arXiv:hep-th/0211181 v3 3 Mar 2003

PROBE BRANES DYNAMICS:

EXACT SOLUTIONS IN GENERAL BACKGROUNDS

P. Bozhilov Department of Theoretical and Applied Physics, Shoumen University, 9712 Shoumen, Bulgaria E-mail: p.bozhilov@shu-bg.net and The Abdus Salam International Centre for Theoretical Physics, Trieste, Italy E-mail: bozhilov@ictp.trieste.it

We consider probe p-branes and Dp-branes dynamics in D-dimensional string theory backgrounds of general type. Unified description for the tensile and tensionless branes is used. We obtain exact solutions of their equations of motion and constraints in static gauge as well as in more general gauges. Their dynamics in the whole space-time is also analyzed and exact solutions are found.

PACS number(s):11.25.-w; 11.27.+d; 11.30.-j

1 Introduction

The probe branes approach for studying issues in the string/M-theory uses an approximation, in which one neglects the back-reaction of the branes on the background. In this sense, the probe branes are multidimensional dynamical systems, evolving in given, variable in general, external fields.

The probe branes method is widely used in the string/M-theory to investigate many different problems at a classical, semiclassical and quantum levels. The literature in this field of research can be conditionally divided into several parts. One of them is devoted to the properties of the probe branes themselves, e.g., [1]-[29]. The subject of another part of the papers is to probe the geometries of the string/M-theory backgrounds, e.g., [30]-[42]. One another part can be described as connected with the investigation of the correspondence between the string/Mtheory geometries and their field theory duals, e.g., [43]-[59]. Let us also mention the application of the probe branes technique in the ’Mirage cosmology’- approach to the brane world scenario, e.g., [60]-[70].

In view of the wide implementation of the probe branes as a tool for investigation of different problems in the string/M-theory, it will be useful to have a method describing their dynamics, which is general enough to include as many cases of interest as possible, and on the other hand, to give the possibility for obtaining explicit exact solutions.

In this article, we propose such an approach, which is appropriate for p-branes and Dp-branes, for arbitrary worldvolume and space-time dimensions, for tensile and tensionless branes, for different variable background fields with minimal restrictions on them, and finally, for different space-time and worldvolume gauges (embeddings).

The paper is organized as follows. In Section 2, we perform an analysis in order to choose the brane actions, which are most appropriate for our purposes - do not contain square roots, generate only independent constraints and give a unified description for tensile and tensionless branes. In Section 3, we formulate the conditions, under which the probe branes dynamics reduces to a particle-like one. Then, we investigate the reduced dynamics for three different types of brane embeddings, starting with the usually used static gauge one. In the last part of this section, we find explicit exact solutions of the branes equations of motion. In Section 4, we discuss the obtained results.

2 Actions

Before considering the problem for obtaining exact brane solutions in general string theory backgrounds, it will be useful first to choose appropriate actions, which will facilitate our task. Generally speaking, there are two types of brane actions - with and without square roots^1. The former ones are not well suited to our purposes, because the square root introduces additional nonlinearities in the equations of motion. Nevertheless, they have been used when searching for exact brane solutions in fixed backgrounds, because there are no constraints in the Lagrangian description and one has to solve only the equations of motion. The other type of actions contain additional worldvolume fields (Lagrange multipliers). Varying with respect to them, one obtains constraints, which, in general, are not independent. Starting with an action without square root, one escapes the nonlinearities connected with the square root, but has to solve the equations of motion and the (dependent) constraints.

Independently of their type, all actions proportional to the brane tension cannot describe the tensionless branes. The latter appear in many important cases in the string theory, and it is preferable to have a unified description for tensile and tensionless branes.

Our aim in this section is to find brane actions, which do not contain square roots, generate only independent constraints and give a unified description for tensile and tensionless branes.

2.1 P -brane actions

The Polyakov type action for the bosonic p-brane in a D-dimensional curved space-time with metric tensor g_{M N} (x), interacting with a background (p+1)-form gauge field b_{p+1} via Wess- Zumino term, can be written as

S^P_p = − ∫ d^{p+1}ξ { T_p 2 √ −γ [ γ^{mn}∂_mX^M ∂_nX^N g_{M N} (X) − (p − 1) ] (2.1) − Q_p ε^{m1 ...mp+1} (p + 1)! ∂_{m1} X^{M1} . . . ∂_{mp+1} X^{Mp+1} b_{M1...Mp+1} (X) } , ∂_m = ∂/∂ξ^m, m, n = 0, 1, . . ., p; M, N = 0, 1, . . ., D − 1, where γ is the determinant of the auxiliary worldvolume metric γ_{mn}, and γ^{mn} is its inverse. The position of the brane in the background space-time is given by x^M = X^M (ξ^m), and T_p, Q_p are the p-brane tension and charge, respectively. If we consider the action (2.1) as a bosonic part of a supersymmetric one, we have to set Q_p = ±T_p. In what follows, Q_p = T_p.

The requirement that the variation of the action (2.1) with respect to γ_{mn} vanishes, leads to ( γ^{kl}γ^{mn} − 2γ^{km}γ^{ln} ) G_{mn} = (p − 1)γ^{kl}, (2.2)

where G_{mn} = ∂_mX^M ∂_nX^N g_{M N} (X) is the metric induced on the p-brane worldvolume. Taking the trace of the above equality, one obtains γ^{mn}G_{mn} = p + 1, 1Examples of these two type of actions are the Nambu-Goto and Polyakov actions for the string.

i.e., γ^{mn} is the inverse of G_{mn}: γ^{mn} = G^{mn}. If one inserts this back into (2.1), the result will be the corresponding Nambu-Goto type action (G ≡ det(G_{mn})):

S^{N G}_p = ∫ d^{p+1}ξL^{N G} (2.3) = −T_p ∫ d^{p+1}ξ [√ −G − ε^{m1...mp+1} (p + 1)! ∂_{m1} X^{M1} . . . ∂_{mp+1} X^{Mp+1} b_{M1...Mp+1} (X) ] . This means that the two actions, (2.1) and (2.3), are classically equivalent.

As already discussed, the action (2.3) contains a square root, the constraints (2.2), following from (2.1), are not independent and none of these actions is appropriate for description of the tensionless branes. To find an action of the type we are looking for, we first compute the explicit expressions for the generalized momenta, following from (2.3): P_M (ξ) = −T_p (√ −GG^{0n}∂_nX^N g_{M N} − ∂_1X^{M1} . . .∂_pX^{Mp} b_{M M1...Mp} ) . It can be checked that P_M (ξ) satisfy the constraints

C_0 ≡ g^{M N} P_M P_N − 2T_pg^{M N} D_{M 1...p}P_N + T^2_p [ GG^{00} + (−1)^pD_{1...pM} g^{M N} D_{N 1...p} ] = 0, C_i ≡ P_M ∂_iX^M = 0, (i = 1, . . ., p), where we have introduced the notation D_{M 1...p} ≡ b_{M M1...Mp} ∂_1X^{M1} . . . ∂_pX^{Mp} . Let us now find the canonical Hamiltonian for this dynamical system. The result is: H_{canon} = ∫ d^pξ ( P_M ∂_0X^M − L^{N G} ) = 0.

Therefore, according to Dirac [71], we have to take as a Hamiltonian the linear combination of the first class primary constraints C_n:^2 H = ∫ d^pξH = ∫ d^pξ ( λ^0C_0 + λ^iC_i ) . The corresponding Hamiltonian equations of motion for X^M are ( ∂_0 − λ^i∂_i ) X^M = 2λ^0g^{M N} (P_N − T_pD_{N 1...p}) ,

from where one obtains the explicit expressions for P_M

P_M = 1 2λ^0 g_{M N} ( ∂_0 − λ^j ∂_j ) X^N + T_pD_{M 1...p}. (2.4)

With the help of (2.4), one arrives at the following configuration space action

S_p = ∫ d^{p+1}ξL_p = ∫ d^{p+1}ξ ( P_M ∂_0X^M − H ) (2.5) = ∫ d^{p+1}ξ { 1 4λ^0 [ g_{M N} (X) ( ∂_0 − λ^i∂_i ) X^M ( ∂_0 − λ^j ∂_j ) X^N − ( 2λ^0T_p

)_2 GG^{00} ]

+ T_pb_{M0...Mp} (X)∂_0X^{M0} . . .∂_pX^{Mp} }

= ∫ d^{p+1}ξ { 1 4λ^0 [ G_{00} − 2λ^j G_{0j} + λ^iλ^j G_{ij} − ( 2λ^0T_p

)_2 GG^{00} ]

+ T_pb_{M0...Mp} (X)∂_0X^{M0} . . .∂_pX^{Mp} } , 2In the case under consideration, secondary constraints do not appear. The first class property of Cn follows from their Poisson bracket algebra.

which does not contain square root, generates the independent (p + 1) constraints, as we will show below, and in which the limit T_p → 0 may be taken. For other actions, allowing for unified description of tensile and tensionless p-branes, see [72] - [74].

It can be proven that this action is classically equivalent to the previous two actions. It is enough to show that (2.3) and (2.5) are equivalent, because we already saw that this is true for (2.1) and (2.3).

Varying the action S_p with respect to Lagrange multipliers λ^m and requiring these variations to vanish, one obtains the constraints

G_{00} − 2λ^jG_{0j} + λ^iλ^j G_{ij} + ( 2λ^0T_p

)_2

GG^{00} = 0, (2.6)

G_{0j} − λ^iG_{ij} = 0. (2.7)

By using them, the Lagrangian density L_p from (2.5) can be rewritten in the form L_p = −T_p √ −GG^{00} [ G_{00} − G_{0i} (G^{−1})^{ij} G_{j0} ] + T_pb_{M0...Mp} (X)∂_0X^{M0} . . . ∂_pX^{Mp} . (2.8)

Now, applying the equalities

GG^{00} = det (G_{ij} ) ≡ G, G = [ G_{00} − G_{0i} ( G^{−1} )_{ij} G_{j0} ] G, (2.9)

one finds that

G^{00} [ G_{00} − G_{0i} ( G^{−1} )_{ij} G_{j0} ] = 1.

Inserting this in (2.8), one obtains the Nambu-Goto type Lagrangian density L^{N G} from (2.3). Thus, the classical equivalence of the actions (2.3) and (2.5) is established.

We will work further in the gauge λ^m = constants, in which the equations of motion for X^M , following from (2.5), are given by g_{LN} [( ∂_0 − λ^i∂_i ) ( ∂_0 − λ^j ∂_j ) X^N − ( 2λ^0T_p

)_2 ∂_i ( GG^{ij} ∂_j X^N )] (2.10) +Γ_{L,M N} [( ∂_0 − λ^i∂_i ) X^M ( ∂_0 − λ^j ∂_j ) X^N − ( 2λ^0T_p

)_2

GG^{ij} ∂_iX^M ∂_j X^N ]

= 2λ^0T_pH^b_{LM0...Mp} ∂_0X^{M0} . . .∂_pX^{Mp} , where G is defined in (2.9),

Γ_{L,M N} = g_{LK}Γ^K_{M N} = 1 2 (∂_M g_{N L} + ∂_N g_{M L} − ∂_Lg_{M N} )

are the components of the symmetric connection compatible with the metric g_{M N} and H^b_{p+2} = db_{p+1} is the field strength of the (p + 1)-form gauge potential b_{p+1}.

2.2 Dp-brane actions

The Dirac-Born-Infeld type action for the bosonic part of the super- Dp-brane in a D-dimensional space-time with metric tensor g_{M N} (x), interacting with a background (p+1)-form Ramond- Ramond gauge field c_{p+1} via Wess-Zumino term, can be written as S^{DBI} = −T_{Dp} ∫ d^{p+1}ξ { e^{−a(p,D)Φ} √ − det (G_{mn} + B_{mn} + 2πα^′F_{mn}) (2.11) − ε^{m1 ...mp+1} (p + 1)! ∂_{m1} X^{M1} . . . ∂_{mp+1} X^{Mp+1} c_{M1...Mp+1} } .

T_{DP} =(2π)^{−(p−1)/2}g^{−1}_s T_p is the D-brane tension, g_s = exp⟨Φ⟩ is the string coupling expressed by the dilaton vacuum expectation value ⟨Φ⟩ and 2πα^′ is the inverse string tension. G_{mn} = ∂_mX^M ∂_nX^N g_{M N} (X), B_{mn} = ∂_mX^M ∂_nX^N b_{M N} (X) and Φ(X) are the pullbacks of the background metric, antisymmetric tensor and dilaton to the Dp-brane worldvolume, while F_{mn}(ξ) is the field strength of the worldvolume U(1) gauge field A_m(ξ): F_{mn} = 2∂_{[m}A_{n]}. The parameter a(p, D) depends on the brane and space-time dimensions p and D, respectively.

A Dp-brane action, which generalizes the Polyakov type p-brane action, has been introduced in [75]. Namely, the action, classically equivalent to (2.11), is given by S^{AZH} = − T_{Dp} 2 ∫ d^{p+1}ξ { e^{−a(p,D)Φ} √ −K [ K^{mn} ( G_{mn} + B_{mn} + 2πα^′F_{mn} ) − (p − 1) ]

− 2 ε^{m1...mp+1} (p + 1)! ∂_{m1} X^{M1} . . . ∂_{mp+1} X^{Mp+1} c_{M1...Mp+1} } , where K is the determinant of the matrix K_{mn}, K^{mn} is its inverse, and these matrices have symmetric as well as antisymmetric part

K^{mn} = K^{(mn)} + K^{[mn]},

where the symmetric part K^{(mn)} is the analogue of the auxiliary metric γ^{mn} in the p-brane action (2.1).

Again, none of these actions satisfy all our requirements. In the same way as in the p-brane case, just considered, one can prove that the action S_{Dp} = ∫ d^{p+1}ξL_{Dp} = ∫ d^{p+1}ξ e^{−aΦ} 4λ^0 [ G_{00} − 2λ^iG_{0i} + ( λ^iλ^j − κ^iκ^j ) G_{ij} (2.12) − ( 2λ^0T_{Dp} )_2

G + 2κ^i ( F_{0i} − λ^jF_{ji} ) + 4λ^0T_{Dp} e^{aΦ}c_{M0...Mp} ∂_0X^{M0} . . . ∂_pX^{Mp} ] , F_{mn} = B_{mn} + 2πα^′F_{mn}, which possesses the necessary properties, is classically equivalent to the action (2.11). Here additional Lagrange multipliers κ^i are introduced, in order to linearize the quadratic term ( F_{0i} − λ^kF_{ki} ) ( G^{−1} )_{ij} ( F_{0j} − λ^lF_{lj} )

arising in the action. For other actions of this type, see [76] - [78].

Varying the action S_{Dp} with respect to Lagrange multipliers λ^m, κ^i, and requiring these variations to vanish, one obtains the constraints

G_{00} − 2λ^j G_{0j} + ( λ^iλ^j − κ^iκ^j ) G_{ij} + ( 2λ^0T_{Dp} )_2 G + 2κ^i ( F_{0i} − λ^j F_{ji} ) = 0, (2.13)

G_{0j} − λ^iG_{ij} = κ^iF_{ij} (2.14) F_{0j} − λ^iF_{ij} = κ^iG_{ij} . (2.15)

Instead with the constraint (2.13), we will work with the simpler one

G_{00} − 2λ^jG_{0j} + ( λ^iλ^j + κ^iκ^j ) G_{ij} + ( 2λ^0T_{Dp} )_2

G = 0, (2.16)

which is obtained by inserting (2.15) into (2.13).

We will use the gauge (λ^m, κ^i) = constants and for simplicity, we will restrict our considerations to constant dilaton Φ = Φ_0 and constant electro-magnetic field F_{mn} = F^o_{mn} on the Dp-brane worldvolume. In this case, the equations of motion for X^M , following from (2.12), are g_{LN} [( ∂_0 − λ^i∂_i ) ( ∂_0 − λ^j ∂_j ) X^N − ( 2λ^0T_{Dp} )_2 ∂_i ( GG^{ij} ∂_j X^N ) − κ^iκ^j ∂_i∂_j X^N ] +Γ_{L,M N} [( ∂_0 − λ^i∂_i ) X^M ( ∂_0 − λ^j∂_j ) X^N − ( 2λ^0T_{Dp} )_2

GG^{ij} ∂_iX^M ∂_j X^N − κ^iκ^j ∂_iX^M ∂_j X^N ] (2.17)

= 2λ^0T_{Dp}e^{aΦ0} H^c_{LM0...Mp} ∂_0X^{M0} . . . ∂_pX^{Mp} + H_{LM N} κ^j ( ∂_0 − λ^i∂_i ) X^M ∂_j X^N ,

where H^c_{p+2} = dc_{p+1} and H_3 = db_2 are the corresponding field strengths.

3 Exact solutions in general backgrounds

The main idea in the mostly used approach for obtaining exact solutions of the probe branes equations of motion in variable external fields is to reduce the problem to a particle-like one, and even more - to solving one dimensional dynamical problem, if possible. To achieve this, one must get rid of the dependence on the spatial worldvolume coordinates ξ^i. To this end, since the brane actions contain the first derivatives ∂_iX^M , the brane coordinates X^M (ξ^m) have to depend on ξ^i at most linearly:

X^M (ξ^0, ξ^i) = Λ^M_i ξ^i + Y^M (ξ^0), Λ^M_i are arbitrary constants. (3.1)

Besides, the background fields entering the action depend implicitly on ξ^i through their dependence on X^M . If we choose Λ^M_i = 0 in (3.1), the connection with the p-brane setting will be lost. If we suppose that the background fields do not depend on X^M , the result will be constant background, which is not interesting in the case under consideration. The compromise is to accept that the external fields depend only on part of the coordinates, say X^a, and to set namely for this coordinates Λ^a_i = 0. In other words, we propose the ansatz (X^M = (X^μ, X^a)):

X^μ(ξ^0, ξ^i) = Λ^μ_j ξ^j + Y^μ(ξ^0), X^a(ξ^0, ξ^i) = Y^a(ξ^0), (3.2) ∂_μg_{M N} = 0, ∂_μb_{M N} = 0, ∂_μb_{M0...Mp} = 0, ∂_μc_{M0...Mp} = 0. (3.3) The resulting reduced Lagrangian density will depend only on ξ^0 = τ if the Lagrange multipliers λ^m, κ^i do not depend on ξ^i. Actually, this property follows from their equations of motion, from where they can be expressed through quantities depending only on the temporal worldvolume parameter τ.

Thus, we have obtained the general conditions, under which the probe branes dynamics reduces to the particle-like one. However, we will not start our considerations relaying on the generic ansatz (3.2). Instead, we will begin in the framework of the commonly used in ten spacetime dimensions static gauge: X^m(ξ^n) = ξ^m. The latter is a particular case of (3.2), obtained under the following restrictions:

(1):μ = i = 1, . . ., p; (2):Λ^μ_j = Λ^i_j = δ^i_j ; (3.4)

(3):Y^μ(τ) = Y^i(τ) = 0; (4):Y^0(τ) = τ ∈ {Y^a}.

Therefore, the static gauge is appropriate for backgrounds which may depend on X^0 = Y^0(τ), but must be independent on X^i, (i = 1, . . .p). Such properties are not satisfactory in the lower dimensions. For instance, in four dimensional black hole backgrounds, the metric depends on X^1, X^2 and the static gauge ansatz does not work. That is why, our next step is to consider the probe branes dynamics in the framework of the ansatz

X^μ(τ, ξ^i) = Λ^μ_mξ^m = Λ^μ_0 τ + Λ^μ_i ξ^i, X^a(τ, ξ^i) = Y^a(τ), (3.5)

which is obtained from (3.2) under the restriction Y^μ(τ) = Λ^μ_0 τ. Here, for the sake of symmetry between the worldvolume coordinates ξ^0 = τ and ξ^i, we have included in X^μ a term linear in τ. At any time, one can put Λ^μ_0 = 0 and the corresponding terms in the formulas will disappear. Further, we will refer to the ansatz (3.5) as linear gauges, as far as X^μ are linear combinations of ξ^m with arbitrary constant coefficients.

Finally, we will investigate the classical branes dynamics by using the general ansatz (3.2), rewritten in the form

X^μ(τ, ξ^i) = Λ^μ_0 τ + Λ^μ_i ξ^i + Y^μ(τ), X^a(τ, ξ^i) = Y^a(τ). (3.6)

Compared with (3.2), here we have separated the linear part of Y^μ as in the previous ansatz (3.5). This will allow us to compare the role of the term Λ^μ_0 τ in these two cases.

3.1 Static gauge dynamics

Here we begin our analysis of the probe branes dynamics in the framework of the static gauge ansatz. In order not to introduce too many type of indices, we will denote with Y^a, Y^b, etc., the coordinates, which are not fixed by the gauge. However, one have not to forget that by definition, Y^a are the coordinates on which the background fields can depend. In static gauge, according to (3.4), one of this coordinates, the temporal one Y^0(τ), is fixed to coincide with τ. Therefore, in this gauge, the remaining coordinates Y^a are spatial ones in space-times with signature (−, +, . . ., +).

3.1.1 Probe p-branes

In static gauge, and under the conditions (3.3), the action (2.5) reduces to (the over-dot is used for d/dτ) S^{SG}_p = ∫ dτL^{SG}_p (τ), V_p = ∫ d^pξ, (3.7)

L^{SG}_p (τ) = V_p 4λ^0 { g_{ab}(Y^a)Ẏ^aẎ^b + 2 [ g_{0a}(Y^a) − λ^ig_{ia}(Y^a) + 2λ^0T_pb_{a1...p}(Y^a) ] Ẏ a +g_{00}(Y^a) − 2λ^ig_{0i}(Y^a) + λ^iλ^j g_{ij} (Y^a) − ( 2λ^0T_p

)_2 det(g_{ij}(Y^a)) + 4λ^0T_pb_{01...p}(Y^a) } . To have finite action, we require the fraction V_p/λ^0 to be finite one. For example, in the string case (p = 1) and in conformal gauge (λ^1 = 0, ( 2λ^0T_1

)_2 = 1), this means that the quantity V_1/α^′ = 2πV_1T_1 must be finite.

The constraints derived from the action (3.7) are:

g_{ab}Ẏ^aẎ^b + 2 ( g_{0a} − λ^ig_{ia} ) Ẏ a + g_{00} − 2λ^ig_{0i} + λ^iλ^jg_{ij} + ( 2λ^0T_p

)_2 det(g_{ij} ) = 0, (3.8)

g_{ia}Ẏ^a + g_{i0} − g_{ij} λ^j = 0. (3.9)

The Lagrangian L^{SG}_p does not depend on τ explicitly, so the energy E_p = p^{SG}_a Ẏ^a − L^{SG}_p is conserved:

g_{ab}Ẏ^aẎ^b − g_{00} + 2λ^ig_{0i} − λ^iλ^j g_{ij} + ( 2λ^0T_p

)_2

det(g_{ij}) − 4λ^0T_pb_{01...p} =

4λ^0E_p V_p = constant. With the help of the constraints, we can replace this equality by the following one

g_{0a}Ẏ^a + g_{00} − λ^ig_{i0} + 2λ^0T_pb_{01...p} = −

2λ^0E_p V_p . (3.10)

To clarify the physical meaning of the equalities (3.9) and (3.10), we compute the momenta (2.4) in static gauge

2λ^0P^{SG}_M = g_{M a}Ẏ^a + g_{M 0} − λ^ig_{M i} + 2λ^0T_pb_{M 1...p}. (3.11)

The comparison of (3.11) with (3.10) and (3.9) shows that P^{SG}_0 = −E_p/V_p = const and P^{SG}_i = const = 0. Inserting these conserved momenta into (3.8), we obtain the effective constraint

g_{ab}Ẏ^aẎ^b = U^S , (3.12)

where

U^S = − ( 2λ^0T_p

)_2

det(g_{ij} ) + g_{00} − 2λ^ig_{0i} + λ^iλ^j g_{ij} + 4λ^0 (T_pb_{01...p} + E_p/V_p) .

In the gauge λ^m = constants, the equations of motion following from S^{SG}_p (or from (2.10) after imposing the static gauge) take the form:

g_{ab}Ÿ^b + Γ_{a,bc}Ẏ^bẎ^c = 1 2 ∂_aU^S + 2∂_{[a}A^S_{b]}Ẏ^b, (3.13)

where A^S_a = g_{a0} − λ^ig_{ai} + 2λ^0T_pb_{a1...p}. Thus, in general, the time evolution of the reduced dynamical system does not correspond to a geodesic motion. The deviation from the geodesic trajectory is due to the appearance of the effective scalar potential U^S and of the field strength 2∂_{[a}A^S_{b]} of the effective U(1)-gauge potential A^S_a . In addition, our dynamical system is subject to the effective constraint (3.12).

3.1.2 Probe Dp-branes

In static gauge, and for background fields independent of the coordinates X^i (conditions(3.3)), the reduced Lagrangian, obtained from (2.12), is given by L^{SG}_{Dp} (τ) = V_{Dp}e^{−aΦ0} 4λ^0 [ g_{ab}Ẏ^aẎ^b + g_{00} − 2λ^ig_{0i} + ( λ^iλ^j − κ^iκ^j ) g_{ij} + 2 ( g_{0a} − λ^ig_{ia} + 2λ^0T_{Dp}e^{aΦ0} c_{a1...p} + κ^ib_{ai} ) Ẏ a − ( 2λ^0T_{Dp} )_2 det(g_{ij}) + 4λ^0T_{Dp}e^{aΦ0} c_{01...p}

+ 2κ^i ( b_{0i} − λ^j b_{ji} ) + 4πα^′κ^i ( F^o_{0i} − λ^jF^o_{ji} )] .

As we already mentioned at the end of Section 2, we restrict our considerations to the case of constant dilaton Φ = Φ_0 and constant electro-magnetic field F^o_{mn} on the Dp-brane worldvolume.

Now, the constraints (2.16), (2.14) and (2.15) take the form

g_{ab}Ẏ^aẎ^b + 2 ( g_{0a} − λ^ig_{ia} ) Ẏ a + g_{00} − 2λ^ig_{0i} (3.14) + ( λ^iλ^j + κ^iκ^j ) g_{ij} + ( 2λ^0T_{Dp} )_2

det(g_{ij} ) = 0,

g_{ja}Ẏ^a + g_{0j} − λ^ig_{ij} − κ^ib_{ij} = 2πα^′κ^iF^o_{ij} (3.15) b_{aj}Ẏ^a + b_{0j} − λ^ib_{ij} − κ^ig_{ij} = −2πα^′ ( F^o_{0j} − λ^iF^o_{ij} ) . The reduced Lagrangian L^{SG}_{Dp} does not depend on τ explicitly. As a consequence, the energy E_{Dp} is conserved:

g_{ab}Ẏ^aẎ^b − g_{00} + 2λ^ig_{0i} − ( λ^iλ^j − κ^iκ^j ) g_{ij} + ( 2λ^0T_{Dp} )_2

det(g_{ij} ) − 4λ^0T_{Dp}e^{aΦ0} c_{01...p} −2κ^i ( b_{0i} − λ^j b_{ji} ) − 4πα^′κ^i ( F^o_{0i} − λ^j F^o_{ji} ) = 4λ^0E_{Dp} V_{Dp} e^{aΦ0} = constant. By using the constraints (3.14) and (3.15), the above equality can be replaced by the following one g_{0a}Ẏ^a + g_{00} − λ^ig_{i0} + 2λ^0T_{Dp}e^{aΦ0} c_{01...p} + κ^i ( b_{0i} + 2πα^′F^o_{0i} ) = − 2λ^0E_{Dp} V_{Dp} e^{aΦ0} . (3.16)

Now, we compute the momenta, obtained from the initial action (2.12), in static gauge

2λ^0e^{aΦ0} P^{SG}_M = g_{M a}Ẏ^a + g_{M 0} − λ^jg_{M j} + 2λ^0T_{Dp}e^{aΦ0} c_{M 1...p} + κ^j b_{M j} . (3.17)

Comparing (3.17) with (3.16) and (3.15), one finds that

P^{SG}_0 = − ( E_{Dp} V_{Dp} + πα^′ λ^0 e^{−aΦ0} κ^j F^o_{0j} ) = constant, P^{SG}_i = − πα^′ λ^0 e^{−aΦ0} κ^j F^o_{ij} = constants. As in the p-brane case, not only the energy, but also the spatial components of the momenta P^{SG}_i , along the X^i coordinates, are conserved. In the Dp-brane case however, P^{SG}_i are not identically zero due the existence of a constant worldvolume magnetic field F^o_{ij} .

Inserting (3.15) and (3.16) into (3.14), one obtains the effective constraint

g_{ab}Ẏ^aẎ^b = U^{DS} , (3.18)

where U^{DS} = − ( 2λ^0T_{Dp} )_2

det(g_{ij}) + g_{00} − 2λ^ig_{0i} + ( λ^iλ^j − κ^iκ^j ) g_{ij} +4λ^0e^{aΦ0} ( T_{Dp}c_{01...p} + E_{Dp} V_{Dp} ) + 2κ^i ( b_{0i} − λ^j b_{ji} ) + 4πα^′κ^i ( F^o_{0i} − λ^j F^o_{ji} ) . In the gauge (λ^m, κ^i) = constants, the equations of motion following from L^{SG}_{Dp} (or from (2.17) after using the static gauge ansatz) take the form:

g_{ab}Ÿ^b + Γ_{a,bc}Ẏ^bẎ^c = 1 2 ∂_aU^{DS} + 2∂_{[a}A^{DS}_{b]} Ẏ^b, (3.19) where A^{DS}_a = g_{a0} − λ^ig_{ai} + 2λ^0T_{Dp}e^{aΦ0} c_{a1...p} + κ^ib_{ai}. It is obvious that the equations of motion (3.13), (3.19) and the effective constraints (3.12), (3.18) have the same form for p-branes and for Dp-branes. The difference is in the explicit expressions for the effective scalar and 1-form gauge potentials.

3.2 Branes dynamics in linear gauges

Now we will repeat our analysis of the probe branes dynamics in the framework of the more general linear gauges, given by the ansatz (3.5). The static gauge is a particular case of the linear gauges, corresponding to the following restrictions:

(1):μ = i = 1, . . ., p; (2):Λ^μ_0 = Λ^i_0 = 0;

(3):Λ^μ_j = Λ^i_j = δ^i_j ; (4):Y^0(τ) = τ ∈ {Y^a}.

3.2.1 Probe p-branes

In linear gauges, and under the conditions (3.3), one obtains the following reduced Lagrangian, arising from the action (2.5)

L^{LG}_p (τ) = V_p 4λ^0 { g_{ab}Ẏ^aẎ^b + 2 [( Λ^μ_0 − λ^iΛ^μ_i ) g_{μa} + 2λ^0T_pB_{a1...p} ] Ẏ a (3.20) + ( Λ^μ_0 − λ^iΛ^μ_i ) ( Λ^ν_0 − λ^j Λ^ν_j ) g_{μν} − ( 2λ^0T_p

)_2

det(Λ^μ_i Λ^ν_j g_{μν} )

+4λ^0T_pΛ^μ_0 B_{μ1...p} } , B_{M 1...p} ≡ b_{M μ1...μp} Λ^{μ1}_1 . . . Λ^{μp}_p . The constraints derived from the Lagrangian (3.20) are:

g_{ab}Ẏ^aẎ^b + 2 ( Λ^μ_0 − λ^iΛ^μ_i ) g_{μa}Ẏ^a + ( Λ^μ_0 − λ^iΛ^μ_i ) (3.21) × ( Λ^ν_0 − λ^j Λ^ν_j ) g_{μν} + ( 2λ^0T_p

)_2

det(Λ^μ_i Λ^ν_j g_{μν} ) = 0,

Λ^μ_i [ g_{μa}Ẏ^a + ( Λ^ν_0 − λ^j Λ^ν_j ) g_{μν} ] = 0. (3.22)

The Lagrangian L^{LG}_p does not depend on τ explicitly, so the energy E_p = p^{LG}_a Ẏ^a − L^{LG}_p is conserved:

g_{ab}Ẏ^aẎ^b − ( Λ^μ_0 − λ^iΛ^μ_i ) ( Λ^ν_0 − λ^j Λ^ν_j ) g_{μν} + ( 2λ^0T_p

)_2

det(Λ^μ_i Λ^ν_j g_{μν} )

−4λ^0T_pΛ^μ_0 B_{μ1...p} =

4λ^0E_p V_p = constant. With the help of the constraints (3.21) and (3.22), one can replace this equality by the following one Λ^μ_0 [ g_{μa}Ẏ^a + ( Λ^ν_0 − λ^j Λ^ν_j ) g_{μν} + 2λ^0T_pB_{μ1...p} ] = − 2λ^0E_p V_p . (3.23)

In linear gauges, the momenta (2.4) take the form

2λ^0P^{LG}_M = g_{M a}Ẏ^a + ( Λ^ν_0 − λ^j Λ^ν_j ) g_{M ν} + 2λ^0T_pB_{M 1...p}. (3.24)

The comparison of (3.24) with (3.23) and (3.22) gives

Λ^μ_0 P^{LG}_μ = − E_p V_p = constant, Λ^μ_i P^{LG}_μ = constants = 0. Therefore, in the linear gauges, the projections of the momenta P^{LG}_μ onto Λ^μ_n are conserved. Moreover, as far as the Lagrangian (3.20) does not depend on the coordinates X^μ, the corresponding conjugated momenta P^{LG}_μ are also conserved.

Inserting (3.23) and (3.22) into (3.21), we obtain the effective constraint

g_{ab}Ẏ^aẎ^b = U^L,

where the effective scalar potential is given by

U^L = − ( 2λ^0T_p

)_2

det(Λ^μ_i Λ^ν_j g_{μν} ) + ( Λ^μ_0 − λ^iΛ^μ_i ) ( Λ^ν_0 − λ^j Λ^ν_j ) g_{μν} +4λ^0 ( T_pΛ^μ_0 B_{μ1...p} + E_p V_p ) . In the gauge λ^m = constants, the equations of motion following from L^{LG}_p take the form:

g_{ab}Ÿ^b + Γ_{a,bc}Ẏ^bẎ^c = 1 2 ∂_aU^L + 2∂_{[a}A^L_{b]}Ẏ^b,

where

A^L_a = ( Λ^μ_0 − λ^iΛ^μ_i ) g_{aμ} + 2λ^0T_pB_{a1...p}, is the effective 1-form gauge potential, generated by the non-diagonal components g_{aμ} of the background metric and by the components b_{aμ1...μp} of the background (p + 1)-form gauge field.

3.2.2 Probe Dp-branes

In linear gauges, and for background fields independent of the coordinates X^μ (conditions(3.3)), the reduced Lagrangian, obtained from (2.12), is given by L^{LG}_{Dp} (τ) = V_{Dp}e^{−aΦ0} 4λ^0 { g_{ab}Ẏ^aẎ^b + [( Λ^μ_0 − λ^iΛ^μ_i ) ( Λ^ν_0 − λ^j Λ^ν_j ) − κ^iκ^j Λ^μ_i Λ^ν_j ] g_{μν} + 2 [( Λ^μ_0 − λ^iΛ^μ_i ) g_{μa} + 2λ^0T_{Dp}e^{aΦ0} C_{a1...p} + κ^iΛ^μ_i b_{aμ} ] Ẏ a − ( 2λ^0T_{Dp} )_2

det(Λ^μ_i Λ^ν_j g_{μν} ) + 4λ^0T_{Dp}e^{aΦ0} Λ^μ_0 C_{μ1...p}

− 2κ^iΛ^μ_i ( Λ^ν_0 − λ^j Λ^ν_j ) b_{μν} + 4πα^′κ^i ( F^o_{0i} − λ^j F^o_{ji} )} , where the following shorthand notation has been introduced C_{M 1...p} ≡ c_{M μ1...μp} Λ^{μ1}_1 . . . Λ^{μp}_p . Now, the constraints (2.16), (2.14), and (2.15) take the form

g_{ab}Ẏ^aẎ^b + 2 ( Λ^μ_0 − λ^iΛ^μ_i ) g_{μa}Ẏ^a + ( 2λ^0T_{Dp} )_2

det(Λ^μ_i Λ^ν_j g_{μν} ) (3.25) + [( Λ^μ_0 − λ^iΛ^μ_i ) ( Λ^ν_0 − λ^jΛ^ν_j ) + κ^iκ^j Λ^μ_i Λ^ν_j ] g_{μν} = 0, Λ^μ_i [ g_{μa}Ẏ^a + ( Λ^ν_0 − λ^jΛ^ν_j ) g_{μν} + κ^j Λ^ν_j b_{μν} ] = 2πα^′κ^j F^o_{ji} (3.26)

Λ^μ_i [ b_{μa}Ẏ^a + ( Λ^ν_0 − λ^jΛ^ν_j ) b_{μν} + κ^j Λ^ν_j g_{μν} ] = 2πα^′ ( F^o_{0i} − λ^j F^o_{ji} ) .

The reduced Lagrangian L^{LG}_{Dp} does not depend on τ explicitly. As a consequence, the energy E_{Dp} is conserved:

g_{ab}Ẏ^aẎ^b − [( Λ^μ_0 − λ^iΛ^μ_i ) ( Λ^ν_0 − λ^j Λ^ν_j ) − κ^iκ^j Λ^μ_i Λ^ν_j ] g_{μν} + ( 2λ^0T_{Dp} )_2

det(Λ^μ_i Λ^ν_j g_{μν} ) − 4λ^0T_{Dp}e^{aΦ0} Λ^μ_0 C_{μ1...p} −2κ^iΛ^μ_i ( Λ^ν_0 − λ^j Λ^ν_j ) b_{μν} − 4πα^′κ^i ( F^o_{0i} − λ^jF^o_{ji} ) = 4λ^0E_{Dp} V_{Dp} e^{aΦ0} = constant. By using the constraints (3.25) and (3.26), the above equality can be replaced by the following one Λ^μ_0 [ g_{μa}Ẏ^a + ( Λ^ν_0 − λ^jΛ^ν_j ) g_{μν} + 2λ^0T_{Dp}e^{aΦ0} C_{μ1...p} + κ^j Λ^ν_j b_{μν} ] (3.27)

+2πα^′κ^iF^o_{0i} = − 2λ^0E_{Dp} V_{Dp} e^{aΦ0} .

In linear gauges, the momenta obtained from the initial action (2.12), are

2λ^0e^{aΦ0} P^{LG}_M = g_{M a}Ẏ^a + ( Λ^ν_0 − λ^j Λ^ν_j ) g_{M ν} + 2λ^0T_{Dp}e^{aΦ0} C_{M 1...p} + κ^j Λ^ν_j b_{M ν}. (3.28)

Comparing (3.28) with (3.27) and (3.26), one finds that the following equalities hold

Λ^μ_0 P^{LG}_μ = − ( E_{Dp} V_{Dp} + πα^′ λ^0 e^{−aΦ0} κ^j F^o_{0j} ) = constant, Λ^μ_i P^{LG}_μ = − πα^′ λ^0 e^{−aΦ0} κ^j F^o_{ij} = constants. They may be viewed as restrictions on the number of the arbitrary parameters, presented in the theory.

As in the p-brane case, the momenta P^{LG}_μ are conserved quantities, due to the independence of the Lagrangian on the coordinates X^μ.

Inserting (3.26) and (3.27) into (3.25), one obtains the effective constraint

g_{ab}Ẏ^aẎ^b = U^{DL},

where

U^{DL} = [( Λ^μ_0 − λ^iΛ^μ_i ) ( Λ^ν_0 − λ^j Λ^ν_j ) − κ^iκ^j Λ^μ_i Λ^ν_j ] g_{μν} − ( 2λ^0T_{Dp} )_2

det(Λ^μ_i Λ^ν_j g_{μν} ) + 4λ^0e^{aΦ0} ( T_{Dp}Λ^μ_0 C_{μ1...p} + E_{Dp} V_{Dp} )

+2κ^iΛ^μ_i ( Λ^ν_0 − λ^j Λ^ν_j ) b_{μν} + 4πα^′κ^i ( F^o_{0i} − λ^j F^o_{ji} ) . In the gauge (λ^m, κ^i) = constants, the equations of motion following from L^{LG}_{Dp} take the form:

g_{ab}Ÿ^b + Γ_{a,bc}Ẏ^bẎ^c = 1 2 ∂_aU^{DL} + 2∂_{[a}A^{DL}_{b]} Ẏ^b,

where A^{DL}_a = ( Λ^μ_0 − λ^iΛ^μ_i ) g_{aμ} + 2λ^0T_{Dp}e^{aΦ0} C_{a1...p} + κ^iΛ^μ_i b_{aμ}.

It is clear that the equations of motion and the effective constraints have the same form for p-branes and for Dp-branes in linear gauges, as well as in static gauge. The only difference is in the explicit expressions for the effective scalar and 1-form gauge potentials.

3.3 Branes dynamics in the whole space-time

Working in static gauge X^m(ξ^n) = ξ^m, we actually imply that the probe branes have no dynamics along the background coordinates x^m. The (proper) time evolution is possible only in the transverse directions, described by the coordinates x^a.

Using the linear gauges, we have the possibility to place the probe branes in general position with respect to the coordinates x^μ, on which the background fields do not depend. However, the real dynamics is again in the transverse directions only.

Actually, in the framework of our approach, the probe branes can have ’full’ dynamical freedom only when the ansatz (3.6) is used, because only then all of the brane coordinates X^M are allowed to vary nonlinearly with the proper time τ. Therefore, with the help of (3.6), we can probe the whole space-time.

We will use the superscript A to denote that the corresponding quantity is taken on the ansatz (3.6). It is understood that the conditions (3.3) are also fulfilled.

3.3.1 Probe p-branes

Now, the reduced Lagrangian obtained from the action (2.5) is given by

L^A_p (τ) = V_p 4λ^0 { g_{M N}Ẏ^M Ẏ^N + 2 [( Λ^μ_0 − λ^iΛ^μ_i ) g_{μN} + 2λ^0T_pB_{N 1...p} ] Ẏ N + ( Λ^μ_0 − λ^iΛ^μ_i ) ( Λ^ν_0 − λ^jΛ^ν_j ) g_{μν} − ( 2λ^0T_p

)_2 det(Λ^μ_i Λ^ν_j g_{μν} )

+4λ^0T_pΛ^μ_0 B_{μ1...p} } . The constraints, derived from the above Lagrangian, are:

g_{M N}Ẏ^M Ẏ^N + 2 ( Λ^μ_0 − λ^iΛ^μ_i ) g_{μN}Ẏ^N + ( Λ^μ_0 − λ^iΛ^μ_i ) (3.29) × ( Λ^ν_0 − λ^j Λ^ν_j ) g_{μν} + ( 2λ^0T_p

)_2 det(Λ^μ_i Λ^ν_j g_{μν} ) = 0,

Λ^μ_i [ g_{μN} Ẏ^N + ( Λ^ν_0 − λ^jΛ^ν_j ) g_{μν} ] = 0. (3.30)

The corresponding momenta are (P_M = P^A_M /V_p)

2λ^0P_M = g_{M N}Ẏ^N + ( Λ^ν_0 − λ^j Λ^ν_j ) g_{M ν} + 2λ^0T_pB_{M 1...p}, and part of them, P_μ, are conserved

g_{μN}Ẏ^N + ( Λ^ν_0 − λ^jΛ^ν_j ) g_{μν} + 2λ^0T_pB_{μ1...p} = 2λ^0P_μ = constants, (3.31) because L^A_p does not depend on X^μ. From (3.30) and (3.31), the compatibility conditions follow

Λ^μ_i P_μ = 0. (3.32)

We will regard on (3.32) as a solution of the constraints (3.30), which restricts the number of the arbitrary parameters Λ^μ_i and P_μ. That is why from now on, we will deal only with the constraint (3.29).

In the gauge λ^m = constants, the equations of motion for Y^N , following from L^A_p , have the form

g_{LN}Ÿ^N + Γ_{L,M N}Ẏ^MẎ^N = 1 2 ∂_LU^{in} + 2∂_{[L}A^{in}_{N ]}Ẏ^N , (3.33) where U^{in} = − ( 2λ^0T_p

)_2

det(Λ^μ_i Λ^ν_j g_{μν} ) + ( Λ^μ_0 − λ^iΛ^μ_i ) ( Λ^ν_0 − λ^jΛ^ν_j ) g_{μν} +4λ^0T_pΛ^μ_0 B_{μ1...p}, A^{in}_N = ( Λ^μ_0 − λ^iΛ^μ_i ) g_{N μ} + 2λ^0T_pB_{N 1...p}. Let us first consider this part of the equations of motion (3.33), which corresponds to L = λ. It follows from (3.3) that the connection coefficients Γ_{λ,M N} , involved in these equations, are Γ_{λ,ab} = 1 2 (∂_ag_{bλ} + ∂_bg_{aλ}) , Γ_{λ,μa} = 1 2 ∂_ag_{μλ}, Γ_{λ,μν} = 0. Inserting these expressions in the part of the differential equations (3.33) corresponding to L = λ and using that ġ_{M N} = Ẏ^a∂_ag_{M N} , Ḃ_{M 1...p} = Ẏ^a∂_aB_{M 1...p}, one receives d dτ [ g_{μN}Ẏ^N + ( Λ^ν_0 − λ^j Λ^ν_j ) g_{μν} + 2λ^0T_pB_{μ1...p} ] = 0.

These equalities express the fact that the momenta P_μ are conserved (compare with (3.31)). Therefore, we have to deal only with the other part of the equations of motion, corresponding to L = a

g_{aN}Ÿ^N + Γ_{a,M N}Ẏ^MẎ^N = 1 2 ∂_aU^{in} + 2∂_{[a}A^{in}_{N ]}Ẏ^N . (3.34)

Our next task is to separate the variables Ẏ^μ and Ẏ^a in these equations and in the constraint (3.29). To this end, we will use the conservation laws (3.31) to express Ẏ^μ through Ẏ^a. The result is Ẏ μ = ( g^{−1} )_{μν} [ 2λ^0(P_ν − T_pB_{ν1...p}) − g_{νa}Ẏ^a ] − (Λ^μ_0 − λ^iΛ^μ_i ). (3.35)

We will need also the explicit expressions for the connection coefficients Γ_{a,μb} and Γ_{a,μν} , which under the conditions (3.3) reduce to Γ_{a,μb} = − 1 2 (∂_ag_{bμ} − ∂_bg_{aμ}) = −∂_{[a}g_{b]μ}, Γ_{a,μν} = − 1 2 ∂_ag_{μν} . (3.36)

By using (3.35) and (3.36), after some calculations, one rewrites the equations of motion (3.34) and the constraint (3.29) in the form

h_{ab}Ÿ^b + Γ^h_{a,bc}Ẏ^bẎ^c = 1 2 ∂_aU^A + 2∂_{[a}A^A_{b]}Ẏ^b, (3.37)

h_{ab}Ẏ^aẎ^b = U^A, (3.38)

where a new, effective metric appeared h_{ab} = g_{ab} − g_{aμ}(g^{−1})^{μν} g_{νb}. Γ^h_{a,bc} is the connection compatible with this metric

Γ^h_{a,bc} = 1 2 (∂_bh_{ca} + ∂_ch_{ba} − ∂_ah_{bc}) .

The new, effective scalar and gauge potentials are given by

U^A = − ( 2λ^0T_p

)_2

det(Λ^μ_i Λ^ν_j g_{μν} ) − (2λ^0)^2 (P_μ − T_pB_{μ1...p}) ( g^{−1} )_{μν} (P_ν − T_pB_{ν1...p}) , A^A_a = 2λ^0 [ g_{aμ} ( g^{−1} )_{μν} (P_ν − T_pB_{ν1...p}) + T_pB_{a1...p} ] . We note that Eqs. (3.37), (3.38), and therefore their solutions, do not depend on the parameters Λ^μ_0 and λ^i in contrast to the previously considered cases. However, they have the same form as before.

3.3.2 Probe Dp-branes

The reduced Lagrangian, obtained from (2.12), is given by L^A_{Dp}(τ) = V_{Dp}e^{−aΦ0} 4λ^0 { g_{M N}Ẏ^M Ẏ^N + [( Λ^μ_0 − λ^iΛ^μ_i ) ( Λ^ν_0 − λ^jΛ^ν_j ) − κ^iκ^j Λ^μ_i Λ^ν_j ] g_{μν} + 2 [( Λ^μ_0 − λ^iΛ^μ_i ) g_{μN} + 2λ^0T_{Dp}e^{aΦ0} C_{N 1...p} + κ^iΛ^μ_i b_{N μ} ] Ẏ N − ( 2λ^0T_{Dp} )_2

det(Λ^μ_i Λ^ν_j g_{μν} ) + 4λ^0T_{Dp}e^{aΦ0} Λ^μ_0 C_{μ1...p}

− 2κ^iΛ^μ_i ( Λ^ν_0 − λ^j Λ^ν_j ) b_{μν} + 4πα^′κ^i ( F^o_{0i} − λ^j F^o_{ji} )} , The constraints (2.16), (2.14), and (2.15) take the form

g_{M N}Ẏ^MẎ^N + 2 ( Λ^μ_0 − λ^iΛ^μ_i ) g_{μN} Ẏ^N + ( 2λ^0T_{Dp} )_2

det(Λ^μ_i Λ^ν_j g_{μν} ) (3.39) + [( Λ^μ_0 − λ^iΛ^μ_i ) ( Λ^ν_0 − λ^j Λ^ν_j ) + κ^iκ^j Λ^μ_i Λ^ν_j ] g_{μν} = 0, Λ^μ_i [ g_{μN}Ẏ^N + ( Λ^ν_0 − λ^jΛ^ν_j ) g_{μν} + κ^j Λ^ν_j b_{μν} ] = 2πα^′κ^j F^o_{ji} (3.40)

Λ^μ_i [ b_{μN}Ẏ^N + ( Λ^ν_0 − λ^j Λ^ν_j ) b_{μν} + κ^j Λ^ν_j g_{μν} ] = 2πα^′ ( F^o_{0i} − λ^j F^o_{ji} ) . (3.41)

Because of the independence of L^A_{Dp} on X^μ, the momenta P^D_μ = P^{DA}_μ /V_{Dp} are conserved

2λ^0e^{aΦ0} P^D_μ = g_{μN}Ẏ^N + ( Λ^ν_0 − λ^j Λ^ν_j ) g_{μν} + 2λ^0T_{Dp}e^{aΦ0} C_{μ1...p} + κ^j Λ^ν_j b_{μν} = constants. (3.42) From (3.40) and (3.42), one obtains the following compatibility conditions

Λ^μ_j P^D_μ = πα^′ λ^0 e^{−aΦ0} κ^iF^o_{ij} , which we interpret as a solution of the constraints (3.40).

In the gauge (λ^m, κ^i) = constants, the equations of motion for Y^N , following from L^A_{Dp}, take the form

g_{LN}Ÿ^N + Γ_{L,M N}Ẏ^MẎ^N = 1 2 ∂_LU^{Din} + 2∂_{[L}A^{Din}_{N ]} Ẏ^N , (3.43)

where U^{Din} = − ( 2λ^0T_p

)_2

det(Λ^μ_i Λ^ν_j g_{μν} ) + [( Λ^μ_0 − λ^iΛ^μ_i ) ( Λ^ν_0 − λ^jΛ^ν_j ) − κ^iκ^j Λ^μ_i Λ^ν_j ] g_{μν} +4λ^0T_{Dp}e^{aΦ0} Λ^μ_0 C_{μ1...p} − 2κ^iΛ^μ_i ( Λ^ν_0 − λ^j Λ^ν_j ) b_{μν} , A^{Din}_N = ( Λ^ν_0 − λ^j Λ^ν_j ) g_{N ν} + 2λ^0T_{Dp}e^{aΦ0} C_{N 1...p} + κ^j Λ^ν_j b_{N ν} .

As in the p-brane case, this part of the equations of motion (3.43), which corresponds to L = λ, expresses the conservation of the momenta P^D_μ , in accordance with (3.42). The remaining equations of motion, which we have to deal with, are

g_{aN} Ÿ^N + Γ_{a,M N}Ẏ^MẎ^N = 1 2 ∂_aU^{Din} + 2∂_{[a}A^{Din}_{N ]} Ẏ^N . (3.44)

To exclude the dependence on Ẏ^μ in the Eqs. (3.44) and in the constraints (3.39), (3.41), we use the conservation laws (3.42) to express Ẏ^μ through Ẏ^a: Ẏ μ = ( g^{−1} )_{μν} [ 2λ^0e^{aΦ0} (P^D_ν − T_{Dp}C_{ν1...p}) − g_{νa}Ẏ^a − κ^j Λ^ρ_j b_{νρ} ] − (Λ^μ_0 − λ^iΛ^μ_i ). (3.45)

By using (3.45) and (3.36), one can rewrite the equations of motion (3.44) and the constraint (3.39) as

h_{ab}Ÿ^b + Γ^h_{a,bc}Ẏ^bẎ^c = 1 2 ∂_aU^{DA} + 2∂_{[a}A^{DA}_{b]} Ẏ^b, (3.46)

h_{ab}Ẏ^aẎ^b = U^{DA}. (3.47)

Now, the effective scalar and 1-form gauge potentials are given by U^{DA} = − ( 2λ^0T_p

)_2 det(Λ^μ_i Λ^ν_j g_{μν} ) − κ^iκ^j Λ^μ_i Λ^ν_j g_{μν} − [ 2λ^0e^{aΦ0} (P^D_μ − T_{Dp}C_{μ1...p}) − κ^iΛ^λ_i b_{μλ} ] ( g^{−1} )_{μν} × [ 2λ^0e^{aΦ0} (P^D_ν − T_{Dp}C_{ν1...p}) − κ^j Λ^ρ_j b_{νρ} ] , A^{DA}_a = g_{aμ} ( g^{−1} )_{μν} [ 2λ^0e^{aΦ0} (P^D_ν − T_{Dp}C_{ν1...p}) − κ^j Λ^ρ_j b_{νρ} ] + 2λ^0T_{Dp}e^{aΦ0} C_{a1...p} + κ^iΛ^μ_i b_{aμ}.

Eqs. (3.46), (3.47), have the same form as in static and linear gauges, but now they do not depend on the parameters Λ^μ_0 and λ^i. Another difference is the appearance of a new, effective background metric h_{ab} and the corresponding connection Γ^h_{a,bc}.

In the D-brane case, we have another set of constraints (3.41), generated by the Lagrange multipliers κ^i. With the help of (3.45), they acquire the form {[ b_{aν} − g_{aρ} ( g^{−1} )_{ρμ} b_{μν} ] Ẏ^a + b_{μν} ( g^{−1} )_{μρ} [ 2λ^0e^{aΦ0} (P^D_ρ − T_{Dp}C_{ρ1...p}) − κ^j Λ^λ_j b_{ρλ} ] −κ^iΛ^μ_i g_{μν} } Λ^ν_j = −2πα^′ ( F^o_{0j} − λ^iF^o_{ij} ) . 3.4 Explicit solutions of the equations of motion

All cases considered so far, have one common feature. The dynamics of the corresponding reduced particle-like system is described by effective equations of motion and one effective constraint, which have the same form, independently of the ansatz used to reduce the p-branes or Dp-branes dynamics. Our aim here is to find explicit exact solutions to them.^3 To be able to describe all cases simultaneously, let us first introduce some general notations.

3The additional restrictions on the solutions, depending on the ansatz and on the type of the branes, will be discussed in the next section.

We will search for solutions of the following system of nonlinear differential equations

G_{ab}Ÿ^b + Γ^G_{a,bc}Ẏ^bẎ^c = 1 2 ∂_aU + 2∂_{[a}A_{b]}Ẏ^b, (3.48)

G_{ab}Ẏ^aẎ^b = U, (3.49)

where G_{ab}, Γ^G_{a,bc}, U, and A_a can be as follows G_{ab} = (g_{ab}, h_{ab}) , Γ^G_{a,bc} = ( Γ_{a,bc}, Γ^h_{a,bc} ) , U = ( U^S , U^{DS} , U^L, U^{DL}, U^A, U^{DA} ) , A_a = ( A^S_a , A^{DS}_a , A^L_a , A^{DL}_a , A^A_a , A^{DA}_a ) , depending on the ansatz and on the type of the brane (p-brane or Dp-brane).

Let us start with the simplest case, when the background fields depend on only one coordinate X^a = Y^a(τ).^4 In this case the Eqs. (3.48), (3.49) simplify to (d_a ≡ d/dY^a) d dτ ( G_{aa}Ẏ^a ) − 1 2 d_aG_{aa} ( Ẏ^a )_2 = 1 2 d_aU, (3.50) G_{aa} ( Ẏ^a )_2 = U, (3.51)

where we have used that

G_{ab}Ÿ^b + Γ^G_{a,bc}Ẏ^bẎ^c = d dτ ( G_{ab}Ẏ^b ) − 1 2 ∂_aG_{bc}Ẏ^bẎ^c. After multiplying with 2G_{aa}Ẏ^a and after using the constraint (3.51), the Eq. (3.50) reduces to d dτ [( G_{aa}Ẏ^a )_2 − G_{aa}U ] = 0. (3.52)

The solution of (3.52), compatible with (3.51), is just the constraint (3.51). In other words, (3.51) is first integral of the equation of motion for the coordinate Y^a. By integrating (3.51), one obtains the following exact probe branes solution

τ (X^a) = τ_0 ± ∫_X a X^a_0 ( U G_{aa} )_{−1/2} dx, (3.53)

where τ_0 and X^a_0 are arbitrary constants.

When one works in the framework of the general ansatz (3.6), one has to also write down the solution for the remaining coordinates X^μ. It can be obtained as follows. One represents Ẏ μ as

Ẏ^μ = dY^μ dY^a Ẏ^a, and use this and (3.51) in (3.35) for the p-brane, and in (3.45) for the Dp-brane. The result is a system of ordinary differential equations of first order with separated variables, which integration

4An example of such background is the generalized Kasner type metric, arising in the superstring cosmology [79] (see also [80], [81]).

is straightforward. Replacing the obtained solution for Y^μ(X^a) in the ansatz (3.6), one finally arrives at

X^μ(X^a, ξ^i) = X^μ_0 + Λ^μ_i [ λ^iτ(X^a) + ξ^i ] (3.54) − ∫_X a X^a_0 ( g^{−1} )_{μν} g_{νa} ∓ 2λ^0(P_ν − T_pB_{ν1...p}) ( U^A h_{aa} )_{−1/2} dx

for the p-brane case, and at

X^μ(X^a, ξ^i) = X^μ_0 + Λ^μ_i [ λ^iτ(X^a) + ξ^i ] (3.55) − ∫_X a X^a_0 ( g^{−1} )_{μν} g^{νa} ∓ [ 2λ^0e^{aΦ0} (P^D_ν − T_{Dp}C_{ν1...p}) − κ^j Λ^ρ_j b_{νρ} ] ( U^{DA} h_{aa} )_{−1/2} dx for the Dp-brane case correspondingly. In the above two exact branes solutions, X^μ_0 are arbitrary constants, and τ(X^a) is given in (3.53). We note that the comparison of the solutions X^μ(X^a, ξ^i) with the initial ansatz (3.6) for X^μ shows, that the dependence on Λ^μ_0 has disappeared. We will comment on this later on.

Let us turn to the more complicated case, when the background fields depend on more than one coordinate X^a = Y^a(τ). We would like to apply the same procedure for solving the system of differential equations (3.48), (3.49), as in the simplest case just considered. To be able to do this, we need to suppose that the metric G_{ab} is a diagonal one. Then one can rewrite the effective equations of motion (3.48) and the effective constraint (3.49) in the form d dτ ( G_{aa}Ẏ^a )_2

− Ẏ^a∂_a (G_{aa}U) (3.56)

+Ẏ^a ∑ b≠a [ ∂_a ( G_{aa} G_{bb} ) ( G_{bb}Ẏ^b )_2 − 4∂_{[a}A_{b]}G_{aa}Ẏ^b ] = 0, G_{aa} ( Ẏ^a )_2 + ∑ b≠a G_{bb} ( Ẏ^b )_2

= U. (3.57)

To find solutions of the above equations without choosing particular background, we fix all coordinates X^a except one. Then the exact probe brane solution of the equations of motion is given again by the same expression (3.53) for τ (X^a). In the case when one is using the general ansatz (3.6), the solutions (3.54) and (3.55) still also hold.

To find solutions depending on more than one coordinate, we have to impose further conditions on the background fields. Let us show, how a number of sufficient conditions, which allow us to reduce the order of the equations of motion by one, can be obtained.

First of all, we split the index a in such a way that Y^r is one of the coordinates Y^a, and Y^α are the others. Then we assume that the effective 1-form gauge field A_a can be represented in the form

A_a = (A_r, A_α) = (A_r, ∂_αf), (3.58)

i.e., it is oriented along the coordinate Y^r, and the remaining components A_α are pure gauges. Now, the Eq.(3.56) read d dτ ( G_{αα}Ẏ^α )_2 − Ẏ^α∂_α (G_{αα}U) (3.59)

+Ẏ^α [ ∂_α ( G_{αα} G_{rr} ) ( G_{rr}Ẏ^r )_2 − 2G_{αα}∂_α (A_r − ∂_rf) Ẏ^r ]

+Ẏ^α ∑ β≠α ∂_α ( G_{αα} G_{ββ} ) ( G_{ββ}Ẏ^β )_2 = 0, d dτ ( G_{rr}Ẏ^r )_2

− Ẏ^r∂_r (G_{rr}U) (3.60)

+Ẏ^r ∑ α [ ∂_r ( G_{rr} G_{αα} ) ( G_{αα}Ẏ^α )_2 + 2G_{rr}∂_α (A_r − ∂_rf) Ẏ^α ] = 0.

After imposing the conditions ∂_α ( G_{αα} G_{aa} ) = 0, ∂_α ( G_{rr}Ẏ^r )_2

= 0, (3.61)

the Eq. (3.59) reduce to d dτ ( G_{αα}Ẏ^α )_2 − Ẏ^α∂_α { G_{αα} [ U + 2 (A_r − ∂_rf) Ẏ^r ]} = 0,

which are solved by ( G_{αα}Ẏ^α )_2 = D_α ( Y^{a≠α} ) + G_{αα} [ U + 2 (A_r − ∂_rf) Ẏ^r ] = E_α ( Y^β ) ≥ 0, (3.62)

where D_α, E_α are arbitrary functions of their arguments.^5

To integrate the Eq. (3.60), we impose the condition ∂_r ( G_{αα}Ẏ^α )_2 = 0. (3.63)

After using the second of the conditions (3.61), the condition (3.63), and the already obtained solution (3.62), the Eq. (3.60) can be recast in the form d dτ [( G_{rr}Ẏ^r )_2

+ 2G_{rr} (A_r − ∂_rf) Ẏ^r ]

= Ẏ^r∂_r G^{rr} (1 − n_α) ( U + 2 (A_r − ∂_r f) Ẏ^r ) − ∑ α D_α ( Y^{a≠α} ) G_{αα} , where n_α is the number of the coordinates Y^α. The solution of this equation, compatible with (3.62) and with the effective constraint (3.57), is ( G_{rr}Ẏ^r )_2 = G_{rr} (1 − n_α)U − 2n_α (A_r − ∂_rf) Ẏ^r − ∑ α D_α ( Y^{a≠α} ) G_{αα} = E_r (Y^r) ≥ 0, (3.64)

where E_r is again an arbitrary function.

Thus, we succeeded to separate the variables Ẏ^a and to obtain the first integrals (3.62), (3.64) for the equations of motion (3.56), when the conditions (3.58), (3.61), (3.63) on the background are fulfilled.^6 Further progress is possible, when working with particular background configurations, having additional symmetries (see, for instance, [60]). 5Eα = Eα ( Y^β ) follows from (3.63).

6An example, when the obtained sufficient conditions are satisfied, is given by the evolution of a tensionless brane in Kerr space-time. Moreover, in this case, one is able to find the orbit r = r(θ) [82].

4 Summary and discussion

In this paper we addressed the problem of obtaining explicit exact solutions for probe branes moving in general string theory backgrounds. We concentrated our attention to the common properties of the p-branes and Dp-branes dynamics and tried to formulate an approach, which is effective for different embeddings, for arbitrary worldvolume and space-time dimensions, for different variable background fields, for tensile and tensionless branes. To achieve this, we first performed an analysis in Section 2, with the aim to choose brane actions, which are most appropriate for our purposes.

In Section 3, we formulated the frameworks in which to search for exact probe branes solutions. The guiding idea is the reduction of the brane dynamics to a particle-like one. In view of the existing practice, we first consider the case of static gauge embedding, which is the mostly used one in higher dimensions. Then we turn to the more general case of linear embeddings, which are appropriate for lower dimensions too. After that, we consider the branes dynamics by using the most general ansatz, allowing for its reduction to particle-like one. The obtained results reveal one common property in all the cases considered. The effective equations of motion and one of the constraints, the effective constraint, have the same form independently of the ansatz used to reduce the p-branes or Dp-branes dynamics. In general, the effective equations of motion do not coincide with the geodesic ones. The deviation from the geodesic motion is due to the appearance of effective scalar and 1-form gauge potentials. The same scalar potential arises in the effective constraint.

In the last part of Section 3, we considered the problem of obtaining explicit exact solutions of the effective equations of motion and the effective constraint, without using the explicit structure of the effective potentials.

In the case when the background fields depend on only one coordinate x^a = X^a(τ), we show that these equations can always be integrated and give the probe brane solution in the form τ = τ(X^a), where τ is the worldvolume temporal parameter. We also give the explicit solutions for the brane coordinates X^μ in the form X^μ = X^μ(X^a, ξ^i). They are nontrivial when one uses the most general ansatz (3.6).^7

In the case when the background fields depend on more than one coordinate, and we fix all brane coordinates X^a except one, the exact solutions are given by the same expressions as in the case just considered, if the metric G_{ab} is a diagonal one. In this way, we have realized the possibility to obtain probe brane solutions as functions of every single one coordinate, on which the background depends. In the case when none of the brane coordinates is kept fixed, we were able to find sufficient conditions, which ensure the separation of the variables Ẋ^a = Ẏ^a(τ). As a result, we have found the manifest expressions for n_a first integrals of the equations of motion, where n_a is the number of the brane coordinates Y^a.

In obtaining the solutions described above, it was not taken into account that some restrictions on them can arise, depending on the ansatz used and on the type of the branes considered. As far as we are interested here in the common properties of the probe branes dynamics, we will not make an exhaustive investigation of all possible peculiarities, which can arise in different particular cases. Nevertheless, we will consider some specific properties, characterizing the dynamics of the different type of branes for different embeddings.

We note that in static gauge, the brane coordinates X^a figuring in our solutions, are spatial ones. This is so, because in this gauge the background temporal coordinate, on which the background fields can depend, is identified with the worldvolume time τ.

7Let us remind that x^μ are the coordinates, on which the background fields do not depend.

The solutions X^μ(X^a, ξ^i), given by (3.54) for the p-brane and by (3.55) for the Dp-brane, depend on the worldvolume parameters (τ, ξ^i) through the specific combination Λ^μ_i ( λ^iτ + ξ^i ) . It is interesting to understand if its origin has some physical meaning. To this end, let us consider the p-branes equations of motion (2.10) and constraints (2.6), (2.7) in the tensionless limit T_p → 0, when they take the form g_{LN} ( ∂_0 − λ^i∂_i ) ( ∂_0 − λ^j ∂_j ) X^N + Γ_{L,M N} ( ∂_0 − λ^i∂_i ) X^M ( ∂_0 − λ^j ∂_j ) X^N = 0, g_{M N} ( ∂_0 − λ^i∂_i ) X^M ( ∂_0 − λ^j ∂_j ) X^N = 0, g_{M N} ( ∂_0 − λ^i∂_i ) X^M ∂_j X^N = 0.

It is easy to check that in D-dimensional space-time, any D arbitrary functions of the type F^M = F^M ( λ^iτ + ξ^i ) solve this system of partial differential equations. Hence, the linear part of the tensile p-brane and Dp-brane solutions (3.54) and (3.55), is a background independent solution of the tensionless p-brane equations of motion and constraints.

Let us point out here that by construction, the actions used in our considerations allow for taking the tensionless limit T_p → 0 (T_{Dp} → 0). Moreover, from the explicit form of the obtained exact probe branes solutions it is clear that the opposite limit T_p → ∞ (T_{Dp} → ∞) can be also taken.

We have obtained solutions of the probe branes equations of motion and one of the constrains, which have the same form for all of the considered cases. Now, let us see how we can satisfy the other constraints present in the theory. These are p constraints, obtained by varying the corresponding actions with respect to the Lagrange multipliers λ^i. For the Dp-brane, we have p additional constraints, obtained by varying the action with respect to the Lagrange multipliers κ^i. Actually, the constraints generated by the λ^i-multipliers are satisfied. Due to the conservation of the corresponding momenta, they just restrict the number of the independent parameters present in the solutions. The only exception is the p-brane in static gauge case, where the momenta P^{SG}_i must be zero. Let us give an example how the problem can be resolved in a particular situation, which is nevertheless general enough. Let the background metric along the probe p-brane be a diagonal one. Then from (3.9) and (3.11) it follows that the momenta P^{SG}_i will be identically zero, if we work in the gauge λ^i = 0. In the general case, and this is also valid for the κ^i- generated constraints, we have to insert the obtained solution of the equations of motion into the unresolved constraints. The result will be a number of algebraic relations between the background fields. If they are not satisfied (on the solution) at least for some particular values of the free parameters in the solution, it would be fair to say that our approach does not work properly in this case, and some modification is needed.

Finally, let us say a few words about some possible generalizations of the obtained results. As is known, the branes charges are restricted up to a sign to be equal to the branes tensions from the condition for space-time supersymmetry of the corresponding actions. In our computations, however, the coefficients in front of the background antisymmetric fields do not play any special role. That is why, to account for nonsupersymmetric probe branes, it is enough to make the replacements

T_pb_{p+1} → Q_pb_{p+1}, T_{Dp}c_{p+1} → Q_{Dp}c_{p+1}.

In our Dp-brane action (2.12), we have included only the leading Wess-Zumino term of the possible Dp-brane couplings. It is easy to see that our results can be generalized to include other interaction terms just by the replacement

c_{p+1} → c_{p+1} + c_{p−1} ∧ b_2 + . . . .

This is a consequence of the fact that we do not used the explicit form of the background field c_{M0...Mp} . We have used only its antisymmetry and its independence on part of the background coordinates.

Acknowledgments

The author would like to acknowledge the hospitality of the ICTP-Trieste, where this investigation has been done. This work is supported by the Abdus Salam International Center for Theoretical Physics, Trieste, Italy, and by a Shoumen University grant under contract No.005/2002.

References

[1] C. G. Callan, Jr., J. M. Maldacena, Brane Dynamics From the Born-Infeld Action, Nucl.Phys. B 513 (1998) 198 [hep-th/9708147]

[2] P. Bozhilov, Null Branes in Curved Backgrounds, Phys. Rev. D 60 (1999) 125011 [hep-th/9904208].

[3] E. Kiritsis, T.R. Taylor, Thermodynamics of D-brane Probes, [hep-th/9906048]

[4] J. Gomis, A. Ramallo, J. Simon, P. Townsend, Supersymmetric Baryonic Branes, JHEP 11 (1999) 019 [hep-th/9907022]

[5] R.-G. Cai, Dynamics and thermodynamics of a probe brane in the multicenter and rotating D3-brane background, JHEP 09 (1999) 027 [hep-th/9909077]

[6] P. Bozhilov and B. Dimitrov, Null Strings and Membranes in Demianski-Newman Background, Phys. Lett. B 472 (2000) 54 [hep-th/9909092].

[7] P. Bozhilov, Null Branes in String Theory Backgrounds, Phys. Rev. D 62 (2000) 105001 [hep-th/9911210].

[8] P. M. Llatas, A. V. Ramallo, J. M. S. de Santos, World-volume Solitons of the D3-brane in the Background of (p,q) Five-branes, Int. J. Mod. Phys. A 15 (2000) 4477 [hep-th/9912177]

[9] P. Berglund, T. Hubsch, D. Minic, On Relativistic Brane Probes in Singular Spacetimes, JHEP 01 (2001) 041 [hep-th/0012180]

[10] P. Bozhilov, Exact String Solutions in Nontrivial Backgrounds, Phys. Rev. D 65 (2002) 026004 [hep-th/0103154].

[11] E. Flanagan, R. J. Hill, N. Jones, S.-H. H. Tye, I. Wasserman, Probe Brane Dynamics and the Cosmological Constant, [hep-th/0105293]

[12] R. Emparan, D. Mateos, P. Townsend, Supergravity Supertubes, JHEP 07 (2001) 011 [hep-th/0106012]

[13] J. M. Camino, A.V. Ramallo, Giant Gravitons with NSNS B field, JHEP 09 (2001) 012 [hep-th/0107142]

[14] R. C. Myers, O. Tafjord, Superstars and Giant Gravitons, JHEP 11 (2001) 009 [hep-th/0109127] [15] J. Y. Kim, Stability and fluctuation modes of giant gravitons with NSNS B field, Phys. Lett.

B 529 (2002) 150 [hep-th/0109192] [16] J. M. Camino, A. V. Ramallo, M-Theory Giant Gravitons with C field, Phys. Lett. B 525 (2002) 337 [hep-th/0110096] [17] J. M. Camino, A.V. Ramallo, Flux Stabilization of D-branes in a non-threshold bound state background, Phys. Lett. B 533 (2002) 313 [hep-th/0201138] [18] K. Dasgupta, C. Herdeiro, S. Hirano, R. Kallosh, D3/D7 Inflationary Model and M-theory, Phys. Rev. D 65 (2002) 126002 [hep-th/0203019] [19] K. Skenderis, M. Taylor, Branes in AdS and pp-wave spacetimes, JHEP 06 (2002) 025 [hep-th/0204054] [20] S. Frolov, A.A. Tseytlin, Semiclassical quantization of rotating superstring in AdS_5xS^5, JHEP 06 (2002) 007 [hep-th/0204226] [21] S. S. Pal, Solution to worldvolume action of D3 brane in pp-wave background, Mod. Phys.

Lett. A 17 (2002) 1735 [hep-th/0205303] [22] D. Mateos, Penrose Limits, Worldvolume Fluxes and Supersymmetry, Phys. Rev. D 66 (2002) 086003 [hep-th/0206194] [23] M. Alishahiha, M. Ghasemkhani, Orbiting Membranes in M-theory on AdS_7 × S^4 Background, JHEP 08 (2002) 046 [hep-th/0206237] [24] J. E. Wang, Spacelike and Time Dependent Branes from DBI, JHEP 10 (2002) 037 [hep-th/0207089] [25] S. Tamaryan, D.K. Park, H.J.W. Muller-Kirsten, Tubular D3-branes and their Dualities, [hep-th/0209239] [26] S. A. Hartnoll, C. Nunez, Rotating membranes on G_2 manifolds, logarithmic anomalous dimensions and N=1 duality, [hep-th/0210218] [27] N. Kim, J.-T. Yee, Supersymmetry and Branes in M-theory Plane-waves, [hep-th/0211029] [28] M. Sato, A. Tsuchiya, Born-Infeld Action from Supergravity, [hep-th/0211074] [29] K. Hashimoto, P.-M. Ho, J. E. Wang, S-brane Actions, [hep-th/0211090] [30] M. J. Duff, R. R. Khuri, J. X. Lu, String Solitons, Phys.Rept. 259 (1995) 213 [hep-th/9412184] [31] M. R. Douglas, D. Kabat, P. Pouliot, S. H. Shenker , D-branes and Short Distances in String Theory, Nucl. Phys. B 485 (1997) 85 [hep-th/9608024] [32] M. Douglas, J. Polchinski, A. Strominger, Probing Five-Dimensional Black Holes with D- Branes, JHEP 12 (1997) 003 [hep-th/9703031]

[33] J. M. Maldacena, Probing Near Extremal Black Holes with D-branes, Phys. Rev. D 57 (1998) 3736 [hep-th/9705053]

[34] J. M. Maldacena, Branes probing black holes, Nucl. Phys. Proc. Suppl. 68 (1998) 17 [hep-th/9709099]

[35] P. Berglund, T. Hubsch, D. Minic, Probing Naked Singularities in Non-supersymmetric String Vacua, JHEP 02 (2001) 010 [hep-th/0012042]

[36] M. S. Costa, C. A.R. Herdeiro, L. Cornalba, Flux-branes and the Dielectric Effect in String Theory, Nucl. Phys. B 619 (2001) 155 [hep-th/0105023]

[37] G. Ferretti, P. Salomonson, D. Tsimpis, D-brane probes on G2 Orbifolds, JHEP 03 (2002) 004 [hep-th/0111050]

[38] Y. Michishita, P. Yi, D-Brane Probe and Closed String Tachyons, Phys. Rev. D 65 (2002) 086006 [hep-th/0111199]

[39] M. Blau, J. Figueroa-O’Farrill, C. Hull, G. Papadopoulos, Penrose limits and maximal supersymmetry, [hep-th/0201081]

[40] D. C. Page, D. J. Smith, Giant gravitons in non-supersymmetric backgrounds, JHEP 07 (2002) 028 [hep-th/0204209]

[41] J. Babington, D. E. Crooks, N. Evans, A Non-supersymmetric Deformation of the AdS/CFT Correspondence, [hep-th/0207076]

[42] E. J. Hackett-Jones, D. J. Smith, Giant gravitons as probes of gauged supergravity, JHEP 10 (2002) 075 [hep-th/0208015]

[43] E. Kiritsis, Supergravity, D-brane Probes and Thermal Super Yang-Mills: a Comparison, JHEP 10 (1999) 010 [hep-th/9906206].

[44] C. Bachas, M. Douglas, C. Schweigert, Flux Stabilization of D-branes, JHEP 05 (2000) 048 [hep-th/0003037]

[45] C. V. Johnson, K. J. Lovis, D. C. Page, Probing Some N=1 AdS/CFT RG Flows, JHEP 05 (2001) 036 [hep-th/0011166]

[46] H. Kim, Y. Yoon , Yang-Mills Instantons Sitting on a Ricci-flat Worldspace of Double D4-brane, Phys. Rev. D 63 (2001) 126003 [hep-th/0101179]

[47] V. Sahakian, The large M limit of Non-Commutative Open Strings at strong coupling, Nucl.

Phys. B 621 (2002) 62 [hep-th/0107180]

[48] Y. Michishita, P. Yi, D-Brane Probe and Closed String Tachyons, Phys. Rev. D 65 (2002) 086006 [hep-th/0111199]

[49] R. Marotta, Gauge Theories on Bound States of Fractional Branes, Fortsch. Phys. 50 (2002) 930 [hep-th/0201236]

[50] S. Gukov, D. Tong, D-Brane Probes of G_2 Holonomy Manifolds, Phys. Rev. D 66 (2002) 087901 [hep-th/0202125]

[51] D. Berenstein, C. P. Herzog, I. R. Klebanov, Baryon Spectra and AdS/CFT Correspondence, JHEP 06 (2002) 047 [hep-th/0202150] [52] S. S. Gubser, I. R. Klebanov, A. M. Polyakov, A semi-classical limit of the gauge/string correspondence, Nucl. Phys. B 636 (2002) 99 [hep-th/0204051] [53] A. Karch, E. Katz, Adding flavor to AdS/CFT, JHEP 06 (2002) 043 [hep-th/0205236] [54] A. Armoni, J. L. F. Barbon, A. C. Petkou, Orbiting strings in AdS black holes and N=4 SYM at finite temperature, JHEP 06 (2002) 058 [hep-th/0205280] [55] A. Parnachev, A. V. Ryzhov, Strings in the near plane wave background and AdS/CFT, JHEP 10 (2002) 066 [hep-th/0208010] [56] M. Krasnitz, Correlation functions in a cascading N=1 gauge theory from supergravity, [hep-th/0209163] [57] A. Buchel, Gauge/string correspondence in curved space, [hep-th/0211141] [58] M. Bertolini, P. Merlatti, A note on the dual of N=1 super Yang-Mills theory, [hep-th/0211142] [59] R.C.Rashkov, K.S.Viswanathan, Rotating Strings with B-field [hep-th/0211197] [60] A. Kehagias and E. Kiritsis, Mirage Cosmology, JHEP 11 (1999) 022 [hep-th/9910174]. [61] E. Papantonopoulos and I. Pappa, Type 0 Brane Inflation from Mirage Cosmology, Mod.

Phys. Lett. A 15 (2000) 2145 [hep-th/0001183].

[62] J. Kim, Dilaton Driven Brane Inflation in Type IIB String Theory, Phys. Rev. D 62 (2000) 065002 [hep-th/0004155].

[63] J. Kim, Brane Inflation in Tachyonic and Nontachyonic Type 0B String Theories, Phys.

Rev. D 63, (2001) 045014 [hep-th/0009175].

[64] E. Papantonopoulos and I. Pappa, Cosmological Evolution of a Brane Universe in a Type 0 String Background, Phys. Rev. D 63 (2001) 103506 [hep-th/0010014].

[65] D. Youm, Brane Cosmology in the Background of D-Brane with NS B Field, Phys. Rev. D 63 (2001) 125019 [hep-th/0011024].

[66] D. Youm, Closed Universe in Mirage Cosmology, Phys. Rev. D 63 085010; Erratum - ibid.

D 63 (2001) 129902; [hep-th/0011290].

[67] J. Y. Kim, Mirage Cosmology in M-theory, Phys. Lett. B 548 (2002) 1 [hep-th/0203084]. [68] Ph. Brax and D. Steer, Non-BPS Brane Cosmology, JHEP 05 (2002) 016 [hep-th/0204120]. [69] S. Kachru and L. McAllister, Bouncing Brane Cosmologies from Warped String Compactifications, (2002) [hep-th/0205209].

[70] T. Boehm, D.A. Steer, Perturbations on a Moving D3-brane and Mirage Cosmology, Phys.

Rev. D 66 (2002) 063510 [hep-th/0206147].

[71] P. A. M. Dirac, Lectures on Quantum Mechanics (Yeshiva University, New York, 1964).

[72] I. Bandos and A. Zheltukhin, Null super p-branes quantum theory in 4-dimensional spacetime, Fortsch. Phys. 41 (1993) 619.

[73] J. Isberg, U.Lindstrom, B. Sundborg and G. Theodoridis, Classical and quantized tensionless strings, Nucl. Phys. B 411 (1994) 122 [hep-th/9307108].

[74] S. Hassani, U. Lindstrom and R. von Unge, Classically equivalent actions for tensionless P-branes, Class. Quant. Grav. 11 (1994) L79.

[75] M. A. Zeid and C. Hull, Intrinsic geometry of D-branes, Phys. Lett. B 404 (1997) 264 [hep-th/9704021].

[76] U. Lindstrom and R. von Unge, A picture of D-branes at strong coupling, Phys. Lett. B 403 (1997) 233 [hep-th/9704051].

[77] E. Bergshoeff and P. Townsend, Super D-branes revisited, Nucl. Phys. B 531 (1998) 226 [hep-th/9804011].

[78] H. Gustafsson and U. Lindstrom, A picture of D-branes at strong coupling II. Spinning partons, Phys. Lett. B 440 (1998) 43 [hep-th/9807064].

[79] J. Lidsey, D. Wands and E. Copeland, Superstring cosmology, Phys. Rep. 337 (2000) 343 [hep-th/9909061].

[80] B. Craps, D. Kutasov and G. Rajesh, String propagation in the presence of cosmological singularities, JHEP 06 (2002) 053 [hep-th/0205101].

[81] R. Easther, B. Greene, M. Jackson and D. Kabat, Brane gas cosmology in M-theory: late time behavior, [hep-th/0211124].

[82] P. Bozhilov, Exact brane solutions in curved backgrounds, in Proceedings of the Third International Conference on Geometry, Integrability and Quantization, Varna, Bulgaria, 14- 23 June 2001 [hep-th/0108162].