 (2002) [ hep-th/0203229]; hep-th/0209193.

J. Michelson, Phys. Rev. D 66, 066002 (2002) [ hep-th/0203140]. R. Corrado, N. Halmagyi, K. D. Kennaway and N. P. Warner, hep-th/0205314. I. Bena and R. Roiban, hep-th/0206195.

M. Alishahiha, M. A. Ganjali, A. Ghodsi and S. Parvizi, hep-th/0207037. J. Maldacena and L. Maoz, hep-th/0207284.

K. Sugiyama and K. Yoshida, Nucl. Phys. B 644, 128 (2002) [ hep-th/0208029]. S. j. Hyun and H. j. Shin, hep-th/0208074. hep-th/0210158. J. G. Russo and A. A. Tseytlin, JHEP 0209, 035 (2002) [ hep-th/0208114]. S. Mizoguchi, T. Mogami and Y. Satoh, hep-th/0209043.

[9] M. Spradlin and A. Volovich, hep-th/0204146. hep-th/0206073.

C. S. Chu, P. M. Ho and F. L. Lin, JHEP 0209, 003 (2002) [ hep-th/0205218]. C. S. Chu, V. V. Khoze, M. Petrini, R. Russo and A. Tanzini, hep-th/0208148.

[10] J. H. Schwarz, JHEP 0209, 058 (2002) [ hep-th/0208179].

[11] A. Pankiewicz, JHEP 0209, 056 (2002) [ hep-th/0208209]. A. Pankiewicz, B. Stefanski and jr., hep-th/0210246.

P. Lee, S. Moriyama and J. w. Park, hep-th/0209011.

[12] Y. j. Kiem, Y. b. Kim, S. m. Lee and J. m. Park, Nucl. Phys. B 642, 389 (2002) [ hep-th/0205279]. P. Lee, S. Moriyama and J. w. Park, hep-th/0206065. M. x. Huang, Phys. Lett. B 542, 255 (2002) hep-th/0205311; hep-th/0206248. C. S. Chu, V. V. Khoze and G. Travaglini, JHEP 0209, 054 (2002) hep-th/0206167. I. R. Klebanov, M. Spradlin and A. Volovich, hep-th/0206221. J. Gomis, S. Moriyama and J. Park, hep-th/0210153.

[13] N. Itzhaki, I. R. Klebanov and S. Mukhi, JHEP 0203, 048 (2002) hep-th/0202153.

J. Gomis and H. Ooguri, Nucl. Phys. B 635, 106 (2002) [ hep-th/0202157]. L. A. Pando Zayas and J. Sonnenschein, JHEP 0205, 010 (2002) hep-th/0202186.

[14] M. Alishahiha and M. M. Sheikh-Jabbari, Phys. Lett. B 535, 328 (2002) [ hepth/0203018]; Phys. Lett. B 538, 180 (2002) [ hep-th/0204174]. N. w. Kim, A. Pankiewicz, S. J. Rey and S. Theisen, Eur. Phys. J. C 25, 327 (2002) [ hep-th/0203080].

T. Takayanagi and S. Terashima, JHEP 0206, 036 (2002) [ hep-th/0203093]. D.Berenstein, E.Gava, J.M.Maldacena, K.S.Narain and H.Nastase, hep-th/0203249. K. Oh and R. Tatar, hep-th/0205067.

S. G. Naculich, H. J. Schnitzer and N. Wyllard, hep-th/0206094.

G. Mandal, N. V. Suryanarayana and S. R. Wadia, Phys. Lett. B 543, 81 (2002) [ hep-th/0206103]. A. Sinha and N. V. Suryanarayana, hep-th/0209247.

[15] F. Bigazzi, A. L. Cotrone, L. Girardello and A. Zaffaroni, JHEP 0210, 030 (2002) [ hep-th/0205296]. T. Takayanagi, hep-th/0206010.

[16] D. Brecher, C. V. Johnson, K. J. Lovis and R. C. Myers, JHEP 0210, 008 (2002) [ hep-th/0206045]. Y. Imamura, hep-th/0208079.

M. Bertolini, J. de Boer, T. Harmark, E. Imeroni and N. A. Obers, hep-th/0209201. A. B. Hammou, hep-th/0209265.

[17] A. Parnachev and D. A. Sahakyan, JHEP 0206, 035 (2002) [ hep-th/0205015].

Y. Hikida and Y. Sugawara, JHEP 0206, 037 (2002) [ hep-th/0205200]. J. Gomis, L. Motl and A. Strominger, hep-th/0206166. R.Manvelyan, hep-th/0206218. E.Gava and K.S.Narain, hep-th/0208081.

[18] Y. Oz and T. Sakai, Phys. Lett. B 544, 321 (2002) [ hep-th/0207223].

E. Lozano-Tellechea, P. Meessen and T. Ortin, hep-th/0206200. [19] L. A. Pando Zayas and D. Vaman, hep-th/0208066.

B. R. Greene, K. Schalm and G. Shiu, hep-th/0208163. Y. Sugawara, hep-th/0209145.

[20] C. Kristjansen, J. Plefka, G. W. Semenoff and M. Staudacher, Nucl. Phys. B 643, 3 (2002) [ hep-th/0205033].

[21] D. J. Gross, A. Mikhailov and R. Roiban, Annals Phys. 301, 31 (2002) [ hepth/0205066]; hep-th/0208231.

N. R. Constable, D. Z. Freedman, M. Headrick, S. Minwalla, L. Motl, A. Postnikov and W. Skiba, JHEP 0207, 017 (2002) [ hep-th/0205089].

C. S. Chu, V. V. Khoze and G. Travaglini, JHEP 0206, 011 (2002) [ hepth/0206005]. U. Gursoy, hep-th/0208041.

N. Beisert, C. Kristjansen, J. Plefka, G. W. Semenoff and M. Staudacher, hepth/0208178. B. Eynard and C. Kristjansen, JHEP 0210, 027 (2002) hep-th/0209244. N. R. Constable, D. Z. Freedman, M. Headrick and S. Minwalla, hep-th/0209002.

[22] A. Santambrogio and D. Zanon, Phys. Lett. B 545, 425 (2002) hep-th/0206079. [23] A. M. Polyakov, “Gauge fields and space-time,” hep-th/0110196. [24] J. M. Maldacena, [ hep-th/9711200].

[25] M. Hatsuda, K. Kamimura and M. Sakaguchi, Nucl. Phys. B 632, 114 (2002) [ hep-th/0202190]. Nucl. Phys. B 637, 168 (2002) [ hep-th/0204002].

[26] S. Fernando, M. Gunaydin and O. Pavlyk, JHEP 0210, 007 (2002) hep-th/0207175 [27] S. R. Das, C. Gomez and S. J. Rey, Phys. Rev. D 66, 046002 (2002) hep-th/0203164.

E. Kiritsis and B. Pioline, JHEP 0208, 048 (2002) [ hep-th/0204004]. R.G.Leigh, K.Okuyama and M.Rozali, Phys.Rev.D66,046004(2002) hepth/0204026. D. Berenstein and H. Nastase, hep-th/0205048. G. Siopsis, Phys. Lett. B 545, 169 (2002) [ hep-th/0205302]. V. Sahakian, hep-th/0209179.

S. Dobashi, H. Shimada and T. Yoneya, hep-th/0209251.

[28] R. R. Metsaev and A. A. Tseytlin, Nucl. Phys. B 533, 109 (1998) [hep-th/9805028]. [29] R. R. Metsaev and A. A. Tseytlin, Phys. Lett. B 436, 281 (1998) [hep-th/9806095]. [30] R. Kallosh and J. Rahmfeld, Phys. Lett. B443, 143 (1998), hep-th/9808038.

[31] M. T. Grisaru, P. S. Howe, L. Mezincescu, B. Nilsson and P. K. Townsend, Phys.

Lett. B 162, 116 (1985).

[32] M. Cederwall, A. von Gussich, B. E. Nilsson and A. Westerberg, Nucl. Phys. B 490, 163 (1997) [hep-th/9610148].

[33] M. Aganagic, C. Popescu and J. H. Schwarz, Phys. Lett. B 393, 311 (1997) [hepth/9610249]; Nucl. Phys. B 495, 99 (1997) [hep-th/9612080].

[34] E. Bergshoeff and P. K. Townsend, Nucl. Phys. B 490, 145 (1997) [hep-th/9611173]. [35] B. de Wit, K. Peeters and J. Plefka, Nucl. Phys. B 532, 99 (1998) [hep-th/9803209].

K. Millar, W. Taylor and M. V. Raamsdonk, “D-particle polarizations with multipole moments of higher-dimensional branes,” [hep-th/0007157]. M. T. Grisaru and M. E. Knutt, Phys. Lett. B 500, 188 (2001) [hep-th/0011173].

[36] M. Grana, Phys. Rev. D 66, 045014 (2002) [ hep-th/0202118]. [37] M. Blau, J. Figueroa-O’Farrill and G. Papadopoulos, Class. Quant. Grav. 19, 4753 (2002) [ hep-th/0202111].

A. Kumar, R. R. Nayak and Sanjay, Phys. Lett. B 541, 183 (2002) hep-th/0204025. K. Skenderis and M. Taylor, JHEP 0206, 025 (2002) [ hep-th/0204054]. P. Bain, P. Meessen and M. Zamaklar, hep-th/0205106.

M. Alishahiha and A. Kumar, Phys. Lett. B 542, 130 (2002) hep-th/0205134. S.Seki, Phys.Lett.B542, 162 (2002) [Phys.Lett. B542, 165 (2002)] hep-th/0205266. D. Mateos and S. Ng, JHEP 0208, 005 (2002) [ hep-th/0205291]. S. S. Pal, Mod. Phys. Lett. A 17, 1735 (2002) [ hep-th/0205303]. A. Biswas, A. Kumar and K. L. Panigrahi, hep-th/0208042. H. Fuji, K. Ito and Y. Sekino, hep-th/0209004.

S. Bhattacharya and S. Roy, hep-th/0209054. S. j. Ryang, hep-th/0209218. [38] I. Pesando, JHEP 02, 007 (1999), hep-th/9809145. J. Rahmfeld and A. Rajaraman, Phys. Rev. D60, 064014 (1999), hep-th/9809164. J. Park and S. Rey, JHEP 01, 001 (1999), hep-th/9812062.

[39] J. G. Zhou, Nucl. Phys. B 559, 92 (1999) [ hep-th/9906013]. N. Berkovits, M. Bershadsky, T. Hauer, S. Zhukov and B. Zwiebach, Nucl. Phys. B 567, 61 (2000) [ hep-th/9907200].

[40] I. Oda, Phys. Lett. B 444, 127 (1998) [ hep-th/9809076]. P. Dawson, Int. J. Mod.

Phys. A 16, 267 (2001) [ hep-th/0002030].

[41] B. de Wit, K. Peeters, J. Plefka and A. Sevrin, Phys. Lett. B 443, 153 (1998) [ hep-th/9808052].

[42] P. Pasti, D. Sorokin and M. Tonin, hep-th/9912076. [43] F. Delduc, E. Ivanov and S. Krivonos, hep-th/0111106.

[44] I. Oda, JHEP 9810, 015 (1998),hep-th/9810024. T. Kimura, Mod. Phys. Lett. A 14, 327 (1999), hep-th/9810136. J. Park and S. J. Rey, JHEP 9811, 008 (1998), hep-th/9810154.

[45] E. Bergshoeff, R. Kallosh, T. Ortin and G. Papadopoulos, Nucl. Phys. B 502, 149 (1997) [hep-th/9705040].

[46] A. Bilal and C. S. Chu, Nucl. Phys. B 547, 179 (1999) [hep-th/9810195]. [47] C. S. Chu and P. M. Ho, Nucl. Phys. B 636, 141 (2002) [ hep-th/0203186]. [48] K. Skenderis and M. Taylor, “Branes in AdS and pp-wave spacetimes,” JHEP 0206, 025 (2002) [ hep-th/0204054].

[49] M. Billo and I. Pesando, Phys. Lett. B 536, 121 (2002) [ hep-th/0203028].

A. Dabholkar and S. Parvizi, Nucl. Phys. B 641, 223 (2002) [ hep-th/0203231]. Y. Michishita, hep-th/0206131.

P. Bain, K. Peeters and M. Zamaklar, hep-th/0208038. [50] D. S. Bak, hep-th/0204033.

[51] O. Bergman, M. R. Gaberdiel and M. B. Green, hep-th/0205183. [52] P. Lee and J. W. Park, hep-th/0203257. [53] O. J. Ganor and U. Varadarajan, hep-th/0210035.

[54] M.Hatsuda, K.Kamimura, M.Sakaguchi, Nucl.Phys.B644, 40(2002) hep-th/0207157 [55] N. Berkovits and J. Maldacena, hep-th/0208092. N. Berkovits, hep-th/0210078.

JHEP 0204 (2002) 037 [ hep-th/0203248].

[56] S. Ryang, Phys. Lett. B 451, 46 (1999) [ hep-th/9809088].

[57] I. Pesando, JHEP 9811, 002 (1998), [hep-th/9808020]; Mod. Phys. Lett. A14, 343 (1999) [hep-th/9808146].

[58] T. Hara and T. Yoneya, Nucl. Phys. B 602, 499 (2001) [ hep-th/0010173]. [59] E. Bergshoeff, M. Rakowski and E. Sezgin, Phys. Lett. B 185, 371 (1987). [60] R. R. Metsaev and M. A. Rakhmanov, Phys. Lett. B 193, 202 (1987). [61] R. Manvelian, A. Melikyan and R. Mkrtchian, Phys. Lett. B 425, 277 (1998) [ hepth/9708076]. R. Manvelian, A. Melikyan, R. Mkrtchian and H. J. Muller-Kirsten, Phys. Lett. B 444, 86 (1998) [ hep-th/9809118]. J. Lee, Phys. Rev. D 57, 5134 (1998) [ hep-th/9708093].

[62] R. Roiban and W. Siegel, JHEP 0011, 024 (2000) [ hep-th/0010104]. [63] R. R. Metsaev, Class. Quant. Grav. 18, 1245 (2001) [ hep-th/0012026]. [64] R. R. Metsaev, J. Math. Phys. 38, 648 (1997) [ hep-th/9701141]. [65] S. R. Das and C. Gomez, JHEP 0207, 016 (2002) [ hep-th/0206062].

G. Arutyunov and E. Sokatchev, JHEP 0208, 014 (2002) [ hep-th/0205270]. [66] M. Blau, JHEP 0011, 023 (2000) [ hep-th/0005098]. [67] K. Okuyama, hep-th/0207067 [68] I.Y.Park, A.Sadrzadeh and T.A.Tran, Phys.Lett.B 497, 303 (2001) hep-th/0010116. [69] M. Bianchi, B. Eden, G. Rossi and Y. S. Stanev, hep-th/0205321. [70] R. Gopakumar and D. J. Gross, Nucl. Phys. B 451, 379 (1995); hep-th/9411021 I. Y. Aref’eva and I. V. Volovich, Nucl. Phys. B 462, 600 (1996); hep-th/9510210. M. B. Halpern and C. Schwartz, Int.J.Mod.Phys. A14, 4653 (1999); hep-th/9903131; Int. J. Mod. Phys. A 14, 3059 (1999); hep-th/9809197;

[71] S.J. Brodsky, C. Pauli, S.J. Pinsky, Phys. Rep. 301, 299 (1998); hep-th/9705477 [72] L. Brink, O. Lindgren and B.E.W. Nillsson, Nucl. Phys. B 212, 149 (1983) S. Mandelstam, Nucl. Phys. B 213 149 (1983) [73] J. Kowalski-Glikman, Phys. Lett. B 139 (1984) 159.

P. T. Chrusciel and J. Kowalski-Glikman, Phys. Lett. B 149, 107 (1984). [74] J. P. Gauntlett and C. M. Hull, JHEP 0206, 013 (2002) [ hep-th/0203255].

H. Singh, hep-th/0205020. J. Michelson, hep-th/0206204.

[75] K. Sugiyama and K. Yoshida, Nucl. Phys. B 644, 113 (2002) hep-th/0206070.

[76] K. Dasgupta, M. M. Sheikh-Jabbari and M. Van Raamsdonk, JHEP 0205, 056 (2002) [ hep-th/0205185].

G. Bonelli, JHEP 0208, 022 (2002) [ hep-th/0205213]; hep-th/0209225. S. j. Hyun and H. j. Shin, Phys. Lett. B 543, 115 (2002) [ hep-th/0206090]. K. Sugiyama and K. Yoshida, Phys. Lett. B 546, 143 (2002) [ hep-th/0206132]. N. Nakayama, K. Sugiyama and K. Yoshida, hep-th/0209081. S. j. Hyun and J. H. Park, hep-th/0209219.

[77] K. Sugiyama and K. Yoshida, hep-th/0207190.

H. Takayanagi and T. Takayanagi, hep-th/0209160.